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Abstract: Druzkowski maps play a significant role in the study of the Jacobian conjecture. To
investigate Druzkowski maps, we identified more Druzkowski matrices via quasi-D-nilpotent matrices,
and then studied the corresponding Druzkowski maps. Some necessary and sufficient conditions in
which quasi-D-nilpotent matrices were Druzkowski matrices were given. In addition, several classes
of special Druzkowski matrices were characterized.
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1. Introduction

Let K be a field of characteristic 0 and K[x;, x,, ..., x,] be the polynomial algebra over K in the
variables xi, x,...,X,. A polynomial map is a map F = (Fy,F»,...,F,) : K" — K" with each
F; € K[x1, x2,...,x,] defined by

x b (Fi(x), Fr(x),...,F,(x)

for all x € K". The Jacobian conjecture, posed by Keller in 1939 in [1], states that a polynomial
mapping F = (Fy, F»,...,F,) is invertible if its Jacobian determinant det JF' is a nonzero constant.
This conjecture was listed as one of 18 famous open problems in [2], and it is still open for n > 2 up
to now. The Jacobian conjecture has been reduced to the cases of polynomial maps F of degree 3 such
that the Jacobian matrix of F' — X is nilpotent, where X = (x, x2, ..., x,,) is the identity map [3,4], and
further to the cases of Druzkowski maps [5-7].

Let H = (L3, L3,...,L}) with JH nilpotent and L; = a; x| + apxs + -+ + ajnx, fori = 1,2,...,n.
Then, the polynomial map F' = X + H is called a Druzkowski map, and the matrix A = (a;;) is called a
Druzkowski matrix [8,9].

The Jacobian matrix of H

JH = 3diag(L3, L3, ..., LH)A,
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and the nilpotency of JH is equivalent to
(diag(Li(x)?, Ly(x)%, ..., L,(x)»)A)" =0 forall x € K", (1.1)

where diag(u) denotes the diagonal matrix with the vector u as the diagonal. Clearly, upper triangular
matrices with zero diagonal are Druzkowski matrices.

Druzkowski maps are difficult to describe and construct. Druzkowski matrices are essential to
verify Jacobian conjecture for Druzkowski maps, but they are also difficult to find and classify.
Hubbers [9] classified Druzkowski matrices up to dimension 5 with respect to cubic-similarity. To
study Druzkowski maps, Gorni et al. [8] introduced the D-nilpotent matrices. An n X n matrix A
is called D-nilpotent if DA is nilpotent for all n X n diagonal matrices D. It is proved in [8] that a
matrix A is D-nilpotent, if and only if, A is permutation-similar to an upper triangular matrix with
zero diagonal, so the corresponding Druzkowski maps are linearly triangularizable. Tian et al. [10]
considered a larger class than D-nilpotent matrices. They call an n X n matrix A quasi-D-nilpotent if
there exists a linear subspace V of dimension n — 1 consisting of n X n diagonal matrices such that DA
is nilpotent for all D € V. Unlike D-nilpotent matrices, a quasi-D-nilpotent matrix is unnecessarily a
Druzkowski matrix and converse. Meanwhile, they determined irreducible quasi-D-nilpotent matrices
and Frobenius normal forms of quasi-D-nilpotent matrices under permutation similarity. The author
has achieved some results in Jacobian conjecture [11].

The reference [10] primarily utilizes principal minors to generalize D-nilpotent matrices and
determines the canonical form of quasi-D-nilpotent matrices. Based on the structural characteristics
of the Frobenius canonical form of quasi-D-nilpotent matrices, this paper discusses the nilpotency
of block matrices and aims to identify more Druzkowski matrices via quasi-D-nilpotent matrices.
However, identifying Druzkowski matrices via quasi-D-nilpotent remains highly nontrivial. Some
sufficient and necessary conditions for quasi-D-nilpotent matrices to be Druzkowski matrices are
presented, and several special Druzkowski matrices are characterized.

