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Abstract: This paper develops a functional analysis framework for a class of two-dimensional
Erdélyi—Kober (EK) fractional dynamical systems defined in locally compact Hausdorff spaces under
the compact-open topology. The considered model incorporates delay and nonlinear interactions
through EK fractional operators, which allow the description of dynamical systems with memory
effects. By constructing appropriate operators in a Banach space setting, we analyze their continuity,
boundedness, and the Lipschitz properties. Using classical results from functional analysis and
operator theory, sufficient conditions are derived to establish the solvability and Hyers—Ulam stability
of the proposed fractional system. The theoretical results demonstrate that the considered model
remains stable under small perturbations of the system parameters. To illustrate the applicability of the
developed framework, the results are applied to two significant fractional models: the EK fractional
Lorenz system describing chaotic dynamics, and the two-dimensional fractional Euler system arising
in fluid mechanics. These applications confirm the effectiveness of the proposed functional analytic
approach for studying nonlinear fractional dynamical systems with memory and delay effects.
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1. Introduction

Fractional calculus is a well-established area of mathematical analysis in which the classical
operators of differentiation and integration are generalized to orders that may take arbitrary real or
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complex values. This extension offers a versatile mathematical framework that is particularly effective
in representing processes characterized by memory and hereditary effects. Because of these features,
fractional calculus has become a valuable tool for modeling a wide range of physical and engineering
phenomena observed in real applications. The idea of differentiation of non-integer order can be traced
back to 1695, when Leibniz posed a question regarding the interpretation of a derivative of order % ina
letter to L’ Hopital. Later developments in the nineteenth century by mathematicians such as Riemann,
Liouville, and Griinwald provided the rigorous theoretical groundwork for what is now known as
fractional calculus [1,2]. Their contributions introduced several fractional operators that continue to
play a fundamental role in modern fractional analysis. In recent years, fractional calculus has attracted
growing interest since fractional-order models are often capable of describing complex dynamical
systems with greater accuracy than classical integer-order models. A key feature of fractional
derivatives is their nonlocal nature, which allows the current state of a system to depend not only
on its instantaneous behavior, but also on its previous evolution [3]. Liu et al. [4] introduced a spectral
element method scheme for efficiently solving the fractional telegraph problem with improved accuracy
and stability. Liu and Ding [5] proposed a radial basis function neural network approach for efficiently
approximating solutions of diffusion partial differential equations. This property makes fractional
models particularly suitable for studying systems that exhibit memory effects. This nonlocal property
makes fractional models especially useful for describing phenomena with memory effects. Various
types of fractional derivatives have been introduced in the literature, including Caputo—Fabrizio, Hilfer,
Katugampola, and EK derivatives. These operators differ mainly in the kernel functions they employ,
which determine how memory effects are incorporated into the model. Fractional calculus has become
a rapidly growing research area that combines theoretical developments with numerous practical
applications [6]. For example, in viscoelastic materials, fractional models provide more accurate
descriptions of stress strain relationships. In heat transfer and diffusion processes, fractional operators
capture anomalous diffusion observed in complex materials and biological systems. In control
theory, fractional controllers often exhibit improved stability and flexibility compared with classical
proportional integral derivative controllers. Furthermore, fractional models have found applications
in finance for describing long-term market dependence and in epidemiology for modeling delayed
disease transmission [7]. These applications demonstrate the versatility of fractional calculus in
representing systems with memory and hereditary effects. Another important mathematical framework
for describing physical phenomena is provided by partial differential equations (PDEs). Classical PDEs
are widely used to model processes such as heat conduction, wave propagation, elasticity, and diffusion.
However, classical models are typically local in nature, meaning that the evolution of the system at a
given point depends only on nearby values. This locality assumption is often insufficient for complex
systems characterized by long range interactions, memory effects, or multiscale dynamics. To address
these limitations, fractional partial differential equations (FPDEs) have been introduced by replacing
integer-order derivatives with fractional ones [8]. FPDEs incorporate nonlocal behavior and memory
effects, allowing a more realistic description of various complex phenomena. Fractional differential
equations and systems have therefore become a central topic of investigation in both theoretical
and applied mathematics. They have been used to model anomalous diffusion, viscoelastic flows,
quantum mechanics, turbulence, and stochastic transport. Applications also arise in plasma physics,
geophysics, biological systems, and financial mathematics [9]. As a consequence, considerable
efforts have been devoted to studying qualitative properties of fractional systems, including solvability,
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stability, and long-term dynamics. In this context, fixed-point methods have proved to be powerful
tools for analyzing fractional differential equations. For instance, Wang et al. [1] established new
contraction principles and applied them to fractional models arising in economic dynamics. Balegh and
Ghezal. [10] developed a theoretical framework for delay fractional differential equations using fixed-
point techniques to investigate solvability results. Cona and Kocag [11] studied systems of fractional
differential equations through fixed-point methods, while Belhadj et al. [12] generalized Darbo’s fixed-
point theorem and applied it to nonlinear fractional differential equations. Liu et al. [13] developed
a pseudospectral method based on Legendre cardinal functions to solve the fractional Klein—Gordon
equation with high precision. Liu and Xue [14] presented a convergent multi-step iterative method for
solving systems of nonlinear equations with enhanced convergence performance. Motivated by: these
developments, we consider the following general two-dimensional EK fractional dynamical system

EEDE G1E.p) = s141E.p) + VIE p. (i p = D), 1 [€.p — (&€ p)O(E )]}

EKDS 6(E,p) = 20(E,0) + V' {E,p, L€ p — ), L [€,p — W(GEPGE PN}

EEDE GEp) = 603E.0) + Ve p, G p = D), G [E.0 — 0(GEPGE )]}, (1D
L(Ep) = 01(€,p), L(Ep) =0:(E,p), G(Ep) =03Ep), 0<p<wy,

G(E,0) =18, 6(E0)=6h©E), &0 =15,

for all (£,p) € A, := AX[0,po], where A C R is a bounded locally compact subset of R. Here, EK Z)g!p
denotes the EK fractional derivative of order 0 < a < 1, wy = max{#, sup, w(#)} with wy < pg, ¢ > 0,
§123 are constants, w is a continuous function mapping into (0, wy], 6,,3 are continuous bounded
functions, and V; » 3 are continuous operators.

To illustrate the applicability of the proposed theoretical framework, we consider two important
models: the fractional Lorenz system and the two-dimensional fractional Euler system. Fractional
Lorenz type systems have been widely studied due to their ability to describe complex chaotic
dynamics. Ahmad et al. [15] analyzed the fractional Lorenz system and established solvability results
using contraction principles. Awais et al. [16] investigated stochastic and hyperchaotic behaviors
in variable order fractional Lorenz systems. In addition, Meera and Selvaganesan [17] proposed a
generalized complex fractional Lorenz system and demonstrated its potential applications in security
frameworks. On the other hand, the two-dimensional Euler equations play a fundamental role in fluid
dynamics. Their analytical and dynamical properties have been extensively studied in the literature.
Hui et al. [18] proposed a unified coordinate system that improves numerical treatments of two-
dimensional Euler equations. Chen [19] investigated the stability of transonic shock fronts in Euler
systems, while Wang and Yang [20] studied planar diffusion waves in damped two-dimensional Euler
equations. Moreover, Dullin et al. [21] analyzed the instability of equilibria in two-dimensional Euler
flows on the torus, revealing complex dynamical structures in fluid models.

Fractional differential systems have become an essential tool for describing many real-world
processes that exhibit memory and hereditary characteristics. Despite the large body of literature in
this area, many studies concentrate mainly on numerical experiments or specific models, often without
establishing a comprehensive theoretical framework within suitable topological structures. Motivated
by this limitation, the present work examines a general two-dimensional EK fractional dynamical
system defined in locally compact Hausdorff spaces endowed with the compact-open topology.

