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Abstract: This paper employed an extended G′
G -expansion method to investigate the conformal

fractional Newell-Whitehead-Segel equation. By applying a traveling-wave transformation, we derive
three types of analytical solutions that describe this fractional equation, thereby providing a useful
theoretical foundation and intuitive interpretation for understanding its dynamical behavior. Analysis
of the obtained solutions revealed that when both spatiotemporal orders approach 1, the regularity of
the solutions becomes highly complex in a specific region. However, when one of the parameters λ
or µ is taken as 1 and the other as 0, the regularity region is significantly improved. Furthermore, the
comparison showed that the regularity becomes worse as λ+µ2 increases. The corresponding contour
plots serve as a clear supplement to the complex variations in regularity. We also considered the
influence of the parameter k on the solutions: larger values of k lead to more singularities in the
solutions and increase the likelihood of blow-up, while smaller values of k reduce singularities and
promote the global existence of the solutions.
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1. Introduction

In science and engineering, partial differential equations (PDEs) are ubiquitous and play a crucial
role in modeling and analyzing many complex phenomena. Typical examples include elliptic and
parabolic equations from mathematics, hyperbolic equations describing string vibrations, and the
Navier-Stokes equations governing fluid motion. Over the past decades, the study of these equations

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026467


11348

has developed into a rich theoretical framework. Researchers have employed tools such as a priori
estimates, variational methods, continuity methods, and the moving-plane method to systematically
investigate fundamental issues including existence and uniqueness of solutions, asymptotic behavior,
multiplicity of solutions, regularity, and maximum principles. These advances provide a solid
theoretical foundation for further research on integer-order PDEs.

However, space-time fractional partial differential equations offer distinctive advantages for
modeling real-world dynamical processes. Therefore, it is important to develop theories and
analytical methods tailored to fractional-order equations. One representative example is the
Newell-Whitehead-Segel equation (NWSE) [10, 18, 27, 32, 38], an important class of
reaction-diffusion equations that originated in the study of Turing pattern formation. It describes the
dynamical process in systems far from equilibrium, such as heated fluids or chemical reaction
systems, where diffusion driven instability interacts with nonlinear reactions, leading to the
spontaneous emergence of stable spatial stripe patterns from a homogeneous state. The equation can
be written as

k
∂u(x, t)
∂t

− a
∂2u(x, t)
∂x2 + bup(x, t) − u(x, t) = 0, (1.1)

where k, a, and b are constants. Specifically, the parameter k typically represents the system’s
response rate to temporal changes or the damping of the magnitude. If viewed in the context of
generalized heat or diffusion equations, k is sometimes analogous to heat capacity or a time constant.
A large k indicates greater temporal inertia of the system, meaning its state changes more sluggishly
over time; a smaller k implies a faster response to changes. As k → 0, the system’s time dependence
vanishes, and it instantaneously reaches a steady state. Physically, this corresponds to an
approximation that neglects the temporal inertia term. Parameter a is the diffusion coefficient. It
determines the smoothing capability or propagation speed of the physical quantity in space. If a > 0,
the equation is parabolic, exhibiting a smoothing effect where local Gaussian disturbances broaden
over time. In pattern formation dynamics, the magnitude of a dictates the range of interaction. A large
a leads to smoother, larger-scale spatial structures, while a smaller a allows for the emergence of
sharp gradients (such as spikes). Parameter b is the nonlinear coefficient, which usually represents the
strength of the nonlinear source term. When b > 0, it denotes a growth term or activation term; when
b < 0, it represents a consumption term or inhibition term. Here, u(x, t) represents the distribution
function (or concentration) of particles along the spatial coordinate x in a liquid or solid medium. The
term ∂u

