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Abstract: This study introduces a deterministic compartmental model of hepatitis C virus (HCV)
transmission with behavioral awareness, diagnosis tests, and treatment interventions as control
strategies. The study evaluates the autonomous fixed-control system to determine its basic reproduction
number (Ry), which enables the description of its equilibrium points and an analysis of its stability and
bifurcation patterns. The study considers the local asymptotic stability of the disease-free equilibrium
when Ry < 1, and finds at least one endemic equilibrium when Ry, > 1. The local stability of
the endemic equilibrium is assessed using the Routh-Hurwitz conditions, whereas global asymptotic
stability is established under additional assumptions, including no disease-induced mortality and the
uniqueness of the endemic state. Using the theory of the center manifold, it was subsequently proven
that the model goes through a forward transcritical bifurcation when R, = 1. Sensitivity analysis
performed at the local level and also with Latin hypercube sampling—partial rank correlation coefficient
analysis showed that both diagnostic testing and behavior awareness are the most effective interventions
to reduce transmission, while treatment primarily reduces disease prevalence and its burden. The
analytical results are verified through numerical simulations, which strongly emphasize the importance
of integrating intervention strategies to improve HCV control.

Keywords: hepatitis C virus; mathematical epidemiology; compartmental model; awareness and
testing interventions; stability analysis; sensitivity and PRCC analysis
Mathematics Subject Classification: 37G35, 37N25



https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.2026485

11777

1. Introduction

Hepatitis C virus (HCV) infection remains a major global health burden despite the availability of
highly effective direct-acting antivirals (DAAs). The World Health Organization (WHO) estimates that
around 50 million people live with chronic HCV infection and that about one million new infections
occur each year, with diagnosis and treatment coverage still inadequate in many settings [1-3]. In 2016,
the WHO set elimination goals for 2030, including significant reductions in incidence and HCV-related
mortality, which motivated increased efforts in screening, linkage to care, and scale of treatment [4—6].

Recent clinical and public-health syntheses emphasize that elimination is technically feasible
but programmatically challenging, particularly because transmission persists in key populations,
reinfection remains possible, and losses occur along the testing-to-treatment cascade [5,7,8]. Empirical
and modeling work increasingly highlights the importance of simplifying diagnostic pathways
(e.g., single-visit testing and point-of-care RNA strategies), decentralizing services, and expanding
nonspecialist prescribing to improve uptake and reduce ongoing transmission [9, 10].

Mathematical models offer a principled approach to quantifying the combined impact of
prevention, awareness, diagnosis, and treatment interventions, and to identify threshold conditions
for elimination [11-13]. For people who inject drugs (PWID) and other high-risk networks, dynamic
transmission modeling and empirical analyzes show that treatment scale-up must be coupled with
sustained harm-reduction and repeated tests to achieve and maintain incidence reductions [14-16].
Cost-effectiveness studies similarly conclude that intensified testing and treatment strategies can be
efficient and may accelerate progress toward elimination targets when implemented at scale [10, 17].

With the perceived gap, we formulate a deterministic compartment model for HCV transmission that
incorporates behavioral awareness, diagnostic testing, and treatment intervention in a complete model.
The main contribution of this research study is the practical results presented alongside its structural
framework. We develop an HCV transmission model which divides susceptible people into two groups
of aware and unaware individuals to show how awareness influences their effective exposure rates
instead of being included in the transmission coefficient. The model connects three intervention
components in a mechanistic order: awareness that changes risk levels, testing for undiagnosed cases,
and treatment, which decreases hospitalizations and recovery needs. The integrated framework enables
us to use standard epidemic-analysis tools for threshold behavior identification while we measure
how different intervention methods affect disease transmission and total disease burden. The model
is shown to be well-posed, and the basic reproduction number is derived using the next-generation
approach [18]. To characterize threshold dynamics and possible bifurcation behavior near Ry = 1, we
employ center-manifold arguments [19]. Finally, we quantify the relative influence of epidemiological
and intervention parameters using global uncertainty and sensitivity tools (e.g., LHS/PRCC), which
support policy-relevant prioritization of integrated HCV control strategies [20,21].

2. Model formulation
We consider a deterministic compartmental model to describe the transmission dynamics of HCV

in a heterogeneous population that incorporates awareness, diagnosis, and treatment interventions. The
total population at time ¢, denoted by N(¢), is subdivided into six mutually exclusive compartments:

N =S1(t)+S,(0)+U@)+ I(t) + H(t) + R(?),
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where S represents unaware susceptible individuals, S, denotes aware susceptible individuals, U
denotes unidentified infected individuals, I represents identified infected individuals, H corresponds
to hospitalized individuals undergoing treatment, and R denotes recovered individuals. The variables
of the model state and the biological interpretations are summarized in Table 1, while the parameter
definitions and control descriptions are provided in Table 2.

Table 1. Description of state variables of the HCV transmission model.

Variable Biological description

S1(0) Susceptible individuals unaware of HCV infection
SH(r) Susceptible individuals aware of HCV infection

U(r) Unidentified (undiagnosed) HC V-infected individuals
1(1) Identified (diagnosed) HCV-infected individuals

H() Hospitalized HCV-infected individuals under treatment
R(?) Recovered individuals with temporary immunity

N(1) Total population size, N =S, +S,+U+I+ H+R

Table 2. Model parameters and control variables with biological interpretation.

Parameter Description Unit

A Recruitment rate into susceptible population persons - time™!
B Effective contact rate for unaware susceptibles time™!

B> Effective contact rate for aware susceptibles time™!

e Modification factor for infectiousness of identified individuals dimensionless
) Natural death rate time™!

& Natural recovery rate of infected individuals time™!

Y1 Hospitalization rate of identified infected individuals time™!

m Disease-induced death rate of identified infected individuals time™!

m Disease-induced death rate of hospitalized individuals time™!

T Diagnosis (testing) rate of unidentified infected individuals time™!

T, Treatment-induced recovery rate of hospitalized individuals time™!

) Force of infection for unaware susceptible people time™!

a Force of infection for aware susceptible people time™!

u (1) Media awareness control effort 0<u <1

U (1) Diagnostic testing control effort O0<u, <1
us(t) Treatment control effort O0<wuz <1

The dynamics of the population is governed by the following system of ordinary differential
equations [22]:
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das
d—tl =A—a1S; = BunS, +Bo(1 —u)S, — S,
das
—5 =BunS = fol —u)S2 — @82 = 55,
dUu
— = a151 + Cl’zSz —T1M2U — (51 + 5)U,
dt
dl (2.1)
7 =1iuU = (y1 +m + & +0)],
dH
a yil — (rauz + m + 0)H,
dR
T =&WU + 1) + touzsH — OR,
where the forces of infection are defined as
ﬁl(U'FEI) ﬂz(U-i—El)
@ = ———, = ———.
N N

The time-dependent control variables u;(¢), u,(t), and us(¢) represent media awareness campaigns,
diagnostic testing efforts, and treatment interventions, respectively, satisfying

O<u(®)<1, i=123.

All parameters are assumed to be non-negative and biologically meaningful.

We introduced intervention variables u(¢), u,(¢), and u;(¢) in our study through general time-
dependent expressions to show how awareness and testing and treatment efforts could change. The
analytical results, developed in Sections 48 of the study, were obtained from the autonomous model,
which maintains its controls at fixed, permanent values or at permanent average intervention levels.
The standard reduction method establishes clear definitions for equilibrium states, threshold points,
and bifurcation concepts. All formal results about Ry, equilibria, and stability control the constant-
control model, whereas later policy interpretations use qualitative methods to compare fixed control
levels with exploratory numerical scenarios.