In recent years, various control strategies have been developed for complex dynamical systems,
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including sliding mode control with variable convergence rates, asynchronously switched control
methods, and H* control techniques. These approaches have been widely used to analyze stability
and robustness in nonlinear systems. Although these methods provide effective tools for control
and stabilization, they are mainly focused on control design, while the present work emphasizes the
theoretical analysis of fractional dynamical systems within a functional analytic framework.

The main results of this paper are summarized as follows. First, we prove the continuity,
boundedness, and Lipschitz properties of the corresponding operators in an appropriate Banach space
setting. Second, by employing the Banach and Schaefer fixed point theorems, we establish conditions
guaranteeing the existence and uniqueness of solutions for the considered system. Third, the Hyers—
Ulam stability of the system is investigated, demonstrating that the obtained solutions remain stable
under small perturbations. To illustrate the applicability of the theoretical results, we study two
representative examples, namely the fractional Lorenz system and the two-dimensional fractional Euler
system, which highlight the effectiveness and flexibility of the proposed framework.

The remainder of the paper is organized as follows. Section 2 introduces the required preliminaries
and basic results. Section 3 focuses on the continuity and compactness analysis of the associated
operators. In Section 4, we prove the solvability, uniqueness and Hyers—Ulam stability results. Finally,
Section 5 applies the developed theory to the fractional Lorenz system and the two-dimensional
fractional Euler system.

The novelty of this work is the use of the EK operator within a functional analysis framework
in locally compact Hausdorft spaces. This allows us to study existence, uniqueness, and stability of
solutions in a more general setting compared to previous works.

Several recent studies have investigated fractional-order systems with exponential kernels as well as
two-dimensional time-delay fractional systems, mainly focusing on numerical simulations or specific
models. While these approaches provide useful insights into the behavior of such systems, they
often lack a unified theoretical framework within an appropriate topological setting. In contrast, the
present work develops a functional analysis framework for two-dimensional Erdélyi—Kober fractional
dynamical systems in locally compact Hausdorff spaces. This approach allows us to establish general
results concerning existence, uniqueness, and Hyers—Ulam stability, which are not fully addressed in
the aforementioned studies. Therefore, the main contribution of this work is to fill this gap by providing
a rigorous and general theoretical foundation for a broader class of fractional systems.

2. Preliminaries

The definitions and main results related to EK fractional operators are initially formulated in the
single variable setting [22-25]. In this work, we extend these notions to the two variable case.
For brevity, we refer to the existing proofs in the single-variable framework as the extension to two
variables follows by a natural and direct generalization.

Definition 2.1. [24] Let A c Rand ¢, : AX[0,p9] — R be a given mapping. Let0 < < 1 and o € R.
The EK fractional integral of order « is given by

ﬁp—ﬁ(aﬂr) 0 .
T2P706(p) = To fo ©* =) P L. o) do, (2.1)

where {15([3) = (1(5,/3)
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Define the differential operator
1 o

Y B
and define its iterates recursively by A7 f := Ap(Az‘1 f), neN.

The extension of the EK operators from the single-variable case to the two-variable setting is
performed by treating the spatial variable £ as a parameter. For each fixed £ € A, the operators act
on the variable p as in the classical one-dimensional case. Consequently, the main properties of the
operators are obtained by applying the corresponding single-variable results pointwise with respect to
&, ensuring the validity of the extension.

Definition 2.2. [24] Let A C R and let {; be a mapping defined on A X [0, py]. Assume that 0 < 8 < 1,
n = |a], and o € R. Then, the EK fractional operator of order « is defined by

DL () = P PTAL (PP p)), n—l<a<nm
o @, a=nen,

1p"

(2.2)

The EK fractional integral and derivative are defined for p > 0. Although the factor p™#@*%) appears
in 2.1, the integral term vanishes sufficiently fast as p — 0" under the assumptions 0 < @ < 1,
0<pB<1,and ; € C(Ax][0,po]). In particular, the kernel (0# — 0#)*~10#” remains integrable on [0, p],
ensuring that the limit as p — 0% exists and the expression remains finite. Therefore, no pole occurs at
o = 0, and the operators are well-defined together with the prescribed initial conditions. Recalling [25],
we have

DPTIP7 (G (Ep)) = L€ p).

In this paper, AC([0, po]) denotes the space of all absolutely continuous functions defined on the interval
[0, po], that is,

AC([0, po]) :={h : [0,p0] = R : his absolutely continuous on [0, py]} .
Moreover, for n € N, we define
AC"([0,po]) := {1 : [0,po] = R : AXG#7h(y)) € AC([0. po]), Yk =1,2,....n}.
Theorem 2.3. [23] Let i(&,-) € AC™([0, pp]) for all ¢ e Aand n — 1 < @ < n. Then,
THEC DB (G (E,p)) = G, p)

n=l_g(o+k)

- E— A aen) -
k=0

k! p=0

where n € N.

Theorem 2.4. [26] Let (S, || - ||) be a Banach space and suppose that £ : S — S has a contraction
property. Then, there is a unique s € X such that P(s) = s. Moreover, for every xy € X, the iterative
process s,+1 = P(s,) converges to s.
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Theorem 2.5. [26] Let S be a Banach space and # : X — X be a compact and continuous operator.
Assume that

M={seS :s=AP(s), 1€[0,1]}
is bounded in S. Then, P has at least one fixed pointin S.

Theorem 2.6. [27] Let K be a compact metric space with metric d, and let & C C(K) be a collection
of real-valued continuous functions on K. Then, & is relatively compact in (C(K), ||-||») if and only if &
is uniformly bounded and equicontinuous. In particular, every sequence in & has uniformly convergent
subsequence.

3. Properties of the nonlinear operators

In this section, we analyze the analytical characteristics of the operators related to the EK
fractional system. The hypothesis that A is a bounded locally compact Hausdorff space guarantees
the compactness of A, . This property ensures that the compact-open topology coincides with the
topology induced by the supremum norm, which allows the effective use of fixed point techniques. A
subset S of a space X is a locally compact if for every x € S there is an open set O of x such that the
closure O has a compact property in X. A space X is called a Hausdorff space whenever any two distinct
points can be separated by disjoint open neighborhoods. Let A be a bounded locally compact subset of
R. Denote by R*v the set of all real-valued functions defined on A, and define B := Cp, X Ca, X Ch,
as a Banach space under the norm

1Z1: 22 29l = max (|21 (€. P 12 (& PN 1E3(E. p)] < (€. ) € A, ).