∂t describes the temporal variation of u, while the diffusion term ∂2u
∂x2 captures spatial spreading

and smoothing. The linear term u represents a linear growth, whereas −bup accounts for nonlinear
reaction effects. In particular, the nonlinear term acts as a saturation mechanism that prevents
unbounded growth of solutions and plays a crucial role in pattern stabilization. Equation (1.1) is also
referred to as the NWSE. Local existence of solutions can be established via the Banach fixed-point
theorem; see [20, 48, 49, 51] for details. With suitable a priori estimates, one can further obtain global
solutions. As k → 0, the equation degenerates into an elliptic equation. For studies of the limiting
process from the parabolic case to the elliptic one, see [17, 46]. Moreover, if |a| is sufficiently large
and ab < 0, the mountain pass theorem [6, 22] can be used to obtain nontrivial solutions u(x) , 0
of (1.1). Here, we provide a simplified proof.
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In fact, we assume that (1.1) takes the following form:

−
∂2u(x)
∂x2 = mup(x) + nu(x), (1.2)

where m = −b
a > 0, n = 1

a ≪ 1. Suppose that x ∈ [a1, a2] := I, where a1, a2 ∈ R and I is an interval.
Let E = W1,2

0 (I) and define the function

J(u) =
1
2

∫ a2

a1

∣∣∣∣∣∂u∂x
∣∣∣∣∣2 dx −

m
p + 1

∫ a2

a1

up+1dx −
n
2

∫ a2

a1

u2dx. (1.3)

Obviously, J(0) = 0. Applying Young’s inequality in (1.3), we can obtain

J(u) ≥
1
2
∥u∥2E −

m
p + 1

∥u∥p+1
p+1 −

C1n
2
∥u∥2E

≥
1 −C1n

2
∥u∥2E −

m
p + 1

∥u∥p+1
p+1

≥
1 −C1n

2
∥u∥2E

(
1 −

2m
(p + 1)(1 −C1n)

∥u∥p−1
E

)
.

Since |a| is large enough, it can ensure that 1−C1n
2 > 0. Taking ρ =

[
(p+1)(1−C1n)

4m

] 1
p−1 , we have

J(u) ≥
1 −C1n

4
ρ2 := α > 0 as ∥u∥E = ρ.

Thus, we get J
∣∣∣
∂Bρ(0)

= α > 0.
On the other hand, we can obtain

J(tu) ≥
t2

2

∫ a2

a1

∣∣∣∣∣∂u∂x
∣∣∣∣∣2 dx −

mtp+1

p + 1

∫ a2

a1

|u|p+1dx −
nt2

2

∫ a2

a1

|u|2dx→ −∞ as t → +∞.

Thus, there exists t > ρ such that
J(tu) ≤ 0.

This proves that there is an e = tu ∈ E\Bρ(0) satisfying I(e) ≤ 0.
In the end, we prove that J satisfies the Palais-Smale condition. Suppose that {um} ⊂ W1,2

0 (I) satisfies

|J(um)| ≤ M, m = 1, 2, · · · ,

J′(um)→ 0, in
(
W1,2

0 (I)
)∗ as m→ ∞.

(1.4)

Next, we only need to show that {um} is bounded in W1,2
0 (I). Using the second condition of (1.4), there

is m0 ∈ N such that
∥J′(um)∥ ≤ 1 as m ≥ m0.

Therefore, we have
|⟨J′(um), ϕ⟩| ≤ ∥ϕ∥W1,2

0 (I) ∀ϕ ∈ W1,2
0 (I), m ≥ m0.

AIMS Mathematics Volume 11, Issue 4, 11347–11371.



11350

Thus, we can apply (1.4) to obtain

( p
2
− 1

)
∥um∥

2
E = pJ(um) − ⟨J′(um), um⟩ −

n(p − 1)
2

∫ a2

a1

u2
mdx

≤ p|J(um)| + ∥um∥E +

∫ a2

a1

max
x∈I, |um |≤r

u2
mdx

≤ pM + ∥um∥E +C2 as m ≥ m0.