2. Preliminaries

Let A be a matrix with order n, and denote by A; the ith row of A. Let X be the column vector

of variables xi, x;, ..., x,. For the row vectors @ = (ay,a,,...,ay), 8 = (b1,by,...,by), leta « S bea
Hadamard product, that is, a *8 = (a1b1, axb», . . . ,a;b,). For the row vector u = (uy, u,, ..., u,), denote
by u* the kth Hadamard power of u, that is, u™ = (uf,uf, ..., uf). Let H be a cubic power linear

mapping determined by A, H = (AX)**. Then,
J((AX)") = 3diag((AX)%, (A2X)%,..., (A, X)HA.

Let A be a quasi-D-nilpotent matrix of order n. Without loss of generality, we assume its Frobenius
normal form

Ay Ap A
A= 0 Aypn Ax|,
0 0 Ass
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where A, A3 are strictly upper triangular matrices, and A, is the normal form of the irreducible
quasi-D-nilpotent matrix. Consider the Jacobian matrix of (AX)*,

DlAll D1A12 D1A13
J(AX)?) = diag(AX)?)A =| 0 DyAyn DrAx|,
0 0 D3A33

where D] = diag(A”X] + A12X2 + A13X3)*2, D2 = diag(A22X2 + A23X3)*2, D3 = diag(A33X3)*2, X =
(X1, X2, X3), X1 = (X1, %2, ..., Xp), X0 = (Xps1s Xp2s oo s Xpig)s X3 = (Xpigats Xpage2s - - -» Xn), p 18 the
order of Ay, and ¢ is the order of Ay,. Therefore, A is Druzkowski matrix, if and only if, the last block
matrix above is nilpotent, that is,

DA, DAy, DAY
0 D2A22 D2A23 :O.
0 O D3A33

Ay, Az are strictly upper triangular matrices, so the equation holds, if and only if, (D,A5)* = 0.
That is,

(diag(au’vXy, + ul aXoy + AnX3)Pauv (diag(au’vXy, + u’ aXo + AnX)Hula " ~0
(diag(B"vXa1 + UXpy + A3 X3)H)BTv (diag(B"vXay + UXp + A3 X3)H)U -

where X, = (X51, X2,)T. If Ay3X3 = 0, then the above equation is equivalent to

auv u'a
Az = ( Blv U

which is a Druzkowski matrix.
Therefore, we consider when the matrix in the following form is a Druzkowski matrix:

auv u'a
o

is a matrix of order n, where a € K, U is a strictly upper triangular matrix, u,v € K", @, € K", and
u= (ulﬂuz’*"’ur)a V= (V17v2a- -~,Vr), a = (alaa2’~~-’an—r)9ﬁ = (blabZ’” -’bn—}’)'

3. The condition of Druzkowski matrices

Lemma 3.1. Let A be an n xn matrix of the form (2.1). Then, A is nilpotent, if and only if, a # 0,vu’ =
0,ora=0and aUB =0,i=0,1,...,n—r—1.

Proof. Calculate the determinant of matrix A

det(A — A)
_ det AM—au'V -UTa
- BTy AU-U
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Al —au'v — ul a(Al - U)Y1gTy -0

0 A - U
= det(Al — U) det[AI — au’v — u" oA — U)"'BTv]
= """ det(Al — (a + (A = U)"'BHu"v)
=21 = (@ + o - U)'BHvu’)

= det

U
=" = A2 avu” — el - 7)—1ﬁTvuT

n—r—1
U ..
_ gn _ n-1 T _ n-2 _ inT,, T
=A"-A1""avu’ - A aiéo( /l),B vu

n—r—1
=" = Vlavu® - Z (=D aU'B v’ .
i=0

Case 1. a # 0. Then, A is nilpotent, if and only if, the characteristic polynomial of A is A", if and
only, if avu” = 0 and «U'B"vu’ = 0, and if and only, if vu’ = 0.

Case 2. a = 0. Then, det(Al — A) = A" — Y1 (=14 >qU'BTvu’. A is nilpotent, if and
only if, the characteristic polynomial of A is A", if and only if, aU'8Tvu’ = 0, and if and only if,
aUpBr =0,i=0,1,...,n—r—1. O

Theorem 3.2. Let A be an n X n matrix of the form (2.1). Then, A is a Druzkowski matrix, if and only
if, one of the following holds true.