Here Cy, := C (A x [0,p0]) € R0 denotes the family of all mappings that have continuity property on
A,, into R. The family of open balls B(&, r) in R, equipped with the metric d(&, p) = |€ — p|, forms a
subbase for the topology on R, known as the usual topology. Since A, is a Hausdorfl subspace of the
product space R? endowed with the usual topology, the family

{(C, B(&, 1)) : C is compact setin A,, & € R, r > 0}
generates a subbase for a topology on C,,, called the compact-open topology, where

(C, B(&0, 1)) = {1 € Ca, 1 £1(C) € B(&o, 1)}

Because A C R is assumed to be bounded and locally compact, it follows that A, is compact.
Therefore, on the space C,,, the compact-open topology coincides with the topology that is generated
by the supremum norm

IKillo = sup {I61(£,p)] < (€. 0) € Ay,

Hence, the notions of continuity, compactness and convergence proved under the compact-open
topology coincide with those derived from the supremum norm topology. This equivalence validates
the application of fixed point Theorems 2.4 and 2.5 in Banach spaces equipped with the supremum
norm throughout this study.
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So, throughout this paper the space R*v is considered with the compact-open topology. Define the
operators J;,, I, Iz © Ayy X R%0 X R% X R — R by

Ja .0, 01,00, 83) = 161, p) + VHE p, Li(E,p = D), {1 [€,p — w(G(E, p)2(é,p))]} (3.1)

Jo(€,0,81, 0, 83) = ©20(E,p) + V' {E,p, (&, p =), & [€,p — 0(G(E, ), p))]} (3.2)

and

I (60,8100, 83) = 35(Ep) + V7 HE P, (& p = D). G €. p — w(li(€, 000 p)]} - (3.3)

Apply the EK integral operator of (1.1), and use Theorem 2.3 to get that

ﬁp—ﬁ(aﬂf) 0 »
L, p) = L&)+ W£ @ =) 1, 0,01, 6, )do, (3.4)
ﬁp—ﬁ(fﬂ'(f) 0 .
a6 = 1) + P fo W - P (0,01, o ), (3.5)
and
ﬁp—B(aﬂr) 0 .
5é,p) = L6+ Wfo =)' I, 0.0, 0, &)do. (3.6)

Define the operators Ay, , Ay, : R% X R% x R% — R%0 by

-Blato) P
An (1,86, 5B)Ep) = L) + ﬂPFTJ(; ©* = PP I, 0,0, 8, 8)do, 3.7

—B(a+o) 0
ﬂ@(a,@,@)@,p):lz(§>+ﬂpFT fo © =)' I, 0,81, &, G)do, (3.8)

and

-Bla+o) P
Ay (1,6, 5B)Ep) = () + BPFTJ(; ©* = PP I, 0,4, 6, &) do. (3.9)

The operator J;, is said to have the Lipschitz condition if there is A, > 0 where

|J[1 (f,P, él’ §29 {3) - J{] (§’p9 4119 421)| < /1[1 ”(519 §29 {3) - (4119 §219 §31)”B
for all (£,p) € A,,.
Theorem 3.1. If J;, has the Lipschitz condition, then A,, has the Lipschitz property.
Proof. Since J;, has the Lipschitz property, then there is A, > 0 where

000,01, 6. 53) = T (€0, $11, o1, G| < A (G 6. 53) = (i Lo Gl -
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Hence,
ﬂ :7{ ﬁp—ﬂ(oﬁo—)
_ <=
\AL (1. 8 B)EP) = A (L11s L1 BD)Ep)| < @)
0 0
X fo @ =PI 0.0, b, Lo - fo @ =P I 0, 411,421,430@‘
B p—ﬁ(a+rr) g a1
< Wfo P =P P . 818, 53) = T (Ep, G Gars G1)| do
Az pl_ﬁl" o+1
< @ ( . ﬁ) (41, &2, 3) — (L115, £21, G0l g -
F(a +0+ 1_3)

Then, we have

A pa (o + 1
”ﬂ{.(gl»{bé)—ﬂ§1(§11,§21,{31)” < @70 ( 'B)

F(a/+(7+é)

where || - || denotes the supremum norm in the Banach space 8. Note that for 0 < § < 1 and p €

[0, po], the term p'~* is non-negative and bounded. Moreover, the Gamma function I'(-) is well-defined

1B 1
.. . Ay P o+3
and positive for the considered parameters. Hence, ———~%* r(0+ r(l)ﬁ )
a+o

(41, &2, 83) — (L1, L1, G0l g (3.10)

> 0, that is, A, has the Lipschitz

property. ’ O

Remark 3.2. Similarly, for Theorem 3.1 and its proof, if J,, and J,, have the Lipschitz property, then
A;, and A, have the Lipschitz property, respectively. That is, there are two constants 4, > 0 and
Az > 0 such that

Ag Pl_’BF o+ 1
I|ﬂ{2(§l,{2,{3) _ﬂ@({”’{Zl,{m)” < o Py ( ,8)

F(a+0’+é)

({1542, 83) = (L1, $21, G310l g » (3.11)

and

1-8 1
po  Tlo+ =
o T+ 5) 112 L0 83) = Gt o )l . (3.12)

/13
||ﬂ§3(§1»§2’§3) —»7[43(511,{21,{31)” < ‘£ 1
F(a+a’+[—g)

Define the operators G;,, G, Gr, : B — R as

G (1,0, 85) =618+ V[m, 10,4 o (my X (), &1 o (my X p(w o (£HL43)))] (3.13)

Go(81,00,83) = 20 + V' 11,10, 8 0 (my X (), & o (my X n(w o (413)))], (3.14)

and

G, ({1, 0, 5) = 38+ V' 11,10, 83 0 (my X (), & o (my X n(w o ({142)))], (3.15)
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where 7, ; denotes the standard projection mappings and n(3)(£, p) = p — . To establish the Lipschitz
condition of G;,, G;,, and G,,, observe that if J;, J,,, and ], satisfy the Lipschitz property, then we
obtain

KGu (&1 6os 83) = G (L L1, 1), (L10 0s 83) = (s Lo GOV < A 110810 05 83) = (Gt L1 Gl »
|<g§2(£19 §2’ (3) - g{z(glls {21’431), (gl’ 52’ {3) - (gll’ (21’ §3l)>| < /1{2 ”((l’ 42’ 53) - ({117 421’ 531)”% ’

and

(G, (10 0oy 83) = G (Eirs La1, G31), (813 0y 83) = (s L1 GOV < A 10810 600 83) = (Gt L1 Gl -

Theorem 3.3. The continuity of J,, implies to the continuity of G, .

Proof. Assume that J, is a continuous operator. To establish the continuity of G, it suffices to show
that gétl] (Q, B(&y,1))) is open in B for every open (Q, B(&y, r)) in R%». Observe that

ggll(<Q5 B('f()a V))) = {(ga g/a g/,) €B: gﬁ(ga S‘/, g/,)(Q) - B(&Oa I’)}

={(s.¢".¢") e B: I,((s.s",6")} x Q) C B(&,1)}.

Fix (50,5557 € G;((Q. Béo.1))). Then, I, (50, 5. 55 h) € B, r) for all h € Q. i.e. (50,5, )}
0cC J;I(B(fo, r)). Since ngl (B(&o, 1)) C Ay, X Bis open and J, is continuous, then for any pointd € Q
there is an open set E; C B of (9, 5, 5;) and F; C A, of hsuch that Fy X Ey C J;l (B(&y, r)). The class
{F4}aeo 1s an open covering of the compact set Q, so choose &y, ..., h, € Q with Q c |Ji, Fj,, and set
E := N E},. Then, E is an open neighborhood of (5, ;, s;) in B, and hence for any (5,¢’,¢”") € E
and any k € Q, there is i with k € F), such that

(h,k) € Fy,, X Ey, C I (B(€o, 7).

Then, J;(Q,¢,¢",¢”") < B(é,r). Hence, G (s,¢",¢") € (QO,B(&,r)). Consequently, E C
QE]] ({(Q, B(&y, 1))), which means that g;‘ ((Q, B(éo,r))) is an open set. Hence, G, is continuous. O

Theorem 3.4. If G, has the continuity and A has a locally compact property in R, then the map of J,,
to A,, X B s continuous.