Using the Young’s inequality for the above equation, we can obtain

∥um∥ ≤ C3,

where C2,C3 are positive constants. Therefore, using the mountain path theorem, it is known that the
functional has a critical value c and there exists a critical point u ∈ E such that J′(u) = 0. That is,

⟨J′(u), ϕ⟩ =
∫ a2

a1

[
uxϕx −

∫ a2

a1

(mup + nu)dx = 0.

Thus, Eq (1.2) has a weak solution u ∈ W1,2
0 (I) and J(u) = c ≥ α > 0. We get u , 0, hence, u is a

nontrivial solution.
With the introduction of the conformable fractional derivative defined in Section 2, the classical

derivative is recovered as the special case where λ = µ = 1. Consequently, this derivative exhibits
richer properties that merit further investigation. As a result, researchers moved beyond integer-order
models and widely adopted fractional derivatives to reformulate the NWSE. The conformable space-
time fractional version of the model can be expressed as follows:

kDµt u(x, t) − aDλxxu(x, t) + bup(x, t) − u(x, t) = 0, (1.5)

where k, a, b > 0, p = 3, and the parameters λ, µ ∈ (0, 1].
The introduction of the conformable fractional derivative renders most of the analytical techniques

and tools from the classical Sobolev space framework inapplicable. This necessitates the development
of specialized methods and techniques, leading to a wealth of outstanding research achievements.
For instance, methods for handling common fractional derivatives can be found in [2–4, 8, 14, 15,
23, 26, 30, 33, 35, 40, 41, 43, 44, 52, 56], studies on the Riemann-Liouville derivative are available in
[9, 24, 28, 34, 37], and works on the Caputo derivative are referenced in [1, 5, 11, 36, 39]. Here, we
introduce a G′

G -expansion method particularly suited for solving such problem in [21, 53], which has
become a widely used approach for deriving exact solutions of fractional-order equations of the form
above. Numerous related works have appeared; see [7, 12, 13, 16, 29, 31, 42, 45, 50, 54, 55, 57–59].
Recently, the analytical properties, bifurcation, sensitivity, and chaotic behavior of the fractional Klein-
Gordon equation were investigated in [19].

The remainder of this paper is organized as follows. In Section 2, we present the definition of
the conformable fractional derivative and the analytical solution process for the NWSE. Based on the
exact solutions obtained, numerical simulations and analyses are carried out in Section 3. Finally, a
qualitative description of the solutions is provided through the corresponding graphical illustrations.

AIMS Mathematics Volume 11, Issue 4, 11347–11371.



11351

2. Method of the conformable fractional Newell-Whitehead-Segel equation

2.1. Conformable fractional derivatives

We begin by recalling the definition of conformable fractional derivatives Dµ,λt,x from [25, 50]. They
can be viewed as a special type of variation, defined as follows:

Definition 2.1. For a function f : (0,+∞) → R, the conformable fractional derivative of order µ is
defined by

Dµt f (t) = lim
ϵ→0

f (t + ϵt1−µ) − f (t)
ϵ

.

By virtue of Definition 2.1, an operator Dλx with completely analogous properties can be introduced.
From this definition, a remark follows naturally.

Remark 2.1. (Derivative rules) For any µ ∈ (0, 1], we have
(1) Dµt (a f (t) + bg(t)) = aDµt f (t) + bDµt g(t);
(2) Dµt (tq) = qtq−µ for all q ∈ R;
(3) Dµt

(
f (t)g(t)

)
= f (t)Dµt g(t) + g(t)Dµt f (t);

(4) Dµt
(

f (t)
g(t)

)
=

g(t)Dµt f (t)− f (t)Dµt g(t)
g2(t) .

