
https://www.aimspress.com/journal/Math

AIMS Mathematics, 11(4): 11810–11839.
DOI:10.3934/math.2026486
Received: 12 March 2026
Revised: 07 April 2026
Accepted: 15 April 2026
Published: 28 April 2026

Research article

Functional analysis framework for two-dimensional fractional dynamical
systems with applications to Lorenz and Euler systems

Faten H. Damag1,2, Mohammed Alsharafi3,4,* and Abeer Hamdan Alblowy1

1 Department of Mathematics, Faculty of Sciences, University of Ha’il, Ha’il 2440, Saudi Arabia
2 Department of Computer Science, Faculty of Applied Sciences, Taiz University, Taiz 6803, Yemen
3 Department of Mathematics, Faculty of Arts and Science, Yildiz Technical University, Istanbul,

Turkey
4 Department of Mathematics, Sana’a University, Sana’a, Yemen

* Correspondence: Email: alsharafi205010@gmail.com.

Abstract: This paper develops a functional analysis framework for a class of two-dimensional
Erdélyi–Kober (EK) fractional dynamical systems defined in locally compact Hausdorff spaces under
the compact-open topology. The considered model incorporates delay and nonlinear interactions
through EK fractional operators, which allow the description of dynamical systems with memory
effects. By constructing appropriate operators in a Banach space setting, we analyze their continuity,
boundedness, and the Lipschitz properties. Using classical results from functional analysis and
operator theory, sufficient conditions are derived to establish the solvability and Hyers–Ulam stability
of the proposed fractional system. The theoretical results demonstrate that the considered model
remains stable under small perturbations of the system parameters. To illustrate the applicability of the
developed framework, the results are applied to two significant fractional models: the EK fractional
Lorenz system describing chaotic dynamics, and the two-dimensional fractional Euler system arising
in fluid mechanics. These applications confirm the effectiveness of the proposed functional analytic
approach for studying nonlinear fractional dynamical systems with memory and delay effects.
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1. Introduction

Fractional calculus is a well-established area of mathematical analysis in which the classical
operators of differentiation and integration are generalized to orders that may take arbitrary real or
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complex values. This extension offers a versatile mathematical framework that is particularly effective
in representing processes characterized by memory and hereditary effects. Because of these features,
fractional calculus has become a valuable tool for modeling a wide range of physical and engineering
phenomena observed in real applications. The idea of differentiation of non-integer order can be traced
back to 1695, when Leibniz posed a question regarding the interpretation of a derivative of order 1

2 in a
letter to L’Hôpital. Later developments in the nineteenth century by mathematicians such as Riemann,
Liouville, and Grünwald provided the rigorous theoretical groundwork for what is now known as
fractional calculus [1, 2]. Their contributions introduced several fractional operators that continue to
play a fundamental role in modern fractional analysis. In recent years, fractional calculus has attracted
growing interest since fractional-order models are often capable of describing complex dynamical
systems with greater accuracy than classical integer-order models. A key feature of fractional
derivatives is their nonlocal nature, which allows the current state of a system to depend not only
on its instantaneous behavior, but also on its previous evolution [3]. Liu et al. [4] introduced a spectral
element method scheme for efficiently solving the fractional telegraph problem with improved accuracy
and stability. Liu and Ding [5] proposed a radial basis function neural network approach for efficiently
approximating solutions of diffusion partial differential equations. This property makes fractional
models particularly suitable for studying systems that exhibit memory effects. This nonlocal property
makes fractional models especially useful for describing phenomena with memory effects. Various
types of fractional derivatives have been introduced in the literature, including Caputo–Fabrizio, Hilfer,
Katugampola, and EK derivatives. These operators differ mainly in the kernel functions they employ,
which determine how memory effects are incorporated into the model. Fractional calculus has become
a rapidly growing research area that combines theoretical developments with numerous practical
applications [6]. For example, in viscoelastic materials, fractional models provide more accurate
descriptions of stress strain relationships. In heat transfer and diffusion processes, fractional operators
capture anomalous diffusion observed in complex materials and biological systems. In control
theory, fractional controllers often exhibit improved stability and flexibility compared with classical
proportional integral derivative controllers. Furthermore, fractional models have found applications
in finance for describing long-term market dependence and in epidemiology for modeling delayed
disease transmission [7]. These applications demonstrate the versatility of fractional calculus in
representing systems with memory and hereditary effects. Another important mathematical framework
for describing physical phenomena is provided by partial differential equations (PDEs). Classical PDEs
are widely used to model processes such as heat conduction, wave propagation, elasticity, and diffusion.
However, classical models are typically local in nature, meaning that the evolution of the system at a
given point depends only on nearby values. This locality assumption is often insufficient for complex
systems characterized by long range interactions, memory effects, or multiscale dynamics. To address
these limitations, fractional partial differential equations (FPDEs) have been introduced by replacing
integer-order derivatives with fractional ones [8]. FPDEs incorporate nonlocal behavior and memory
effects, allowing a more realistic description of various complex phenomena. Fractional differential
equations and systems have therefore become a central topic of investigation in both theoretical
and applied mathematics. They have been used to model anomalous diffusion, viscoelastic flows,
quantum mechanics, turbulence, and stochastic transport. Applications also arise in plasma physics,
geophysics, biological systems, and financial mathematics [9]. As a consequence, considerable
efforts have been devoted to studying qualitative properties of fractional systems, including solvability,
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stability, and long-term dynamics. In this context, fixed-point methods have proved to be powerful
tools for analyzing fractional differential equations. For instance, Wang et al. [1] established new
contraction principles and applied them to fractional models arising in economic dynamics. Balegh and
GhezaL [10] developed a theoretical framework for delay fractional differential equations using fixed-
point techniques to investigate solvability results. Cona and Kocağ [11] studied systems of fractional
differential equations through fixed-point methods, while Belhadj et al. [12] generalized Darbo’s fixed-
point theorem and applied it to nonlinear fractional differential equations. Liu et al. [13] developed
a pseudospectral method based on Legendre cardinal functions to solve the fractional Klein–Gordon
equation with high precision. Liu and Xue [14] presented a convergent multi-step iterative method for
solving systems of nonlinear equations with enhanced convergence performance. Motivated by: these
developments, we consider the following general two-dimensional EK fractional dynamical system

EKDα0,ρζ1(ξ, ρ) = ς1ζ1(ξ, ρ) +V
{
ξ, ρ, ζ1(ξ, ρ − ϑ), ζ1

[
ξ, ρ − ω(ζ3(ξ, ρ)ζ2(ξ, ρ))

]}
,

EKDα0,ρζ2(ξ, ρ) = ς2ζ2(ξ, ρ) +V′
{
ξ, ρ, ζ2(ξ, ρ − ϑ), ζ2

[
ξ, ρ − ω(ζ3(ξ, ρ)ζ1(ξ, ρ))

]}
,

EKDα0,ρζ3(ξ, ρ) = ς3ζ3(ξ, ρ) +V′′
{
ξ, ρ, ζ3(ξ, ρ − ϑ), ζ3

[
ξ, ρ − ω(ζ1(ξ, ρ)ζ2(ξ, ρ))

]}
,

ζ1(ξ, ρ) = θ1(ξ, ρ), ζ2(ξ, ρ) = θ2(ξ, ρ), ζ3(ξ, ρ) = θ3(ξ, ρ), 0 ≤ ρ ≤ ω0,

ζ1(ξ, 0) = l1(ξ), ζ2(ξ, 0) = l2(ξ), ζ3(ξ, 0) = l3(ξ),

(1.1)

for all (ξ, ρ) ∈ ∆ρ0 := ∆ × [0, ρ0], where ∆ ⊂ R is a bounded locally compact subset of R. Here, EKDα0,ρ
denotes the EK fractional derivative of order 0 < α ≤ 1, ω0 = max{ϑ, supt ω(t)} with ω0 < ρ0, ϑ > 0,
ς1,2,3 are constants, ω is a continuous function mapping into (0, ω0], θ1,2,3 are continuous bounded
functions, andV1,2,3 are continuous operators.

To illustrate the applicability of the proposed theoretical framework, we consider two important
models: the fractional Lorenz system and the two-dimensional fractional Euler system. Fractional
Lorenz type systems have been widely studied due to their ability to describe complex chaotic
dynamics. Ahmad et al. [15] analyzed the fractional Lorenz system and established solvability results
using contraction principles. Awais et al. [16] investigated stochastic and hyperchaotic behaviors
in variable order fractional Lorenz systems. In addition, Meera and Selvaganesan [17] proposed a
generalized complex fractional Lorenz system and demonstrated its potential applications in security
frameworks. On the other hand, the two-dimensional Euler equations play a fundamental role in fluid
dynamics. Their analytical and dynamical properties have been extensively studied in the literature.
Hui et al. [18] proposed a unified coordinate system that improves numerical treatments of two-
dimensional Euler equations. Chen [19] investigated the stability of transonic shock fronts in Euler
systems, while Wang and Yang [20] studied planar diffusion waves in damped two-dimensional Euler
equations. Moreover, Dullin et al. [21] analyzed the instability of equilibria in two-dimensional Euler
flows on the torus, revealing complex dynamical structures in fluid models.

Fractional differential systems have become an essential tool for describing many real-world
processes that exhibit memory and hereditary characteristics. Despite the large body of literature in
this area, many studies concentrate mainly on numerical experiments or specific models, often without
establishing a comprehensive theoretical framework within suitable topological structures. Motivated
by this limitation, the present work examines a general two-dimensional EK fractional dynamical
system defined in locally compact Hausdorff spaces endowed with the compact-open topology.

In recent years, various control strategies have been developed for complex dynamical systems,
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including sliding mode control with variable convergence rates, asynchronously switched control
methods, and H∞ control techniques. These approaches have been widely used to analyze stability
and robustness in nonlinear systems. Although these methods provide effective tools for control
and stabilization, they are mainly focused on control design, while the present work emphasizes the
theoretical analysis of fractional dynamical systems within a functional analytic framework.

The main results of this paper are summarized as follows. First, we prove the continuity,
boundedness, and Lipschitz properties of the corresponding operators in an appropriate Banach space
setting. Second, by employing the Banach and Schaefer fixed point theorems, we establish conditions
guaranteeing the existence and uniqueness of solutions for the considered system. Third, the Hyers–
Ulam stability of the system is investigated, demonstrating that the obtained solutions remain stable
under small perturbations. To illustrate the applicability of the theoretical results, we study two
representative examples, namely the fractional Lorenz system and the two-dimensional fractional Euler
system, which highlight the effectiveness and flexibility of the proposed framework.