Proof. Assume that G,, has the continuity and A has a locally compact property in R. We show that
ngl (B(&, 7)) is open in A, X B for any ball B(¢, r) C R. Let B(y, r) be any ball in R and (£, ), S0, §(» S5y )
be any point in ngl (B(&y,7)). Then,

g{1 (S‘O, g(,)’ g(,),)(é:(,)’ ,0(,)) € B(é‘:o’ r)'

Since R is Hausdorfl and A has the locally compact property in R, then A, has the locally compact
property and is a Hausdorff set. Thus, there is an open set F' containing (&, p;) such that its closure
F is compact and contains (£, p;). Let Q := F. Then, Q is compact and (£, p;) € F C Q. Because

Gar(S0. S S)(E ) € B(&o. 7). we obtain that Gy, (6o, 55, 67)(Q) intersects B(é, r) in (&), 0,). Define

(Q, B(éo, 1) = {(5,6") € R¥ xR 1 G, (6,6')(Q) C B, 1)

AIMS Mathematics Volume 11, Issue 4, 11810-11839.
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Since (Q, B(&,r)) is open in R*v and G,, is continuous, there is an open set N C B containing
(S0, S5 S ) such that
G (N) c{Q, B(&,1)).

Hence, for any x € N, G, (x)(Q) C B(o, r). Consider

FXNCA, x8.
If (£, p.6.¢",6") € FX N, then (§,p) € F ¢ Q and G,(6, 6", 6")(Q) < B(&, r). Therefore,

Jo(€.p.6.6",6") = G (5, 6", 6" )&, p) € By, 7).

Thus,
F x N cJ; (B(&o, ).

Since every point of J;ll (B(&p, r)) admits such an open neighborhood, the set ngl (B(&p, 1)) is open. As
B(&, r) is arbitrary in R, we conclude that J;, is continuous. O

Remark 3.5. Similarly, conclusions hold for Theorems 3.3 and 3.4 together with their proofs:

1) If J;, and J, are continuous, then G,, and G,, are also continuous, respectively.
2) If the operators G,, and G,, are continuous and A has the locally compact property in R, then the
restrictions J;, and J, on A, X B are continuous, respectively.

4. Existence and stability analysis

In this section, we establish the solvability and uniqueness of the considered fractional system by
employing Banach and Schaefer fixed point Theorems 2.4 and 2.5. The Hyers—Ulam stability of the
corresponding solutions is investigated. Define the operator A : 8 — B as

AL1, 82, 53)(E p) = (A (81,02, B)E, p)y A (L1, 82, 5)EL )y A (L1, 0, 3)(E p))

for all (¢, p) € A,,. Consider the following assumptions:

R1: Assume A is a bounded and locally compact subset of R, {1, >, {3 € Cy,, and consider the space
Cy, under the compact-open topology.
R2: There exist positive real numbers ¥, ¥, and ¥, such that

|ng(§,P, §1,§2,§3)| <, o p, 51,52,53)| <y, |J_(3(§,P, 51,52,53)| < Vg

R3: The operators J, J,, and J; have the Lipschitz property, with corresponding the Lipschitz
constants A, > 0, 4, > 0, and A, > 0, respectively.

Lemma 4.1. If the condition R1 holds, then the operators G;,, G;,, and G,, are continuous.

Proof. From R1, we have that {;, {,, {3 are continuous. Since V3 are continuous, then so too are
the operators J;,, J;,, and J;,. By Theorem 3.3 and the part (1) in Remark 3.5, G, G,,, and G,, are
continuous. O

Theorem 4.2. If the conditions R1 and R2 hold, then (1.1) has at least one solution.

AIMS Mathematics Volume 11, Issue 4, 11810-11839.
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Proof. To solve system (1.1), we apply the Schaefer Theorem 2.5. For any € > 0, let

M. ={({1,5.5) € B (G, L. Bllg < €.

First, for the continuity of A, we will prove that |[A(L1,, {on, Gn) — AL, G, GB)Ilg — 0 when the

sequence ({1, {an, {3,) converges to a point (41,4, &3) in B. Let ({14, Lons &3n) — (41,85, 83). By the
continuity of w, {i, {, and {3, we get the following pointwise convergences:

L&, p) = L€ p), L&, p) = (. p), L3n(E,p) = G5 p),
{in(&,p=10) = 516, p = 19), W(G2n(€,P) (€, 0)) = w(52(&,p)E3(£,P)),

and

1€, w(&2n(€, ) 3n (€, 0))) = L1(€, w(a(€, p)E5(E, p))).
By the continuity of V, we have

(V(‘f’p’ é/ln(é:’p - 0)a gln(f’p - w(§2ﬂ(§’p)§3n(§ap))))

— V(. §1(Ep =), (1€, p — w((E, P)G(E, P))).
For any (¢,p) € A,,, we have

00>

|G (Cins Can G3n)E2 D) = A (L1 822 53)(E )|

lgp—ﬁ(aw) 0 .

< W £ (pB _QB)(Z :_Oﬁo- I:Jg“](é:’g’ éln’ §2n’ §3n) _ng(é:’éL gla 527 {3)] dQ‘ (41)
Igp—ﬁ(aﬂﬂ 0 o1

<@ fo 0F = | P 10 & 0. Lins ons G3) = T (€00, 81, 6, &) do.

By Lemma 4.1, the operator G,, is continuous. Since A has the Hausdorff locally compact property,
it follows from Theorem 3.4 that J, is also continuous. Consequently, for every (¢, p) € A, we obtain

|J{1 (é:’p, gln, {21’1, {31’1) - J(] (f’pa {1 ’ gZa g3)| — 0.

Because A, is compact and the convergence occurs with respect to the supremum norm, the
convergence is uniform. In particular,

gln - (l

uniformly. Then, for any (£,p) € A,, and n € N, we have
I{inl < Cp and  |{1] < Cy

for some constant C,,. Therefore, by the uniform convergence on the compact interval, we get

sup [\ A, Lins ons Gn) (€0 0) = A (L1 L2, G)E, p)|| = 0.

(£.p)EAp,

Similarly, we have

sup [\ A, (L1ns Lons L3 (€. p) = A (&1, L2, B)Ep)|| = O,

(&.p) EApO
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and

sup [\ Ae (Lins ons Gn) (€0 P) = A (1. Lo, G)E, p)|| = 0.

(£.p)EAp,

Hence, |\ A 11, $ons $3n) — A1, G, B)lg — 0. That is, A is continuous.

Next, we show that the boundedness of the set space remains invariant as a topological property
under the action of the continuous operator A. Let ({1, (>, {3) € M,. Then,

|ﬂgl(§1,§z,§3x§ p)l
Bp™ P a1 gy
<@+ =Fo— fo I = | P |1n 0.8, 85)| do

4.2)
Iy, p(; 'BF(O'+ é)

< L@l +

F(a+0'+é)

A (1. & G)E p)

ﬁp—ﬁ(a+(r) 'Y a1
<@+ P [T - o aoditantolde

(4.3)
9y, p(; 'BF(O' + é)

< 1Ll +

9

F(a +0+ é)
and

A (1, Lo, 43)(5 p)|

AT L " f = P oE0.01. 20,2 do

4.4)
Uy, ,001 ﬁI‘(0'+ /—3)

< LGN+ F(a+ - é)

Hence, A(M,) € M., where
Uz Py ﬂF(0'+ ) Wy, polf'g F(0'+ é)

F(a o /1;) NB(@] +

b

€' = max <L (&I +
F(cx +0+ é)

s pi P (0 + 1
L)+ 220 (7+5)

I“(a/+0'+/l})

Since € does not depend on (£, {3, {3), it follows that A(M,) forms a uniformly bounded set.
Third, to verify the equicontinuity of the operator A, let (&1, 1), (£,p) € A,,. be arbitrary points.
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Note that
Bl —p)He

|ﬂgl (&1, 02, ), p) — Ay (L1, 4o, 43)(51,P1)| <

I'(a)
0
X ‘fo\ I:(pﬁ - Qﬂ)a_] - (pllK - Qﬁ)a_l] QBO— |J(| (é‘:a o, é/la 42’ 53) - J(] (é‘:l,Q’ 51, 42’ {"3)| dQ
< Blp—p) P 4.5)

T(e)
0
X fo [ = Py = = T |Paté 0.4 6. )| + Patén o b1, . 5)| | do

- 2¢ ﬁ(,D _pl)—ﬂ((H—O')
- (@)

0

f o= 0" = (o1 — 0)" | P do.
0

Since the kernels are integrable, it follows that

A, (1 6. )E ) = A (&1, L ) ELPD| = 0 as (€,p) > (E1p1).