In this section, we apply the extended-
(

G′
G

)
-expansion method [21] to find the exact solutions

of (1.5). In order to obtain the exact solution of Eq (1.5), we need to perform the following traveling
wave transformation:

u(x, t) = u(ξ), (2.1)

where ξ = xλ
λ
− c tµ

µ
. Thus, using the chain rule for (2.1), we can get

Dµt u(x, t) = u′(ξ)Dµt

(
xλ

λ
− c

tµ

µ

)
= −cu′(ξ) (2.2)

and

Dλxxu(x, t) = Dλx

[
u′(ξ)Dλx

(
xλ

λ
− c

tµ

µ

)]
= u′′(ξ). (2.3)

Substituting Eqs (2.2) and (2.3) into (1.5), we have

u′′(ξ) +
kc
a

u′(ξ) −
b
a

u3(ξ) +
1
a

u(ξ) = 0. (2.4)

We can use the extended-G′
G -expansion method to obtain the exact solutions. Let

u(ξ) =
m∑

i=−m

di

(
G′

G

)i

, (2.5)

where G satisfies the following ordinary differential equation:

G′′

G
= α

(
G′

G

)2

+ β

(
G′

G

)
+ γ. (2.6)
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Let ∆ = β2 − 4α(α − 1)γ (α , 1). We use the methods of [50] to obtain

G′(ξ)
G(ξ)

=



√
∆

2(1−α)

(
C1 sinh(

√
∆

2 ξ)+C2 cosh
√
∆

2 ξ

C1 cosh(
√
∆

2 ξ)+C2 sinh
√
∆

2 ξ

)
+

β

2(1−α) , ∆ > 0, α , 1;
√
−∆

2(1−α)

(
−C1 sin(

√
−∆
2 ξ)+C2 cos(

√
−∆
2 ξ)

C1 cos(
√
−∆
2 ξ)+C2 sin(

√
−∆
2 ξ)
+

β

2(1−α)

)
, ∆ < 0, α , 1;

1
1−α

(
C1

C1ξ+C2
+
β

2

)
, ∆ = 0, α , 1.

(2.7)

To obtain the exact solutions of (2.4), we need to utilize the principle of the homogeneous balance
method in [47] to determine the index of m. Here,

deg(u′′) = deg(u3). (2.8)

Thus, we can obtain

m + 2 = 3m, (α − 1)2m(m + 1) = d2
m, m(m + 1)γ2 =

b
a

d2
−m. (2.9)

So, by solving (2.9), we have

m = 1, d1 = ±

√
2a
b

(α − 1), d−1 = ±

√
2a
b
γ. (2.10)

Substituting (2.10) into (2.5), we obtain

u(ξ) = d0 + d1
G′

G
+ d−1

(
G′

G

)−1

. (2.11)

Therefore, plugging (2.11) into (2.4) and comparing the coefficients of
(

G′
G

)2
and

(
G′
G

)−2
, we get

kc
a

d1(α − 1) −
3b
a

d0d2
1 + 3d1(α − 1)β = 0 (2.12)

and
−

kc
a

d−1γ − 3d0d2
−1

b
a
+ 3d−1βγ = 0. (2.13)

Solving (2.12) and (2.13), we can get

c =
3
k

(
bd0d1

α − 1
− aβ

)
=

3
k

(aβ −
bd0d−1

γ
). (2.14)

Similarly, comparing the coefficients of
(

G′
G

)
and

(
G′
G

)−1
, we can obtain

−
kcβ
a
−

3b
a

(d2
0 + d1d−1) +

1
a
+ β2 + 2(α − 1)γ = 0 (2.15)

and
kcβ
a
−

3b
a

(d2
0 + d1d−1) +

1
a
+ β2 + 2(α − 1)γ = 0. (2.16)
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Applying (2.15) and (2.16), we deduce that

β = 0, 3b(d2
0 + d1d−1) = 1 + 2a(α − 1)γ. (2.17)

By comparing the constant terms, one has

d1βγ + d−1(α − 1)β +
kc
a

[
d1γ − d−1(α − 1)

]
−

b
a

(d3
0 + 6d0d1d−1) +

d0

a
= 0. (2.18)

