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1. Introduction

The thermal conduction properties in thermal transport systems must meet strict standards across
various contemporary industrial sectors. A key aspect of this is that material’s thermal conductivity
should change with temperature instead of remaining constant [1, 2]. The thermal conductivity is
frequently treated as a constant value fixed at room temperature for modeling scenarios wherein
temperature-dependent properties are complex to address; see a very recent example [3]. The term
“anomalous thermal conductivity” began to emerge in publications in the 1950s after Berman and
Macdonald published their study [4]; see further examples in [5–7]. In the thermodynamic limit, the
variation of thermal conductivity was studied in [8]. The authors also presented a possible illustration
according to the framework of linear response theory through correlating the physical origin of the
anomalous thermal conduction to the slow diffusion of energy from long-wavelength Fourier modes.
Deviations from classical diffusion “Fourier” behavior arise from atypical substances, alloys with
dissolved impurities, structures on the nanoscale, and the conduction of heat in fractals. The
terminology “anomalous” was also used for the processes of heat conduction, wherein the carriers of
thermal energy follow the power-law

〈
x2 (t)

〉
∝ tα, α ∈ (0, 2) [9]. Moreover, the thermal conductivity

is said to be anomalous and deviates from the conventional definition when the energy carriers run
into obstacles during the heat transfer process, taking on the form κ̌ = κL

2α−2
α ; refer to [9]. As a result,

thermal conductivity has two different anomalous expressions: The first is for the subdiffusion of
energy carriers,

〈
x2 (t)

〉
∝ tα, α ∈ (0, 1), which yields “low thermal conductivity” κ̌ < κ, provided that

the characteristic length L > 1. The superdiffusion of energy carriers is the second instance,〈
x2 (t)

〉
∝ tα, α ∈ (1, 2), which results in “high thermal conductivity” κ̌ > κ, provided that the

characteristic length L > 1. From an experimental viewpoint, these anomalies have been mentioned in
various physical situations, see examples of ultrahigh thermal conductivity in millimeter-long
nanotubes [10], experimental observations of high thermal conductivity in boron arsenide [11],
ultralow thermal conductivity in TlCuSe [12], and ultrahigh thermal conductivity in graphene
films [13]. Additionally, as observed in the third figure of the study by Li et al. [14], at temperatures
close to room temperature (T0 = 300 K), a silicon nanowire with a diameter of 22 nm exhibits an
increase in thermal conductivity as the temperature rises. In contrast, a silicon nanowire with a
diameter of 115 nm displays a notable decrease in thermal conductivity with increasing temperature,
highlighting the significant influence of material size on thermal conductivity, and opening a debate
around the kind of monotonic variation occurring in the thermal conduction, either with acceleration
or deceleration.

In many pivotal fields, e.g., engineering, physics, and biology, fractional derivatives and integrals
are primarily used in modeling a variety of natural phenomena through fractional kinetic equations,
which, in turn, depict the exponent of mean-squared displacement for diffusive materials [15, 16]. An
explicit demonstration of how crucial fractional calculus is for clarifying atypical behaviors can be seen
in the fractional diffusion-wave equation proposed by Schneider and Wyss [17]. Among others, we
refer to the generalized fractional diffusion equation of the natural type that uses the Caputo fractional
derivative [18], and the modified type that uses the Riemann–Liouville fractional derivative [19] which
shows different crossover behavior such as retardation and acceleration; see also their multidimensional
counterparts in [20, 21]. Various contributions adding new perspectives to this type of bi-fractional
equations are found in [22–24]. We refer also to a recent study on the fractional Jeffreys equation that
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showed the transition from diffusion to a wave [25]. We further refer to some advanced numerical
techniques on solving the fractional Jeffreys equation in [26, 27] and its fractional basis, the fractional
two-temperature model [28]. In [29], Compte and Metzler discovered, while deriving the fractional
telegrapher equation, that the anomalous diffusion coefficient is expressed as Dα = σ2/τα, while the
conventional diffusion coefficient is D = σ2/τ. This finding led later to the alteration of a related
equation for irregular thermal conduction [30]. Furthermore, the importance of fractional calculus is
clearly shown in the possibility of finding damped oscillations in the presence of fractional kinetic
equations [31].

Due to thermal deformations potentially leading elastic materials to reach the “yield point”,
anticipating this behavior during heat transfer processes is crucial. This necessitates a comprehensive
theoretical analysis, especially when the mode of thermal conduction shifts. Biot [32] examined the
Fourier heat transfer phenomenon, taking into account the thermal deformations caused by
temperature changes, as well as the thermal energy resulting from these deformations. Emerging from
the necessity for a finite speed of thermal wave propagation, a condition that the Biot model does not
satisfy, a variety of thermoelasticity theories were formulated throughout the previous century [33].
Aiming to accommodate the nonlinear deformation in the presence of the Cattaneo-type evolution, a
nonlinear theory of thermoelectricity was constructed in [34, 35]. On the basis of the Jeffreys-type
heat conduction law, Tzou introduced a new version of the generalized thermoelasticity theory [36].
The first discussion of fractional theory thermoelasticity, which relies on the fractional diffusion–wave
equation, was in [37]. Different versions of the fractional theory of thermoelasticity that were based
on different forms of the time-fractional Cattaneo equation were examined between 2010 and 2011,
by Sherief et al. [38], Youssef [39], Ezzat [40], and Povstenko [41]. Utilizing a fractional formulation
of the dual-phase-lag heat conduction principle, a fractional dual-phase-lag thermoelasticity model
was developed in [42], see also the most recent book on the fractional thermoelasticity [43]. Recently,
a crossover model for heat conduction has been employed to emulate the transition from low thermal
conductivity in the short-time frame to the high thermal conductivity for large time values, leading to
the development of a crossover thermoelasticity theory as detailed in [44], Such a theory is useful to
theoretically predict situations in which thermal conductivity varies temporally with acceleration.
Exact solutions for stress and displacement have been obtained for an unbounded domain under the
condition of quasistatic conserved momentum. The recent thermoelasticity theory with accelerated
heat conduction process has been applied to cylindrical domains in [45], and to an unbounded
electro-thermoelastic domain in [46].

In this study, a fractional theory of the quasi-static thermoelasticity is developed for an unbounded
elastic domain, founded on a fractional generalized Fourier constitutive law that incorporates two
Riemann-Liouville integrals of different fractional orders. The generalized Fourier law demonstrates a
transitional behavior of the thermal conductivity over the time, where it initiates with a relatively high
thermal conductivity during the very small time values, and eventually ends with a lower thermal
conductivity for large time instants, i.e., a decelerating thermal conduction. Thus, the primary
objective of this research is to investigate how this temporally decelerating crossover in thermal
conductivity influences thermally-induced deformation. The structure of the paper is as follows: in
Section 2, we introduce the fractional constitutive law which contains two Riemann-Liouville
fractional integrals, and we show that this law has a temporal crossover characteristic. Moreover, we
derive the governing equations of the quasistatic theory of thermoelasticity which uses this unfamiliar
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law, and we show the method of solution which based on the usage of Laplace and Fourier
transforms. Using the Fox H-function, we get explicit solutions for temperature and displacement in
Section 3 that hold true for both short and long times. The temperature and displacement numerical
approximations are the main topic of Section 4. Finally, we provide a summary of the paper’s main
findings in Section 5.

2. Mathematical formulation

In this section, we introduce a generalized Fourier constitutive law which exhibits a decelerating
transition of thermal conduction. In addition, the quasi-static theory of fractional thermoelasticity that
uses such a generalized is constructed.