3. Well-posedness analysis

3.1. Positivity of solutions
Theorem 1. For any non-negative initial conditions,

$1(0),52(0), U(0), 1(0), H(0), R(0) = 0,
the solutions of system (2.1) remain non-negative for all t > 0.

Proof. Consider the first equation of (2.1). AtS; =0,
ds,
W §1=0
Similarly, evaluating each equation on the corresponding boundary hyperplanes yields non-negative
derivatives. Since the right-hand side of the system (2.1) is locally Lipschitz continuous, solutions
exist and are unique, and the positive orthant RS is forward invariant. Hence, all state variables remain
non-negative for all 7 > 0. O

:A+ﬁ2(1 —Ltl)Sz > 0.
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3.2. Boundedness and invariant region

Theorem 2. All solutions of system (2.1) are uniformly bounded in the region
6 A
Q={(S15:ULHR €RS: N < =},

Proof. Summing all equations of the system (2.1) yields

dN
E:A—(SN—THI—TDHSA—(SN.

Solving the differential inequality gives
A A
Nts—+N0——)W.
(<% +(NO) -5 e
Thus, N(?) is bounded above by A/¢ for all # > 0. Hence, Q is positively invariant. O
4. Equilibria of the model

In this section, we characterize the steady states of system (2.1). An equilibrium & =
(S1,S,, U I, H,R) satisfies

ds, dS, dU dlI dH dR _
dt dt dr dr  dr dt
Recall the forces of infection

_BiU +e&l)
==,

_ Bo(U +l)

N , N=S,+S,+U+I1+H+R,

ay as

and the controls 0 < u;(r) < 1 (i = 1,2, 3).
For equilibrium computations, we treat u;, u,, u3 as constants (or as fixed mean levels), which is
standard practice in threshold and steady-state analysis.

4.1. Disease-free equilibrium
The disease-free equilibrium corresponds to the absence of infection:
U=I=H=R=0 = a =a,=0.
Hence, the susceptible subsystem at equilibrium becomes

0=A-pB1u S| +B(1 —u)S, -85,

4.1
0=p1uS1 =Bl —u1)S2 - 6S,.
Moreover, from the total population equation at DFE,

dN A
—=ZA-6N = N°’°=°<.
dt 5
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Solving (4.1), we obtain the relation
,5’1”15(1) = (B(1 —uy) + 5)50,
using $9 + S9 = N° = A/6, we get the explicit DFE:
& =(81,5%,0,0,0,0),

with

%(ﬁz(l —uy) +9) g0 %(,31”1)

N , — .
VB —uy) + 6+ By 27 Bl —wy) + 6+ By

4.2. Endemic equilibrium
An endemic equilibrium & = (87,53, U, I", H*, R") satisfies
U* >0 (and consequently I, H* > 0).
Define the composite removal rates
ky = Tiuy + & + 6, ki=yi1+m+& +0, ky = Tous + 1y + 0.

From the steady-state equations of the infected subsystem, we obtain sequentially:

0 =1, U" — k;I" — I*Z%U*EqU*, . Tlu2,
k; Kk
0=yl —kyH' = H =2p=29¢
kH kH

and from the recovered equation,

1
0=6U"+I +usH" = 6R" = R*:g[§1(1+Q)+72u3(¥)]U*
H

Next, introduce the endemic infection pressure

U +elr  (1+eqU”

A" ,
N* N*

(ZT :ﬁl/l*, CL’; :ﬁz/l*.
At equilibrium, the two susceptible equations form a linear system:

(@} + By +6)ST = Bo(1 —u1)S; = A,
~BrusST + (a5 + Bl —uy) + )85 = 0.

Let the determinant be
AY) = (B A" + Biug +6) (Bad” + Ba(1 — uy) +6) = Buy fo(1 — uy).

Solving (4.8) yields
_ ARG + Bo(1 —w) +6) gt = ABiuy)

g ACE) C T
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Therefore, the EE can be written in closed form as

& = (S’;, si, U, qu, g L [51(1 +q) + Tty (”—q)] U) 4.11)
kH 0 kH
where §7, S depends on A" through (4.10) and A" is related to U™ through (4.7).
For the EE analysis, we treat controls uy, u,, u3 as fixed constants in the interval [0, 1] (or as fixed
mean control levels), which is standard for equilibrium and threshold analysis. Define the composite
removal rates

ky = tiup + & + 0, ky=vyi+m+& +6, kp = Touz + 1, + 0,
and .
q::—1 2, 0:=1+¢&q.
ki

Recall from (4.4)—(4.6) that at equilibrium,

_ndg

I' =qU", H*

1
U, R == |60 +q)+ts | 22| U,
5 ko

Hence, the total population at the EE can be written as

N =81+S,+cU", (4.12)
where the constant ¢ > 0 is given by
1
co=1+q+ 2940 2+ q) + ros [ 222]] (4.13)
ky o ky

Define the endemic infection pressure

.. U +el 0U"
= TN
By, using (4.12), we obtain the following:
U'="N="(S;+S;+cU") = U*:(l—,"’) (4.14)
0 0 0 —car
which requires
0
0<A"<-. (4.15)
c
Scalar endemicity equation. At equilibrium, the U-equation gives
0=aS]+&,5; —kyU", a) =", a; = B,
hence
A" (B1S] +B2S3) = kyU™. (4.16)
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Substituting (4.14) into (4.16) and canceling 4* > 0, we obtain the scalar endemicity equation
0
G = B1S1(AD) + B2S2(D)) (0 = cA) — ky (S1(D) + §2() =0, 0<a< o (4.17)

where §(1),S,(4) are the unique positive solutions of the linear susceptible subsystem (4.8) after
substituting

a = B4, @ = BoA.
Explicitly, using (4.9) and (4.10):

A(A) = (B1Ad + Bruy +0) (Bad + Bo(1 — uy) +6) — Brug Bo(1 — uy), (4.18)
_A(,Bg/l-i-ﬂz(l—bt])-l-(” _A(ﬁ]l/t])
S1() = AD , So(1) = A 4.19)

Theorem 3. Assume all parameters are positive and that the controls satisfy 0 < u; < 1. If Ry > 1,
then the system (2.1) admits at least one EE & € Q. If Ry < 1, there is no EE in the interior of the
feasible region.

Proof. The next-generation threshold result implies that R, > 1 is necessary for the persistence of
infection and instability of the DFE. while Ry < 1 implies the local attraction of the DFE. Moreover,
an EE corresponds to a solution 1* € (0,0/c) of (4.17). At A — 0*, we have §;(1) — S (1’ and
§,(A) — S (DFE values), thus

G(0*) = (B1SY + B2S D)6 — ky(S9 + S9).

Using Y + S9 = N° = A/6 and the standard construction of R, for this class of models, G(0*) has the
same sign as (Ry — 1). Hence G(0") > 0 when Ry, > 1. On the other hand, as 4 — (6/c)~, the factor
(6 —cA) — 0" while S (1) + S,(1) remains nonnegative, resulting in G(1) < 0 sufficiently close to 6/c.
By the continuity of G, there exists A* € (0, 8/c) such that G(1*) = 0, establishing the existence of an
EE when Ry > 1. When R, < 1, G(0*) < 0 and no positive root occurs in (0, 8/c). |

Indeed, according to Theorem 3, every value of Ry > 1 entails at least one EE and only establishes
it. In the absence of supplementary conditions placed on it, uniqueness regarding a typical monoculture
endemic function G (A1) is not posited. The EE is unique if G(1) is monotonic and decreasing within
(0, ). It was not analytically demonstrated in this study that such monotonicity holds for all A values
allowed by the parameter values, a point masked only by numerical verification against the primary
parameter sets used in this study.