Applying (2.14) and (2.17), we can deduce that

d1γ = d−1(1 − α), c =
3bd0d1

k(α − 1)
. (2.19)

Thanks to (2.17)–(2.19), we have
b(d2

0 + 12d1d−1) = 1. (2.20)

By comparing (2.10) and (2.19), we can deduce that

γ = 0, d−1 = 0 or γ , 0, d1d−1 < 0. (2.21)

However, if γ = β = d−1 = 0, we can derive contradiction through (2.15) and (2.18). Therefore, β = 0
and γ = 0 cannot both hold simultaneously. Using (2.20) and (2.21), we can obtain

d0 = ±

√
1 − 24a(1 − α)γ

b
. (2.22)

Using (2.17), (2.20), and (2.21), we have

a(1 − α)γ =
1

32
. (2.23)

By virtue of (2.22) and (2.23), we can get

d0 = ±
1

2
√

b
. (2.24)

Applying (2.10), (2.19), and (2.24), we can obtain the values of d1, d−1, d0, and c in the following
Table 1.

Table 1. The coefficients of the G′
G -expansion.

d1 d−1 d0 c√
2a
b

(α − 1) −

√
2a
b
γ

1

2
√

b

3
√

2a
2k√

2a
b

(α − 1) −

√
2a
b
γ −

1

2
√

b
−

3
√

2a
2k

−

√
2a
b

(α − 1)

√
2a
b
γ

1

2
√

b
−

3
√

2a
2k

−

√
2a
b

(α − 1)

√
2a
b
γ −

1

2
√

b

3
√

2a
2k
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Through traveling wave transformation, we obtain three types of exact solutions: hyperbolic,
rational, and trigonometric function solutions. These solutions provide complementary insights into
the pattern formation and nonlinear dynamics described by the conformal fractional NWSE.

Hyperbolic function solutions correspond to kink or shock wave structures, characterizing
transition interfaces between distinct stable states. In the context of the NWSE, these solutions
typically represent phase boundaries or traveling wave fronts during pattern formation, reflecting the
nonlinear transition from one uniform state to another. The inclusion of fractional derivatives
introduces power-law dependence in both the thickness and propagation speed of the transition
region, highlighting the nonlocal memory effects inherent to the system.

Rational function solutions often exhibit algebraic decay or isolated singularities and are capable
of describing rogue waves or transient burst events. In pattern-forming systems, such solutions
correspond to localized high-amplitude structures that may emerge near critical points or bifurcation
boundaries. Their appearance generally indicates heightened sensitivity to initial conditions or
parameter perturbations, underscoring the role of long-range correlations in the stability of
fractional-order patterns.

Trigonometric function solutions correspond to periodic or standing wave structures, describing
regular patterns such as stripes and hexagons. In the NWSE, these solutions serve as fundamental
modes in linear stability analysis and also arise as approximate solutions of the Ginzburg-Landau
equation in weakly nonlinear regimes. Varying the fractional-order parameters alters the dispersion
relations and modulation instability conditions, thereby influencing pattern selection.

In summary, hyperbolic solutions capture the propagation and competition of pattern boundaries,
rational solutions reveal localized structures and critical fluctuations, and trigonometric solutions
describe fundamental periodic modes. The introduction of fractional-order parameters enables richer
control over the regularity, stability, and propagation behavior of these solutions compared to their
integer-order counterparts, offering new mathematical tools and physical insights for theoretical
studies of pattern dynamics, experimental design, and engineering applications such as micro-fluidics
and materials patterning.

Next, we will provide the special values of d0, d1, d−1, and c for different cases about a, b, k > 0 and
α, γ ∈ R in Tables 2–6.

Table 2. Parameter values for different discriminant cases.