(1) v(u")? =0, where ") = (u,u3,...,u)";

(2) a = 0 and a(D,UYD,BT =0,i=0,1,...,n—r— 1, where D, = diag(8"vX, + UX,)**, X, =
(x1, X2, ..., Xr)T, Xy = (Xpp1, Xpi2s 01 s Xn)T-

Proof. The sufficiency is obvious. We only need to prove the necessity. Let
D, = diag((auvX; + w1 X)?, (auvX, + uaXo), . .., (auvX, + u,aXs)?),

D, = diag((b,vX; + U Xo)%, (bivX; + UsXo)2, ..., (bvX))).
Then,

D, O0\fau"v u'a aDiu"v D'«
3y _ 1 _ 1 1
J((AX) )_3(0 Dz)(ﬁTV U )_3(D2ﬁTV DQU )
By Lemma 3.1, J((AX)*) is nilpotent, if and only if],

avDiu’ =0 or CRY
a=0, a(D,U)YD,S"vDiu’ =0,i=0,1,...,n—r—1. (3.2)

Since

avDu" = aviuy(auvX, + uyaXo)® + - - + v (au,vX, + u,aXs)?)

= a(z v,-u?)(ale +aX,)?,
i=1
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then (3.1) is established, if and only if, @ = 0 or v(u”)*? or (avX; + aX,)* = 0. (3.2) is established, if
and only if, a = 0, and vDu” = 0 or a(D,U) D,B" =0,i =0,1,...,n—r—1,if and only if a = 0, and
v(u")? = 0or (avX; + aX,)* = 0 or (D, U)YD,BT =0,i=0,1,....,.n—r—1.

Therefore, A is a Druzkowski matrix, if and only if, v(u”)"* = 0, ora = 0 and a(D,U)'D,5" = 0,i =
0,1,....,.n—-r—1. O

For convenience in calculation, consider a row or a column vector «, and let (@) = diaga. For
a,fB € K, it is easy to see that

(@) =(a),
(a)B = (B)a, where a, 8 are column vectors,

a{B) = p{a), where a, B are row vectors.

Corollary 3.3. Let A be an nxn matrix of the form (2.1). If A is a Druzkowski matrix, then v(u")** = 0,
ora=0,aB)? =0, (ax*B)?U =0, Uldiag(a * B)U = 0.

Proof. Assume v(u”)*® # 0, then by Theorem 3.2, we have
a=0and a(D,U)D,BT =0,i=0,1,....,n—r—1.
Considering the case where i = 0, we have aD,B” = 0. That is to say, adiag(87vX, + UX,)**B" =0,

aBIvX BT + 2a(BTvX I NUX,)BT + a(UX,)° BT = 0.

Since the variables of (87vX;) and (UX,) are different, then

a(BTvX BT = 0; (3.3)

(B VX (UXp)B" = 0; (3.4)

H{UX,)YB = 0. (3.5)
Since v(u?)** # 0, we have v # 0, hence, (3.3) is equivalent to a(87)** = 0. Since

aBIVXIUX)B" = vXia(B WBTIUX,) = vXia(B"(UX,),
(3.4) is equivalent to a{(87)*?)U = 0, that is, (a * (87)**)U = 0. Notice that

A(UX)’ = a{UXoXUX2)B"
=X, U ()" )(UX>)
= X; U'(a # BYUX>).
Since UT{a * B)U is symmetric, the equivalence in (3.5) holds if and only if U {a * B)U = 0. i

Corollary 3.4. Let A be an n X n matrix of the form (2.1). Let viu')** # 0 and a = 0, then A is a
Druzkowski matrix, if and only if,

0 «

s 2]
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Proof. By Theorem 3.2, A i1s a Druzkowski matrix, if and only if,
a(D,UYDB =0,i=0,1,....,n—r—1,
and if and only if,
a((diag((byvX, + uXo)?, ..., (byvX ) U)(diag((b1vX; + uX>)?, ..., (bywX)H))B = 0.

Since (,g g) is a Druzkowski matrix, if and only if,

a(DU)YD,B" =0,i=0,1,....n—r—1,
and, if and only if,

a((diag((byx; + uXy)%, ..., (byx)*)HU) (diag((byx; + uX,), ..., (bx)*)B" = 0.

Then, A is a Druzkowski matrix, if and only if, (2 Z) 1s a Druzkowski matrix. O

Remark 3.5. Ifa # 0, then the fact that A is a Druzkowski matrix and (2 Z) is a Druzkowski matrix
does not imply any relationship between them.