Similarly, we have

AL (&1, o )EP) = A1, . B ELPD| = 0 as (£.p) = ELpy),

and
| A1 6. BYEP) = AL, L. ) ELPD| = 0 as (€,p) > (&1 py).
Hence,

KA1, &2, $3)(E, p) — A1, 80, ) ELpDIlg = 0 as (€,0) — (€1,p1)-

Consequently, A fulfills the equicontinuity requirement. Together with the previously established
boundedness properties, the Arzela—Ascoli Theorem 2.6 ensures that A is a compact operator.

Finally, we show that ® = {({1,{,8) € B : (4,0, G) = LA, 6, G), t € [0, 1]} s bounded in B.
Assume that ({1, (3, (3) = tA(L, (b, (3) for some ¢ € [0, 1]. Then,

181(&, p)| = LA (&1, §2, B)E, p)| = 1A (G1, $2, $)E, p)

9 py PT(0+ 1 4.6
< e 22N 1’*)} o
F(a/+0'+5,)
Similarly,
ﬂzpl_ﬁl“ o+1
) < 1|l + — (°+ (+1)ﬂ) : 7
a+o+ -
B
and
Uy, o+ L
&P < 1|5 + —— ( 1’*) (4.8)
F(a+a+/—3)

Therefore, ® has boundedness in 8. By using the Schaefer Theorem 2.5, a fixed point of A in M, is a
solution of (1.1). O
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Theorem 4.3. If R1-R3 hold and

F(a +0+ é)
7T+ )

/l(l + /1{2 + /143 <
then system (1.1) has a unique solution.
Proof. From the condition R3 and Theorem 3.1, we get that for (1, &5, 3), ({11, (a1, (31) € B,

a Py T +5)
F(a + 0+ é)

o7+ )

A
A (&1, 820 83) = A (i 10 &31)|| < (<1, &2, &3) = (&1, &1 G)llg

/l 2
1AL 000 83) = A, s L] < = & 0 ds) = s o E3)llg

F(a + 0+ é)
and
Ao PP T(o + 1)
||ﬂ§3(§1,§2,§3)—ﬂg3(§11,§21,§31)|| < = 1141582, 83) = (i1, 4215, G)lls -
F(a/ +o0+ 5)
Hence,

A py "o+
a Po ( ﬁ) 181542, 83) = (&1, &1, Gl

KA1, &2, 83) — A1, L1, DI <

F(a+0'+é)

/lzpl_ﬁr o+

+ 2o ( 1ﬁ)||(§1»§2,§3)—(411,421,431)”3
I‘(a/+0'+[;)

/l3p1_'81" o+1
©0 ( 1ﬁ)||(§1,§2,§3)—(§11,§21,§31)||53
F(a/+0'+[;)

_p—g_ﬂl“(0'+é)(/l + A, + 4 -

= N Ao+ g D1, 8, 83) = (i, 1 Gi)llg -
F(a+0'+5)

Hence, whenever the condition

B (4 1 Ma+o+1
[1)—(‘)(0’4‘(—::4'5))(/1(1 + /1§2 + /1[3) < 1’ i'e" /1§1 + /lg“z * /1§3 ) p()l(a?:-*_;))

is satisfied, then the operator A becomes a contraction mapping. An application of the Banach fixed

point Theorem 2.4, then guarantees the existence and uniqueness of the solution to the system.

O

Now, we analyze the stability of solutions to the fractional nonlinear system (1.1). Specifically,
we investigate the Hyers—Ulam stability, which guarantees that small perturbations in the initial data
or system parameters lead only to small deviations in the corresponding solutions. This property
highlights the robustness and reliability of the proposed fractional model. The results obtained
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provide a solid theoretical foundation for the stability of the system within the adopted topological
and functional analytic framework. Let (£}, &, £3) be any approximate solution of (1.1) with

|EKD&pfl(§’p) =Jn (& p, 51,52,53)| < Q,
|EKDg,pé\2(§’ p) - ng(f,p, é\la 52’ éf3)| < QZa (49)
|EKDg,pZ3(§’p) - J(:s(‘f’p’ fl’ 52’ é\?)| < Q3,

for all (¢, p) € A,,, where Q,, €, Q3 > 0. By [28], (1.1) has Hyers—Ulam stability if we have a unique
solution ({1, {3, {3) of (1.1) where

jé - all < 2@, & - ol < 20 and I - 4] < 250

where Q/, Q’, Q) > 0 are constants independent of Q;, £2,, €3, and || - || represents the supremum norm
on Cy,.
Theorem 4.4. If R1-R3 hold and
F(a +0+ 1)
B
/1{1 + /142 + /lfs 1-8
Lo F(O' + ,8)

then (1.1) has Hyers—Ulam stability.

Proof. Let ({1, 4, 53) be an approximate solution, and let (1, &, ¢3) be the solution of (1.1). By (4.9),
there exist three continuous maps g, g’, and g” defined on A, such that

g, p)l <&, 1gEpI<Le, 187Ep)l<es.

D L& p) =10 Ep.b. 6. B) + 8(E.p),
D L& p) =T10Ep0.8.5.5) + g E.p),

and

RO 3 p) = 15 p. 4. o, 83) + 87 (€. p),

for every (£,p) € A,,, where &, &,,&3 > 0. Accordingly, the approximate solution (f 1 fz, fg) can be
expressed as

. -Blat+o) P A
fl(f’[)) = ll(‘f) +ﬁpl—-Tf (:O'B _Qﬁ)a—lgﬁo J{|(§’Q’§l’§2’§3)dg

—Bla+0)
B [ - seoe

. -Blat+o) P A
0HE,p) = L6+ %ﬁ W = PP I, 0,0,5,5)do

ﬁp—ﬂ(aﬂr) Y ]
Ta)fo ©’ - )10 g (& 0)do,
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and

R —Blat+o) P A
$E.p) = L5+ ﬁpr(a) fo = PP I, 0.8.5,5)do

-Bla+o) P
el fo W — PP g (€ 0)do

I'(a)

for all (£,p) € A,,. Then, by Theorem (4.3) for all (£,p) € A,,,, we have

ﬁp—ﬁ(aﬂr)
(@)

6i&p) - 1P| <

P _ A oA oA
X fo P =7 0.l 8.8~ T 0.0 5. 59| + 1860l do

—Bla+0) 0 o o
gﬁp j(; L Lo [/14“1 ||(§1,§2,§3)—(51,52,53)”B+81]d9

I'(a)
1-B 1
Py T'lo+ 2 A
<= ( f) [ 6. 8.8) = 1.6, |5 + 1]
F(a +0+ 5)
That is,
16— ¢ < F° [/1(1 (61,8 5) - (41,52,53)”8 + 81] ;
where F* ;= pﬁ(_ﬂ ]((Hl[];) Similarly, we have
atoty
& - & < F° [/142 6. 8. 85) - (§1,§2,§3)”B + 82] ,
and R o
18 - &l < B[4 |2 6. &) = 1. . )|, + 53] -
Hence,
|6 -4l <F [/14“1 (6.8, 5) = (1. 5.5 + 81]
A,
< F¢ max{sl, &, 83} + Paé‘],
1= (B, + g, + Ag,))
& - & <F° [/142 (6.8, 5) = (1. 0.5, + 82]
a Pa/l{z @
<F maX{81,82,83} +F &,
1= (B, + Az, + Ag,))
and