Remark 1. In many epidemiological settings, S (1) and S ,(A) decrease in A on (0, 8/c), which makes
G(Q) strictly decrease. In that case, (4.17) admits a unique root 1* and consequently the EE & is
unique. This monotonicity can be verified numerically for fitted parameter sets (and typically holds for
positive parameters and 0 < uy < 1).

The dependencies of endemic infective and basic reproduction number on the transmission level
and testing control are displayed in Figure 1. This illustrates how increased testing efforts can bring
down the total infective burden by pushing the system closer to the elimination threshold.

AIMS Mathematics Volume 11, Issue 4, 11776—-11809.
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Equilibrium Surfaces of HCV Model

Diagnosed (1) Equilibrium Surface
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Figure 1. Equilibrium surfaces of the HCV model under varying transmission and
control. The 3D surfaces illustrate the steady-state prevalence and reproductive dynamics as
functions of the transmission rate (8;) and the testing control (u#;). (Top Left) Undiagnosed
(U) equilibrium surface: This shows the percentage of the population in the undiagnosed
infected state, peaking at low control and high transmission. (Top right) Diagnosed (/)
equilibrium surface: represents the infected population that has been identified; the surface
shows a distinct peak where testing control is high enough to move individuals from U to
I, but transmission remains active. (Bottom left) Total infected equilibrium surface: The
aggregate prevalence (U + I), indicating the overall disease burden across the parameter
space. (Bottom right) R, surface with elimination threshold: The basic reproduction number
surface intersected by a semi-transparent grey plane at Ry = 1. The region where the
surface lies below this plane represents the parameter combinations necessary for disease

elimination.

5. Basic reproduction number R,

We derive the basic reproduction number R, for system (2.1) using the next-generation matrix
method of van den Driessche and Watmough [18]. The infection process in the model is driven by the

AIMS Mathematics Volume 11, Issue 4, 11776-11809.
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undiagnosed infected class U and the diagnosed infected class I through the incidence terms

_ﬁl(U-l-SI)
= —N ,

1 s N ,

where € € (0, 1] modifies the relative infectiousness of the diagnosed class I (e.g., due to behavioral
changes, reduced contact rate or partial isolation).
InaDFE, U =1=H =R =0and N° = A/5. The susceptible components are

g0 = %(ﬂZ(l_ul)+6) g0 = %‘(,31”1) 5.1)
VBl —u) + 6+ By 2Bl u) + 8+ B '
Define the effective transmission weight of DFE
BiSY +B2S9 o A
ki=————=, N = —. 5.2
A 5 (5.2)

Then the total rate of production of new infections in U at early invasion is
Fuv =k(U + €l).
We take the vector infected state to be
x=(UI1H)".

Although H does not directly generate new infections in the given incidence term, it is included to
maintain the closed status of the infected block during transitions.
Introduce the (positive) transition-rate aggregates:

kU:T1M2+§:1+5, k1:71+7]1+§1+6, kH:T2u3+7]2+5. (53)
Write the infected subsystem in the standard form
x=F(x)—V(x),

where F collects new infection terms and V collects all other transfers.

New infection terms. Only U receives new infections, and hence in the DFE,

k(U + &l)
F(x) = 0
0
Therefore, the Jacobian matrix F = [%]s is
7 4C0
k ke O
F=|0 0 0. (5.4)
0O 0 O

AIMS Mathematics Volume 11, Issue 4, 11776—-11809.
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Transition terms. From the model equations,

dU dl dH
E = k(U +8[) —kUU, E = TluzU —kII, E = ’)/11—kHH~
Fu

Hence, taking V as “outflow minus inflow” (excluding new infections),

kyU
(V()C) = k]I — T]LtzU .
kHH - ’)/11
and the Jacobian matrix V = [%]s is
J 0

ky 0 0

V= —T1Up k[ 0]. (55)
0 —yi ky

Since ky, k;, kg > 0, the matrix V is nonsingular and V! exists.
The next-generation matrix is K = FV~! and

Ro = p(K),

where p(-) denotes the spectral radius.

Because F' has only its first row nonzero, K has rank one and only one possible nonzero eigenvalue,
equal to the entry (1, 1) of FV~! (after simplification). Instead of explicitly computing the full inverse,
we compute the expected infectious contribution along the infection pathway U — I — H.

Pathwise interpretation (equivalent to FV~'). A newly infected individual enters U and produces
new infections at a rate k while in U, with a mean duration 1/ky. Thus, the expected number of
secondary cases generated during the U stage is
ko
ky

Individuals leave U to I at a rate T u,, so the probability of progressing from U to I before leaving by
recovery/death is

P(U — ) = L2,

ky

Once in /, individuals generate new infections at a reduced rate ke, and remain in / for a mean

duration 1/k;. Hence, the expected number of secondary cases generated during the / stage is

(M) - (ke) - 1_ g 2T

kU k] kUkI .

The hospitalized class H does not appear in the incidence term k(U + €l) and therefore does not
contribute to the generation of new infections in the present formulation.

AIMS Mathematics Volume 11, Issue 4, 11776—-11809.
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Adding both contributions yields

1 e k ET Uy
Ro = k| — . : 5.6
0 (kU+kUk,) kU( s ) (56)

where k is given in (5.2) and ky, k; in (5.3). Equivalently, substituting k explicitly,

:,315(1)"‘325(2) 1 ( ETIU )

R() 1+
N° Tiup + &1 +6 Yi+tm+&+6

(5.7)

with §9, 89, N given by (5.1).
The expression (5.7) decomposes R, into
. B£18%45,89 T .

e A contactftransmission factor —-7—=, which is indirectly reduced by media awareness u; by
shifting the mass from S to S, and altering the weighted risk;

e An average infectious time in the undiagnosed class which decreases as the intensity of
the test u, increases;

e An additional contribution to the diagnosed-stage (1 + %), capturing that a fraction of U
progresses to I and remains infectious (scaled by ) for the mean time 1/k;.

1
T1u2+§1+(5’

Therefore, increasing u, reduces the undiagnosed infectious period (which tends to decrease Ry),
while the contribution of the diagnosed stage is moderated by € and the removal parameters in k;
(hospitalization, recovery, and mortality). Treatment control u3 does not enter Ry in this formulation
because treatment acts in H and H is not modeled as a source of new infection; however, us strongly
affects prevalence and burden by reducing the time in H and increasing recovery.

6. Stability analysis

6.1. Local stability of the DFE

Let & = (59,8 g, 0,0,0,0) be the DFE given in (4.2) and (4.3). We analyze its local stability using
the Jacobian matrix of the system (2.1).
Denote the state vector by
X=(5,S8,,UIHRT,

and let J(X) be the Jacobian matrix. In DFE, the system admits a natural decomposition into (i) the
uninfected variables (S 1,57, R) and (ii) the infected variables (U, I, H). In particular, the linearized
dynamics near &y has the upper-triangular form of the block.

(Iss  Isi
en={'s %)
Therefore, the eigenvalues of J(&) are the union of the eigenvalues of Jgg and J;;.