2.1. Decelerating thermal conduction

The classical Fourier constitutive law describing the relation between the heat flux i-th component
qi (xi, t) with the temperature gradient T,i (xi, t) = ∂T (xi, t)/∂xi for an isotropic heat conductor reads:

qi = −κ (T ) T,i, (2.1)

where xi is the i-th component of the coordinate system (x1, x2, x3), t is the time, T = T (xi, t) is the
absolute temperature, and κ (T ) is the thermal conductivity for the material. It is commonly recognized
that thermal conductivity is a temperature-dependent property that varies as the material’s temperature
changes, refer to [1, 2]. For small temperature values, the thermal conductivity can be represented in
the current series form [47, 48]

κ (θ) = κ0 + κ1θ + O (θ) , (2.2)

where θ = T − T0, T0 is the room temperature, and κ0 and κ1 are real constants, and (κ0 > 0) is the
thermal conductivity at room temperature. However, in many modeling problems, thermal
conductivity is treated as a fixed thermophysical property to avoid complication of numerical
simulations [3], namely, qi = −κ0T,i. On the other hand, even in the small temperature values, Eq (2.2)
shows that temperature variations have a significant impact on thermal conductivity, in the sense that
it may cause a temporal increase or decrease according to the thermal settings of the experiment and
the real constants κ0 and κ1. Therefore, treating thermal conductivity as a constant is not accurate.

Let us replace the conventional form of Fourier law (2.1) with the following generalized form,
defined in terms of the distributed-order integral,

∫ 1

0

P (ν)
τ1−ν

{
RL

0I1−ν
t qi (x, t)

}
dν = −κ0T,i (x, t) , (2.3)

where τ is a time constant is inserted to keep the dimension in order, but it will play a key role in varying
the thermal conduction of material later, and P (ν) is a weight function presumed to be normalized, i.e.,∫ 1

0
P (ν)dν = 1. Furthermore, RL

0Iνt is the Riemann-Liouville fractional integral of order ν, 0 < ν < 1,
defined for any generic function as [49]
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RL
0Iνt f (t) B


1

Γ (ν)

∫ t

0

f (τ)
(t − τ)1−νdτ, ν > 0,

f (t) , ν = 0.

(2.4)

If we choose the weight function P (ν) on the following form

P (ν) = p1δ (ν − α) + p2δ (ν − β) , (2.5)

where p1 and p2 are dimensionless positive real constants satisfying that p1 + p2 = 1 in accordance
with the normalization condition of P (ν), and 0 < α < β ≤ 1. Utilizing the assumption (2.5), the
generalized Fourier law (2.3) reduces to the following form

p1

τ1−α

{
RL

0I1−α
t qi (x, t)

}
+

p2

τ1−β

{
RL

0I1−β
t qi (x, t)

}
= −κ0T,i (x, t) . (2.6)

The bi-fractional generalized Fourier law (2.6) uses two Riemann-Liouville fractional integrals of
distinct fractional orders. Bearing in mind that the constants p1 and p2 are dimensionless, the
dimension of Eq (2.6) can be written as

[
qi
]

=
[
κ0T,i

]
where the following approximation is utilized:{

p1

( t
τ

)1−α
+ p2

( t
τ

)1−β
} [

qi
]

=
[
κ0T,i

]
. (2.7)

In view of (2.7), for small values of time t � τ, we have

p1

( t
τ

)1−α
+ p2

( t
τ

)1−β
� p2

( t
τ

)1−β
, α < β ≤ 1, (2.8)

provided p1 ≤ p2. In this case the generalized Fourier constitutive law (2.6) reduces to

p2

τ1−β

{
RL

0I1−β
t qi

}
� −κ0T,i, t � τ. (2.9)

Applying the Riemann-Liouville fractional derivative RL
0D

1−β
t of order 1 − β, 0 < β < 1, defined for

any generic function f (t) as [49]

RL
0D

1−β
t f (t) B



d
dt

{
RL

0Iβt f (t)
}
, 0 < β < 1,

d f (t)
dt

, β = 0,

f (t) , β = 1,

(2.10)

on both sides of Eq (2.9), we obtain

qi � −κβ
RL

0D
1−β
t T,i, t � τ. (2.11)

Following similar arguments, for large values of time t � τ the generalized Fourier constitutive law
(2.6) reduces to

qi � −κα
RL

0D
1−α
t T,i, t � τ. (2.12)
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In the asymptotic behaviors (2.11) and (2.12), κα and κβ are generalized thermal conductivities
defined

κα =
τ1−α

p1
κ0, κβ =

τ1−β

p2
κ0. (2.13)

In other words, the largest fractional order β dominates the short-time domain and the smallest
fractional order α dominates the long-time domain. This fact was shown previously in [18] by
calculating the mean squared displacement in fractional diffusion, see also the multidimensional
case [20]. From a physical point of view, the asymptotic behaviors (2.11) and (2.12) indicate that the
generalized Fourier law (2.6) corresponds to a classical Fourier law (2.1) with variable thermal
conductivity, where there are two different thermal conductivities κα and κβ dominating the long-time
domain and the short-time domain respectively. Moreover, in view of the definitions of generalized
thermal conductivities (2.13), we note that for the fixed value κ0 = 386, which corresponds to the
thermal conductivity of copper at room temperature T0 = 293.15 K, the generalized thermal
conductivities κα and κβ are given as

κα = 154.034 < 487.099 = κβ, (2.14)

where the other parameters are chosen as α = 0.3, β = 0.8, p1 = p2 = 0.5, and τ = 0.1. Therefore, the
temporal transition for thermal conduction represented by asymptotic behaviors (2.11) and (2.12) states
that generalized Fourier law (2.6) behaves in the short-time domain like a non-Fourier law with high
thermal conductivity κβ, and behaves in the long-time domain as a non-Fourier law with low thermal
conductivity κα, i.e., “a decelerating thermal conduction”.

Upon introducing the conservation of thermal energy, governed through the relation

− qi,i = %CE
∂T
∂t
, (2.15)

where % is the density of the heat conductor and CE is the specific heat capacity, and eliminating the
heat flux between (2.6) and (2.15), we obtain the generalized heat conduction equation:

%CE

( p1

τ1−α
C
0D

α

t +
p2

τ1−β
C
0D

β

t

)
T = κ0T,ii, (2.16)

where C
0D

α

t the Caputo fractional derivative of order α, 0 < α < 1, defined for any generic function
f (t) as [49]

C
0D

α

t f (t) B



RL
0I1−α

t

{
d f (t)

dt

}
, 0 < α < 1,

d f (t)
dt

, α = 1,

f (t) , α = 0.

(2.17)

In Eq (2.16), the fractional orders α and β (0 < α < β ≤ 1) characterize the strength of memory effects
in the thermal process. When α = β = 1, the classical Fourier model is recovered, while lower values
correspond to increasing nonlocality in time and decelerating heat propagation. The presence of two
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fractional orders introduces multiple memory scales into the heat flux evolution. Unlike single-order
models, this allows the thermal response to evolve through different temporal regimes, leading to a
gradual slowdown (deceleration) of heat transfer. Thereby, the bi-fractional heat conduction
equation (2.16) that uses a fixed value of the thermal conductivity, corresponds to a non-Fourier heat
conduction law that simulates a decelerating temporal crossover of thermal conduction from high
thermal conductivity in the short-time domain to a low thermal conductivity in the long-time domain.
In the case of non-Fickian diffusion, Eq (2.16) was directly derived from the fractional diffusion
equation of distributed order without referring to the role of flux, refer to [18, 20].