16 - all < 74 G, 6.8 = @1, 0. ) + 85
F*A,
1- (Pa(/lg“l + /1{2 + /143))

<F¢ max{e;, &, &3} + PQS:;.
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Set £ := max{e;, &, &3}. Then

\ ’ Fe,,
||§1—§1||S8F“ ‘ +1],
1= (P, + A, + Ag,))
. ' FA
||§2—§2|| <eF” 2 +1],
1= (F(g, + A, + Ag,))
and
R FoA
||§3—§3||$8Fa & +1].
1= (Fo(g, + A, + Ag))
Take
g =F g + 1} , & =F g + 11,
1= (F(Ag, + A, + Ag,)) 1= (F(Ag, + Az, + Ag,))
and

Pa/l(s }
- +1].
1= (P, + g, + A))

The Hyers-Ulam stability parameters &}, &5, and &} indicate the proximity between the approximate
solution and the exact one. These quantities depend on the denominator

g =F

1 =F(Ay + A, + Agy),

which reflects the contraction behavior of the operator. When the values of F*, A, A, and A, decrease,
the denominator becomes larger and consequently the constants &},, become smaller. This results in a
stronger stability property. In order to guarantee such stability, it is necessary to impose

' F(a +0+ é)
Fa(ﬂgl + /l»(2 + /1(3) <1, 1ie., /l{l + /142 + /143 < ﬁ
Po F(O' + 5)
Hence, (1.1) has Hyers—Ulam stability. O

5. Applications to fractional models

In this section, the obtained theoretical results are applied to the fractional Lorenz system and the
two-dimensional fractional Euler system. We verify the required conditions and establish the existence
of unique and stable solutions for these models.

First, we apply Theorems 4.2 and 4.3 to the EK fractional Lorenz system (5.1). The system is
reformulated in an abstract operator framework suitable for the application of fixed-point techniques
by introducing the unknown vector (£, {,{3) together with the associated nonlinear operators J;,,
J;,, and J,. We work in the Banach space C([0,p],R) and consider a closed bounded subset
with uniformly bounded norms. The required assumptions R1, R2, and R3 are verified, and the
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corresponding constants ¥, 9;,, ¥, and A, A;,, A, are explicitly determined. The considered model
represents a fractional extension of the classical Lorenz system, incorporating memory effects through
the EK fractional derivative and describing spatiotemporal chaotic dynamics. The EK fractional Lorenz
system is given by

ERD; 41(p) = €(&a(p) = Li(p)),

FRDG 6(0) = Li(p)(w = &(0)) = La(p),

BRD; 6(0) = Li(p)a(p) = pds(p), (S.D
GOy =4, H0)=0h, &0) =154,

$1,8, 6 € C([0, pol, R),

where {; represents the intensity of convective motion, {, represents the horizontal temperature
variation, {3 represents the vertical temperature variation, p is a time variable, € is the Prandtl number,
w 1is the Rayleigh number, and u is a geometric factor.

From system 1.1, we observe that ¢ = —€, ¢» = —1, and ¢3 = —u. Then, the nonlinear operators J;,,
Js,, and J;, are given by

Jo(&1, &, 53)(p) = €(La(p) — £1(p)),
Jo (&1, &, 5)(p) = Gi(p)(w = &(p)) = & (),
I6(81, 82, 53)() = $1(p) () — udz(p).

Step 1: Satisfying the continuity property for the operators J,, J;, and Jg: Since {i,{,43 €
C([0,pol,R), then the operators G;,, G;,, and G, are continuous. Since [0, po] 1s locally compact,
then by Theorem 3.4 and Remark 3.5, J;,, J;,, and J, are continuous.
Step 2: Satisfying the boundedness property for the operators I, J;,, and J,, to satisfy condition R2
on5.1: Let

B := C([0, pol, R) X C([0, pol, R) x C([0, pol, R)

with the norm

(L1, &2, BN := max{[|{i]lcos [1€2]lc0s [1€3]]00)

where ||fllo 1= SUp,eg 0 (O Since the functions i, ¢, 3 € BC'(Ay) in the system 5.1, then there
are positive constants 6;,, 6,, 0, > 0 such that [|{1]|gc1 < 6,5 12llper < 64,5 and ||43]|per < 6. Fix 6 >0
and define the closed bounded set

M :={({1, 05, 83) € B (41,40, 5)llg < 6}

We observe that M is nonempty, closed, bounded, and convex in 8.
(1) For (£1, 2, 3) € M, we have [|{lco, 142le0s [1£3]le0 < 6 and

e, (81, 8, 3)(P)] = lellda(p) — Si(p)] < lel(15(0)] + 1£1(p)]) < 2|€l6.

Take 9, := 2|€ld > 0.
(2) For (£1,45,43) € M, we have

We, (81542, 5)(P) = [1(0)(w = £3(0)) = £Hr(p)] < 6(lw] +6) + 6.

Take ¥, := 6(Jw| +6) + 6 > 0.
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(3) For (&1, (6, &) € M, we have

Ue,(&15 &, )0 = 161(0)82(0) = pds(p)] < 6 + |6,

Take 9, := 62 + |uls > 0. Hence, R2 holds on M with the positive constants ¥;,, ¥, ¥y,.
We have also
Ay + Ay, + Ay, = 2el + (ol + 26 + 1) + (26 + |ul). 5.2)

Hence, Theorem 4.3 guarantees the existence and uniqueness of the solution of system (5.1) provided
that

F(a+0'+[—13)

PR

Therefore, Theorems 4.2 and 4.3 hold for system 5.1. That is, the system 5.1 has a unique solution.

Next, we apply Theorems 4.2 and 4.3 to the two-dimensional fractional Euler system (5.4).
The system is reformulated in an abstract operator framework suitable for the application of fixed-
point methods by introducing the unknown vector ({1, {3, {3, D) and defining the associated nonlinear
operators J;, Js, J;, and Jp. We will work in the bounded space BC (A x A x [0, pol,R), and
consider a closed bounded subset in which the density satisfies the uniform positivity condition
{1 = Tmin > 1. Within this framework, we verify conditions R1, R2, and R3. The corresponding
constants ¥, 9,9, 9p, and A, A, A, Ap are explicitly determined. The two-dimensional Euler
system describes the motion of a compressible inviscid fluid and is derived from the fundamental
conservation laws of mass, momentum in two spatial directions, and energy. This model plays a
fundamental role in gas dynamics, aerodynamics, and the study of multidimensional shock waves. The
EK fractional two-dimensional Euler system is given by

el + |w| + |ul + 46+ 1 < (5.3)

EEDe 0= -2 k) - %(4153)

1

HDg 0 = 4 [42 [%(éﬂé’z) + (9%({143)] ~HlG ) - %({1{243)]
1

HDp 0 = = 6] G0 + FGH)] - 6o - 568 + )

2
KDy D =~ (D + p) — 2(¢(D + p))

(l(x’y’ 0) = ll(x’y)’ (2(x’y’ 0) = lZ(X’y)»
{B(X,y, O) = 13()5,)’), e(-xay7 O) = g(X,y)
01,0, 83 € CH(Ap) := C'(A X A X0, pol, R).