The infected block is obtained from the linearization of the infected subsystem:

dUu dl dH
E = k(U +81) —kUU, E =T U —k[I, E = ’yll—kHH,

AIMS Mathematics Volume 11, Issue 4, 11776—-11809.
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where
Bi1SY + BaS) A
k:#, N0=g, ky =Ty +& +6, kp=yi+m+& +6, ky=Tuz+m+0.
Hence
k—ky ke O
J]] =| T1Uy —k] 0
0 Y1 kg

Since —ky < 0, one eigenvalue is always —ky. The remaining two eigenvalues are those of the 2 x 2

block
M= (k —ky ke ) .
Ty —k;

The trace and determinant of M are
tr(M) = k — (ky + k;), det(M) = —(k — ky)k; — ketu,.

Using the next-generation matrix derivation, the basic reproduction number is

k ET Uy
Ro=—1|1 . 6.1
0 ku( + x; ) (6.1)

Theorem 4. The DFE &, is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

Proof. By the next-generation theorem, Ry = p(FV~') and the infected subsystem has all eigenvalues
with negative real parts if and only if Ry < 1. Because J(&) is the upper-triangular block and the
uninfected block Jss has a negative diagonal-dominant structure under positive parameters, the sign of
the dominant eigenvalue is determined by Jj;. Thus, & is locally asymptotically stable for Ry < 1 and
unstable for Ry > 1. O

6.2. Global stability of the DFE

The localized threshold outcomes in Theorem 4 consider the local asymptotic stability of the DFE
with Ry < 1. Obtaining global asymptotic stability results for the full model becomes tricky, as the
nonlinear incidence term is time-dependent and depends specifically on the number of susceptible
elements and the total population. Since fully agreeing with the statement of a disease-free, stable
whole with the aforementioned system would be invalidated, we do not claim a completely global
disease-free stable outcome for the unrestricted system in this article.

Theorem 5. If Ry < 1, the disease-free equilibrium & is locally stabilized asymptotically.
Additionally, in the parameter set considered in the numerical experiments, all trajectories with initial
data in a feasible region tend to the disease-free state, which validates the action of keeping the disease
below the threshold to eliminate the disease.

AIMS Mathematics Volume 11, Issue 4, 11776—-11809.
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6.3. Local stability of the EE

Assume Ry > 1 so that an EE &" exists (Section 3). We outline a practical and rigorous local
stability test based on the characteristic polynomial of the Jacobian evaluated at &*.

Let J* = J(E"). Because the recovered class does not feed back into infection (except via the total
population N in incidence terms), the dominant stability behavior is governed by the infected block.
Let the vector of the infected-state be x = (U, I, H)". Write the infected subsystem near &* in linear
form:

X = A™x + higher-order terms,

where A* is the Jacobian submatrix 3 x 3 with respect to (U, I, H) at &":
dvfv Oifu O
A" = TiUp —k] 0
0 Y —ku)g,
Here fy = 1S + @25, — ky U and the derivatives dy fy, 0; fu account for the dependence of (a, )

on (U,I)and on N on &*.
Let the characteristic polynomial of A* be

YD) =2 + a2 + ad + as. (6.2)
A direct computation gives the coefficients in terms of trace and principal minors:
ay = —tr(A*) = ky + k; — Ou fu, (6.3)
a, = sum of principal 2 X 2 minors of A*, (6.4)
az = —det(A”). (6.5)
Explicitly, using the structure of A™:
ay = (kiky) — Qv fu)(k + ky) — T1u2 0, fu, (6.6)
as = = [Bu fu)kik) + (T1u2)(Dy fu)ku] (6.7)

Theorem 6 (Conditional Routh-Hurwitz criterion for local stability of &*). The endemic equilibrium
& is locally asymptotically stable if the Routh-Hurwitz conditions hold:

a; >0, a, > 0, as > 0, aya; > as,
where ay, a,,as are given by (6.3)—(6.7).

Consequently, the local asymptotic stability of an endemic equilibrium is conditional on the
verification of the Routh-Hurwitz inequalities for the equilibrium under consideration; it is not claimed
here for all parameter regimes with Ry > 1.

Theorem 6 provides a local stability criterion for an EE under a condition. It does not claim that
the coeflicient sign conditions ay,a,,a; > 0, and a;a, > a; are automatically valid for all admissible
parameter regimes with Ry > 1. Instead, these inequalities depend on the specific EE and model
parameters, and in the present study, they are numerically verified for representative parameter sets.

Remark 2. For a set of estimated parameters, compute & using the hybrid Newton bisection scheme
(previous subsection), then evaluate 0y fy and 0, fy numerically (finite differences in fy in & are
sufficient), compute ay, a,,as and verify inequalities. This provides a stablefunstable classification of
&E" without requiring closed-form eigenvalues.
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6.4. Global stability of the EE

In this subsection, we establish the global asymptotic stability (GAS) of the EE under additional
biologically interpretable conditions. Throughout, we assume that the controls u;, u,, and us are
constant in the interval [0, 1].

6.4.1. Additional assumptions for global analysis

(Al) No disease-induced mortality: 77, = 7, = 0. (This yields an asymptotically constant total
population.)

(A2) Unique endemic equilibrium: for R, > 1 the scalar endemicity equation admits a unique root
A" (see Remark 1), and hence the EE & is unique.

(A3) All parameters are strictly positive and the solutions remain in the feasible invariant set €.

6.4.2. Consequences of (A1)

With 1, = 1, = 0, summing the model equations gives the following result:

dN
— = A -6N,
dt

hence

A
N() —» N° ::g ast — oo,

and the standard incidence terms become asymptotically equivalent to
Bi1(U + &l) B2(U + €l)
=, Oy = ——————.
NO NO
Therefore, long-term dynamics are governed by an asymptotically autonomous system with a constant
population N°.
For notational convenience, define the constants (with r7; = 1, = 0)

ay

kU:T1u2+§1+5, k1:71+§1+5, kg = Tous + 0.
Let the unique EE for R, > 1 be
& =15 UI'H R, u,r,H >0.
6.4.3. Lyapunov function

Consider the Volterra-type Lyapunov function

S S
V() = (Sl -5t —STlnS—l)+(Sz—S§—S§lnS—i)
! 2 (6.8)
+(U—U—Uln—)+c1(1—l —Iln—)+c2(H—H*—H*1n—),
U+ I H*
where the positive weights are chosen as
k k kik

Cp = 2, Cy 1= £Ru c1 = et . (69)

TiUz V1 Tz Y1

Clearly, V > 0 for all positive states and V = 0 if and only if (S, S,, U,I, H) = (S7,S83, U, I", H").
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6.4.4. Derivative of V along solutions

Using 4 (x —x*—x*In xi) = (1 -~ x;)x, we obtain

. ST . S3\ . Uu-\ . I\ . H*\ .
(V:(l—S—j)Sl+(1—S—2)SQ+(1—U)U+c1(1—7)l+cz(1—H)H. (6.10)

We introduce the (constant population) incidence term

U+el
A = NOg N so that a1S1+arS, :(,8151 +,8252)A.
At equilibrium, define
A" e U+ sI*.
NO
From the U-equilibrium equation,
B1ST +BSHN =kyU™. (6.11)

Also, from the equations of the /- and H-equilibrium,

Tll/tzU* = k]I*, ')/11>k = kHH>k (612)

Key inequality. We repeatedly use the standard inequality for z > 0:
1-z+Inz<0, withequalityiffz=1,
and the arithmetic mean and geometric mean inequality.