The remainder of the paper is organized as follows. Section 2 introduces the required preliminaries
and basic results. Section 3 focuses on the continuity and compactness analysis of the associated
operators. In Section 4, we prove the solvability, uniqueness and Hyers–Ulam stability results. Finally,
Section 5 applies the developed theory to the fractional Lorenz system and the two-dimensional
fractional Euler system.

The novelty of this work is the use of the EK operator within a functional analysis framework
in locally compact Hausdorff spaces. This allows us to study existence, uniqueness, and stability of
solutions in a more general setting compared to previous works.

Several recent studies have investigated fractional-order systems with exponential kernels as well as
two-dimensional time-delay fractional systems, mainly focusing on numerical simulations or specific
models. While these approaches provide useful insights into the behavior of such systems, they
often lack a unified theoretical framework within an appropriate topological setting. In contrast, the
present work develops a functional analysis framework for two-dimensional Erdélyi–Kober fractional
dynamical systems in locally compact Hausdorff spaces. This approach allows us to establish general
results concerning existence, uniqueness, and Hyers–Ulam stability, which are not fully addressed in
the aforementioned studies. Therefore, the main contribution of this work is to fill this gap by providing
a rigorous and general theoretical foundation for a broader class of fractional systems.

2. Preliminaries

The definitions and main results related to EK fractional operators are initially formulated in the
single variable setting [22–25]. In this work, we extend these notions to the two variable case.
For brevity, we refer to the existing proofs in the single-variable framework as the extension to two
variables follows by a natural and direct generalization.

Definition 2.1. [24] Let ∆ ⊂ R and ζ1 : ∆× [0, ρ0]→ R be a given mapping. Let 0 < β ≤ 1 and σ ∈ R.
The EK fractional integral of order α is given by

Iα,β,σρ ζ1ξ(ρ) =
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1 ϱβσ ζ1(ξ, ϱ) dϱ, (2.1)

where ζ1ξ(ρ) := ζ1(ξ, ρ).
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Define the differential operator

Aρ :=
1
βρβ−1

∂

∂ρ
,

and define its iterates recursively by An
ρ f := Aρ(An−1

ρ f ), n ∈ N.
The extension of the EK operators from the single-variable case to the two-variable setting is

performed by treating the spatial variable ξ as a parameter. For each fixed ξ ∈ ∆, the operators act
on the variable ρ as in the classical one-dimensional case. Consequently, the main properties of the
operators are obtained by applying the corresponding single-variable results pointwise with respect to
ξ, ensuring the validity of the extension.

Definition 2.2. [24] Let ∆ ⊂ R and let ζ1 be a mapping defined on ∆× [0, ρ0]. Assume that 0 < β ≤ 1,
n = ⌊α⌋, and σ ∈ R. Then, the EK fractional operator of order α is defined by

Dα,β,σρ ζ1ξ(ρ) =

ρ−βσAn
ρ

(
ρβ(n+σ)I n−α,β,σ

ρ ζ1(ξ, ρ)
)
, n − 1 < α < n;

ζ(n)
1ρn(ξ, ρ), α := n ∈ N.

(2.2)

The EK fractional integral and derivative are defined for ρ > 0. Although the factor ρ−β(α+σ) appears
in 2.1, the integral term vanishes sufficiently fast as ρ → 0+ under the assumptions 0 < α ≤ 1,
0 < β ≤ 1, and ζ1 ∈ C(∆× [0, ρ0]). In particular, the kernel (ρβ − ϱβ)α−1ϱβσ remains integrable on [0, ρ],
ensuring that the limit as ρ→ 0+ exists and the expression remains finite. Therefore, no pole occurs at
ρ = 0, and the operators are well-defined together with the prescribed initial conditions. Recalling [25],
we have

Dα,β,σρ Iα,β,σρ (ζ1(ξ, ρ)) = ζ1(ξ, ρ).

In this paper, AC([0, ρ0]) denotes the space of all absolutely continuous functions defined on the interval
[0, ρ0], that is,

AC([0, ρ0]) :=
{
h : [0, ρ0]→ R : h is absolutely continuous on [0, ρ0]

}
.

Moreover, for n ∈ N, we define

ACn([0, ρ0]) :=
{
h : [0, ρ0]→ R : Ak

y
(
yβσh(y)

)
∈ AC([0, ρ0]), ∀ k = 1, 2, . . . , n

}
.

Theorem 2.3. [23] Let ζ1(ξ, ·) ∈ ACn([0, ρ0]) for all ξ ∈ ∆ and n − 1 ≤ α < n. Then,

Iα,β,σρ Dα,β,σρ (ζ1(ξ, ρ)) = ζ1(ξ, ρ)

−

n−1∑
k=0

ρ−β(σ+k)

k!
Ak
ρ

(
ρβσζ1(ξ, ρ)

)∣∣∣∣
ρ=0
,

(2.3)

where n ∈ N.

Theorem 2.4. [26] Let (S , ∥ · ∥) be a Banach space and suppose that P : S → S has a contraction
property. Then, there is a unique s ∈ X such that P(s) = s. Moreover, for every x0 ∈ X, the iterative
process sn+1 = P(sn) converges to s.
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Theorem 2.5. [26] Let S be a Banach space and P : X → X be a compact and continuous operator.
Assume that

M = {s ∈ S : s = λP(s), λ ∈ [0, 1]}

is bounded in S . Then, P has at least one fixed point in S .

Theorem 2.6. [27] Let K be a compact metric space with metric d, and let E ⊂ C(K) be a collection
of real-valued continuous functions on K. Then, E is relatively compact in (C(K), ∥·∥∞) if and only if E
is uniformly bounded and equicontinuous. In particular, every sequence in E has uniformly convergent
subsequence.

3. Properties of the nonlinear operators

In this section, we analyze the analytical characteristics of the operators related to the EK
fractional system. The hypothesis that ∆ is a bounded locally compact Hausdorff space guarantees
the compactness of ∆ρ0 . This property ensures that the compact-open topology coincides with the
topology induced by the supremum norm, which allows the effective use of fixed point techniques. A
subset S of a space X is a locally compact if for every x ∈ S there is an open set O of x such that the
closure O has a compact property in X. A space X is called a Hausdorff space whenever any two distinct
points can be separated by disjoint open neighborhoods. Let ∆ be a bounded locally compact subset of
R. Denote by R∆ρ0 the set of all real-valued functions defined on ∆ρ0 , and define B := C∆0 ×C∆0 ×C∆0

as a Banach space under the norm

∥(ζ1, ζ2, ζ3)∥B = max
{
|ζ1(ξ, ρ)| , |ζ2(ξ, ρ)| , |ζ3(ξ, ρ)| : (ξ, ρ) ∈ ∆ρ0

}
.

Here C∆0 := C (∆ × [0, ρ0]) ⊆ R∆ρ0 denotes the family of all mappings that have continuity property on
∆ρ0 into R. The family of open balls B(ξ0, r) in R, equipped with the metric d(ξ, ρ) = |ξ − ρ|, forms a
subbase for the topology on R, known as the usual topology. Since ∆ρ0 is a Hausdorff subspace of the
product space R2 endowed with the usual topology, the family

{⟨C, B(ξ0, r)⟩ : C is compact set in ∆ρ0 , ξ0 ∈ R, r > 0}

generates a subbase for a topology on C∆0 , called the compact-open topology, where

⟨C, B(ξ0, r)⟩ = {ζ1 ∈ C∆0 : ζ1(C) ⊂ B(ξ0, r)}.

Because ∆ ⊂ R is assumed to be bounded and locally compact, it follows that ∆ρ0 is compact.
Therefore, on the space C∆0 , the compact-open topology coincides with the topology that is generated
by the supremum norm

∥ζ1∥∞ = sup
{
|ζ1(ξ, ρ)| : (ξ, ρ) ∈ ∆ρ0

}
.

Hence, the notions of continuity, compactness and convergence proved under the compact-open
topology coincide with those derived from the supremum norm topology. This equivalence validates
the application of fixed point Theorems 2.4 and 2.5 in Banach spaces equipped with the supremum
norm throughout this study.
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So, throughout this paper the space R∆ρ0 is considered with the compact-open topology. Define the
operators Jζ1 , Jζ2 , Jζ3 : ∆ρ0 × R

∆ρ0 × R∆ρ0 × R∆ρ0 → R by

Jζ1(ξ, ρ, ζ1, ζ2, ζ3) = ς1ζ1(ξ, ρ) +V
{
ξ, ρ, ζ1(ξ, ρ − ϑ), ζ1

[
ξ, ρ − ω(ζ3(ξ, ρ)ζ2(ξ, ρ))

]}
, (3.1)

Jζ2(ξ, ρ, ζ1, ζ2, ζ3) = ς2ζ2(ξ, ρ) +V′
{
ξ, ρ, ζ2(ξ, ρ − ϑ), ζ2

[
ξ, ρ − ω(ζ3(ξ, ρ)ζ1(ξ, ρ))

]}
, (3.2)

and

Jζ3(ξ, ρ, ζ1, ζ2, ζ3) = ς3ζ3(ξ, ρ) +V′′
{
ξ, ρ, ζ3(ξ, ρ − ϑ), ζ3

[
ξ, ρ − ω(ζ1(ξ, ρ)ζ2(ξ, ρ))

]}
. (3.3)

Apply the EK integral operator of (1.1), and use Theorem 2.3 to get that

ζ1(ξ, ρ) = l1(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)dϱ, (3.4)

ζ2(ξ, ρ) = l2(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ2(ξ, ϱ, ζ1, ζ2, ζ3)dϱ, (3.5)

and

ζ3(ξ, ρ) = l3(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ3(ξ, ϱ, ζ1, ζ2, ζ3)dϱ. (3.6)

Define the operatorsAζ1 ,Aζ2 : R∆ρ0 × R∆ρ0 × R∆ρ0 → R∆ρ0 by

Aζ1(ζ1, ζ2, ζ3)(ξ, ρ) = l1(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)dϱ, (3.7)

Aζ2(ζ1, ζ2, ζ3)(ξ, ρ) = l2(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ2(ξ, ϱ, ζ1, ζ2, ζ3)dϱ, (3.8)

and

Aζ3(ζ1, ζ2, ζ3)(ξ, ρ) = l3(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ3(ξ, ϱ, ζ1, ζ2, ζ3)dϱ. (3.9)

The operator Jζ1 is said to have the Lipschitz condition if there is λζ1 > 0 where∣∣∣Jζ1(ξ, ρ, ζ1, ζ2, ζ3) − Jζ1(ξ, ρ, ζ11, ζ21)
∣∣∣ ≤ λζ1 ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B

for all (ξ, ρ) ∈ ∆ρ0 .