(5.4)

Here, A c R is a bounded and locally compact subset, and p, > 0. The unknown ¢;(x, y, p) > 1 denotes
the mass density, {>(x,y,p) and {3(x,y, p) denote the velocity components in the x- and y-directions,
respectively, and D(x, y, p) is the total energy density defined by D = ¢ 1e+%{ | ({% + 4“32) , where e(x, y, p)
is the internal energy per unit mass which is bounded continuous function. The variables x and y are
spatial coordinates and p is the time variable. To close the system, an equation of state is required.
For an ideal gas, the pressure p(x,y, p) is given by p = (1 — 1){;e, where A > 1 is the adiabatic index.
By C!(Aq), we mean the space of all bounded, continuously differentiable real-valued functions on
A X A x [0, pg] whose first-order derivatives are bounded and continuous.
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According to the system 1.1, we observe that ¢; = ¢, = ¢3 = ¢4 = 0. Then, the nonlinear operators
Jss 34,5 1sy, and I are given by

0 0
Jo (81,82, 85, D) = —a(flfz) - 5((14’3),

1 0 0 0 0
7 (lg@a) + @il - GG+ p) - 5 60k)

1

4
0 0

Ip(81, 82,83, D) := —a(éz(D +p) - 8—y(§3(D +p)).

J(z({l, 0,0,D) =

0 0 0 0
160065 D) 1= — (Gl -G) + gy Gl = GL@hd) - (5 + 2)}

Note that .
l4(x) = D(x,0) = [;(x)g(x) + 511(96)[(12(96))2 + (L(x0)°].

Step 1: Satisfying the continuity property for the operators I, J;,, Js, and Jp: Since {1,{,43 €
BC'(A) and e is continuous, then the operators G:» Gy Gr,» and Gp are continuous. Since A is a
locally compact, then by Theorem 3.4 and Remark 3.5, J,, J,, I, and I are continuous, respectively.
Step 2: Satisfying the boundedness property for the operators J;,, J,, J,,, and Jp to satisfy condition
R2 on 5.4. Let

B := BC'(Ay) x BC'(Ay) x BC'(Ag) x BC'(Ay),

with norm

(1, &2, &3, D)llg := max{||{ilgct, [182lsers [1831lsers D]l get ),
where

0 0
I llzer <= Ml Mleo + Nz flleo + IIa—yflloo.

Since the functions ¢, »,¢3 € BC'(Ay) and e is bounded in the system 5.4, then there are positive
constants 6z, 6,070, > 0 such that ||{||gc1 < ¢, 18allser < 65,5 18G3llper < 6y, and |lef[per < 6. Fix
0 > 0 and 7, > 1 to be constant. Define

M= {(51,52,53,D) € B : Iillsers 182lsers 18311 gers [|1Dllger <6, &1 = Tmin}-

We observe that M is nonempty. For example if /; > 7,;, and ,, /5 are bounded, pick a constant in
time extension at the level of the fixed-point setup. It is easy to see that M is closed, bounded, and
convex in B.

(1) For ({1, &, D) € M, we have

T < 26° +26° = 46°.

Take 9, := 46* > 0.
(2) For the bound of p and its first derivatives, on M, we have

1 1
Pl < (= D(DI + 141G + ) < (1= D(6 + 50(26%) = (A= D + ).
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Also, 5 g
_ _ i _ -7 2 2
2P == D(2-D = =G5 + 8).

Now,

(él(é“z +{3) = ( 41)(52 +43) + 51 (éfz +43)

= (—41)(52 +45)+ 2(1({2 §2 + {3 (3)
SO,

%@1@3 + D) < 6(Q26%) +26(5 -5+ 6+ 8) =28 +46° = 66°.

Hence,

0 1 3 5
5Pl < =16+ 5 66") = (A= )6 +36).
Similarly, |36—y]9| < (A=1)(6 + 38).

1
(3) For the operator J,, write J;, = {—Ngz where
1

0 0 0 0
Ny, = fz[a(flfz) + 5((153)] - a(&ﬁ +p) - (9_y(§1{2{3)'

Since | > Tyin on M, we have |1/] < 1/7yin. Since

0 0 0 0
Iéz[—(9 (L&) + (GO < 1LI—=(G O + 1= (G H)) < 626% +26%) = 46,
X dy 0x oy

and
| (§1§z)l = I( 4“1)52 + 25152(—§2)| <6-8%+20-6-6=368,
then,
D+ pl= 38 + (- 16 + 300,

Hence,

9 9 0 0 3, 3, 3 3

|a—(§1§2§3)| = (=GB + 80 + (0 (=B) <67 +67 + 6 =36,

y dy dy dy

Combining

ING| < 46° + (368 + (1 = 1)(6 +36°)) + 36° = 106° + (A — 1)(S + 35°),

then, [1,] < 2=(108° + (A - 1)(6 + 36%)). Take

ﬂ.fz =

! (1053 +(A=1)6 + 353)) > 0.

Tmin

1
(4) For the operator J,, similarly, writing J,, = {?Ng3 with
1

0 0 0 0
Ny = 53[5(5142) + 5((153)] - 5(514253) - (9—};({1{32 +p),
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we have 3 p
GI—(016) + - ()l < 8(26° +26%) = 467,
X ay
0 0
|a—(§1§2§3)| <36, |—(&143 + p)l < 36° + (A= 1)(6 + 36,
X ay

and hence, [Ny, < 106° + (1 — 1)(6 + 356%). Hence,

1 (1053 +(A=1)6 + 353)).

min

|J{3| <

Take 1
9, = —(108° + (A = 1)(6 + 36%)) > 0.

Tmin

(5) For the operator I, we have

0 0
Ip = r (&(D + p)) = —=(&(D + p)).
X oy

Since
ID+pl <Dl +|pl <6+ —-1DG+6),
0 0 0
|=—=(D + p)| < |==D| + |=—pl <6 + (1 = 1)(6 + 36°),
ox ox ox
and

|ﬁ(D + ) <5+ (1= 1)+ 36
dy

Then, by using the product rule, we get
0 0 0 3 3
la({Z(D +p)l < Iaézl ID + pl + 4] Ia(D + P <66+ (A= 1) +67)) + (0 + (A= 1) + 357)),
and similarly,
|§(§3(D + P <66+ (A= 1) +8)) + (5 + (A= 1) + 36%).
y

Hence,
ol < 2[6(8 + (A= (G +6%) + 6(6 + (A - 1)(6 + 36Y))|.

Take
B = 2[6(6 + (1= )3 +6%) +6(6 + (A - D +36Y)| > 0.

Step 3: Satisfying the Lipschitz property for the operators J;,, J;,, I, and Jp to satisfy condition R3

on 5.4: For 2}11 m=((1,0,8,D)and i = (81,6, 8, D), It QL =8 =61, Qb = 6 = 6, QG = G - &,
QD =D — D. Then,
0 0 -
11 [leos 1 5=€2 1 lcos [15= QL1 |0 < |l — 17|,
0x ay
and similarly for Q&, Q&3, QD.
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(1) The Lipschitz constant for J, : We have

0 Y~ 0 .~
Jo(m) = I () = —a(flfz - 0d) - a—y(§1§3 - 4183)

- _(g(QQ L+ 4 Q0) - E(le &3+ 4Q%).
X Ay

By using the product rule and ||2]|pc1, 1€31lsc1 s ”é:lllBCI < 6, we have

0 0 -
|==(Q%1 Dl < 26|Im — 7llg, [|5=({1 Q)Mo < 26]Im — 1|8,
0x ox

and similarly,
0 . 0 - _
I= (%1 Bl < 26lm — illg, 1| 7-(41 Q53)leo < 26]Im — 7l 5.
y Ay

Hence,
e, (m) = Tz, ()| < 86||m — 71l g.

Take A;, := 86 > 0.
(2) The Lipschitz constants for J,, and J,: Write

1 1
J,(m) = —Ng(m) and I, () = =N, ().
4 &
Then,

1 11
JQ(m) - JI{2(”71) = Z(Nfz(m) - Ngz(ﬁi)) + N{z(l’h) (Z — T) .