2.2. Governing equations

In this subsection, we will derive the governing equations of the theory of quasi-static
thermoelasticity based on the generalized Fourier law (2.6). We focus our attention on the
infinitesimal deformation of a homogeneous isotropic solid continuum defined in the sense of Hook’s
definition for perfect elastic materials. We suppose that deformation is induced by initial
thermomechanical conditions. The momentum conservation equation, excluding volume and inertia
forces, is a key field equation governing the movement of the thermoelastic medium. [33, 50]

µui, j j + (λ + µ) u j, ji − γT,i = 0. (2.18)

The second governing equation is the thermal energy balance equation, excluding any internal heat
sources, including strain-rate induced heat, and generalizing the simple form (2.15):

− qi.i = %CE
∂T
∂t

+ γT0
∂e
∂t
. (2.19)

In the field equations (2.18) and (2.19), ui is the i-th component of displacement, e = tr
[
ei j

]
=

e11 + e22 + e33 is the cubical dilation, and ei j is the strain tensor defined as

ei j =
1
2

(
ui, j + u j,i

)
. (2.20)

Further, λ and µ are Lame moduli, γ = (3λ + 2µ)αT , and αT is the coefficient of linear thermal
expansion. The constitutive equations for the above system of governing equations consists of the
generalized Fourier law (2.6) and the stress-strain relation in the linearized form:

σi j = 2µei j + λeδi j − γ (T − T0) δi j, (2.21)

where σi j is the stress tensor, and δi j is the Krönecker delta function.
If we eliminate the heat flux qi between Eq (2.6) and (2.19), we obtain( p1

τ1−α
C
0D

α

t +
p2

τ1−β
C
0D

β

t

)
(%CET + γT0e) = κ0T,ii. (2.22)

Therefore, Eqs (2.18) and (2.22) are the governing equations for the quasi-static theory of
thermoelasticity that uses a generalized Fourier constitutive law with decelerating thermal conduction.
In Eq (2.18), it is worthy to note that the quasi-static assumption implies neglecting inertial terms in
the equation of motion, which is justified when mechanical equilibration occurs much faster than
thermal evolution. It should be noted that the decelerating thermal behavior arises from the heat
conduction model and is independent of this assumption.
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2.3. Unbounded thermomechanical continua

Here, we formulate the unbounded thermoelastic problem (or the thermoelastic initial-value
problem) governed by (2.18) and (2.22) defined for a thermoelastic medium characterized by a
decelerating thermal conductivity. We consider two sets of possible initial conditions; the first set is
imposed on the temperature and stress [44]:

T (x, y, z, 0) = T0 + ϑ0δ (x) , σxx (x, y, z, 0) = 0. (2.23)

The second set of initial conditions is imposed on the temperature and the strain [46]:

T (x, y, z, 0) = T0 + ϑ0δ (x) , e (x, y, z, 0) = 0, (2.24)

where ϑ0 is a positive real and δ (·) is the Dirac delta function. In view of the initial conditions (2.23)
and (2.24), the unbounded thermoelastic domain can be handled as a one-dimension application, in the
sense that

T (x, y, z, t) = T (x, t) , u = 〈u, 0, 0〉 , u (x, y, z, t) = u (x, t) . (2.25)

Therefore, the governing equations (2.18) and (2.22) can be written on the form

(λ + 2µ)
∂2u
∂x2 = γ

∂T
∂x
, (2.26)( p1

τ1−α
C
0D

α

t +
p2

τ1−β
C
0D

β

t

) (
%CET + γT0

∂u
∂x

)
= κ0

∂2T
∂x2 . (2.27)

Beside (2.26) and (2.27), the components of stress are given by

σxx = (λ + 2µ)
∂u
∂x
− γ (T − T0) , (2.28)

σyy = σzz = λ
∂u
∂x
− γ (T − T0) . (2.29)

In the first set of initial conditions (2.23), the second condition reporting the initially unstressed
medium state, σxx (x, 0) = 0, has a physical interpretation in the case of one-dimension quasistatic
problems. Indeed, from the equation of motion of the one-dimensional quasistatic settings we have
that ∂σxx (x, t)/∂x = 0, namely, σxx (x, t) = σ0 (t). The function σ0 (t) can be set to zero in unbounded
domains since the stress is symmetric and may disappear as x → ±∞. For this reason, we may accept
the starting condition σxx (x, 0) = 0, and the normal stress component σxx (x, t) disappears everywhere,
namely,

σxx (x, t) = 0. (2.30)

utilizing equality (2.30), the hydrostatic stress for the first set of initial conditions is defined through

σH =
σxx + σyy + σzz

3
=

2
3

[
λ
∂u
∂x
− γ (T − T0)

]
, (2.31)
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In the second set of initial conditions (2.24), the second condition reads ∂u (x, 0)/∂x = 0, which
implies upon substituting into the constitutive equation (2.28) that

σxx (x, 0) = −γϑ0δ (x) . (2.32)

It is clear that the initial condition (2.32) resulting from the second set (2.24) contradicts the
quasistatic assumption in which σxx (x, t) = σ0 (t). Therefore, the second set of initial conditions
cannot be applied in the current problem and will be excluded from the next analysis. Indeed,
imposing the initial condition e(x, 0) = 0 is not compatible with the quasi-static assumption. In the
absence of inertial effects, the mechanical response is governed by an instantaneous equilibrium
between stress and deformation. Therefore, any non-zero thermal field would immediately generate
strain through thermoelastic coupling. Enforcing zero strain at the initial instant would contradict this
equilibrium and imply an unphysical instantaneous constraint. Accordingly, the condition
σxx(x, 0) = 0 is adopted as a physically consistent initial condition. Using the stress component (2.28)
and settings (2.25), the first set of initial conditions (2.23) can be rewritten in the following form

T (x, 0) − T0 = ϑ0δ (x) ,
∂u (x, 0)
∂x

=
γϑ0

λ + 2µ
δ (x) , (2.33)

where the second condition cannot be set to zero to prevent the first set (2.23) from being reduced to the
second disregarded set (2.24). Furthermore, by integrating the second initial condition of (2.33) over
the interval (−∞, x], and set u (−∞, 0) = u−∞, we obtain the alternative initial condition that should be
imposed on the displacement instead of the cubical dilation:

u (x, 0) = u−∞ +
χ0ϑ0

λ + 2µ


1, x > 0,

1
2
, x = 0,

0, x < 0.

(2.34)

Let us define the dimensionless transformations as follows:

x→
x

c1η
, u→

u
c1η

, u−∞ →
U−∞
c1η

, t →
t

c2
1η
, τ→

τ

c2
1η
,(

σi j, σH

)
→ (λ + 2µ)

(
σi j, σH

)
, T →

λ + 2µ
γ

θ + T0, (2.35)

where c2
1 =

λ+2µ
ρ

and η =
ρCE
κ

. Then, applying the dimensionless transformation (2.35) on the governing
equations (2.26) and (2.27), the stress components (2.28)–(2.30), and the initial conditions (2.33) and
(2.34), we obtain

∂u
∂x

= θ, (2.36)( p1

τ1−α
C
0D

α

t +
p2

τ1−β
C
0D

β

t

) (
θ + ε0

∂u
∂x

)
=
∂2θ

∂x2 , (2.37)

σH =
2
3

(δ0 − 1) θ, (2.38)
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θ (x, 0) = Θ0δ (x) ,
∂u (x, 0)
∂x

= Θ0δ (x) , u (x, 0) = U−∞ + Θ0


1, x > 0,
1
2
, x = 0,

0, x < 0.

(2.39)

where Eqs (2.26), (2.28) and (2.30) have been utilized in deriving equation (2.36), and the problem
constants ε0, δ0, and Θ0 are given by

ε0 =
γ2T0

ρCE (λ + 2µ)
, δ0 =

λ

λ + 2µ
, Θ0 =

γϑ0c1η

λ + 2µ
, (2.40)

and the constant ε0 is called the thermomechanical coupling parameter which incorporates the
mechanical effects in production of the thermal energy. In the case ε0 = 0, such coupling is neglected
and Eq (2.37) reduces to the bi-fractional diffusion equation of the natural type [20, 51].

2.4. Method of solution

In this subsection, we present the method of solution which helps in extracting exact solutions in
the short-time and the long-time domains in the next section. Additionally, we investigate whether the
thermomechanical coupling still maintains the temperature’s non-negativity. First, we apply Laplace
transform on Eqs (2.36) and (2.37) and use of the initial conditions (2.39), we obtain the temperature
in the Laplace space as

d2θ̃ (x, s)
dx2 = (1 + ε0)

{(
p1sα

τ1−α +
p2sβ

τ1−β

)
θ̃ (x, s) −

(
p1sα−1

τ1−α +
p2sβ−1

τ1−β

)
Θ0δ (x)

}
, (2.41)

where the tildes refer to the Laplace transform defined for any generic function as
f̃ (x, s) = L { f (x, t) ; t} (x, s) =

∫ ∞
0

f (x, t) exp (−st)dt, and s ∈ C is the Laplace parameter. Next, we
apply the Fourier transform on (2.41), we obtain the temperature in the Laplace-Fourier space

̂̃
θ (ω, s) =

Θ0 (1 + ε0)
(

p1 sα−1

τ1−α +
p2 sβ−1

τ1−β

)
(1 + ε0)

(
p1 sα

τ1−α +
p2 sβ

τ1−β

)
+ ω2

, (2.42)

where the hats refer to the Fourier transform f̂ (ω, t) = F { f (x, t) ; x} (ω, t) =
∫ ∞
−∞

f (x, t) e−ıωxdx, and
ω ∈ R is Fourier parameter.