6.4.5. Main estimate

After substituting the system’s equations (with i7; = 17, = 0) into (6.10), regrouping the terms using
the equilibrium identities (6.11) and (6.12), and applying AM-GM, one obtains the bound

. | 1 U U
W< —§5(S1 =SV — —6(S2— ST} — —k U*(l—— 1 —)
(S1-57) 3 (S2 2)32 U o T
I H H

ek, " (1 _i, ln—) — ekyH" (1 _ 2 m ) 6.13)
Ty T

Each term on the right-hand side is non-positive, hence V < 0.
Moreover, V = 0 holds only when

S, =S%, S,=8, U=U, I=I H=H.

Theorem 7. Assume (Al)—(A3). If Ry > 1, then the unique EE & is globally asymptotically stable in
the interior of the feasible region Q).
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Proof. From (6.8), V is positive definite with a global minimum at &. By (6.13), V < 0 along
trajectories. Let
M={XeQ:VXx) =0}

By the characterization above, the largest invariant subset of M is the singleton {&"}. Therefore, by
LaSalle’s invariance principle, every solution with positive initial data converges to &*. This proves
global asymptotic stability. O

Remark 3. Assumption (Al) assumes that the population is asymptotically constant, which is common
in HCV transmission when disease-induced deaths are negligible compared to natural turnover on
the time horizon of interest. If ny,1m, > 0 are retained, a global EE Lyapunov proof is still possible
but requires a more technical construction to handle the variable denominator N(t) in the standard
incidence.

A comprehensive stability summary in the baseline regime is presented in Figure 2.
DFE Stability Analysis (R; =0.557 <1)

Eigenvalues of Infected Block at DFE (R = 0.557 < 1) Convergence of U, |, H to Zero
U (init=50)
1 (init=20)
0.04 4 10! H (init=10)
. — U (init=200)
- 1 {init=80)
u N H (init=40)
S 107 U (init=500)
0.02 o 1{init=200}
2 H (init=100)
= -5
E 5w
o 000 —@ L |
] =]
E g 107 3
a 3 -
° e gkait
~0.02 A & N S jig s
2 1071 ENGHiEE 2f ey
£ I ER R L e
—0.04 1 B4 {E AN
0.04 1071 1 EEd W[ W i
T T T T T T T T T SRR B IH S i l.
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0 25 50 75 100 125 150 175 200
Real part Time (years)
Stability Threshold: Rg=1 Phase Portrait: Trajectories to DFE
1.0 ,____________JE _________________________________ —— Init U=50
H 250 Init U=200

—— Init U=500

0.8 q
200 1

0.6 —=—=- Rg=1threshold
----- Baseline f1=0.45
DFE stable

DFE unstable

150 1

Ra

0.4 q

Diagnosed (1)

02 50

0.0 1 0

T T T T T T T T T T T T T
0.2 0.4 0.6 0.8 1.0 12 14 0 100 200 300 400 500
Transmission rate 81 Undiagnosed (U)

Figure 2. Stability analysis of the DFE for Ry < 1. (Top left) Eigenvalues of the infected
Jacobian (all Re(1) < 0). (Top right) Time series of U(¢), I(t), H(t) converging to zero
(log scale). (Bottom left) R, as a function of 8; showing the stability threshold at R, = 1.
(Bottom right) Phase portrait in (U, I) with trajectories approaching the origin. The results
confirm Theorems 4 and 5: the DFE is locally and globally asymptotically stable when Ry<1.

In Figure 3, a demonstration of phase-plane trajectories is given, showing how various regimes of
parameters bring about convergence towards the disease-free and endemic equilibria.
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Phase Portraits of HCV Model

Phase Portrait: U vs | Phase Portrait: S1 vs S2
60000 b
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50000 350000
__ 40000 300000
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e @ 200000 °
20000 /e
150000
°
10000
100000
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0 20000 40000 60000 80000 100000 120000 140000 200000 250000 300000 350000 400000 450000 500000 550000
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0 s1 4900905 100000
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U (Undiagnosed)

Figure 3. Phase-plane dynamics of infected compartments illustrating stability of the DFE
and EE under different parameter regimes.

7. Sensitivity and PRCC analysis of R,

This section quantifies how uncertainty in model parameters and intervention levels influences the
basic reproduction number Ry. We perform (i) local (normalized) sensitivity analysis and (ii) global
sensitivity analysis using PRCC with LHS.

7.1. Local sensitivity indices of Ry

For a parameter p, the (normalized forward) sensitivity index of R, is defined by

T.RO _ ﬁaRo _ 8ln(7€0)

PRy dp  dln(p)’ 1)

A positive (negative) value indicates that increasing p increases (decreases) Ry.
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7.1.1. Closed-form local indices for key parameters

To present interpretable sensitivities, it is common to treat (S 0's g) as fixed at the baseline DFE (i.e.,
their dependence on u, is handled separately). Define

59+ B89 =
:%’ DU ::T1u2+§1+5, D[ :271+T71+§1+5’ ®::1+ Dluz.
1

Then Ro = ko Dzjl [OX

k()!

Transmission parameters 5;,3,. Since ky depends linearly on S, 35,

TR{) _ ﬁlS(l) TRO _ ﬁZS(z)

_— = —" (7.2)
i BiSY + S % BiSY+ S

R R R Ro _
Hence 0 < Tﬁl‘) <1,0< Tﬂf < 1, and Tﬁl" + Tﬂ; =1.
Testing pathway 7, and testing control u,. Note that 7; and u, appear through Dy, and ® only

through the product 7 u,. Let x := 7ju,. Then

In(Ro) = Inko — In(x + & +8) +In (1 + ?)

1

A direct calculation gives

01In(R 1 D
"R s D (7.3)
ox x+&+0 1+ex/Dy
Therefore,
R 1 € R 1 €
T =1y |——+ ——— |, TYO =1 |——+ ——|. (7.4)
! Dy D; + ety 2 Dy D; + etiuy
Thus Y% = Y under this formulation.
Infectiousness modifier . Only ® depends on &, hence
TR = 00 emyup/D; ety (7.5)

C ®0e l+etyuy/D;  D;+etiun

Removal parameters &, and 6. The parameter &, appears in both Dy and D;; 6 appears in Dy and
D; and also in N = A/6 and (S9,S9) (hence its full derivative includes additional terms). If we have
ko fixed,
% &1 &  etun/Dp & E1ET Uy
R 5L sl STl sl . (7.6)
& DU D] 1+ 8T1M2/D1 DU D[ (D] + &7y Ltz)

A similar expression holds for ¢ if ky is treated as fixed:

o 687'1142 .
YR - - — _ holding k fixed). 7.7
0 Dy D;(D;+ etiuy) (holding ko fixed) @7

In the complete model, § also influences k, through N = A/§ and S9, S g; thus, for numerical reporting,
we compute ‘Y’?" by finite differences.
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7.1.2. Local sensitivity of R, with respect to awareness control u;

BiSun)+p25Yur)

0 . Therefore,

Unlike u,, awareness control u; affects R, primarily through ky(u,) =

uy  dko(uy)
YR - — 7 7.8
“ ko(uy)  duy (7.8)

. . . R . . .
Because ko(u;) is a smooth rational function, we compute 1’ numerically using a finite centered
difference:

TRO ~ U RO(”] + h) - Ro(ul — h)

~ . , h<l.
“ Ro(ur) 2h

7.1.3. Local sensitivity table

Table 3 reports the normalized local sensitivity indices of R, with respect to key epidemiological
parameters and control variables, evaluated in the set of baseline parameters. The results identify
transmission parameters as the dominant positive contributors to Ry, while diagnostic tests and
awareness controls exhibit the strongest negative influence, indicating their effectiveness in reducing
transmission potential.