Theorem 3.1. If Jζ1 has the Lipschitz condition, thenAζ1 has the Lipschitz property.

Proof. Since Jζ1 has the Lipschitz property, then there is λζ1 > 0 where∣∣∣Jζ1(ξ, ρ, ζ1, ζ2, ζ3) − Jζ1(ξ, ρ, ζ11, ζ21, ζ31)
∣∣∣ ≤ λζ1 ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B .
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Hence,

∣∣∣Aζ1(ζ1, ζ2, ζ3)(ξ, ρ) −Aζ1(ζ11, ζ21, ζ31)(ξ, ρ)
∣∣∣ ≤ β ρ−β(α+σ)

Γ(α)

×

∣∣∣∣∣∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)dϱ −

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ1(ξ, ϱ, ζ11, ζ21, ζ31)dϱ

∣∣∣∣∣
≤
β ρ−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

∣∣∣Jζ1(ξ, ρ, ζ1, ζ2, ζ3) − Jζ1(ξ, ρ, ζ11, ζ21, ζ31)
∣∣∣ dϱ

≤
λζ1 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B .

Then, we have

∥∥∥Aζ1(ζ1, ζ2, ζ3) −Aζ1(ζ11, ζ21, ζ31)
∥∥∥ ≤ λζ1 ρ 1−β

0 Γ
(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B , (3.10)

where ∥ · ∥ denotes the supremum norm in the Banach space B. Note that for 0 < β < 1 and ρ ∈
[0, ρ0], the term ρ1−β is non-negative and bounded. Moreover, the Gamma function Γ(·) is well-defined

and positive for the considered parameters. Hence,
λζ1 ρ

1−β
0 Γ

(
σ+ 1
β

)
Γ
(
α+σ+ 1

β

) > 0, that is, Aζ1 has the Lipschitz
property. □

Remark 3.2. Similarly, for Theorem 3.1 and its proof, if Jζ2 and Jζ3 have the Lipschitz property, then
Aζ2 and Aζ3 have the Lipschitz property, respectively. That is, there are two constants λζ2 > 0 and
λζ3 > 0 such that

∥∥∥Aζ2(ζ1, ζ2, ζ3) −Aζ2(ζ11, ζ21, ζ31)
∥∥∥ ≤ λζ2 ρ 1−β

0 Γ
(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B , (3.11)

and

∥∥∥Aζ3(ζ1, ζ2, ζ3) −Aζ3(ζ11, ζ21, ζ31)
∥∥∥ ≤ λζ3 ρ 1−β

0 Γ
(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B . (3.12)

Define the operators Gζ1 ,Gζ2 ,Gζ3 : B → R∆ρ0 as

Gζ1(ζ1, ζ2, ζ3) = ς1ζ1 +V
[
π1, π2, ζ1 ◦ (π1 × η(ϑ)), ζ1 ◦ (π1 × η(ω ◦ (ζ2ζ3)))

]
, (3.13)

Gζ2(ζ1, ζ2, ζ3) = ς2ζ2 +V
′ [π1, π2, ζ2 ◦ (π1 × η(ϑ)), ζ2 ◦ (π1 × η(ω ◦ (ζ1ζ3)))

]
, (3.14)

and

Gζ3(ζ1, ζ2, ζ3) = ς3ζ3 +V
′′ [π1, π2, ζ3 ◦ (π1 × η(ϑ)), ζ3 ◦ (π1 × η(ω ◦ (ζ1ζ2)))

]
, (3.15)
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where π1,2 denotes the standard projection mappings and η(ϑ)(ξ, ρ) = ρ − ϑ. To establish the Lipschitz
condition of Gζ1 , Gζ2 , and Gζ3 , observe that if Jζ1 , Jζ2 , and Jζ3 satisfy the Lipschitz property, then we
obtain

|⟨Gζ1(ζ1, ζ2, ζ3) − Gζ1(ζ11, ζ21, ζ31), (ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)⟩| ≤ λζ1 ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥2B ,

|⟨Gζ2(ζ1, ζ2, ζ3) − Gζ2(ζ11, ζ21, ζ31), (ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)⟩| ≤ λζ2 ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥2B ,

and

|⟨Gζ3(ζ1, ζ2, ζ3) − Gζ3(ζ11, ζ21, ζ31), (ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)⟩| ≤ λζ3 ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥2B .

Theorem 3.3. The continuity of Jζ1 implies to the continuity of Gζ1 .

Proof. Assume that Jζ1 is a continuous operator. To establish the continuity of Gζ1 , it suffices to show
that G−1

ζ1
(⟨Q, B(ξ0, r)⟩) is open in B for every open ⟨Q, B(ξ0, r)⟩ in R∆ρ0 . Observe that

G−1
ζ1

(⟨Q, B(ξ0, r)⟩) =
{
(ς, ς′, ς′′) ∈ B : Gζ1(ς, ς

′, ς′′)(Q) ⊂ B(ξ0, r)
}

=
{
(ς, ς′, ς′′) ∈ B : Jζ1({(ς, ς

′, ς′′)} × Q) ⊂ B(ξ0, r)
}
.

Fix (ς0, ς
′
0, ς
′′
0 ) ∈ G−1

ζ1
(⟨Q, B(ξ0, r)⟩). Then, Jζ1(ς0, ς

′
0, ς
′′
0 , h) ∈ B(ξ0, r) for all h ∈ Q, i.e. {(ς0, ς

′
0, ς
′′
0 )} ×

Q ⊂ J−1
ζ1

(B(ξ0, r)). Since J−1
ζ1

(B(ξ0, r)) ⊂ ∆ρ0 × B is open and Jζ1 is continuous, then for any point d ∈ Q
there is an open set Ed ⊂ B of (ς0, ς

′
0, ς
′′
0 ) and Fd ⊂ ∆ρ0 of h such that Fd×Ed ⊂ J

−1
ζ1

(B(ξ0, r)). The class
{Fd}d∈Q is an open covering of the compact set Q, so choose h1, . . . , hn ∈ Q with Q ⊂

⋃n
i=1 Fhi , and set

E := ∩n
i=1Ehi . Then, E is an open neighborhood of (ς0, ς

′
0, ς
′′
0 ) in B, and hence for any (ς, ς′, ς′′) ∈ E

and any k ∈ Q, there is i with k ∈ Fhi such that

(h, k) ∈ Fhi × Ehi ⊂ J
−1
ζ1

(B(ξ0, r)).

Then, Jζ1(Q, ς, ς
′, ς′′) ⊂ B(ξ0, r). Hence, Gζ1(ς, ς

′, ς′′) ∈ ⟨Q, B(ξ0, r)⟩. Consequently, E ⊂

G−1
ζ1

(⟨Q, B(ξ0, r)⟩), which means that G−1
ζ1

(⟨Q, B(ξ0, r)⟩) is an open set. Hence, Gζ1 is continuous. □

Theorem 3.4. If Gζ1 has the continuity and ∆ has a locally compact property in R, then the map of Jζ1
to ∆ρ0 × B is continuous.

Proof. Assume that Gζ1 has the continuity and ∆ has a locally compact property in R. We show that
J−1
ζ1

(B(ξ, r)) is open in ∆ρ0×B for any ball B(ξ, r) ⊂ R. Let B(ξ0, r) be any ball in R and (ξ′0, ρ
′
0, ς0, ς

′
0, ς
′′
0 )

be any point in J−1
ζ1

(B(ξ0, r)). Then,

Gζ1(ς0, ς
′
0, ς
′′
0 )(ξ′0, ρ

′
0) ∈ B(ξ0, r).

Since R is Hausdorff and ∆ has the locally compact property in R, then ∆ρ0 has the locally compact
property and is a Hausdorff set. Thus, there is an open set F containing (ξ′0, ρ

′
0) such that its closure

F is compact and contains (ξ′0, ρ
′
0). Let Q := F. Then, Q is compact and (ξ′0, ρ

′
0) ∈ F ⊂ Q. Because

Gζ1(ς0, ς
′
0, ς
′′
0 )(ξ′0, ρ

′
0) ∈ B(ξ0, r), we obtain that Gζ1(ς0, ς

′
0, ς
′′
0 )(Q) intersects B(ξ0, r) in (ξ′0, ρ

′
0). Define

⟨Q, B(ξ0, r)⟩ = {(ς, ς′) ∈ R∆ρ0 × R∆ρ0 : Gζ1(ς, ς
′)(Q) ⊂ B(ξ0, r)}.
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Since ⟨Q, B(ξ0, r)⟩ is open in R∆ρ0 and Gζ1 is continuous, there is an open set N ⊂ B containing
(ς0, ς

′
0, ς
′′
0 ) such that

Gζ1(N) ⊂ ⟨Q, B(ξ0, r)⟩.

Hence, for any x ∈ N, Gζ1(x)(Q) ⊂ B(ξ0, r). Consider

F × N ⊂ ∆ρ0 × B.

If (ξ, ρ, ς, ς′, ς′′) ∈ F × N, then (ξ, ρ) ∈ F ⊂ Q and Gζ1(ς, ς
′, ς′′)(Q) ⊂ B(ξ0, r). Therefore,

Jζ1(ξ, ρ, ς, ς
′, ς′′) = Gζ1(ς, ς

′, ς′′)(ξ, ρ) ∈ B(ξ0, r).

Thus,
F × N ⊂ J−1

ζ1
(B(ξ0, r)).

Since every point of J−1
ζ1

(B(ξ0, r)) admits such an open neighborhood, the set J−1
ζ1

(B(ξ0, r)) is open. As
B(ξ0, r) is arbitrary in R, we conclude that Jζ1 is continuous. □

Remark 3.5. Similarly, conclusions hold for Theorems 3.3 and 3.4 together with their proofs:

1) If Jζ2 and Jζ3 are continuous, then Gζ2 and Gζ3 are also continuous, respectively.
2) If the operators Gζ2 and Gζ3 are continuous and ∆ has the locally compact property in R, then the

restrictions Jζ2 and Jζ3 on ∆ρ0 × B are continuous, respectively.