A significant inquiry regarding the temperature arising from thermomechanical coupling (ε0 , 0),
(2.42), pertains to its nonnegativity and the preservation of thermal energy [52,53]. Firstly, by inverting
the Fourier transform in (2.42), we derive

θ̃ (x, s) =
Θ0

√
(1 + ε0)ψ (s)

2s
exp

(
−

√
(1 + ε0)ψ (s) |x|

)
, ψ (s) =

p1sα

τ1−α +
p2sβ

τ1−β . (2.43)

Given (2.43), we observe that, if we set ε0 = 0, the solution in the Laplace space corresponds to its
counterpart in the case of anomalous diffusion, refer to [Eq (42) in [20]]. Additionally, when the
Laplace parameter is established along the positive real axis, the impact of the factor

√
1 + ε0 within

and outside the exponential function does not change the fundamental characteristic of temperature as
a completely monotone function, which is expressed as the product of two completely monotone
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functions:
√
ψ (s)/s and exp

(
−

√
(1 + ε0)ψ (s) |x|

)
. Thus, in the context of quasi-static fractional

theory of thermoelasticity, employing the generalized Fourier constitutive law (2.6), which illustrates
a unique behavior of diminishing thermal conduction, the nonnegativity of temperature θ (x, t) on
R × R+ ∪ {0} is preserved. It is important to highlight that the nonnegativity should be reconsidered in
the dynamic theory that takes the inertia force %∂2u/∂t2 into account. Secondly, when we integrate
both sides of (2.32) on R, and next invert the Laplace transform, we obtain∫ ∞

−∞

θ (x, t)dx = Θ0H (t) , (2.44)

where H (t) is the Heaviside unit step function. More precisely, when we examine the total thermal
energy provided by (2.44) in relation to the initial condition (2.39), which specifies a constant initial
value Θ0 for the temperature at the interfacial surface x = 0, we can conclude that thermal energy is
not changed during the heat transfer mechanism within the framework of the quasistatic theory of
thermoelasticity, which employs the generalized Fourier constitutive law (2.6) describing the
decelerating thermal conduction property.

3. Short- and long-time exact solutions

In this section, we develop exact solutions for dimensionless forms of temperature θ (x, t),
hydrostatic stress σH (x, t), and displacement u (x, t) in the short- and long-time domains. The exact
solution was firstly obtained for the bi-fractional diffusion equation of the natural form in [54] in
terms of the Fox H-function. In [51], it was indicated that the solution derived in [54] is asymptotic
rather than exact, demonstrating that it is effective for small- and intermediate-time values, but it may
become divergent for larger time values. We also mention comparable handling methods that were
implemented in [20]. Strictly speaking, a plausible recommendation was made to improve the time
interval for which the solution remains valid, suggesting that the constants p1 and p2 be chosen with
p1 < p2. However, this proposal lacks a solid physical basis. Here, we present two formulations for
the temperature: one applicable to small time values, and the other suitable for intermediate and large
time values. To begin, we will restate Eq (2.42) in two equivalent forms:

̂̃
θ (ω, s) =

Θ0 (1 + ε0)
(

p1 sα−1

τ1−α +
p2 sβ−1

τ1−β

)
p2(1+ε0)
τ1−β sβ + ω2

[
1 + ϕ1 (ω, s)

]−1,

̂̃
θ (ω, s) =

Θ0 (1 + ε0)
(

p1 sα−1

τ1−α +
p2 sβ−1

τ1−β

)
p1(1+ε0)
τ1−α sα + ω2

[
1 + ϕ2 (ω, s)

]−1, (3.1)

where the auxiliary functions ϕ1 (ω, s) and ϕ2 (ω, s) are given by

ϕ1 (ω, s) =

p1(1+ε0)
τ1−α sα

p2(1+ε0)
τ1−β sβ + ω2

, ϕ2 (ω, s) =

p2(1+ε0)
τ1−β sβ

p1(1+ε0)
τ1−α sα + ω2

. (3.2)

To invert the Laplace and Fourier transform in (3.1), we should expand firstly
[
1 + ϕ1 (ω, s)

]−1 and[
1 + ϕ2 (ω, s)

]−1, in other words, we should apply the expansion (1 + ς)−1 =
∑∞

n=0 (−ς)n which requires
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that |ς| < 1. A question has now arisen: Do the auxiliary functions ϕ1 (ω, s) and ϕ2 (ω, s) satisfy
this condition? To answer this question, we illustrate the auxiliary functions ϕ1 (ω, s) and ϕ2 (ω, s)
graphically by selecting p1 = p2 = 0.5, τ = 0.1, α = 0.3, β = 0.8, and ε0 = 0.0168, along with various
values of ω in Figure 1.

Figure 1. The auxiliary functions ϕ1 (ω, s) and ϕ2 (ω, s) for the generic selections p1 = p2 =

0.5, τ = 0.1, α = 0.3, β = 0.8, and ε0 = 0.0168, and different values of the Fourier parameter
ω: (a) ω = 0.1, (b) ω = 0.5, (c) ω = 1, (d) ω = 3.

It is widely acknowledged that the small values of the Fourier parameter ω correspond to the large
values of the spatial variable x, and vice versa. Moreover, the small values of the Laplace parameter s
correspond to the large values of the time variable t, and the converse is correct. In view of Figure 1,
we note that for sufficiently large values of ω, both auxiliary functions are less than 1, which indicates
that the solutions resulting from Eq (3.1) are unlikely to diverge for small and intermediate values of
the spatial variable x, but the divergence for large values of x. In addition, for relatively large values of
x, see Figure 1 a–c, the auxiliary functions satisfy the following conditions:

ϕ1 (ω, s) < 1 for <{s} > 10, ϕ2 (ω, s) < 1 for <{s} < 10. (3.3)

The number <{s} = 10 depends on the choice of the time constant τ, refer to [44], wherein the
choice of τ = 1 yields the turning point <{s} ≶ 1. Therefore, utilizing the inequalities of (3.3), the
Equations of (3.1) can be written as

̂̃
θ (ω, s) = Θ0

∞∑
n=0

(
−

p1

p2
τα−β

)n sβ−1+αn(
sβ + τ1−β

p2(1+ε0)ω
2
)n+1

+Θ0
p1

p2
τα−β

∞∑
n=0

(
−

p1

p2
τα−β

)n sα−1+αn(
sβ + τ1−β

p2(1+ε0)ω
2
)n+1 , <{s} → ∞, (3.4)

̂̃
θ (ω, s) = Θ0

∞∑
n=0

(
−

p2

p1
τβ−α

)n sα−1+βn(
sα + τ1−α

p1(1+ε0)ω
2
)n+1
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+Θ0
p2

p1
τβ−α

∞∑
n=0

(
−

p2

p1
τβ−α

)n sβ−1+βn(
sα + τ1−α

p1(1+ε0)ω
2
)n+1 , <{s} → 0. (3.5)

Considering the two asymptotic solutions in the Laplace-Fourier domain for<{s} → ∞, (3.4), and
for<{s} → 0, (3.5), we observe that they can be commuted through the transformations:

α←→ β, p1 ←→ p2. (3.6)

Now, by inverting the Laplace transform of Eqs (3.4) using the useful relation (A.2), we obtain the
temperature values for short-time domain within the Fourier domain:

θ̂ (ω, t) = Θ0

∞∑
n=0

[
−

p1

p2

( t
τ

)β−α]n

En+1
β,(β−α)n+1

(
−

τ1−βtβ

p2 (1 + ε0)
ω2

)
+Θ0

p1

p2

( t
τ

)β−α ∞∑
n=0

[
−

p1

p2

( t
τ

)β−α]n

En+1
β,(β−α)(n+1)+1

(
−

τ1−βtβ

p2 (1 + ε0)
ω2

)
, t < τ. (3.7)

Using the relations (A.3), (A.7) and (A.8), we obtain the exact solution for the temperature performs
effectively for small values of time as

θ (x, t) = Θ0

√
p2 (1 + ε0)
4πτ1−βtβ

{
θs1 (x, t) +

p1

p2

( t
τ

)β−α
θs2 (x, t)

}
, t < τ, (3.8)

where θs1 (x, t) and θs2 (x, t) are given as

θs1 (x, t) =

∞∑
n=0

(−1)n

n!