Case α β γ ∆
G′

G
(ξ =

xλ

λ
− c

tµ

µ
)

∆ > 0 2 0 − 1
32

1
4 −

tanh ξ4 +C

4
(
1 +C tanh ξ4

)
∆ = 0 0 0 1

32 0
1
ξ +C

∆ < 0 −1 0 1
64 −1

8

1

8
√

2
·
− tan ξ

4
√

2
+C

1 +C tan ξ

4
√

2
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Table 3. Coefficient values for different cases (a = 2, b = 1, k = 1).

Case 1 Row d1 d−1 d0 ck=1

∆ > 0

1 2 1
16

1
2 3

2 2 1
16 −1

2 −3
3 −2 − 1

16
1
2 −3

4 −2 − 1
16 −1

2 3

∆ = 0

1 −2 − 1
16

1
2 3

2 −2 − 1
16 −1

2 −3
3 2 1

16
1
2 −3

4 2 1
16 −1

2 3

∆ < 0

1 −4 − 1
32

1
2 3

2 −4 − 1
32 −1

2 −3
3 4 1

32
1
2 −3

4 4 1
32 −1

2 3

Table 4. Coefficient values for k = 0.001 with fixed a = 2, b = 1.

Case 2 Row d1 d−1 d0 ck=0.001

∆ > 0

1 2 1
16

1
2 3000

2 2 1
16 −1

2 −3000
3 −2 − 1

16
1
2 −3000

4 −2 − 1
16 −1

2 3000

∆ = 0

1 −2 − 1
16

1
2 3000

2 −2 − 1
16 −1

2 −3000
3 2 1

16
1
2 −3000

4 2 1
16 −1

2 3000

∆ < 0

1 −4 − 1
32

1
2 3000

2 −4 − 1
32 −1

2 −3000
3 4 1

32
1
2 −3000

4 4 1
32 −1

2 3000

Table 5. Coefficient values for two different cases d0, d1, and d−1.

Case 3 Row d1 d−1 d0 c

∆ > 0
1 2 1

16
1
2 3

2 2 1
16 −1

2 −3

∆ = 0
1 −2 − 1

16
1
2 3

2 −2 − 1
16 −1

2 −3

∆ < 0
1 −4 − 1

32
1
2 3

2 −4 − 1
32 −1

2 −3
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Table 6. Parameter combinations for λ and µ.

Case λ µ

a = 2, b = 1, k = 1

0.1 0.1
0.4 0.4
0.7 0.7
1.0 1.0

a = 2, b = 1, k = 1

0.1 1.0
0.4 0.7
0.7 0.4
1.0 0.1

Case 1: The first set of data shows the situation when a = 2, b = 1, k = 1, and λ = µ = 0.5 are
fixed and different values α and γ are taken.
If λ = µ = 0.5 and C = 2, then we have

∆ > 0,
G′

G
=


−

2+tanh
√

x−3
√

t
2

4
(
1+2 tanh

√
x−3
√

t
2

) , c = 3,

−
2+tanh

√
x+3
√

t
2

4
(
1+2 tanh

√
x+3
√

t
2

) , c = −3,

∆ = 0,
G′

G
=


1

2+2
√

x−6
√

t
, c = 3,

1
2+2
√

x+6
√

t
, c = −3,

∆ < 0,
G′

G
=


1

8
√

2
·
− tan

√
x−3
√

t
2
√

2
+2

1+2 tan
√

x−3
√

t
2
√

2

, c = 3,

1
8
√

2
·
− tan

√
x+3
√

t
2
√

2
+2

1+2 tan
√

x+3
√

t
2
√

2

, c = −3.

Case 2: In the second set of data, we fixed a = 2, b = 1, and λ = µ = 0.5, and obtained different
parameter scenarios for k = 0.001.
Case 3: In the third set of data, we fixed the values of a = 2, b = 1, and k = 1, took different
values of λ and µ in Table 3, and obtained the following Table 5. For simplicity, we selected two
scenarios for each of ∆ > 0, ∆ = 0, and ∆ < 0 in Table 5.
Table 6 presents two sets of λ and µ values with a, b, and k fixed. In the first set, λ and µ are
equal and increase from 0.1 to 1 by a step of 0.3. In the second set, they follow opposite trends:
λ increases monotonically while µ decreases monotonically.