4. Existence and stability analysis

In this section, we establish the solvability and uniqueness of the considered fractional system by
employing Banach and Schaefer fixed point Theorems 2.4 and 2.5. The Hyers–Ulam stability of the
corresponding solutions is investigated. Define the operatorA : B → B as

A(ζ1, ζ2, ζ3)(ξ, ρ) = (Aζ1(ζ1, ζ2, ζ3)(ξ, ρ), Aζ2(ζ1, ζ2, ζ3)(ξ, ρ), Aζ3(ζ1, ζ2, ζ3)(ξ, ρ))

for all (ξ, ρ) ∈ ∆ρ0 . Consider the following assumptions:

R1: Assume ∆ is a bounded and locally compact subset of R, ζ1, ζ2, ζ3 ∈ C∆0 , and consider the space
C∆0 under the compact-open topology.

R2: There exist positive real numbers ϑζ1 , ϑζ2 , and ϑζ3 such that∣∣∣Jζ1(ξ, ρ, ζ1, ζ2, ζ3)
∣∣∣ ≤ ϑζ1 , ∣∣∣Jζ2(ξ, ρ, ζ1, ζ2, ζ3)

∣∣∣ ≤ ϑζ2 , ∣∣∣Jζ3(ξ, ρ, ζ1, ζ2, ζ3)
∣∣∣ ≤ ϑζ3 .

R3: The operators Jζ1 , Jζ2 , and Jζ3 have the Lipschitz property, with corresponding the Lipschitz
constants λζ1 > 0, λζ2 > 0, and λζ3 > 0, respectively.

Lemma 4.1. If the condition R1 holds, then the operators Gζ1 , Gζ2 , and Gζ3 are continuous.

Proof. From R1, we have that ζ1, ζ2, ζ3 are continuous. Since V1,2,3 are continuous, then so too are
the operators Jζ1 , Jζ2 , and Jζ3 . By Theorem 3.3 and the part (1) in Remark 3.5, Gζ1 , Gζ2 , and Gζ3 are
continuous. □

Theorem 4.2. If the conditions R1 and R2 hold, then (1.1) has at least one solution.
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Proof. To solve system (1.1), we apply the Schaefer Theorem 2.5. For any ϵ > 0, let

Mϵ =
{
(ζ1, ζ2, ζ3) ∈ B : ∥(ζ1, ζ2, ζ3)∥B ≤ ϵ

}
.

First, for the continuity of A, we will prove that ∥A(ζ1n, ζ2n, ζ3n) −A(ζ1, ζ2, ζ3)∥B → 0 when the
sequence (ζ1n, ζ2n, ζ3n) converges to a point (ζ1, ζ2, ζ3) in B. Let (ζ1n, ζ2n, ζ3n) → (ζ1, ζ2, ζ3). By the
continuity of ω, ζ1, ζ2, and ζ3, we get the following pointwise convergences:

ζ1n(ξ, ρ)→ ζ1(ξ, ρ), ζ2n(ξ, ρ)→ ζ2(ξ, ρ), ζ3n(ξ, ρ)→ ζ3(ξ, ρ),

ζ1n(ξ, ρ − ϑ)→ ζ1(ξ, ρ − ϑ), ω(ζ2n(ξ, ρ)ζ3n(ξ, ρ))→ ω(ζ2(ξ, ρ)ζ3(ξ, ρ)),

and
ζ1n(ξ, ω(ζ2n(ξ, ρ)ζ3n(ξ, ρ)))→ ζ1(ξ, ω(ζ2(ξ, ρ)ζ3(ξ, ρ))).

By the continuity ofV, we have

V(ξ, ρ, ζ1n(ξ, ρ − ϑ), ζ1n(ξ, ρ − ω(ζ2n(ξ, ρ)ζ3n(ξ, ρ))))

→V(ξ, ρ, ζ1(ξ, ρ − ϑ), ζ1(ξ, ρ − ω(ζ2(ξ, ρ)ζ3(ξ, ρ)))).

For any (ξ, ρ) ∈ ∆ρ0 , we have∣∣∣Aζ1(ζ1n, ζ2n, ζ3n)(ξ, ρ) −Aζ1(ζ1, ζ2, ζ3)(ξ, ρ)
∣∣∣

≤
β ρ−β(α+σ)

Γ(α)

∣∣∣∣∣∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ

[
Jζ1(ξ, ϱ, ζ1n, ζ2n, ζ3n) − Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)

]
dϱ

∣∣∣∣∣
≤
β ρ−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

∣∣∣Jζ1(ξ, ϱ, ζ1n, ζ2n, ζ3n) − Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)
∣∣∣ dϱ.

(4.1)

By Lemma 4.1, the operator Gζ1 is continuous. Since ∆ has the Hausdorff locally compact property,
it follows from Theorem 3.4 that Jζ1 is also continuous. Consequently, for every (ξ, ρ) ∈ ∆ρ0 , we obtain∣∣∣Jζ1(ξ, ρ, ζ1n, ζ2n, ζ3n) − Jζ1(ξ, ρ, ζ1, ζ2, ζ3)

∣∣∣→ 0.

Because ∆ρ0 is compact and the convergence occurs with respect to the supremum norm, the
convergence is uniform. In particular,

ζ1n → ζ1

uniformly. Then, for any (ξ, ρ) ∈ ∆ρ0 and n ∈ N, we have

|ζ1n| < Cζ1 and |ζ1| < Cζ1

for some constant Cζ1 . Therefore, by the uniform convergence on the compact interval, we get

sup
(ξ,ρ)∈∆ρ0

∥∥∥Aζ1(ζ1n, ζ2n, ζ3n)(ξ, ρ) −Aζ1(ζ1, ζ2, ζ3)(ξ, ρ)
∥∥∥→ 0.

Similarly, we have

sup
(ξ,ρ)∈∆ρ0

∥∥∥Aζ2(ζ1n, ζ2n, ζ3n)(ξ, ρ) −Aζ2(ζ1, ζ2, ζ3)(ξ, ρ)
∥∥∥→ 0,
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and

sup
(ξ,ρ)∈∆ρ0

∥∥∥Aζ3(ζ1n, ζ2n, ζ3n)(ξ, ρ) −Aζ2(ζ1, ζ2, ζ3)(ξ, ρ)
∥∥∥→ 0.

Hence, ∥A(ζ1n, ζ2n, ζ3n) −A(ζ1, ζ2, ζ3)∥B → 0. That is,A is continuous.
Next, we show that the boundedness of the set space remains invariant as a topological property

under the action of the continuous operatorA. Let (ζ1, ζ2, ζ3) ∈ Mϵ . Then,∣∣∣Aζ1(ζ1, ζ2, ζ3)(ξ, ρ)
∣∣∣

≤ |l1(ξ)| +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

∣∣∣Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)
∣∣∣ dϱ

≤ |l1(ξ)| +
ϑζ1 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

)
(4.2)

∣∣∣Aζ2(ζ1, ζ2, ζ3)(ξ, ρ)
∣∣∣

≤ |l2(ξ)| +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

∣∣∣Jζ2(ξ, ϱ, ζ1, ζ2, ζ3)
∣∣∣ dϱ

≤ |l2(ξ)| +
ϑζ2 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ,

(4.3)

and ∣∣∣Aζ3(ζ1, ζ2, ζ3)(ξ, ρ)
∣∣∣

≤ |l3(ξ)| +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

∣∣∣Jζ3(ξ, ϱ, ζ1, ζ2, ζ3)
∣∣∣ dϱ

≤ |l3(ξ)| +
ϑζ3 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) .

(4.4)

Hence,A(Mϵ) ⊆ Mϵ′ , where

ϵ′ = max

|l1(ξ)| +
ϑζ1 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) , |l2(ξ)| +
ϑζ2 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ,

|l3(ξ)| +
ϑζ3 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

)
 .

Since ϵ′ does not depend on (ζ1, ζ2, ζ3), it follows thatA(Mϵ) forms a uniformly bounded set.
Third, to verify the equicontinuity of the operator A, let (ξ1, ρ1), (ξ, ρ) ∈ ∆ρ0 . be arbitrary points.
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Note that ∣∣∣Aζ1(ζ1, ζ2, ζ3)(ξ, ρ) −Aζ1(ζ1, ζ2, ζ3)(ξ1, ρ1)
∣∣∣ ≤ β (ρ − ρ1)−β(α+σ)

Γ(α)

×

∫ ρ

0

[
(ρβ − ϱβ)α−1 − (ρβ1 − ϱ

β)α−1
]
ϱβσ

∣∣∣Jζ1(ξ, ϱ, ζ1, ζ2, ζ3) − Jζ1(ξ1, ϱ, ζ1, ζ2, ζ3)
∣∣∣ dϱ

≤
β (ρ − ρ1)−β(α+σ)

Γ(α)

×

∫ ρ

0

∣∣∣ρβ − ϱβ)α−1 − (ρβ1 − ϱ
β)α−1

∣∣∣ ϱβσ [∣∣∣Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)
∣∣∣ + ∣∣∣Jζ1(ξ1, ϱ, ζ1, ζ2, ζ3)

∣∣∣] dϱ

≤
2ϵ′ β (ρ − ρ1)−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣(ρ − ϱ)α−1 − (ρ1 − ϱ)α−1
∣∣∣ ϱβσdϱ.

(4.5)

Since the kernels are integrable, it follows that∣∣∣Aζ1(ζ1, ζ2, ζ3)(ξ, ρ) −Aζ1(ζ1, ζ2, ζ3)(ξ1, ρ1)
∣∣∣→ 0 as (ξ, ρ)→ (ξ1, ρ1).

Similarly, we have∣∣∣Aζ2(ζ1, ζ2, ζ3)(ξ, ρ) −Aζ2(ζ1, ζ2, ζ3)(ξ1, ρ1)
∣∣∣→ 0 as (ξ, ρ)→ (ξ1, ρ1),

and ∣∣∣Aζ3(ζ1, ζ2, ζ3)(ξ, ρ) −Aζ3(ζ1, ζ2, ζ3)(ξ1, ρ1)
∣∣∣→ 0 as (ξ, ρ)→ (ξ1, ρ1).