[
p1

p2

( t
τ

)β−α]n

H2,0
1,2

 p2 (1 + ε0) x2

4τ1−βtβ

∣∣∣∣∣∣∣
(
1 + (β − α) n − β

2 , β
)

(0, 1) ,
(

1
2 + n, 1

) ,
θs2 (x, t) =

∞∑
n=0

(−1)n

n!

[
p1

p2

( t
τ

)β−α]n

H2,0
1,2

 p2 (1 + ε0) x2

4τ1−βtβ

∣∣∣∣∣∣∣
(
1 + (β − α) (n + 1) − β

2 , β
)

(0, 1) ,
(

1
2 + n, 1

) . (3.9)

According to the asymptotic behaviors of the generalized Fourier law (2.6), refer to (2.11) and
(2.12), in the very small values of time the energy balance equation (2.37) reduces to

p2

τ1−β
C
0D

β

t

(
θ + ε0

∂u
∂x

)
=
∂2θ

∂x2 , (3.10)

which leads to the temperature solution on the form

θβ (x, t) = Θ0

√
p2 (1 + ε0)
4πτ1−βtβ

H2,0
1,2

 p2 (1 + ε0) x2

4τ1−βtβ

∣∣∣∣∣∣∣
(
1 − β

2 , β
)

(0, 1) ,
(

1
2 , 1

)  , t → 0. (3.11)

The existence of the thermomechanical coupling ε0 , 0, which results from the influence of
mechanical variables on temperature fluctuations, is the crucial element of the closed-form solutions
(3.8) and (3.9) for short time domain and (3.11) for very small values of time. In the absence of this
effect, i.e., ε0 = 0, Eq (3.8) reduces to the solution of the bi-fractional diffusion equation of the natural
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type [20, 51, 54]. However, the solution (3.8) and (3.9) when ε0 = 0 was claimed as exact
solution [54]. Here we subdivide the solutions to short-time domain solution and long-time-domain
solution as we shall validate this claim in the next section.

The displacement for the short-time domain can be derived by solving Eq (2.36) together with the
solution (3.8) and (3.9). Firstly, by integrating both sides of (2.36) over the interval (−∞, x], we obtain

u (x, t) = U−∞ (t) +

∫ x

−∞

θ (ξ, t)dξ, (3.12)

where U−∞ (t) = u (−∞, t) is the time-dependent boundary condition at x → −∞. We may choose the
following generic function

U−∞ (t) = U−∞exp (−at) cos (bt), (3.13)

noting that U−∞ (0) = u (−∞, 0) = U−∞ agrees well with the initial condition (2.39). Secondly, the
integral in (3.12) can be subdivided into

∫ x

−∞
θ (ξ, t)dξ =

∫ 0

−∞
θ (ξ, t)dξ +

∫ x

0
θ (ξ, t)dξ, where the first

integral can be evaluated from (2.44) as

u (x, t) = U−∞exp (−at) cos (bt) +
Θ0

2
H (t) +

∫ x

0
θ (ξ, t)dξ. (3.14)

The integral of (3.14) can be calculated by using the Euler transform of the Fox H-function (A.9)
when one incorporates the short-time domain solution (3.8) and (3.9). We finally obtain the short-time
domain exact form for the displacement as

u (x, t) = U−∞exp (−at) cos (bt) +
Θ0

2
H (t)

+Θ0

√
p2 (1 + ε0)
4πτ1−βtβ

sign (x) |x|
{

us1 (x, t) +
p1

p2

( t
τ

)β−α
us2 (x, t)

}
, t < τ, (3.15)

where us1 (x, t) and us2 (x, t) are given by

us1 (x, t) =

∞∑
n=0

(−1)n

n!

[
p1

p2

( t
τ

)β−α]n

H2,1
2,3

 p2 (1 + ε0) x2

4τ1−βtβ

∣∣∣∣∣∣∣ (0, 2) ;
(
1 + (β − α) n − β

2 , β
)

(0, 1) ,
(

1
2 + n, 1

)
; (−1, 2)

,
us2 (x, t) =

∞∑
n=0

(−1)n

n!

[
p1

p2

( t
τ

)β−α]n

H2,1
2,3

 p2 (1 + ε0) x2

4τ1−βtβ

∣∣∣∣∣∣∣ (0, 2) ;
(
1 + (β − α) (n + 1) − β

2 , β
)

(0, 1) ,
(

1
2 + n, 1

)
; (−1, 2)

. (3.16)

Also, we can derive the displacement solution which is valid for the very small values of time
t → 0 by inserting the temperature solution θβ (x, t) given by (3.11) into (3.14) and applying the Euler
transform relation (A.9), we obtain

uβ (x, t) = U−∞exp (−at) cos (bt) +
Θ0

2
H (t)

+Θ0

√
p2 (1 + ε0)
4πτ1−βtβ

H2,1
2,3

 p2 (1 + ε0) x2

4τ1−βtβ

∣∣∣∣∣∣∣ (0, 2) ;
(
1 − β

2 , β
)

(0, 1) ,
(

1
2 , 1

)
; (−1, 2)

 , t → 0.(3.17)
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It is worth noting that θβ (x, t) can be extracted from (3.8), and uβ (x, t) can be obtained from (3.15)
by setting p1 = 0. The following limits hold true

lim
t→0

θ (x, t) = θβ (x, t) , lim
t→0

u (x, t) = uβ (x, t) . (3.18)

From a mathematical point of view, deriving the intermediate- and long-time domain temperature
solution from (3.5) by following similar steps to the above is problematic since we encounter the
inverse Laplace of the term

L −1

 sα(n+1)−((α−β)n+1)(
sα + τ1−α

p1(1+ε0)ω
2
)n+1

 ,
where ((α − β) n + 1) < 0 for n ≥ 1, which contradicts the requirement of Eq (A.2). This controversial
step can be skipped by applying the transformations (3.6) in an intuitive way, we finally get the
temperature solution for the intermediate and large values of time as

θ (x, t) = Θ0

√
p1 (1 + ε0)
4πτ1−αtα

{
θl1 (x, t) +

p2

p1

( t
τ

)α−β
θl2 (x, t)

}
, t > τ, (3.19)

where θl1 (x, t) and θl2 (x, t) are given as

θl1 (x, t) =

∞∑
n=0

(−1)n

n!

[
p2

p1

( t
τ

)α−β]n

H2,0
1,2

 p1 (1 + ε0) x2

4τ1−αtα

∣∣∣∣∣∣∣
(
1 + (α − β) n − α

2 , α
)

(0, 1) ,
(

1
2 + n, 1

) ,
θl2 (x, t) =

∞∑
n=0

(−1)n

n!