Definition 3.6. /12, Definition 6.6.1] Let H = (AX)* be a power linear mapping. Then H is called
ditto linear triangularizable, if there exists T € GL,(K) such that T-'H(Tx) is also a power linear
mapping, and JT'H(Tx) is triangularizable.

Theorem 3.7. Let A be an n X n matrix of the form (2.1). Then, polynomial map F = X + (AX)" is
ditto linear triangularizable.

Proof. Let X; = (x1, %2, ..., %), Xo = (X)41, Xr42, . .., X,)T. Then,
AX = (au"vX, + u’ aX,) B ul (avX;, + aXs)
\ AVX +UX, |\ BIvX +UXs )

Let F = (F,F,,...,F,). Then,

xi+u(avX, + X)), 1<i<r,
X; + (b[VXl + U,'XZ)3, r+l1<i<n.

Take

10 00 -0
= 1 00 0
1

L=|% ¢ 0 - 0
1
0 0 01 0
0 0 00 1
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Let TL_IFL(X) =X+ H. Since V(MT)*3 = 0, we have
(uy(a 2 ViXj) + Xl aj,X;), i=1;
Hi =10, 2<i<r
(bi"(z;‘=2 vix;) + Z?zr+l di—r,j—rxj)3, r+1<i<n.

Take a permutational matrix

1 0 00 0

00 01 0
P=10 0 - 00 1

0 1 00

00 1 0 0

Then, PTL'FLP(x) = Y + H, where

3 —r+1 3 =1
(Ml(Z?:ﬁ aj1y;)+a Z?zn_ﬁz Vicm=nY;j)s i=1;
= e . .
H; = (Z’}:,-Tl di1,j1yj+ bin Z';:n_wrz Vj—(n—r)yj)3’ 2<i<n-r
0, n—r+1<i<n.

It follows that PTL-' FLP is ditto linear triangularizable. i
4. Some special Druzkowski matrix

Theorem 4.1. Let A be an n X n matrix of the form (2.1) and rank U = n —r — 1. If A is a Druzkowski
matrix, then viu')*> =0 or a5 = 0.

Proof. Lets =n—r. ThenrankU = n—r—1=s—1. Let v(u’)** # 0. By Theorem 3.2, we have a = 0
and a(D,U)'D,B" =0,i=0,1,...,n—r— 1. By Corollary 3.3, we have

a7 =0, 4.1)
(@*BHU =0, 4.2)
UTdiag(a * B)U = 0. 4.3)

Since U, = 0, by (a * (8)*)U = 0, we have
albel + azb%Ug + e+ as—1bf_1Us—1 =0.

By rank U = n —r — 1, we have U, U,,...,U,_; are linearly independent, hence, a;b; = 0,i =
1,2,...,s— 1. By a(B8")" = 0, we have a,b, = 0. Thus, a * 8 = 0. O

Theorem 4.2. Let A be an n X n matrix of the form (2.1). If U = wz, where w is a column vector,
z is a row vector. Then, A is a Druzkowski matrix, if and only if, vu')*® = 0 or a = 0, a(B7)" =
0, (a * BH)wz = 0, w' diag(a * B)w = 0, and one of the following three conditions holds true.

(1) (a*Bw?=0 and aw™ =0;

(2)z87)2?=0 and aw™ =0;

(3)z2(87)2 =0, z(diagw)(B7)? =0 and z(diagw)’" = 0.
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Proof. Without loss of generality, let s = n —r. Let w = (w1, ws, ..., w:) .,z = (21,22, .. .,2,). Since
U = wz is a strictly triangularizable matrix, we have (D,U)* = 0. Hence, A is a Druzkowski matrix, if
and only if,
aD,8" =0, (4.4)
aD,UD,S" = 0. 4.5)

By Corollary 3.3, the above equations hold and are equivalent to the last set of conditions Corollary 3.3:

a7 =0, (4.6)
(a *ﬁ*z)wz =0, “4.7)
w' diag(a * B)w = 0. (4.8)

Now we consider aD,UD," = 0, that is,
AKX + UXo?UX DB + UXo)’B" = 0.
Let vX)B" = A, UX, = A,. Then,
(A1 + M) U(A + A BT = 0.
We obtain

(AU Y BT+ 2a(A X AYUANY BT + 2a(A Y2 UA L XA)BT
+ (A U(AY BT + 4ad A YA UA N ADBT + alAy (A BT
+ 20( A UA YXADBT + 2a(A XA UMY BT + a{ Ay U(A)B" = 0.