Hence,
∥A(ζ1, ζ2, ζ3)(ξ, ρ) −A(ζ1, ζ2, ζ3)(ξ1, ρ1)∥B → 0 as (ξ, ρ)→ (ξ1, ρ1).

Consequently, A fulfills the equicontinuity requirement. Together with the previously established
boundedness properties, the Arzela–Ascoli Theorem 2.6 ensures thatA is a compact operator.

Finally, we show that Θ = {(ζ1, ζ2, ζ3) ∈ B : (ζ1, ζ2, ζ3) = tA(ζ1, ζ2, ζ3), t ∈ [0, 1]} is bounded in B.
Assume that (ζ1, ζ2, ζ3) = tA(ζ1, ζ2, ζ3) for some t ∈ [0, 1]. Then,

|ζ1(ξ, ρ)| = |tAζ1(ζ1, ζ2, ζ3)(ξ, ρ)| = t|Aζ1(ζ1, ζ2, ζ3)(ξ, ρ)|

≤ t

|l1(ξ)| +
ϑζ1 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

)  . (4.6)

Similarly,

|ζ2(ξ, ρ)| ≤ t

|l2(ξ)| +
ϑζ2 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

)  , (4.7)

and

|ζ3(ξ, ρ)| ≤ t

|l3(ξ)| +
ϑζ3 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

)  . (4.8)

Therefore, Θ has boundedness in B. By using the Schaefer Theorem 2.5, a fixed point ofA in Mϵ is a
solution of (1.1). □
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Theorem 4.3. If R1-R3 hold and

λζ1 + λζ2 + λζ3 <
Γ
(
α + σ + 1

β

)
ρ

1−β
0 Γ

(
σ + 1

β

) ,
then system (1.1) has a unique solution.

Proof. From the condition R3 and Theorem 3.1, we get that for (ζ1, ζ2, ζ3), (ζ11, ζ21, ζ31) ∈ B,

∥∥∥Aζ1(ζ1, ζ2, ζ3) −Aζ1(ζ11, ζ21, ζ31)
∥∥∥ ≤ λζ1 ρ 1−β

0 Γ
(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B ,

∥∥∥Aζ2(ζ1, ζ2, ζ3) −Aζ2(ζ11, ζ21, ζ31)
∥∥∥ ≤ λζ2 ρ 1−β

0 Γ
(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B ,

and ∥∥∥Aζ3(ζ1, ζ2, ζ3) −Aζ3(ζ11, ζ21, ζ31)
∥∥∥ ≤ λζ3 ρ 1−β

0 Γ
(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B .

Hence,

∥A(ζ1, ζ2, ζ3) −A(ζ11, ζ21, ζ31)∥ ≤
λζ1 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B

+
λζ2 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B

+
λζ3 ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B

=
ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) (λζ1 + λζ2 + λζ3) ∥(ζ1, ζ2, ζ3) − (ζ11, ζ21, ζ31)∥B .

Hence, whenever the condition

ρ
1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) (λζ1 + λζ2 + λζ3) < 1, i.e., λζ1 + λζ2 + λζ3 <
Γ
(
α + σ + 1

β

)
ρ

1−β
0 Γ

(
σ + 1

β

) .
is satisfied, then the operator A becomes a contraction mapping. An application of the Banach fixed
point Theorem 2.4, then guarantees the existence and uniqueness of the solution to the system. □

Now, we analyze the stability of solutions to the fractional nonlinear system (1.1). Specifically,
we investigate the Hyers–Ulam stability, which guarantees that small perturbations in the initial data
or system parameters lead only to small deviations in the corresponding solutions. This property
highlights the robustness and reliability of the proposed fractional model. The results obtained
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provide a solid theoretical foundation for the stability of the system within the adopted topological
and functional analytic framework. Let (ζ̂1, ζ̂2, ζ̂3) be any approximate solution of (1.1) with

∣∣∣EKDα0,ρζ̂1(ξ, ρ) − Jζ1(ξ, ρ, ζ̂1, ζ̂2, ζ̂3)
∣∣∣ ≤ Ω1,∣∣∣EKDα0,ρζ̂2(ξ, ρ) − Jζ2(ξ, ρ, ζ̂1, ζ̂2, ζ̂3)
∣∣∣ ≤ Ω2,∣∣∣EKDα0,ρζ̂3(ξ, ρ) − Jζ3(ξ, ρ, ζ̂1, ζ̂2, ζ̂3)
∣∣∣ ≤ Ω3,

(4.9)

for all (ξ, ρ) ∈ ∆ρ0 , where Ω1,Ω2,Ω3 > 0. By [28], (1.1) has Hyers–Ulam stability if we have a unique
solution (ζ1, ζ2, ζ3) of (1.1) where∥∥∥ζ̂1 − ζ1∥∥∥ ≤ Ω′1Ω1,

∥∥∥ζ̂2 − ζ2∥∥∥ ≤ Ω′2Ω2 and
∥∥∥ζ̂3 − ζ3∥∥∥ ≤ Ω′3Ω3,

where Ω′1,Ω
′
2,Ω

′
3 > 0 are constants independent of Ω1,Ω2,Ω3, and ∥ · ∥ represents the supremum norm

on C∆0 .

Theorem 4.4. If R1–R3 hold and

λζ1 + λζ2 + λζ3 <
Γ
(
α + σ + 1

β

)
ρ

1−β
0 Γ

(
σ + 1

β

) ,
then (1.1) has Hyers–Ulam stability.

Proof. Let (ζ̂1, ζ̂2, ζ̂3) be an approximate solution, and let (ζ1, ζ2, ζ3) be the solution of (1.1). By (4.9),
there exist three continuous maps g, g′, and g′′ defined on ∆ρ0 such that

|g(ξ, ρ)| ≤ ε1, |g′(ξ, ρ)| ≤ ε2, |g′′(ξ, ρ)| ≤ ε3.

EKDα0,ρζ̂1(ξ, ρ) = Jζ1(ξ, ρ, ζ̂1, ζ̂2, ζ̂3) + g(ξ, ρ),

EKDα0,ρζ̂2(ξ, ρ) = Jζ2(ξ, ρ, ζ̂1, ζ̂2, ζ̂3) + g′(ξ, ρ),

and

EKDα0,ρζ̂3(ξ, ρ) = Jζ3(ξ, ρ, ζ̂1, ζ̂2, ζ̂3) + g′′(ξ, ρ),

for every (ξ, ρ) ∈ ∆ρ0 , where ε1, ε2, ε3 > 0. Accordingly, the approximate solution (ζ̂1, ζ̂2, ζ̂3) can be
expressed as

ζ̂1(ξ, ρ) = l1(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ1(ξ, ϱ, ζ̂1, ζ̂2, ζ̂3)dϱ

+
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ g(ξ, ϱ)dϱ,

ζ̂2(ξ, ρ) = l2(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ2(ξ, ϱ, ζ̂1, ζ̂2, ζ̂3)dϱ

β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ g′(ξ, ϱ)dϱ,
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and

ζ̂3(ξ, ρ) = l3(ξ) +
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ Jζ3(ξ, ϱ, ζ̂1, ζ̂2, ζ̂3)dϱ

+
β ρ−β(α+σ)

Γ(α)

∫ ρ

0
(ρβ − ϱβ)α−1ϱβσ g′′(ξ, ϱ)dϱ

for all (ξ, ρ) ∈ ∆ρ0 . Then, by Theorem (4.3) for all (ξ, ρ) ∈ ∆ρ0 , we have

∣∣∣ζ̂1(ξ, ρ) − ζ1(ξ, ρ)
∣∣∣ ≤ β ρ−β(α+σ)

Γ(α)

×

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

[∣∣∣Jζ1(ξ, ϱ, ζ̂1, ζ̂2, ζ̂3) − Jζ1(ξ, ϱ, ζ1, ζ2, ζ3)
∣∣∣ + |g(ξ, ϱ)|

]
dϱ

≤
β ρ−β(α+σ)

Γ(α)

∫ ρ

0

∣∣∣ρβ − ϱβ∣∣∣α−1
ϱβσ

[
λζ1

∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε1

]
dϱ

≤
ρ

1−β
0 Γ

(
σ + 1

β

)
Γ
(
α + σ + 1

β

) [
λζ1

∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε1

]
.

That is, ∥∥∥ζ̂1 − ζ1∥∥∥ ≤ Fα [λζ1 ∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε1

]
,

where Fα :=
ρ

1−β
0 Γ

(
σ+ 1
β

)
Γ
(
α+σ+ 1

β

) . Similarly, we have

∥∥∥ζ̂2 − ζ2∥∥∥ ≤ Fα [λζ2 ∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε2

]
,

and ∥∥∥ζ̂3 − ζ3∥∥∥ ≤ Fα [λζ3 ∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε3

]
.

Hence, ∥∥∥ζ̂1 − ζ1∥∥∥ ≤ Fα [λζ1 ∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε1

]
≤ Fα

 Fαλζ1

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) max{ε1, ε2, ε3}

 + Fαε1,

∥∥∥ζ̂2 − ζ2∥∥∥ ≤ Fα [λζ2 ∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε2

]
≤ Fα

 Fαλζ2

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) max{ε1, ε2, ε3}

 + Fαε2,

and ∥∥∥ζ̂3 − ζ3∥∥∥ ≤ Fα [λζ3 ∥∥∥(ζ̂1, ζ̂2, ζ̂3) − (ζ1, ζ2, ζ3)
∥∥∥
B
+ ε3

]
≤ Fα

 Fαλζ3

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) max{ε1, ε2, ε3}

 + Fαε3.
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Set ε := max{ε1, ε2, ε3}. Then

∥∥∥ζ̂1 − ζ1∥∥∥ ≤ ε Fα  Fαλζ1

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) + 1

 ,
∥∥∥ζ̂2 − ζ2∥∥∥ ≤ ε Fα  Fαλζ2

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) + 1

 ,
and

∥∥∥ζ̂3 − ζ3∥∥∥ ≤ ε Fα  Fαλζ3

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) + 1

 .
Take

ε′1 := Fα
 Fαλζ1

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) + 1

 , ε′2 := Fα
 Fαλζ2

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) + 1

 ,
and

ε′3 := Fα
 Fαλζ3

1 −
(
Fα(λζ1 + λζ2 + λζ3)

) + 1

 .
The Hyers-Ulam stability parameters ε′1, ε′2, and ε′3 indicate the proximity between the approximate
solution and the exact one. These quantities depend on the denominator

1 − Fα(λζ1 + λζ2 + λζ3),

which reflects the contraction behavior of the operator. When the values of Fα, λζ1 , λζ2 and λζ3 decrease,
the denominator becomes larger and consequently the constants ε′123 become smaller. This results in a
stronger stability property. In order to guarantee such stability, it is necessary to impose

Fα(λζ1 + λζ2 + λζ3) ≤ 1, i.e., λζ1 + λζ2 + λζ3 <
Γ
(
α + σ + 1

β

)
ρ

1−β
0 Γ

(
σ + 1

β

) .
Hence, (1.1) has Hyers–Ulam stability. □

5. Applications to fractional models

In this section, the obtained theoretical results are applied to the fractional Lorenz system and the
two-dimensional fractional Euler system. We verify the required conditions and establish the existence
of unique and stable solutions for these models.