[
p2

p1

( t
τ

)α−β]n

H2,0
1,2

 p1 (1 + ε0) x2

4τ1−αtα

∣∣∣∣∣∣∣
(
1 + (α − β) (n + 1) − α

2 , α
)

(0, 1) ,
(

1
2 + n, 1

) . (3.20)
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Figure 2. The short-time temperature solution (3.8)-(3.9) at different positions (red curve)
and the temperature solution (3.11) of fractional thermoelasticity theory that utilizes the
generalized thermal energy balance equation (3.10) (black dashed curve) on the log-log scale.
(a) x = 0; (b) x = 0.1; (c) x = 0.5.
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Figure 3. The long-time temperature solution (3.19)-(3.20) at different positions (red curve)
and the temperature solution (3.21) of fractional thermoelasticity theory (black dashed curve)
on the log-log scale. (a) x = 0; (b) x = 1; (c) x = 3.
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Figure 4. Temporal evolution of the short-time and the long-time temperature solutions
(3.8)-(3.9) and (3.19)-(3.20), respectively, at different positions: (a) x = 0; (b) x = 0.1; (c)
x = 0.5.

In addition, the temperature solution for the very large values of time t → ∞ is given by applying
the transformations (3.6) on (3.11), we get

θα (x, t) = Θ0

√
p1 (1 + ε0)
4πτ1−αtα

H2,0
1,2

 p1 (1 + ε0) x2

4τ1−αtα

∣∣∣∣∣∣∣
(
1 − α

2 , α
)

(0, 1) ,
(

1
2 , 1

)  , t → ∞. (3.21)

Finally, the displacement for the intermediate- and long-time domains is given as

u (x, t) = U−∞exp (−at) cos (bt) +
Θ0

2
H (t)

+Θ0

√
p1 (1 + ε0)
4πτ1−αtα

sign (x) |x|
{

ul1 (x, t) +
p2

p1

( t
τ

)α−β
ul2 (x, t)

}
, t > τ, (3.22)
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where ul1 (x, t) and ul2 (x, t) are given by

ul1 (x, t) =

∞∑
n=0

(−1)n

n!

[
p2

p1

( t
τ

)α−β]n

H2,1
2,3

 p1 (1 + ε0) x2

4τ1−αtα

∣∣∣∣∣∣∣ (0, 2) ;
(
1 + (α − β) n − α

2 , α
)

(0, 1) ,
(

1
2 + n, 1

)
; (−1, 2)

,
ul2 (x, t) =

∞∑
n=0

(−1)n

n!

[
p2

p1

( t
τ

)α−β]n

H2,1
2,3

 p1 (1 + ε0) x2

4τ1−αtα

∣∣∣∣∣∣∣ (0, 2) ;
(
1 + (α − β) (n + 1) − α

2 , α
)

(0, 1) ,
(

1
2 + n, 1

)
; (−1, 2)

. (3.23)

For the very large values of time, t → ∞, the displacement is given by

uα (x, t) = U−∞exp (−at) cos (bt) +
Θ0

2
H (t)

+Θ0

√
p1 (1 + ε0)
4πτ1−αtα

H2,1
2,3

 p1 (1 + ε0) x2

4τ1−αtα

∣∣∣∣∣∣∣ (0, 2) ;
(
1 − α

2 , α
)

(0, 1) ,
(

1
2 , 1

)
; (−1, 2)

 , t → ∞. (3.24)

It is evident from the long-time domain solutions that θα (x, t) can be extracted from (3.19) and (3.20),
and uα (x, t) can be obtained from (3.22) by setting p2 = 0.

4. Numerical discussions

This part discusses the closed-form formulas of temperature θ (x, t), hydrostatic stress σH (x, t),
and displacement u (x, t) derived in the preceding section. For this goal, we utilize the series
expansion (A.6) for representing the Fox H-function in the above solutions. The Fox H-function of
the temperature short-time domain solution (3.8)-(3.9) and the temperature long-time domain solution
(3.19)-(3.20) can be represented in terms of the elementary gamma function as

H2,0
1,2

z ∣∣∣∣∣∣ (a1, A1)
(0, 1) ,

(
1
2 + n, 1

)  =

∞∑
ν=0

(−z)ν

ν!

Γ
(

1
2 + n − ν

)
Γ (a1 − A1ν)

+ z
1
2 +n

Γ
(
−1

2 − n − ν
)

Γ
(
a1 − A1

((
1
2 + n + ν

))). (4.1)

On the other hand, the Fox H-function of the displacement short-time domain solution (3.15) and
(3.16), and the displacement long-time domain solution (3.22) and (3.23) can be represented in terms
of the elementary gamma function as

H2,1
2,3

z ∣∣∣∣∣∣ (0, 2) ; (a1, A1)
(0, 1) ,

(
1
2 + n, 1

)
; (−1, 2)

 =

∞∑
ν=0

(−z)ν

ν!

 Γ
(

1
2 + n − ν

)
(1 + 2ν) Γ (a1 − A1ν)

+ z
1
2 +n

Γ
(
−1

2 − n − ν
)

2 (1 + n + ν) Γ
(
a1 − A1

((
1
2 + n + ν

))). (4.2)

We select the copper material (Cu) with the thermophysical properties at room temperature 300 K
for the numerical simulations:

ε0 = 0.0168, δ0 = 0.5013, c1η = 3.695 × 107m−1, c2
1η = 1.536 × 1011sec−1. (4.3)
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Furthermore, we assign the following values for the dimensionless constants τ, Θ0 and U−∞ :

τ = 0.1, Θ0 = 1, U−∞ = 1. (4.4)

Unless specified differently, we select the following model parameters for our computations:

α = 0.3, β = 0.8, p1 = p2 = 0.5. (4.5)

The series (3.8)-(3.9) and (3.19)-(3.20) with the H-function representation (4.1) are directly
implemented to numerically calculate the temperature in the short-time and in the long-time domains,
respectively. On the other hand, the series (3.15)-(3.16) and (3.22)-(3.23) with the H-function
representation (4.2) are used directly to compute the displacement numerically in the short- and
long-time domains, respectively. The summations are carried out over the range of 0 to 50, meaning
that all series have been truncated in the fifty-first term for all computations. Convergence was
verified by increasing the number of terms up to 80, 100, and 120, with no significant changes in the
results. However, for a significantly larger number of terms (beyond 150), numerical divergence is
observed due to instability and accumulation of round-off errors. Therefore, the adopted truncation
ensures both accuracy and stability of the computed results. Namely, the collocation technique is
adopted due to its compatibility with the semi-analytical series solution and its efficiency in handling
unbounded domains. Unlike domain-based numerical methods such as the finite element method,
which require artificial truncation of the domain, the present approach avoids such approximations
and provides accurate results with reduced computational effort. In Figure 2, we compare the
temperature solution in the short-time domain, (3.8)-(3.9), with the temperature solution (3.11), which
can be derived from (3.8) and (3.9) by setting p1 = 0, at different positions x = 0, 0.1, and 0.5.
Because the solution (3.8) and (3.9) is a part of a generic solution emulating a crossover thermal
conduction phenomenon from a relatively high thermal conductivity κβ in the short-time domain to a
relatively low thermal conductivity κα in the long-time domain, it coincides well with the temperature
solution (3.11) as t → 0, which agrees with the limit (3.18). In Figure 3, a similar comparison is
carried out between the long-time domain temperature solution (3.19)-(3.20) at different positions
x = 0, 1, and 3, and the temperature solution θα (x, t), in (3.21), which uses the thermal energy balance
equation

p1

τ1−α
C
0D

α

t

(
θα + ε0

∂uα
∂x

)
=
∂2θα
∂x2 , (4.6)

with a single fractional derivative of order α, and can be derived from (3.19)-(3.20) by putting p2 = 0.
The coincidence between the two solutions at the very large values of time is clear and suggests the
limit limt→∞ θ (x, t) = θα (x, t).