The local sensitivity indices computed in the baseline parameter set are reported in Table 3 and
visualized in Figure 4. Figure 4 provides a graphical representation of the local sensitivity indices
listed in Table 3. The bar graph highlights the relative magnitude and direction of the influence of
each parameter on Ry, clearly illustrating the dominant role of transmission rates and the substantial
mitigating effect of diagnostic testing and awareness interventions.

Table 3. Local sensitivity indices of R, at the baseline parameter set (R, ~ 0.557).

Parameter ij“ Effect on R,
B 0.427  Increases R,
B> 0.552  Increases Ry

g 0.279 Increases Ry
T —0.506 Decreases Ry
Uy —0.506 Decreases Ry
& —0.250 Decreases Ry
Y1 —0.216 Decreases R,
m —0.004 Weak decrease
0 —0.003 Weak decrease
U —0.318 Decreases Ry
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Local Sensitivity Analysis (Baseline RO = 0.557)

Local Sensitivity of RO Tornado Plot: Impact of 10% Parameter Increase

-4.69%
06506

4.60%
U506

o562 B2 +5.31%

-0.4 -02 0.0 0.2 04 06 -4 -2 0 2 4
Elasticity Index (9R0/dp x p/R0) Percentage Change in RO (10% parameter increase)

Figure 4. Local sensitivity indices of the basic reproduction number R, with respect to key
epidemiological parameters and control variables.

7.2. Global sensitivity via PRCCls

Local indices quantify sensitivity at a specific point in the parameter space, whereas global
sensitivity assesses robustness under simultaneous variation of multiple parameters. We use PRCC,
which measures the monotonic association between each input parameter and the output Ry, while
controlling for other parameters. The global uncertainty ranges are listed in Table 4, the PRCC results
are reported in Table 5, and the overall PRCC ranking is shown in Figure 5.

To ensure reproducibility of the global sensitivity analysis, the LHS-PRCC computational workflow
used to generate the PRCC values reported in Table 5 is summarized in Algorithm 1.

Table 4. Parameter ranges used for global sensitivity analysis.

Parameter Description Range Unit
B Transmission rate (unaware susceptible people) [0.10, 0.80] yr!
B2 Transmission rate (aware susceptible people) [0.05, 0.50] yr~!
£ Relative infectiousness of diagnosed class [0.2, 0.9] -

T Baseline diagnosis (testing) rate [0.2, 2.5] yr!
T Baseline treatment-induced recovery rate [0.5, 6.0] yr!
Y1 Hospitalization/linkage-to-care rate [0.1, 2.0] yr!
& Natural/spontaneous recovery rate [0.05, 0.40] yr!
m Disease-induced mortality (diagnosed) [0.0, 0.05] yr!
7 Disease-induced mortality (hospitalized) [0.0, 0.08] yr!
5 Natural death rate [1/85, 1/60] yr!
U Awareness control (fixed level for equilibrium analysis) [0, 1] -
Uy Testing control (fixed level for equilibrium analysis) [0, 1] -
U3 Treatment control (fixed level for equilibrium analysis) [0, 1] -
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Table 5. PRCC-based global sensitivity of Ry using LHS (M = 6000) over Table 4.

eta2
etal

il
gammal
tau2
taul
epsilon
beta2

betal

Parameter PRCC p-value Effect on R,

Bi 0.594 <1076 Strong positive

B> 0.681 < 1071¢ Strong positive

£ 0.244 < 1071° Moderate positive
7| -0.598 < 107'° Strong negative

& -0.477 < 107'® Moderate/strong negative
Y1 -0.329 < 107'¢ Moderate negative
m —-0.027 3.33x 1072 Very weak negative
0 —-0.017 1.90x 107! Not significant

U -0.348 < 1071° Moderate negative
U -0.702 < 107'¢ Strongest negative

-0.4

Global Sensitivity Analysis (Latin Hypercube Sampling)

Sensitivity of RO to Parameters

-0.2

0.0 0.2

PRCC Value

Figure 5. Global sensitivity analysis of R, using PRCCs, highlighting the relative importance
of transmission, testing, and awareness parameters.

0.0

Top 4 Most Sensitive Parameters vs RO

ueta?
— Biye-0.822

taul

05 1.0 15 20 25
taul

5
—— Slope: -0.310

Algorithm 1 LHS-PRCC analysis of Ry

Require: Parameter ranges for ® = (py, ...

, Pm); sample size M; R,y formula (5.6).

Ensure: PRCC values and significance for all parameters.
Generate an M X m Latin hypercube sample {©}  within the specified ranges.
for j=1to M do
Compute (S9,59).
Compute Rf)j ),

end for

J=

Rank-transform each parameter column and the output vector Ry.
fori=1tomdo
Regress ranked p; on ranked {py}i;; store residuals 7.
Regress ranked R, on ranked {py}»;; store residuals 7.
Compute PRCC; = corr(7,,, 7).
Compute p-value for PRCC; (optional).

end for

Report PRCCs and Table 5.
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8. Center manifold bifurcation

In this section, we show that the system (2.1) undergoes a transcritical bifurcation at Ry, = 1.
Consequently, when R, crosses 1 from below, a unique EE emerges and is locally asymptotically
stable for Ry > 1 sufficiently close to 1.

8.1. Bifurcation parameter and critical point

Let i be a bifurcation parameter chosen as one of the transmission parameters (e.g., u = S1). Use
u* the critical value such that

Rou") = 1.
We write i = u — u*, so that i = 0 corresponds to the bifurcation point. Let &, denote the DFE.

8.2. Linearization at the DFE

Let X =(S,5,,U,I,H,R)" and write the model as
X = F(X, ).

The Jacobian in DFE is Jj := DxF (&g, u1*). The standard next-generation theory implies that, at u = u*,

(1) Jo has a simple eigenvalue at 0 (because Ry(u*) = 1);
(2) all other eigenvalues have strictly negative real parts.

Thus, the DFE is non-hyperbolic at u* and a center-manifold reduction applies.

8.3. Reduction to the infection-driving subspace

The only nonlinear infection mechanism is through the incidence term (standard incidence)

S1+6,8
alSl+azS2:%(U+el), N=S,+S,+U+I1+H+R.

Hence, the local bifurcation is governed by the infected variables (U,I) (the class H does not
correspond to the incidence in (2.1)). For center manifold calculations, we keep the full state, but
only the second derivatives arising from the incidence contribute to the bifurcation coefficients.

8.4. Right and left eigenvectors at ji = 0

Let w be the right eigenvector and v the left eigenvector associated with the zero eigenvalue of Jy:
Jow =0, viJy =0, viw=1.

Because the infection subsystem at the DFE is (up to a stable H-direction) driven by (U, I), we may
take w and v to have support on the infected coordinates, i.e.,

_ T _ T
W_(WSI’WSZ’WU7W]’WH,WR) ) V—(0,0,VU,V[,0,0) ’

with wy > 0, w; > 0, vy > 0, v; > 0.
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From the infected linearization at the DFE,

U=kU+ el —kyU, I =71uU -k,

where o o
k= ﬁlSI +:8252
=
one convenient choice of eigenvectors (up to scaling) is

A
ku =ty +& 46, kp=yi+m+&+6, NO:E,

wy =1, wp=——, Wy = —Wwi, Wg = 5(51(1 +wyp) + Tou3 WH)’ (8.1)

and wg,, wg, are determined by the linear constraints induced by the susceptible equations on the center
manifold (their explicit closed forms are not needed for the sign of the bifurcation coefficients). The
left eigenvector components can be chosen so that

v = — vy, vy > 0, and viw=1. (8.2)

8.5. Bifurcation coefficients

Following the theorem in [19], define
£ 6 6
k * _ . *
W(SO,,U ), b= Z Z ViWi oo (o, 1), (8.3)

where f; is the k-th component of F(X, u).