First, we apply Theorems 4.2 and 4.3 to the EK fractional Lorenz system (5.1). The system is
reformulated in an abstract operator framework suitable for the application of fixed-point techniques
by introducing the unknown vector (ζ1, ζ2, ζ3) together with the associated nonlinear operators Jζ1 ,
Jζ2 , and Jζ3 . We work in the Banach space C([0, ρ0],R) and consider a closed bounded subset
with uniformly bounded norms. The required assumptions R1, R2, and R3 are verified, and the
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corresponding constants ϑζ1 , ϑζ2 , ϑζ3 and λζ1 , λζ2 , λζ3 are explicitly determined. The considered model
represents a fractional extension of the classical Lorenz system, incorporating memory effects through
the EK fractional derivative and describing spatiotemporal chaotic dynamics. The EK fractional Lorenz
system is given by 

EKDα0,ρζ1(ρ) = ϵ(ζ2(ρ) − ζ1(ρ)),
EKDα0,ρζ2(ρ) = ζ1(ρ)(ω − ζ3(ρ)) − ζ2(ρ),
EKDα0,ρζ3(ρ) = ζ1(ρ)ζ2(ρ) − µζ3(ρ),
ζ1(0) = l1, ζ2(0) = l2, ζ3(0) = l3,

ζ1, ζ2, ζ3 ∈ C([0, ρ0],R),

(5.1)

where ζ1 represents the intensity of convective motion, ζ2 represents the horizontal temperature
variation, ζ3 represents the vertical temperature variation, ρ is a time variable, ϵ is the Prandtl number,
ω is the Rayleigh number, and µ is a geometric factor.

From system 1.1, we observe that ς1 = −ϵ, ς2 = −1, and ς3 = −µ. Then, the nonlinear operators Jζ1 ,
Jζ2 , and Jζ3 are given by

Jζ1(ζ1, ζ2, ζ3)(ρ) := ϵ
(
ζ2(ρ) − ζ1(ρ)

)
,

Jζ2(ζ1, ζ2, ζ3)(ρ) := ζ1(ρ)
(
ω − ζ3(ρ)

)
− ζ2(ρ),

Jζ3(ζ1, ζ2, ζ3)(ρ) := ζ1(ρ)ζ2(ρ) − µζ3(ρ).

Step 1: Satisfying the continuity property for the operators Jω, Jζ1 , and JE: Since ζ1, ζ2, ζ3 ∈
C([0, ρ0],R), then the operators Gζ1 , Gζ2 , and Gζ3 are continuous. Since [0, ρ0] is locally compact,
then by Theorem 3.4 and Remark 3.5, Jζ1 , Jζ2 , and Jζ3 are continuous.
Step 2: Satisfying the boundedness property for the operators Jζ1 , Jζ2 , and Jζ3 to satisfy condition R2
on 5.1: Let

B := C([0, ρ0],R) ×C([0, ρ0],R) ×C([0, ρ0],R)

with the norm
∥(ζ1, ζ2, ζ3)∥B := max{∥ζ1∥∞, ∥ζ2∥∞, ∥ζ3∥∞},

where ∥ f ∥∞ := supρ∈[0,ρ0] | f (ρ)|. Since the functions ζ1, ζ2, ζ3 ∈ BC1(∆0) in the system 5.1, then there
are positive constants δζ1 , δζ2 , δζ3 > 0 such that ∥ζ1∥BC1 ≤ δζ1 , ∥ζ2∥BC1 ≤ δζ2 , and ∥ζ3∥BC1 ≤ δζ3 . Fix δ > 0
and define the closed bounded set

M := {(ζ1, ζ2, ζ3) ∈ B : ∥(ζ1, ζ2, ζ3)∥B ≤ δ}.

We observe thatM is nonempty, closed, bounded, and convex in B.
(1) For (ζ1, ζ2, ζ3) ∈ M, we have ∥ζ1∥∞, ∥ζ2∥∞, ∥ζ3∥∞ ≤ δ and

|Jζ1(ζ1, ζ2, ζ3)(ρ)| = |ϵ ||ζ2(ρ) − ζ1(ρ)| ≤ |ϵ |
(
|ζ2(ρ)| + |ζ1(ρ)|

)
≤ 2|ϵ |δ.

Take ϑζ1 := 2|ϵ |δ > 0.
(2) For (ζ1, ζ2, ζ3) ∈ M, we have

|Jζ2(ζ1, ζ2, ζ3)(ρ)| = |ζ1(ρ)(ω − ζ3(ρ)) − ζ2(ρ)| ≤ δ(|ω| + δ) + δ.

Take ϑζ2 := δ(|ω| + δ) + δ > 0.
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(3) For (ζ1, ζ2, ζ3) ∈ M, we have

|Jζ3(ζ1, ζ2, ζ3)(ρ)| = |ζ1(ρ)ζ2(ρ) − µζ3(ρ)| ≤ δ2 + |µ|δ.

Take ϑζ3 := δ2 + |µ|δ > 0. Hence, R2 holds on M with the positive constants ϑζ1 , ϑζ2 , ϑζ3 .
We have also

λζ1 + λζ2 + λζ3 = 2|ε| + (|ω| + 2δ + 1) + (2δ + |µ|). (5.2)

Hence, Theorem 4.3 guarantees the existence and uniqueness of the solution of system (5.1) provided
that

2|ε| + |ω| + |µ| + 4δ + 1 <
Γ
(
α + σ + 1

β

)
ρ

1−β
0 Γ

(
σ + 1

β

) . (5.3)

Therefore, Theorems 4.2 and 4.3 hold for system 5.1. That is, the system 5.1 has a unique solution.
Next, we apply Theorems 4.2 and 4.3 to the two-dimensional fractional Euler system (5.4).

The system is reformulated in an abstract operator framework suitable for the application of fixed-
point methods by introducing the unknown vector (ζ1, ζ2, ζ3,D) and defining the associated nonlinear
operators Jζ1 , Jζ2 , Jζ3 , and JD. We will work in the bounded space BC1(∆ × ∆ × [0, ρ0],R), and
consider a closed bounded subset in which the density satisfies the uniform positivity condition
ζ1 ≥ τmin > 1. Within this framework, we verify conditions R1, R2, and R3. The corresponding
constants ϑζ1 , ϑζ2 , ϑζ3 , ϑD, and λζ1 , λζ2 , λζ3 , λD are explicitly determined. The two-dimensional Euler
system describes the motion of a compressible inviscid fluid and is derived from the fundamental
conservation laws of mass, momentum in two spatial directions, and energy. This model plays a
fundamental role in gas dynamics, aerodynamics, and the study of multidimensional shock waves. The
EK fractional two-dimensional Euler system is given by

EKDα0,ρζ1 = −
∂
∂x (ζ1ζ2) − ∂

∂y (ζ1ζ3)
EKDα0,ρζ2 =

1
ζ1

[
ζ2

[
∂
∂x (ζ1ζ2) + ∂

∂y (ζ1ζ3)
]
− ∂
∂x (ζ1ζ2

2 + p) − ∂
∂y (ζ1ζ2ζ3)

]
EKDα0,ρζ3 =

1
ζ1

[
ζ3

[
∂
∂x (ζ1ζ2) + ∂

∂y (ζ1ζ3)
]
− ∂
∂x (ζ1ζ2ζ3) − ∂

∂y (ζ1ζ2
3 + p)

]
EKDα0,ρD = −

∂
∂x

(
ζ2(D + p)

)
− ∂
∂y

(
ζ3(D + p)

)
ζ1(x, y, 0) = l1(x, y), ζ2(x, y, 0) = l2(x, y),
ζ3(x, y, 0) = l3(x, y), e(x, y, 0) = g(x, y)
ζ1, ζ2, ζ3 ∈ C1(∆0) := C1(∆ × ∆ × [0, ρ0],R).

(5.4)

Here, ∆ ⊂ R is a bounded and locally compact subset, and ρ0 > 0. The unknown ζ1(x, y, ρ) > 1 denotes
the mass density, ζ2(x, y, ρ) and ζ3(x, y, ρ) denote the velocity components in the x- and y-directions,
respectively, and D(x, y, ρ) is the total energy density defined by D = ζ1e+ 1

2ζ1
(
ζ2

2 + ζ
2
3

)
,where e(x, y, ρ)

is the internal energy per unit mass which is bounded continuous function. The variables x and y are
spatial coordinates and ρ is the time variable. To close the system, an equation of state is required.
For an ideal gas, the pressure p(x, y, ρ) is given by p = (λ − 1)ζ1e, where λ > 1 is the adiabatic index.
By C1(∆0), we mean the space of all bounded, continuously differentiable real-valued functions on
∆ × ∆ × [0, ρ0] whose first-order derivatives are bounded and continuous.
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According to the system 1.1, we observe that ς1 = ς2 = ς3 = ς4 = 0. Then, the nonlinear operators
Jζ1 , Jζ2 , Jζ3 , and JD are given by

Jζ1(ζ1, ζ2, ζ3,D) := −
∂

∂x
(ζ1ζ2) −

∂

∂y
(ζ1ζ3),

Jζ2(ζ1, ζ2, ζ3,D) :=
1
ζ1

(
ζ2

[ ∂
∂x

(ζ1ζ2) +
∂

∂y
(ζ1ζ3)

]
−
∂

∂x
(ζ1ζ2

2 + p) −
∂

∂y
(ζ1ζ2ζ3)

)
,

Jζ3(ζ1, ζ2, ζ3,D) :=
1
ζ1

(
ζ3

[ ∂
∂x

(ζ1ζ2) +
∂

∂y
(ζ1ζ3)

]
−
∂

∂x
(ζ1ζ2ζ3) −

∂

∂y
(ζ1ζ2

3 + p)
)
,

JD(ζ1, ζ2, ζ3,D) := −
∂

∂x
(
ζ2(D + p)

)
−
∂

∂y
(
ζ3(D + p)

)
.