In Figure 4, we represent the temporal evolution of both the short-time domain temperature solution
(3.8) and (3.9) and the long-time domain temperature solution (3.19) and (3.20) at different positions
x = 0, 0.1, and 0.3. It is evident from all positions, Figure 4a–c, that the short-time solution (3.8)-(3.9)
starts to diverge for t > 0.9, and the long-time solution starts to diverge for t < 1, in other words,
the time interval (0.9, 1) can not exactly predicted using the derived solution and there is always a
difference between the two solutions at any point inside this interval. In fact, this time interval is
correlated to the auxiliary functions in Figure 1, and to the turning point <{s} = 10, which is in turn
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determined based on the selection of the characteristic time τ, i.e., τ = 0.1. In a previous study [44],
when the characteristic time is set to τ = 1, the turning point is <{s} = 1, and the discontinuity
point is at t = 15. It should be emphasized that the apparent discontinuity in the interval (0.9, 1) is
not physical. The thermoelastic fields are expected to remain continuous in time. The observed gap
arises from the use of separate asymptotic solutions valid in the short-time and long-time domains. In
the intermediate region, neither approximation is sufficiently accurate, leading to a loss of numerical
reliability. This limitation is inherent to the asymptotic approach rather than the underlying model.
More refined techniques, such as numerical inversion of the Laplace transform or hybrid approximation
schemes, may be employed in future work to obtain a uniformly valid solution.
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Figure 5. Spatial distribution of the displacement u (x, t) at different values of
the dimensionless time t compared with the displacement calculated by fractional
thermoelasticity with a single fractional derivative, i.e., Eq (3.17), or Eqs (3.15)–(3.16) with
p1 = 0, p2 = 0.5, and Eq (3.24) or Eqs (3.22)–(3.23) with p1 = 0.5, p2 = 0. The selection
a = 0 and b = 0 is considered. The fractional parameters are chosen as α = 0.3, β = 0.8. (a)
t = 0.0001; (b) t = 0.001; (c) t = 0.01; (d) t = 0.1; (e) t = 0.5; (f) t = 1; (g) t = 5; (h) t = 10.

The spatial distribution of displacement at different instants of time are presented in Figure 5. We
compare the displacement solutions for short-time domain (3.15) and (3.16), and for long-time domain
(3.22) and (3.23), with the displacement solutions of the fractional theory of thermoelasticity with a
single fractional derivative of order β, refer to uβ (x, t) in (3.17), or a single fractional derivative of order
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α refer to uα (x, t) in (3.24). The red curves in the subplots of Figure 5a–e are drawn using the short-
time domain solution (3.15) and (3.16), whereas the red curves in Figure 5f–h are drawn using the
long-time domain solution (3.22) and (3.23). The temporal crossover behavior of the red curve from
the short-time domain, in which it matches with the dashed curve uβ (x, t), to the long-time domain,
in which it coincides with the dotted curve uα (x, t), is evident and emphasizes the main peculiarity of
the proposed model. It is noticed that the limit limt→∞ u (x, t) = uα (x, t) holds true. Furthermore, we
consider in Figure 5 the infinite boundary condition with unity (U−∞ = 1) where we choose a = 0 and
b = 0, i.e., neglecting the effect of damped wave boundary condition. This choice reduces Eq (3.14) to

u (x, t) =
3
2

+

∫ x

0
θ (ξ, t)dξ, t ≥ 0. (4.7)
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Figure 6. Temporal evolution of the short-time and the long-time displacement solutions
(3.15)-(3.16) and (3.22)-(3.23), respectively, at different positions: (a) x = 0.1; (b) x = 0.3;
(c) x = 0.5.

Therefore, using the normalization condition (2.44), we have that u (−∞, t) = 1, u (0, t) = 3/2, and
u (∞, t) = 2, i.e., the displacement curve tends to be step-like shape. This behavior is due to neglecting
the mechanical wave, or in other words, the quasistatic assumption. On the other hand, to explore the
temporal range in which both displacement solutions in the short-time domain (3.15) and (3.16), and
in the long-time domain (3.22) and (3.23), are effective, we study their temporal evolution in Figure 6,
at different positions x = 0.1, 0.3, and 0.5. as predicted from the temperature solution, refer to Figure
4, Figure 6 shows that the displacement solution for short-time domain may diverge for t > 0.9, and
the displacement solution for the long-time domain may diverge for t < 1, namely, the displacement
can be barely drawn on the interval (0.9, 1).

The displacement contours along the spatial domain (−5, 5) and on the temporal domain (0.001, 50)
is presented in Figure 7 for different values of the damping factor a and the frequency b. Figure 7
a exhibits the displacement contour on the spatio-temporal domain, as the case in Figure 5, wherein
both the damping factor and the frequency are disregarded so that the displacement is always passing
from u (−∞, t) = 1 to u (∞, t) = 2, through u (0, t) = 3/2. The damping factor is set to a = 0.1 in
Figure 7 b, and its effect is clear as the time prolongs. Figure 7 c represents the displacement contours
when the boundary condition is an undamped cosinusoidal wave, i.e., a = 0 and b = 1, and Figure 7
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d represents the displacement contours when the boundary condition is a damped cosinusoidal wave,
i.e., a = 0.1 and b = 1. The effect of the infinite boundary condition on the elastic medium is due
to the absence of finite mechanical wave speed. If the dynamic theory is considered in a future study,
obtaining such results will be impossible. The displacement directions are predicted to be changed
with the boundary condition (3.13). In Figure 8, we show how the direction of the displacement may
be changed in the case of damped and undamped cosinusoidal boundary condition. In Figures 8a,b, in
which the oscillation frequency is set to zero, the displacement direction is fixed.

Figure 7. Displacement contours computed from both the short-time and the long-time
solutions (3.15)-(3.16) and (3.22)-(3.23), respectively, for different values of the damping
coefficient a and the frequency b. (a) a = 0 and b = 0; (b) a = 0.1 and b = 0; (c) a = 0 and
b = 1; (d) a = 0.1 and b = 1.
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Figure 8. Displacement vectors computed from both the short-time and the long-time
solutions (3.15)-(3.16) and (3.22)-(3.23), respectively, for different values of the damping
coefficient a and the frequency b. (a) a = 0 and b = 0; (b) a = 0.1 and b = 0; (c) a = 0 and
b = 1; (d) a = 0.1 and b = 1.
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Figure 9. Effect of the thermoelastic coupling ε0 on the hydrostatic stress (2.38) and the
displacement at the dimensionless time t = 0.5, and at three different values of ε0, ε0 = 0,
0.2, and 0.5: (a) Hydrostatic stress; (b) Displacement.
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Figure 10. Comparison between the proposed model of decelerating thermal conduction with
low thermal conduction α = 0.3, β = 0.3, decelerating thermal conduction α = 0.3, β = 0.8,
relatively high thermal conduction α = 0.8, β = 0.8, and the classical model of Fourier
thermal conduction α = 1, β = 1: (a) Temperature; (b) Displacement.

The effect of the thermoelastic coupling ε0 on the hydrostatic stress and the displacement is studied
in Figure 9. Three different values for ε0 are proposed, ε0 = 0, 0.2, 0.5. The case ε0 = 0 represents the
uncoupled theory in which the mechanical effect on the thermal energy is neglected. The hydrostatic
stress σH (x, t = 0.5) is computed from (2.38) which requires the temperature solution for short-time
domain (3.8) and (3.9). As ε0 increases, the mechanical effect on the thermal wave increases the
hydrostatic stress inside the medium and thereby increases the deformation as displacement exhibits in
Figure 8 b. it is salient that the discontinuity of the stress disappears due to the quasistatic assumption.

In the limiting case where the fractional orders tend to unity, the proposed model reduces to the
classical Fourier heat conduction equation. In Figure 10, we compare four regimes of heat transfer:
(a) Low thermal conduction α = 0.3, β = 0.3, (b) decelerating thermal conduction α = 0.3, β = 0.8,
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(c) relatively high thermal conduction α = 0.8, β = 0.8, and (d) classical model of Fourier thermal
conduction α = 1, β = 1, see recent examples in [55, 56]. The universality of the proposed model
stems from its ability to capture more than one regime of thermal conduction. The classical Fourier
is clearly the fame bell-shaped of the normal distribution. The numerical results confirm that the
fractional solutions converge smoothly to the classical solution, demonstrating the consistency of the
formulation.

Figure 11. The temporal-spatial evolution of temperature governed by four regimes of
thermal conduction: (a) Low thermal conduction α = 0.3, β = 0.3, (b) Decelerating thermal
conduction α = 0.3, β = 0.8, (c) relatively high thermal conduction α = 0.8, β = 0.8, and
(d) Classical model of Fourier thermal conduction α = 1, β = 1.