Key observation. All second derivatives in (8.3) vanish except those coming from the incidence term
in the U-equation. In particular, only kK = U contributes, so

a=v Zw‘w‘&(a ) b=v Zw.ﬁ(a )
U . i ]axiaxj 0s M1 ), U : laxiaﬂ 0, 1 )-
8.6. Sign of b (transversality)
Take u = 8;. Near the DFE,
S+ 88
fy = M(U +el) — kyU.
N
Thus ) 0 ) 0
S S
Olv | _2iog v 0o,
aB,aU l& NO 0B01 & NO
and all other mixed derivatives with 8; vanish at the DFE. Hence, we have
A\ A\ A\
b=vy (WUN—B +wy 8N—B) = vUN—E(wU +ewy) > 0. (8.4)
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8.7. Sign of a (nonlinear saturation due to standard incidence)

The nonlinearity arises primarily from the factor 1/N in the standard incidence. Expanding around
the DFE, we have
1 1 N-N°
—=—————+ O0(IX - &P,
N =% o HOUX-&lP)
and in the center manifold N — N° contains a positive contribution from infected coordinates in the
direction w (notably U, I, H,R in (8.1)). This produces a negative quadratic term in the U-equation,
giving a < 0.
More explicitly, one obtains the dominant contribution

B8V +BaS)

a=-2vy (N 2 (wy +ew;) (Wy + w; + wy +wg) + (additional nonpositive terms),  (8.5)

and therefore

a <0,

since all factors are positive and the remaining quadratic contributions from the susceptible adjustments
on the center manifold are nonpositive for standard incidence.

8.8. Conclusion: Forward bifurcation

Theorem 8 (Forward transcritical bifurcation at Ry = 1). Assume all parameters are positive and let
u = B be the bifurcation parameter. At u = u* such that Ro(u*) = 1, the model undergoes a forward
(transcritical) bifurcation. In particular,

(1) If Ry < 1, the DFE &, is locally asymptotically stable;
(2) If Ry > 1 and sufficiently close to 1, there is a unique EE & near &, which is locally
asymptotically stable.

Proof. At u = u*, Jy has a simple zero eigenvalue and all remaining eigenvalues have negative real
parts. The center manifold theorem applies. By (8.4), b > 0 (transversality). By (8.5), a < O.
Therefore, by the Castillo-Chavez and Song bifurcation theorem, the system exhibits a forward
transcritical bifurcation at Ry = 1 and the EE emerging for R, > 1 is locally asymptotically stable. O

The transcritical bifurcation structure near R, is depicted in Figure 6. Figure 6 illustrates the
transcritical bifurcation structure of the HCV transmission model with respect to a key transmission
parameter. As the basic reproduction number crosses the critical threshold R, = 1, the DFE loses
stability and a unique EE emerges smoothly, confirming the analytical results obtained by center
manifold theory.

Remark 4. The same conclusion holds if one chooses u = [, (or another transmission-related
parameter) as the bifurcation parameter, provided % e 0.
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Figure 6. Bifurcation diagram of the endemic infection level with respect to a transmission
parameter, indicating a forward (transcritical) bifurcation at R, = 1.

The parameter values in Table 6 are chosen within the biologically plausible ranges reported in
the literature on HCV transmission and are used to validate the analytical results. These values are
not claimed to be calibrated to a specific population, but are sufficient to demonstrate the consistency
between theoretical predictions and numerical dynamics. When epidemiological data are available, the
same framework can be recalibrated using data-driven estimation techniques.

Table 6. Baseline parameter values used for numerical validation of system (2.1).

Parameter Description Value Unit Ref.

A Recruitment rate into population 1.0 x 10* persons yr!

) Natural death rate 1/70 yr! (1]

Bi Transmission rate (unaware susceptible people) 0.45 yr!

B2 Transmission rate (aware susceptible people) 0.20 yr!

e Relative infectiousness of diagnosed class 0.5 dimensionless

T Diagnosis (testing) rate 1.2 yr!

T Treatment-induced recovery rate 2.0 yr!

Y1 Hospitalization rate 0.6 yr!

& Natural recovery rate 0.15 yr!

m Disease-induced death (diagnosed) 0.01 yr!

m Disease-induced death (hospitalized) 0.015 yr!

U Media awareness control level 0.4 - Assumed
) Diagnostic testing control level 0.5 - Assumed
Us Treatment control level 0.6 - Assumed

The baseline parameter values are used for theoretical and exploratory numerical analysis, which
does not require calibration to any specific country or region or risk population. The numerical
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comparisons should be understood as model-based qualitative displays of intervention effects, rather
than population-specific quantitative predictions. The baseline values in Table 6 were selected using
three principles: Standard demographic approximations for the natural mortality rate; biologically
plausible values within the admissible parameter intervals listed in Table 4 for epidemiological
transition parameters; and illustrative baseline intervention levels for control variables. The present
study uses these values as reference standards for researchers to evaluate their findings, as they do not
need to match actual surveillance data.

The baseline values used for numerical validation are provided in Table 6, and the resulting
state trajectories are shown in Figure 7. Figure 7 presents the time evolution of all epidemiological
compartments under the set of baseline parameters. The simulations verify the positivity and
boundedness of the solutions and demonstrate convergence towards disease-free equilibrium when
Ro < 1, in agreement with the theoretical stability analysis.

Time Series Simulations
Baseline R0=0.557, High testing R0=0.430, Low testing R0=0.668

Compartment: S1 Compartment: S2 Compartment: U
425000
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— = Hightesting
“+ Lowtesting

— Baseline —— Baseline
— = High testing — = High testing
* Low testing 360000 ... Low testing
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Figure 7. Time evolution of model compartments under baseline parameter values,
demonstrating positivity and long-term boundedness of solutions.

To provide more specific policy guidance, we performed a comparative scenario-based analysis
of combined intervention strategies involving awareness control (u;), diagnostic testing control (u,),
and treatment control (u3). Although the sensitivity and PRCC results identify the most influential
individual controls on the basic reproduction number R, policy design in practice often requires
comparing intervention packages rather than isolated parameters. Therefore, we examine how different
combinations of awareness, testing, and treatment perform in epidemiological settings with varying
initial prevalence levels.
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Since the numerical experiments in this study are intended for theoretical validation rather than
direct calibration to a specific population, we define prevalence scenarios operationally using the initial
values of the infected compartments. Specifically, we consider:

Low-prevalence scenario: (U(0), 1(0), H(0)) = (50, 20, 10);
Moderate-prevalence scenario: (U(0), 1(0), H(0)) = (300, 120, 60);
High-prevalence scenario: (U(0), 1(0), H(0)) = (1000, 400, 200).

The remaining compartments were adjusted to maintain the total initial population within the feasible
region, and all other model parameters were fixed to the baseline values given in Table 6.

To compare policy-relevant intervention packages, we selected five representative strategies in
Table 7.

Table 7. Combined intervention strategies considered for comparative policy analysis under
different prevalence scenarios.