3. Image discussion

The subfigures (a)–(d) of Figures 1–3 correspond to the different parameter settings listed in Table 3.
The associated contour plots of Figure 4–6 were generated in Maple using the contourplot function.
These contour plots are horizontal slices (projections) of the corresponding three-dimensional surface
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plots, analogous to contour lines on a topographic map. Regions with densely packed contours indicate
rapid variation in the function (large gradients), whereas more widely spaced contours indicate slower
changes. In general, blue (cool colors) represents smaller values and red (warm colors) represents
larger values.

(a) c = 3 (b) c = −3 (c) c = −3 (d) c = 3

Figure 1. ∆ > 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 3.

(a) c = 3 (b) c = −3 (c) c = −3 (d) c = 3

Figure 2. ∆ = 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 3.

(a) c = 3 (b) c = −3 (c) c = −3 (d) c = 3

Figure 3. ∆ < 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 3.
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(a) c = 3 (b) c = −3 (c) c = −3 (d) c = 3

Figure 4. ∆ > 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 3.

(a) c = 3 (b) c = −3 (c) c = −3 (d) c = 3

Figure 5. ∆ = 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 3.

(a) c = 3 (b) c = −3 (c) c = −3 (d) c = 3

Figure 6. ∆ < 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 3.

Figure 7–9 show the same scenarios as Figures 1–3, respectively, but with k reduced by a factor of
1000. The corresponding contour plots are shown in Figures 10–12.
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(a) c = 3000 (b) c = −3000 (c) c = −3000 (d) c = 3000

Figure 7. ∆ > 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 4.

(a) c = 3000 (b) c = −3000 (c) c = −3000 (d) c = 3000

Figure 8. ∆ = 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 4.

(a) c = 3000 (b) c = −3000 (c) c = −3000 (d) c = 3000

Figure 9. ∆ < 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 4.
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(a) c = 3000 (b) c = −3000 (c) c = −3000 (d) c = 3000

Figure 10. ∆ > 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 4.

(a) c = 3000 (b) c = −3000 (c) c = −3000 (d) c = 3000

Figure 11. ∆ = 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 4.

(a) c = 3000 (b) c = −3000 (c) c = −3000 (d) c = 3000

Figure 12. ∆ < 0,C2 = 2C1, λ = µ = 0.5 in Tables 2 and 4.

Figure 13–28 present the three-dimensional surface plots and the corresponding contour plots for
the fixed parameters a = 2, b = 1, and k = 1. Specifically, Figures 13–16 show the results when
the fractional orders satisfy λ = µ and increase from 0.1 to 1 in increments of 0.3. Figures 17–28
show the results when λ and µ vary in opposite directions. Together, these figures clearly illustrate
how the exact solutions change with the fractional orders, providing an intuitive visualization that
helps readers better understand the solution behavior. When λ = µ = 1, the corresponding solutions
exhibit noticeably poorer regularity. However, when one of the parameters λ or µ is taken as 1 and
the other as 0, the regularity region is significantly improved. Furthermore, the comparison shows that
the regularity becomes worse as λ+µ2 increases. We also examine the influence of the parameter k on
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the solutions: larger values of k introduce more singularities and increase the likelihood of blow-up,
whereas smaller values of k mitigate singularities and promote the global existence of solutions. These
observations provide valuable insight into the behavior of fractional partial differential equations and
offer a theoretical perspective on the underlying physical phenomena.

(a) λ = µ = 0.1 (b) λ = µ = 0.4 (c) λ = µ = 0.7 (d) λ = µ = 1

Figure 13. ∆ > 0, c = 3, C2 = 2C1 in Tables 5 and 6.