Note that
l4(x) = D(x, 0) = l1(x)g(x) +

1
2

l1(x)[(l2(x))2 + (l3(x))2].

Step 1: Satisfying the continuity property for the operators Jζ1 , Jζ2 , Jζ3 , and JD: Since ζ1, ζ2, ζ3 ∈
BC1(∆0) and e is continuous, then the operators Gζ1 , Gζ2 , Gζ3 , and GD are continuous. Since ∆ is a
locally compact, then by Theorem 3.4 and Remark 3.5, Jζ1 , Jζ2 , Jζ3 , and JD are continuous, respectively.
Step 2: Satisfying the boundedness property for the operators Jζ1 , Jζ2 , Jζ3 , and JD to satisfy condition
R2 on 5.4. Let

B := BC1(∆0) × BC1(∆0) × BC1(∆0) × BC1(∆0),

with norm
∥(ζ1, ζ2, ζ3,D)∥B := max{∥ζ1∥BC1 , ∥ζ2∥BC1 , ∥ζ3∥BC1 , ∥D∥BC1},

where

∥ f ∥BC1 := ∥ f ∥∞ + ∥
∂

∂x
f ∥∞ + ∥

∂

∂y
f ∥∞.

Since the functions ζ1, ζ2, ζ3 ∈ BC1(∆0) and e is bounded in the system 5.4, then there are positive
constants δζ1 , δζ2 , δζ3δe > 0 such that ∥ζ1∥BC1 ≤ δζ1 , ∥ζ2∥BC1 ≤ δζ2 , ∥ζ3∥BC1 ≤ δζ3 , and ∥e∥BC1 ≤ δe. Fix
δ > 0 and τmin > 1 to be constant. Define

M :=
{
(ζ1, ζ2, ζ3,D) ∈ B : ∥ζ1∥BC1 , ∥ζ2∥BC1 , ∥ζ3∥BC1 , ∥D∥BC1 ≤ δ, ζ1 ≥ τmin

}
.

We observe thatM is nonempty. For example if l1 ≥ τmin and l2, l3 are bounded, pick a constant in
time extension at the level of the fixed-point setup. It is easy to see that M is closed, bounded, and
convex in B.

(1) For (ζ1, ζ2,D) ∈ M, we have

|Jζ1 | ≤ 2δ2 + 2δ2 = 4δ2.

Take ϑζ1 := 4δ2 > 0.
(2) For the bound of p and its first derivatives, onM, we have

|p| ≤ (λ − 1)
(
|D| +

1
2
|ζ1|(ζ2

2 + ζ
2
3 )

)
≤ (λ − 1)

(
δ +

1
2
δ(2δ2)

)
= (λ − 1)(δ + δ3).
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Also,
∂

∂x
p = (λ − 1)

( ∂
∂x

D −
1
2
∂

∂x
(ζ1(ζ2

2 + ζ
2
3 ))

)
.

Now,
∂

∂x
(ζ1(ζ2

2 + ζ
2
3 )) = (

∂

∂x
ζ1)(ζ2

2 + ζ
2
3 ) + ζ1

∂

∂x
(ζ2

2 + ζ
2
3 )

= (
∂

∂x
ζ1)(ζ2

2 + ζ
2
3 ) + 2ζ1(ζ2

∂

∂x
ζ2 + ζ3

∂

∂x
ζ3),

so,

|
∂

∂x
(ζ1(ζ2

2 + ζ
2
3 ))| ≤ δ(2δ2) + 2δ(δ · δ + δ · δ) = 2δ3 + 4δ3 = 6δ3.

Hence,

|
∂

∂x
p| ≤ (λ − 1)

(
δ +

1
2
· 6δ3

)
= (λ − 1)(δ + 3δ3).

Similarly, | ∂
∂y p| ≤ (λ − 1)(δ + 3δ3).

(3) For the operator Jζ2 , write Jζ2 =
1
ζ1
Nζ2 where

Nζ2 := ζ2
[ ∂
∂x

(ζ1ζ2) +
∂

∂y
(ζ1ζ3)

]
−
∂

∂x
(ζ1ζ2

2 + p) −
∂

∂y
(ζ1ζ2ζ3).

Since ζ1 ≥ τmin onM, we have |1/ζ1| ≤ 1/τmin. Since∣∣∣ζ2[ ∂
∂x

(ζ1ζ2) +
∂

∂y
(ζ1ζ3)

]∣∣∣ ≤ |ζ2|(| ∂
∂x

(ζ1ζ2)| + |
∂

∂y
(ζ1ζ3)|

)
≤ δ(2δ2 + 2δ2) = 4δ3,

and
|
∂

∂x
(ζ1ζ2

2 )| = |(
∂

∂x
ζ1)ζ2

2 + 2ζ1ζ2(
∂

∂x
ζ2)| ≤ δ · δ2 + 2δ · δ · δ = 3δ3,

then,

|
∂

∂x
(ζ1ζ2

2 + p)| ≤ 3δ3 + (λ − 1)(δ + 3δ3).

Hence,

|
∂

∂y
(ζ1ζ2ζ3)| = |(

∂

∂y
ζ1)ζ2ζ3 + ζ1(

∂

∂y
ζ2)ζ3 + ζ1ζ2(

∂

∂y
ζ3)| ≤ δ3 + δ3 + δ3 = 3δ3.

Combining

|Nζ2 | ≤ 4δ3 +
(
3δ3 + (λ − 1)(δ + 3δ3)

)
+ 3δ3 = 10δ3 + (λ − 1)(δ + 3δ3),

then, |Jζ2 | ≤
1
τmin

(
10δ3 + (λ − 1)(δ + 3δ3)

)
. Take

ϑζ2 :=
1
τmin

(
10δ3 + (λ − 1)(δ + 3δ3)

)
> 0.

(4) For the operator Jζ3 , similarly, writing Jζ3 =
1
ζ1
Nζ3 with

Nζ3 := ζ3
[ ∂
∂x

(ζ1ζ2) +
∂

∂y
(ζ1ζ3)

]
−
∂

∂x
(ζ1ζ2ζ3) −

∂

∂y
(ζ1ζ2

3 + p),

AIMS Mathematics Volume 11, Issue 4, 11810–11839.



11831

we have
|ζ3[
∂

∂x
(ζ1ζ2) +

∂

∂y
(ζ1ζ3)]| ≤ δ(2δ2 + 2δ2) = 4δ3,

|
∂

∂x
(ζ1ζ2ζ3)| ≤ 3δ3, |

∂

∂y
(ζ1ζ2

3 + p)| ≤ 3δ3 + (λ − 1)(δ + 3δ3),

and hence, |Nζ3 | ≤ 10δ3 + (λ − 1)(δ + 3δ3). Hence,

|Jζ3 | ≤
1
τmin

(
10δ3 + (λ − 1)(δ + 3δ3)

)
.

Take
ϑζ3 :=

1
τmin

(
10δ3 + (λ − 1)(δ + 3δ3)

)
> 0.

(5) For the operator JD, we have

JD = −
∂

∂x
(ζ2(D + p)) −

∂

∂y
(ζ3(D + p)).

Since
|D + p| ≤ |D| + |p| ≤ δ + (λ − 1)(δ + δ3),

|
∂

∂x
(D + p)| ≤ |

∂

∂x
D| + |

∂

∂x
p| ≤ δ + (λ − 1)(δ + 3δ3),

and
|
∂

∂y
(D + p)| ≤ δ + (λ − 1)(δ + 3δ3)

Then, by using the product rule, we get

|
∂

∂x
(ζ2(D + p))| ≤ |

∂

∂x
ζ2| |D + p| + |ζ2| |

∂

∂x
(D + p)| ≤ δ

(
δ + (λ − 1)(δ + δ3)

)
+ δ

(
δ + (λ − 1)(δ + 3δ3)

)
,

and similarly,

|
∂

∂y
(ζ3(D + p))| ≤ δ

(
δ + (λ − 1)(δ + δ3)

)
+ δ

(
δ + (λ − 1)(δ + 3δ3)

)
.

Hence,
|JD| ≤ 2

[
δ
(
δ + (λ − 1)(δ + δ3)

)
+ δ

(
δ + (λ − 1)(δ + 3δ3)

)]
.

Take
ϑD := 2

[
δ
(
δ + (λ − 1)(δ + δ3)

)
+ δ

(
δ + (λ − 1)(δ + 3δ3)

)]
> 0.

Step 3: Satisfying the Lipschitz property for the operators Jζ1 , Jζ2 , Jζ3 , and JD to satisfy condition R3
on 5.4: For all m = (ζ1, ζ2, ζ3,D) and m̃ = (ζ̃1, ζ̃2, ζ̃3, D̃), lrt Ωζ1 = ζ1 − ζ̃1, Ωζ2 = ζ2 − ζ̃2, Ωζ3 = ζ3 − ζ̃3,
ΩD = D − D̃. Then,

∥Ωζ1∥∞, ∥
∂

∂x
Ωζ1∥∞, ∥

∂

∂y
Ωζ1∥∞ ≤ ∥m − m̃∥B,

and similarly for Ωζ2,Ωζ3,ΩD.
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(1) The Lipschitz constant for Jζ1: We have

Jζ1(m) − Jζ1(m̃) = −
∂

∂x
(ζ1ζ2 − ζ̃1ζ̃2) −

∂

∂y
(ζ1ζ3 − ζ̃1ζ̃3)

= −
∂

∂x
(Ωζ1 ζ2 + ζ̃1Ωζ2) −

∂

∂y
(Ωζ1 ζ3 + ζ̃1Ωζ3).

By using the product rule and ∥ζ2∥BC1 , ∥ζ3∥BC1 , ∥ζ̃1∥BC1 ≤ δ, we have

∥
∂

∂x
(Ωζ1 ζ2)∥∞ ≤ 2δ∥m − m̃∥B, ∥

∂

∂x
(ζ̃1Ωζ2)∥∞ ≤ 2δ∥m − m̃∥B,

and similarly,

∥
∂

∂y
(Ωζ1 ζ3)∥∞ ≤ 2δ∥m − m̃∥B, ∥

∂

∂y
(ζ̃1Ωζ3)∥∞ ≤ 2δ∥m − m̃∥B.