For further depiction of the nature of the temperature governed by the proposed crossover model, in
Figure 11, the temperature evolution over the spatial domain (−3, 3) and the temporal domain (0, 10)
is represented for four regimes of heat transfer that can be modeled using the proposed model: (a)
Low thermal conduction α = 0.3, β = 0.3, (b) decelerating thermal conduction α = 0.3, β = 0.8,
(c) relatively high thermal conduction α = 0.8, β = 0.8, and (d) classical model of Fourier thermal
conduction α = 1, β = 1.
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5. Summary

In this work, we have suggested an unfamiliar generalized Fourier constitutive law of
distributed-order Riemann-Liouville integral. Using a specific choice of the weight function, we
obtain a bi-fractional Fourier constitutive law including two Riemann-Liouville integrals with distinct
orders. The considered constitutive law is phenomenologically and numerically shown to simulate
heat conduction situations with a transitional behavior from a relatively high thermal conductivity κβ
in the short-time domain to a relatively low thermal conductivity κα in the long-time domain, namely,
a decelerating thermal conduction. Moreover, we have studied the effect of this transitional behavior
of thermal conduction on the deformation of unbounded perfectly elastic domain by deriving exact
solutions for the displacement. For making the problem more tractable, we consider the quasistatic
theory of thermoelasticity in which the inertial term %∂2u/∂t2 is absent.

We have considered two groups of initial conditions. One of them imposes zero initial-state on
the stress, and the other imposes zero initial-state on the cubical dilation. We found that the zero
initial-state on the cubical dilation contradicts the quasistatic assumption, for this reason, the second
group was excluded from the analysis. Although the initial conditions suggested in the first group were
sufficient for establishing the temperature solution, an extra boundary condition at x → −∞ is found
to be necessary for the displacement solution to ensure generality.

The idea of conditional solutions, as introduced in [51], has been generalized in this study to obtain
two different solutions; one is applicable for small values of time (t ≤ 0.9), and the second is applicable
for intermediate and large values of time (t ≥1). Although the adopted approach enables us to address
a wide time range, there is an interval (0.9, 1) contains discontinuous point between the two solutions,
and the solution can be barely computed inside this interval after maneuvers to search for and avoid
the discontinuity point.

The key finding of the present study is depicted in Figure 5, which illustrates that the displacement
of the medium reflects the same temporal crossover behavior, shifting from the displacement caused
by the high thermal conduction during the very small time values to the displacement caused by the
low thermal conduction during the very large time values, indicating a trend of decelerating
deformation of the elastic medium. The suggested model of thermoelasticity with decelerating
thermal conduction is currently in its initial phases and requires further application and testing. In
future plans, we will apply this model to different geometries, and composite materials. Moreover, the
inertial term %∂2u/∂t2 should be considered in the presence of such a decelerating crossover. The
sensitivity analysis indicates that the thermoelastic coupling parameter ε0 has a pronounced effect on
both the qualitative and quantitative behavior of the solution, whereas the remaining parameters, δ0

and Θ0, mainly influence the amplitude of the temperature and displacement fields without modifying
the overall trends.

Appendix

A. Special functions

Here, we summarize the special functions used throughout the paper. We begin with the Mittag-
Leffler function with three parameters Eγ

α,β (·), known also as the Prabhakar generalization of Mittag-
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Leffler function (PML), and defined as [57, 58]

Eγ
α,β (z) =

∞∑
n=0

(γ)n

Γ(αn + β)
zn

n!
, z ∈ C, <{α} , <{β} ,<{γ} > 0, (A.1)

where (γ)nis the ascending Pochhammer symbol defined by (γ)0 = 1, (γ)n = γ (γ + 1) · · · (γ + n − 1) =
Γ(γ+n)

Γ(γ) . The Laplace transform of the generalized Mittag-Leffler function is provided by

L −1
{

sαγ−β

(sα + λ)γ

}
= tβ−1Eγ

α,β (−λtα) , <{α} , <{β} ,<{γ} > 0. (A.2)

The generalized Mittag-Leffler function is defined through the following relation

Eγ
α,β (−z) =

1
Γ (γ)

H1,1
1,2

[
z

∣∣∣∣∣∣ (1 − γ, 1)
(0, 1) , (1 − β, α)

]
, (A.3)

where Hm,n
p,q [·] is the Fox H-function defined in terms of the Mellin-Barnes integral [59] as

Hm,n
p,q

[
x

∣∣∣∣∣∣ (a1, A1) , · · · , (ap, Ap)
(b1, B1) , · · · , (bq, Bq)

]
=

1
2πı

∫
Ω

Θ (s) xs ds, (A.4)

m, n, p, and q are integers satisfying 0 ≤ n ≤ p, 1 ≤ m ≤ q, ai, b j ∈ C, Ai, B j ∈ R+, i = 1, · · · , p,
j = 1, · · · , q, and the function Θ (s) is given by

Θ (s) =

∏m
j=1 Γ(b j − B js)

∏n
j=1 Γ(1 − a j + A js)∏q

j=m+1 Γ(1 − b j + B js)
∏p

j=n+1 Γ(a j − A js)
, (A.5)

where Γ(·) is the Gamma function. The contour Ω on the right-hand side of Eq (A.4) separates the
poles of Γ(b j + B js), j = 1, · · · ,m from the poles of Γ(1 − ai − Ais), i = 1, · · · , n.

If the poles of
∏m

j=1 Γ(b j − B js) are simple, the following series expansion holds true

Hm,n
p,q

x

∣∣∣∣∣∣∣
(
ap, Ap

)(
bq, Bq

)  =

m∑
h=1

∞∑
ν=0

(−1)νx
bh+ν

Bh

ν!Bh
×

×

∏m
j=1, j,h Γ

(
b j − B j

bh+ν
Bh

)∏n
j=1 Γ

(
1 − a j + A j

bh+ν
Bh

)
∏q

j=m+1 Γ
(
1 − b j + B j

bh+ν
Bh

)∏p
j=n+1 Γ

(
a j − A j

bh+ν
Bh

) (A.6)

The inverse Fourier transform of the H -function H1,1
1,2

[
a|ω|δ

]
is given by (derived in [51])

F −1
{
|ω|λH1,1

1,2

[
a|ω|δ

∣∣∣∣∣∣ (−n, 1)
(0, 1) ; (β, γ)

]}
(x)

=
1

√
4πa

λ+1
δ

H2,1
2,3

 |x|δ2δa

∣∣∣∣∣∣∣
(
1 − λ+1

δ
, 1

)
;
(
1 − β − λ+1

δ
γ, γ

)(
0, δ2

)
,
(
1 + n − λ+1

δ
, 1

)
;
(

1
2 ,

δ
2

)  , (A.7)

where ω is the Fourier parameter, a, γ, δ ∈ R+, β, n ∈ C, and λ ∈ R+ ∪ {0}.
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The following reduction property is employed throughout the paper, refer to relation [(1.56), p. 11
in [59]]

Hm,n
p,q

x

∣∣∣∣∣∣ (a1, A1) , · · · , (ap, Ap)
(b1, B1) , · · · ,

(
bq−1, Bq−1

)
, (a1, A1)


= Hm,n−1

p−1,q−1

x

∣∣∣∣∣∣ (a2, A2) , · · · , (ap, Ap)
(b1, B1) , · · · ,

(
bq−1, Bq−1

)  , (A.8)

provided that n ≥ 1 and q > m.
We introduce the Euler transform of the Fox H-function, [see p. 59 in [59]], as follows

∫ t

0
xρ−1(t − x)σ−1Hm,n

p,q

bxk

∣∣∣∣∣∣∣
(
ap, Ap

)(
bq, Bq

) dx

= tρ+σ−1Γ (σ) Hm,n+1
p+1,q+1

btk

∣∣∣∣∣∣∣ (1 − ρ, k) ,
(
ap, Ap

)(
bq, Bq

)
, (1 − ρ − σ, k)

 , (A.9)

where ρ, σ, b ∈ C, and k > 0.
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