(a) λ = µ = 0.1 (b) λ = µ = 0.4 (c) λ = µ = 0.7 (d) λ = µ = 1

Figure 14. ∆ > 0, c = 3, C2 = 2C1 in Tables 5 and 6.

(a) λ = µ = 0.1 (b) λ = µ = 0.4 (c) λ = µ = 0.7 (d) λ = µ = 1

Figure 15. ∆ > 0, c = −3, C2 = 2C1 in Tables 5 and 6.
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(a) λ = µ = 0.1 (b) λ = µ = 0.4 (c) λ = µ = 0.7 (d) λ = µ = 1

Figure 16. ∆ > 0, c = −3, C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 17. ∆ > 0, c = 3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 18. ∆ > 0, c = 3,C2 = 2C1 in Tables 5 and 6.
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(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 19. ∆ > 0, c = −3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 20. ∆ > 0, c = −3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 21. ∆ = 0, c = 3,C2 = 2C1 in Tables 5 and 6.
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(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 22. ∆ = 0, c = 3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 23. ∆ = 0, c = −3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 24. ∆ = 0, c = −3,C2 = 2C1 in Tables 5 and 6.
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(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 25. ∆ < 0, c = 3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 26. ∆ < 0, c = 3,C2 = 2C1 in Tables 5 and 6.

(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 27. ∆ < 0, c = −3,C2 = 2C1 in Tables 5 and 6.
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(a) λ = 0.1, µ = 1 (b) λ = 0.4, µ = 0.7 (c) λ = 0.7, µ = 0.4 (d) λ = 1, µ = 0.1

Figure 28. ∆ < 0, c = −3,C2 = 2C1 in Tables 5 and 6.

4. Conclusions

The value of the fractional order λ or µ determines the effective contribution, or weight, of the
independent variable x or t in forming the traveling-wave coordinate ξ. The closer the order is to 1,
the higher the resolution, or magnification factor, of that variable. This mechanism is rooted in the
structure of the traveling-wave variable ξ = xλ

λ
− c tµ

µ
, where the terms xλ

λ
and tµ

µ
are not simply x and

t, but rather distorted coordinates obtained via a power-law transformation. Considering the spatial
component X(x) = xλ

λ
, the rate at which this distorted coordinate changes with respect to x is given by

its derivative dX
dx = xλ−1, which serves as the spatial magnification factor. A small fractional order acts

as a powerful compressor and smoother. It forces the solution function u(ξ) to vary in a sufficiently
gentle and smooth manner within the distorted coordinate system, such that when mapped back to
physical space, it exhibits high regularity. In contrast, a large fractional order (close to 1) behaves as
a faithful mapper. It does not impose significant compression or smoothing, but instead transmits the
true form of u(ξ), which may contain steep gradients almost unchanged to the physical-space solution
u(x, t). Consequently, the steep structures inherently generated by the nonlinear equation are fully
preserved, leading to poor observed regularity.

As can be seen from the original formulation of the NWSE, the parameter k multiplies the time-
derivative term and physically represents the time scale, or relaxation time, of the system. A smaller
k implies a smaller coefficient in front of ∂u/∂t, indicating that the system’s dynamics evolve faster
relative to other processes such as diffusion and reaction. Our finding that decreasing k enhances
regularity can therefore be interpreted as follows: when the system’s intrinsic dynamics are faster (i.e.,
smaller relaxation time), the resulting patterns are smoother and more regular. Conversely, when the
dynamics are slower (larger k), the system has more time to develop sharp gradients or spikes before
being smoothed by diffusion and nonlinear saturation. This interpretation provides a clear physical
mechanism underlying the numerical observations and directly links the abstract parameter k to the
system’s dynamical behavior.

In future work, we aim to extend this analysis to high-dimensional fractional-order equations and
also investigate the influence of variations in the parameters a and b on the solution behavior.
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