Strategy u; u, u; Interpretation

A 0.8 0.3 0.5 Awareness-dominant control with high behavioral prevention,
limited testing expansion, and moderate treatment support

B 0.3 0.8 0.5 Testing-dominant control emphasizing rapid case detection and
moderate treatment support

C 0.5 0.5 0.8 Treatment-dominant control with balanced prevention and
enhanced recovery support

D 0.8 0.8 0.8 Fully integrated high-intensity control strategy

E 0.2 0.2 0.8 Low-prevention strategy with treatment emphasis

In all prevalence scenarios, strategy D performs best because it reduces susceptibility, shortens
the duration of undiagnosed infection, and allows recovery the first time. The approach highlights a
hierarchy of interventions by prevalence: Testing-led strategies prove very efficient for containment
in the early stages of awareness-led strategies, which, on the other hand, would be highly preferable
in already moderately established epidemics. Finally, in settings where simultaneous reductions in
transmission and/or clinical burden are required, the fully integrated intervention package is considered
the most appropriate.

10. Discussion and policy implications

This study provides a policy-supported mathematical framework for examining the interactions
among awareness, testing, and treatment in the dynamics of HCV transmission. By integrating
behavioral awareness (u;), diagnostic testing (u#,), and treatment control (u#3) into a compartmental
model, we establish explicit analytical links between public health interventions and epidemic
thresholds, the long-term persistence of the disease, and the feasibility of control.

The analytical derivation of the basic reproduction number R, reveals that elimination of HCV is
fundamentally governed by three interacting mechanisms: (i) Effective transmission intensity among
susceptible subgroups, (ii) average duration of undiagnosed infection, and (iii) residual infectiousness
after diagnosis. The forward (transcritical) bifurcation at R, = 1 serves as a threshold separating local
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disease extinction from disease persistence. In the present study, the local asymptotic stability of the
DFE is analytically demonstrated for R, < 1 while numerical simulations indicate convergence toward
the disease-free state for the representative parameter regimes examined.

From a policy perspective, under the present model, the qualitative threshold condition for disease
elimination is Ry < 1. The threshold and sensitivity analyses show that Ry, must be decreased below
one to successfully eliminate the disease, while the numerical simulations demonstrate that the disease-
free state can be reached at all conditions of the tested parameters. Sensitivity and PRCC analyses
demonstrate a strong hierarchy among control levers. The transmission parameters 8; and £, remain
the dominant drivers of R, underscoring the importance of reducing behavioral risk. However, among
controllable interventions, diagnostic testing (u,) emerges as the most influential lever for reducing Ry,
followed by awareness campaigns (u1).

This hierarchy is clearly illustrated in Figure 8, which shows that increases in testing intensity
lead to rapid reductions in undiagnosed infections and overall transmission potential, even when
treatment coverage is moderate. Awareness interventions indirectly reduce transmission by shifting
individuals from high-risk unaware susceptibility to lower-risk aware susceptibility, producing a
substantial population-level effect.

A key policy insight from this study is that the treatment control (#3) does not appear explicitly
in Ry. This does not diminish the importance of treatment; rather, it clarifies its role. Treatment
primarily reduces the disease’s burden, prevalence, and morbidity by shortening the infectious period
and accelerating recovery, as illustrated in Figure 9. However, when hospitalized individuals do not
directly contribute to new infections, treatment alone cannot interrupt transmission.

This finding aligns with current WHO strategies emphasizing the integration of testing and
treatment: Testing reduces transmission by shortening the undiagnosed infectious period, while
treatment consolidates these gains by lowering prevalence and preventing complications. From a policy
standpoint, treatment should therefore be viewed as a burden-reduction and sustainability tool, rather
than a stand-alone elimination strategy.

The optimal control simulations in Figure 9 further emphasize the need for coordinated intervention
strategies. Pareto front analysis indicates that aggressive early investment in testing yields the
largest marginal reductions in infections, after which awareness and treatment interventions provide
diminishing but stabilizing returns. This is directly relevant in resource-limited settings, where budgets
for HCV elimination are constrained. The exploratory scenarios demonstrate that testing is the most
effective method to reduce transmission potential, while awareness and treatment provide additional
benefits. The intervention assessment provides medical professionals with a qualitative method to
determine which interventions offer the most effective treatment options.

For national elimination programs, particularly in low and middle-income countries, the
model supports a phased strategy: (i) Rapid expansion of tests to reduce R, below unity,
(i1) sustained awareness campaigns to maintain behavioral change, and (iii) long-term treatment
programs to minimize disease burden and prevent resurgence. The mathematical robustness of the
results—validated through global stability and bifurcation analysis—ensures that these conclusions
are not artifacts of specific parameter choices.

Although the model captures essential features of HCV transmission and control, it does not
explicitly incorporate the risk of reinfection, heterogeneous risk networks, or spatial structure. The
study results should be interpreted as qualitative insights from the model, given the lack of calibration
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to specific population groups and health systems, as well as the testing of specific surveillance data.
The proposed transmission structure model demonstrates its primary value by showing how awareness,
testing, and treatment interact. Future extensions could integrate data-driven calibration, age- or risk-
stratified mixing, and stochastic effects to improve policy precision. However, the present framework
provides a transparent and an analytically grounded foundation for evidence-based HCV control
planning.

Impact of Control Interventions on HCV Dynamics
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Figure 8. Impact of control interventions on HCV dynamics. The panels illustrate the
effects of diagnostic testing (u,), awareness campaigns (u;), and treatment coverage (u3) on
key epidemiological outcomes. Increased testing rapidly reduces the undiagnosed infected
population and overall transmission, while awareness lowers susceptibility by shifting
individuals into lower-risk behavioral states. Treatment primarily reduces disease burden
by accelerating recovery and lowering prevalence, but does not directly alter the Ry.
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Figure 9. Optimal control and intervention trade-offs for HCV elimination. Panels show
cost-effectiveness of testing, Pareto-optimal intervention fronts, time-dependent optimal
control strategies, and optimal resource allocation under budget constraints. The results
indicate that prioritizing diagnostic testing yields the largest marginal reduction in infections,
while awareness and treatment interventions provide complementary long-term stabilization.

11. Conclusions

We established a calibration process for our study using a deterministic compartmental model that
simulates HCV transmission based on three factors: People who know about the disease, diagnostic
testing, and treatment programs. The model demonstrated mathematical validity, enabling researchers
to derive an explicit formula for the basic reproduction number R, to distinguish between disease
elimination and disease persistence.

The research provides qualitative evidence on HCV transmission patterns, which governmental
awareness efforts, testing programs, and treatment methods work together to develop the proposed
framework. The model demonstrates that diagnostic testing and awareness are the two most effective
methods for reducing transmission rates, while treatment reduces disease severity. The analysis results
must be treated as theoretical research because they do not focus on specific population groups, yet
they provide guidance for future population-based research and policy development.

In summary, the model establishes a mathematically valid approach to investigate HCV
transmission patterns which result from public awareness and testing and treatment programs. The
autonomous system with fixed control levels has been analyzed using rigorous methods, which
demonstrate its positivity and boundedness, as well as the existence of a DFE, a basic reproduction
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number, and local stability of the DFE and one EE, which appears when R, > 1. The manuscript
derives a conditional local stability criterion for the EE using the Routh-Hurwitz conditions, which
researchers have tested using typical parameter sets rather than providing a universal proof. The theory
is supported by sensitivity and scenario analyses that show how the key parameters affect treatment
outcomes across different parameter ranges.
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