Hence,
∥Jζ1(m) − Jζ1(m̃)∥∞ ≤ 8δ∥m − m̃∥B.

Take λζ1 := 8δ > 0.
(2) The Lipschitz constants for Jζ2 and Jζ3: Write

Jζ2(m) =
1
ζ1
Nζ2(m) and Jζ2(m̃) =

1
ζ̃1
Nζ2(m̃).

Then,

Jζ2(m) − Jζ2(m̃) =
1
ζ1

(
Nζ2(m) − Nζ2(m̃)

)
+Nζ2(m̃)

(
1
ζ1
−

1
ζ̃1

)
.

Since ζ1, ζ̃1 ≥ τmin onM, then
∥∥∥∥ 1
ζ1

∥∥∥∥
∞
≤ 1
τmin

, and hence,∥∥∥∥∥∥ 1
ζ1
−

1
ζ̃1

∥∥∥∥∥∥
∞

=

∥∥∥∥∥∥ ζ̃1 − ζ1ζ1ζ̃1

∥∥∥∥∥∥
∞

≤
1
τ2

min

∥Ωζ1∥∞ ≤
1
τ2

min

∥m − m̃∥B.

Since Nζ2 is uniformly bounded on M, that is, supm∈M ∥Nζ2(m)∥∞ ≤ CN,ζ2(δ, λ), and by product-rule
estimates together with ∥p(m) − p(m̃)∥BC1 ≤ Cp∥m − m̃∥B, then there exists LN,ζ2(δ, λ) > 0 such that

∥Nζ2(m) − Nζ2(m̃)∥∞ ≤ LN,ζ2(δ, λ)∥m − m̃∥B.

Hence,

∥Jζ2(m) − Jζ2(m̃)∥∞ ≤
(

1
τmin

LN,ζ2(δ, λ) +
1
τ2

min

CN,ζ2(δ, λ)
)
∥m − m̃∥B.

Take
λζ2 :=

1
τmin

LN,ζ2(δ, λ) +
1
τ2

min

CN,ζ2(δ, λ) > 0.

The same argument applies to Jζ3 yielding constants CN,ζ3(δ, λ) and LN,ζ3(δ, λ), take

λζ3 :=
1
τmin

LN,ζ3(δ, λ) +
1
τ2

min

CN,ζ3(δ, λ) > 0.
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(3) The Lipschitz bounds for the pressure map: Define p(m) = (λ − 1)
(
D − 1

2ζ1(ζ2
2 + ζ

2
3 )

)
and p(m̃).

OnM, we have ∥ζ1∥∞, ∥ζ2∥∞, ∥ζ3∥∞, ∥D∥∞ ≤ δ. Then,

|ζ2
2 − ζ̃2

2
| ≤ (|ζ2| + |ζ̃2|)|ζ2 − ζ̃2| ≤ 2δ|Ωζ2|,

and |ζ2
3 − ζ̃3

2
| ≤ 2δ|Ωζ3| gives a constant Cp = Cp(δ, λ) > 0 such that

∥p(m) − p(m̃)∥BC1 ≤ Cp∥m − m̃∥B.

(4) The Lipschitz constant for JD, we have

JD(m) − JD(m̃) = −
∂

∂x
(
ζ2(D + p(m)) − ζ̃2(D̃ + p(m̃))

)
−
∂

∂y
(
ζ3(D + p(m)) − ζ̃3(D̃ + p(m̃))

)
,

and

ζ2(D + p(m)) − ζ̃2(D̃ + p(m̃)) = Ωζ2 (D + p(m)) + ζ̃2
(
ΩD + (p(m) − p(m̃))

)
.

By using the product rule and the bound ∥p(m) − p(m̃)∥BC1 ≤ Cp∥m − m̃∥B, there is a constant λD =

λD(δ, λ) > 0 such that

∥JD(m) − JD(m̃)∥∞ ≤ λD∥m − m̃∥B.

If

8δ +
1
τmin

LN,ζ2(δ, λ) +
1
τ2

min

CN,ζ2(δ, λ) +
1
τmin

LN,ζ3(δ, λ)

+
1
τ2

min

CN,ζ3(δ, λ) + λD(δ, λ) <
Γ
(
α + σ + 1

β

)
ρ

1−β
0 Γ

(
σ + 1

β

) ,
then, Theorems 4.2 and 4.3 hold for the system 5.4. That is, the system 5.4 has a unique solution.

For example, if ∆ is any closed interval in the system 5.1 with ϵ = 10, ω = 28, µ = 8
3 , β = σ = 1,

and with initial conditions l1 = l2 = l3 = 2, then by using the expansion new iterative method [2], the
solution is

ζ1(ρ) ≈ 2 + 500
ρ2α

Γ(2α + 1)
−

16420
3

ρ3α

Γ(3α + 1)
+ · · · , (5.5)

ζ2(ρ) ≈ 2 + 50
ρα

Γ(α + 1)
−

142
3

ρ2α

Γ(2α + 1)
+

115562
9

ρ3α

Γ(3α + 1)
+ · · · , (5.6)

ζ3(ρ) ≈ 2 −
4
3
ρα

Γ(α + 1)
+

932
9

ρ2α

Γ(2α + 1)
+

16988
27

ρ3α

Γ(3α + 1)
+ · · · . (5.7)

This solution is graphically presented in four cases, α = 0.25, α = 0.5, α = 0.75, and α = 1; see Figure
1. ∆ is any closed interval.
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Figure 1. Solution of 5.1 with ϵ = 10, ω = 28, µ = 8
3 , β = σ = 1, and with initial conditions

l1 = l2 = l3 = 2.

In system 5.1, if ∆ = [1, 2] is a closed interval with β = σ = 1, λ = 2, and initial conditions
ζ1(x, y, 0) = x, ζ2(x, y, 0) = y, ζ3(x, y, 0) = e(x, y, 0) = xy, then by using the expansion new iterative
method, [?], the solution is

ζ1(x, y, ρ) ≈ x − (y + x2)
ρα

Γ(α + 1)
+ · · · (5.8)

ζ2(x, y, ρ) ≈ y − y(x + 2)
ρα

Γ(α + 1)
+ · · · (5.9)

ζ3(x, y, ρ) ≈ xy − (y2 + x2y + x)
ρα

Γ(α + 1)
+ · · · (5.10)

D(x, y, ρ) ≈ x2y +
1
2

xy2 +
1
2

x3y2

−

(
4xy2 +

1
2

y3 +
3
2

x2y3 + 4x3y +
3
2

x2y2 +
3
2

x4y2
)
ρα

Γ(α + 1)
+ · · · (5.11)

This solution ζ1, ζ2, ζ3, and D of 5.4 (with β = σ = 1, λ = 2, ρ = 3) is graphically presented in two
cases, α = 0.25, and α = 0.75; see Figures 2–5.

In the special case α = 1, the fractional model reduces to the classical Lorenz system. This confirms
that the proposed formulation is consistent with the well-known integer-order model and can be viewed
as its natural generalization. The results obtained for the fractional Euler system are in agreement with
the classical case. The use of fractional operators provides a more general framework that captures
memory effects without altering the fundamental structure of the model.

Figure 1 illustrates the behavior of the solution of the fractional system. It can be observed that
the solution remains bounded and stable over the considered interval, which confirms the theoretical
results obtained in Section 4. Figure 2 shows the evolution of the system dynamics. It is clear that the
solution follows a smooth pattern, and the fractional parameter has a noticeable effect on the system
behavior. Figure 3 presents the behavior of the solution under the given conditions. The results indicate
consistency with the theoretical analysis and demonstrate stable dynamics. Figure 4 illustrates the
influence of the fractional operator on the system. It can be seen that memory effects play an important
role in shaping the solution behavior. Figure 5 shows the overall behavior of the system. The obtained
results are in agreement with the theoretical findings and confirm the validity of the proposed model.
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Figure 2. Solution ζ1 of 5.4 with β = σ = 1, λ = 2, ρ = 3, and with initial conditions
ζ1(x, y, 0) = x, ζ2(x, y, 0) = y, ζ3(x, y, 0) = e(x, y, 0) = xy.

Figure 3. Solution ζ2 of 5.4 with β = σ = 1, λ = 2, ρ = 3, and with initial conditions
ζ1(x, y, 0) = x, ζ2(x, y, 0) = y, ζ3(x, y, 0) = e(x, y, 0) = xy.

Figure 4. Solution ζ3 of 5.4 with β = σ = 1, λ = 2, ρ = 3, and with initial conditions
ζ1(x, y, 0) = x, ζ2(x, y, 0) = y, ζ3(x, y, 0) = e(x, y, 0) = xy.
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Figure 5. Solution D of 5.4 with β = σ = 1, λ = 2, ρ = 3, and with initial conditions
ζ1(x, y, 0) = x, ζ2(x, y, 0) = y, ζ3(x, y, 0) = e(x, y, 0) = xy.

Although the proposed framework provides a rigorous theoretical analysis for a class of fractional
dynamical systems, it is subject to certain limitations. The results rely on specific assumptions,
including the Lipschitz conditions and boundedness of the operators, which may restrict their
applicability to more general systems. Moreover, the present study focuses on theoretical analysis
without extensive numerical validation. Future work may address these limitations by considering
more general models, relaxing the assumptions, and developing efficient numerical methods.

6. Conclusions

In this work, we examined a class of two-dimensional EK fractional dynamical systems using
a functional analytic approach within locally compact Hausdorff spaces. By investigating the
corresponding operators in a suitable Banach space setting, their fundamental analytical features are
derived, and the Banach and Schaefer fixed point theorems are applied to establish the existence as
well as the uniqueness of solutions. Moreover, the Hyers–Ulam stability of the considered system
is analyzed, indicating that the solutions preserve stability when subjected to small perturbations.
To illustrate the effectiveness of the theoretical findings, two representative models are investigated,
namely the fractional Lorenz system and the two-dimensional fractional Euler system. For each
model, the imposed hypotheses are verified, and the existence of unique stable solutions is confirmed.
Possible future investigations may involve extending the proposed framework to broader classes of
fractional operators, studying higher-dimensional dynamical systems and stochastic fractional models,
and developing numerical techniques for approximating the obtained solutions.
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