1

Since {l,fl > Tmin ON M, then HLH < -1, and hence,
(e

{1 Tmin

11 L-4

& fl 5151

Since N, is uniformly bounded on M, that is, sup,,.»( INg, (M)l < Cn4(6, ), and by product-rule
estimates together with |[p(m) — p(7n)||pc1 < C,|lm — 7| g, then there exists Ly, (6, 4) > 0 such that

1 1 )
< —— 11l < ——lim - rills.
-

00 min min

(o)

INg (m) = Ngy ()l < Ly g, (6, Dllm — il s

Hence,

ijz(m) - J{z(m)||w <

1 1 -
—Ly (0, 4) + TZ—CN,gz (6, /1)) |lm — ml|s.

Take
/14*2 =

1 1
LN’éVz(é, A) + Q_CN{Z((;’ A) > 0.

T .
min min

The same argument applies to J, yielding constants Cy (6, 4) and Ly (5, ), take

1 1
Lyg (6, ) + 5—Cng(6,4) > 0.

Tl’IllIl

/1,53 =

min
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(3) The Lipschitz bounds for the pressure map: Define p(m) = (1 — 1)(D — %{ 1 ({% + 4“32)) and p(m).
On M, we have [|{i]le; [182lc0s 1€3]l00, [1Dlle < 6. Then,

13 = &7 < (10l +16DIG - L < 260102,
and |§32 - 532| < 26|Q43| gives a constant C,, = C,(6, 4) > 0 such that
lp(m) — p()llpcr < Cpllm — | .

(4) The Lipschitz constant for I, we have

0 s~ 0 -~
Ip(m) = Ip(in) = —a(é“z(l) + p(m)) = &H(D + p(i))) - a—y(§3(D + p(m)) = (D + p(i))),

and
LH(D + p(m)) = &H(D + p(i)) = Q% (D + p(m)) + H(QD + (p(m) — p(i))).

By using the product rule and the bound [|[p(m) — p(/)||pcr < C,|lm — iml|g, there is a constant Ap =
Ap(6, 1) > 0 such that

Wp(m) = Ip()lles < Aplim — 1ill|g.

If

1
Ly (6, 2)

Tmin

1 1
Ly (0, ) + 5—Cnyp(6,4) +

TInlIl

86 +

min

1 F(oz +o0+ é)
+5—Cng;(6,4) + Ap(6,4) < SN AV
Tinin Py F(O- + ,E)
then, Theorems 4.2 and 4.3 hold for the system 5.4. That is, the system 5.4 has a unique solution.
For example, if A is any closed interval in the system 5.1 with € = 10, w = 28, u = %,,B =0 =1,

and with initial conditions /; = [, = I3 = 2, then by using the expansion new iterative method [2], the
solution is

2a 3a
0 16420

~2 _ . .

GO > 24505 S T T3 TGarn T (55)
o 142 p* 115562 p*@

~ 2450 _ . P

o)~ 2 T 3 T+ D T 9 TGasD T (56)
4 o 932 16988 p

G ~2- 5= : : 7

—_ — —+ —+ + .-
3l(@+ 1) 9 T'Qa+1) 27 TG@a+1)

This solution is graphically presented in four cases, @ = 0.25, @ = 0.5, @ = 0.75, and @ = 1; see Figure
1. Ais any closed interval.
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a=025 a=0.5 a=0.75

10
0
-10 W

0
10 -20 —20 -
G 20 a g a 10, 7

Figure 1. Solution of 5.1 with € = 10, w = 28, u = %, B = o =1, and with initial conditions
L=hL=1L=2.

-20

In system 5.1, if A = [1,2] is a closed interval with 8 = o = 1, 4 = 2, and initial conditions
0(x,9,0) = x, H(x,y,0) =y, Gx,y,0) = e(x,y,0) = xy, then by using the expansion new iterative
method, [?], the solution is

a

Je

G(ny.p) ~ 2= (4 P pem + (5.8)
R T o (59)
Gy~ 3y = 07 + Py e (5.10)
D(x,y,p) ~ X’y + %xy2 + %)ﬁy2

—4xy* + ly3 + E)czy3 +4x°y + éxzy2 + §x4y2 r (5.11)

2’ 2 2 V) T@+n T

This solution i, &, 3, and D of 5.4 (with 8 = 0 = 1, 1 = 2, p = 3) is graphically presented in two
cases, @ = 0.25, and a = 0.75; see Figures 2-5.

In the special case @ = 1, the fractional model reduces to the classical Lorenz system. This confirms
that the proposed formulation is consistent with the well-known integer-order model and can be viewed
as its natural generalization. The results obtained for the fractional Euler system are in agreement with
the classical case. The use of fractional operators provides a more general framework that captures
memory effects without altering the fundamental structure of the model.

Figure 1 illustrates the behavior of the solution of the fractional system. It can be observed that
the solution remains bounded and stable over the considered interval, which confirms the theoretical
results obtained in Section 4. Figure 2 shows the evolution of the system dynamics. It is clear that the
solution follows a smooth pattern, and the fractional parameter has a noticeable effect on the system
behavior. Figure 3 presents the behavior of the solution under the given conditions. The results indicate
consistency with the theoretical analysis and demonstrate stable dynamics. Figure 4 illustrates the
influence of the fractional operator on the system. It can be seen that memory effects play an important
role in shaping the solution behavior. Figure 5 shows the overall behavior of the system. The obtained
results are in agreement with the theoretical findings and confirm the validity of the proposed model.
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a=0.75

Figure 2. Solution {; of 5.4 with 8 = o =
51(x,y,0) = x, £H(x,9,0) =y, {3(x,y,0) =e(x,y,0) = xy.

1, A = 2, p = 3, and with initial conditions

a=0.75

o =0.25

Figure 3. Solution &, of 5.4 withf = 00 = 1, 4 = 2, p = 3, and with initial conditions
Li(x,y,0) = x, £H(x,y,0) =y, §(x,y,0) =e(x,y,0) = xy.

a=0.75

a=0.25
60

40
20

-20
-40
-60
-80

3

Figure 4. Solution 3 of 5.4 with 8 = 00 = 1, 4 = 2, p = 3, and with initial conditions

é/l(-x,y’o) =X, {2(x7y30) =Y {3()5,)”0) = e(X,yaO) = Xy.
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Figure 5. Solution D of 54 with 8 = 00 = 1, 1 = 2, p = 3, and with initial conditions
51(x,y,0) = x, £H(x,y,0) =y, {3(x,y,0) =e(x,y,0) = xy.

Although the proposed framework provides a rigorous theoretical analysis for a class of fractional
dynamical systems, it is subject to certain limitations. The results rely on specific assumptions,
including the Lipschitz conditions and boundedness of the operators, which may restrict their
applicability to more general systems. Moreover, the present study focuses on theoretical analysis
without extensive numerical validation. Future work may address these limitations by considering
more general models, relaxing the assumptions, and developing efficient numerical methods.

6. Conclusions

In this work, we examined a class of two-dimensional EK fractional dynamical systems using
a functional analytic approach within locally compact Hausdorff spaces. By investigating the
corresponding operators in a suitable Banach space setting, their fundamental analytical features are
derived, and the Banach and Schaefer fixed point theorems are applied to establish the existence as
well as the uniqueness of solutions. Moreover, the Hyers—Ulam stability of the considered system
is analyzed, indicating that the solutions preserve stability when subjected to small perturbations.
To illustrate the effectiveness of the theoretical findings, two representative models are investigated,
namely the fractional Lorenz system and the two-dimensional fractional Euler system. For each
model, the imposed hypotheses are verified, and the existence of unique stable solutions is confirmed.
Possible future investigations may involve extending the proposed framework to broader classes of
fractional operators, studying higher-dimensional dynamical systems and stochastic fractional models,
and developing numerical techniques for approximating the obtained solutions.
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