Since the variables of A; and A, are different, by comparing the degrees of A;, we can obtain

(AU BT = 0; (4.9)

(A AU BT + oA U X A)B = 0; (4.10)
(M) UAY BT + 4a(A A UM X A)BT + afAp) (M) B = 0; (4.11)
(D) U(A NADBT + a( A A)UA VBT = 0; (4.12)
(A2 U{AYBT = 0. (4.13)

Since a(A;Y’U(AYB" = (vX)?aBY2wz(B" YL (vX1)* = (vX1)’a * (B7)?wz(B")P(vX1)?, (4.9) is
equivalent to a * (87)?wz(BT) = 0. By (4.7), we have that (4.9) is clearly held.
Since

a(AADUADY BT + (A UA X A)BT
=a(vX (B N w(@ZX))wz(vX )BT Y B + a(wX) (BT Y wz(vX (B Xw(zXa))B"
=(vX,)* (2X2)a{B Y z(BT) + (X))} X8 Y wz{w) (BT,

we have that (4.10) is equivalent to
(@ *BNw?2(B")? + (@ + (B") 2wx(w)(B")?) = 0.
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By (4.7), we have (a * (87)?)wz{w)(BT)? = 0. Hence, (4.10) is equivalent to (a * 87)w*?z(B7)" = 0.
That is, (a * 87)w*? = 0 or z(B7)** = 0. Since

(M) UAY BT + 4a(A X A) UM XANBT + oAy Y (An) BT
=a(zX) () wz(vX )2 (B")? + da(X (BT W zXo ) w)wz(vX )BT Yz X ) w)B"
+ (X)) (BT Y wz(2Xo ) w) B
=(2X0) (vX1) (aw z(B") + 4B Yw  Zw)(BT)? + (B Ywz(w)*Bh),

we have that (4.11) holds and is equivalent to
2w (BT + 4By Hw) (BT + (BT Y2 wz(w)B = 0,
and equivalent to
aw z(B")7 + 4w’ (@ * Blurw)(B')? + (@ * () Hwz(w)" = 0.

From (4.7) and (4.8), we respectively obtain that (a * (87)*?)wz{(w)*BT = 0, 4w’ (a * Bwz{w)(BT)*? = 0.
Therefore, (4.11) is equivalent to aw*3z(87)** = 0. That is, aw™ = 0, or z(87)** = 0.

(A2’ UA B + adAi A U(Ao) B
=X (VXDAHw) wzB Hw)B" + (2X2) WX DB Hwwz(w) BT
=(2X2)’ (vX)aw  Hw)(B")? + (2X2)* (vX)a{w)* B Zw)’B,

hence (4.12) is equivalent to aw*z{w)(B7)** + a{w)*BT Z{w)*B" = 0. From (4.8), we have a{w)*p" = 0,
hence a{w)*BT z{w)*BT = 0. Therefore, (4.12) is equivalent to aw*z{w)(BT)** = 0. That is, aw™ = 0
or Z{w)(BT)*? = 0.

Since (A2 U{A)*BT = (zX0)*awz{(w)*BT, we have that (4.13) holds and is equivalent to
aw?zZ{(w)*BT = 0. That is, aw™ = 0 or Z{w)>6T = 0. o

5. Conclusions

This paper focuses on Jacobian conjecture—a central problem in affine algebraic geometry—by
advancing the theoretical characterization of Druzkowski matrices, a critical class of matrices linked
to the conjecture. Building on the relationship between Druzkowski matrices and quasi-D-nilpotent
matrices, this paper investigates Druzkowski matrices via quasi-D-nilpotent matrices, and gives
some sufficient and necessary conditions for quasi-D-nilpotent matrices to be Druzkowski matrices.
Furthermore, this paper characterizes several special Druzkowski matrices. This paper presents a new
perspective for studying Druzkowski matrices and offers a modicum of assistance in the research on
Druzkowski mappings.
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