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1. Introduction

Let K be a field of characteristic 0 and K[x1, x2, . . . , xn] be the polynomial algebra over K in the
variables x1, x2, . . . , xn. A polynomial map is a map F = (F1, F2, . . . , Fn) : Kn → Kn with each
Fi ∈ K[x1, x2, . . . , xn] defined by

x 7→ (F1(x), F2(x), . . . , Fn(x))

for all x ∈ Kn. The Jacobian conjecture, posed by Keller in 1939 in [1], states that a polynomial
mapping F = (F1, F2, . . . , Fn) is invertible if its Jacobian determinant det JF is a nonzero constant.
This conjecture was listed as one of 18 famous open problems in [2], and it is still open for n ≥ 2 up
to now. The Jacobian conjecture has been reduced to the cases of polynomial maps F of degree 3 such
that the Jacobian matrix of F − X is nilpotent, where X = (x1, x2, . . . , xn) is the identity map [3, 4], and
further to the cases of Drużkowski maps [5–7].

Let H = (L3
1, L

3
2, . . . , L

3
n) with JH nilpotent and Li = ai1x1 + ai2x2 + · · · + ainxn for i = 1, 2, . . . , n.

Then, the polynomial map F = X + H is called a Drużkowski map, and the matrix A = (ai j) is called a
Drużkowski matrix [8, 9].

The Jacobian matrix of H
JH = 3diag(L2

1, L
2
2, . . . , L

2
n)A,
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and the nilpotency of JH is equivalent to

(
diag(L1(x)2, L2(x)2, . . . , Ln(x)2)A

)n
= 0 for all x ∈ Kn, (1.1)

where diag(u) denotes the diagonal matrix with the vector u as the diagonal. Clearly, upper triangular
matrices with zero diagonal are Drużkowski matrices.

Drużkowski maps are difficult to describe and construct. Drużkowski matrices are essential to
verify Jacobian conjecture for Drużkowski maps, but they are also difficult to find and classify.
Hubbers [9] classified Drużkowski matrices up to dimension 5 with respect to cubic-similarity. To
study Drużkowski maps, Gorni et al. [8] introduced the D-nilpotent matrices. An n × n matrix A
is called D-nilpotent if DA is nilpotent for all n × n diagonal matrices D. It is proved in [8] that a
matrix A is D-nilpotent, if and only if, A is permutation-similar to an upper triangular matrix with
zero diagonal, so the corresponding Drużkowski maps are linearly triangularizable. Tian et al. [10]
considered a larger class than D-nilpotent matrices. They call an n × n matrix A quasi-D-nilpotent if
there exists a linear subspace V of dimension n − 1 consisting of n × n diagonal matrices such that DA
is nilpotent for all D ∈ V . Unlike D-nilpotent matrices, a quasi-D-nilpotent matrix is unnecessarily a
Drużkowski matrix and converse. Meanwhile, they determined irreducible quasi-D-nilpotent matrices
and Frobenius normal forms of quasi-D-nilpotent matrices under permutation similarity. The author
has achieved some results in Jacobian conjecture [11].

The reference [10] primarily utilizes principal minors to generalize D-nilpotent matrices and
determines the canonical form of quasi-D-nilpotent matrices. Based on the structural characteristics
of the Frobenius canonical form of quasi-D-nilpotent matrices, this paper discusses the nilpotency
of block matrices and aims to identify more Drużkowski matrices via quasi-D-nilpotent matrices.
However, identifying Drużkowski matrices via quasi-D-nilpotent remains highly nontrivial. Some
sufficient and necessary conditions for quasi-D-nilpotent matrices to be Drużkowski matrices are
presented, and several special Drużkowski matrices are characterized.

2. Preliminaries

Let A be a matrix with order n, and denote by Ai the ith row of A. Let X be the column vector
of variables x1, x2, . . . , xn. For the row vectors α = (a1, a2, . . . , as), β = (b1, b2, . . . , bs), let α ∗ β be a
Hadamard product, that is, α∗β = (a1b1, a2b2, . . . , asbs). For the row vector u = (u1, u2, . . . , ur), denote
by u∗k the kth Hadamard power of u, that is, u∗k = (uk

1, u
k
2, . . . , u

k
r). Let H be a cubic power linear

mapping determined by A, H = (AX)∗3. Then,

J((AX)∗3) = 3diag((A1X)2, (A2X)2, . . . , (AnX)2)A.

Let A be a quasi-D-nilpotent matrix of order n. Without loss of generality, we assume its Frobenius
normal form

A =


A11 A12 A13

0 A22 A23

0 0 A33

 ,
AIMS Mathematics Volume 11, Issue 4, 11322–11331.
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where A11, A33 are strictly upper triangular matrices, and A22 is the normal form of the irreducible
quasi-D-nilpotent matrix. Consider the Jacobian matrix of (AX)∗3,

J((AX)∗3) = diag((AX)∗2)A =


D1A11 D1A12 D1A13

0 D2A22 D2A23

0 0 D3A33

 ,
where D1 = diag(A11X1 + A12X2 + A13X3)∗2, D2 = diag(A22X2 + A23X3)∗2, D3 = diag(A33X3)∗2, X =
(X1, X2, X3), X1 = (x1, x2, . . . , xp), X2 = (xp+1, xp+2, . . . , xp+q), X3 = (xp+q+1, xp+q+2, . . . , xn), p is the
order of A11, and q is the order of A22. Therefore, A is Drużkowski matrix, if and only if, the last block
matrix above is nilpotent, that is, 

D1A11 D1A12 D1A13

0 D2A22 D2A23

0 0 D3A33


n

= 0.

A11, A33 are strictly upper triangular matrices, so the equation holds, if and only if, (D2A22)2 = 0.
That is,(

(diag(auT vX21 + uTαX22 + A23X3)∗2)auT v (diag(auT vX21 + uTαX22 + A23X3)∗2)uTα

(diag(βT vX21 + UX22 + A23X3)∗2)βT v (diag(βT vX21 + UX22 + A23X3)∗2)U

)n

= 0,

where X2 = (X21, X22)T . If A23X3 = 0, then the above equation is equivalent to

A22 =

(
auT v uTα

βT v U

)
which is a Drużkowski matrix.

Therefore, we consider when the matrix in the following form is a Drużkowski matrix:

A =
(
auT v uTα

βT v U

)
(2.1)

is a matrix of order n, where a ∈ K, U is a strictly upper triangular matrix, u, v ∈ Kr, α, β ∈ Kn−r, and
u = (u1, u2, . . . , ur), v = (v1, v2, . . . , vr), α = (a1, a2, . . . , an−r), β = (b1, b2, . . . , bn−r).

3. The condition of Drużkowski matrices

Lemma 3.1. Let A be an n×n matrix of the form (2.1). Then, A is nilpotent, if and only if, a , 0, vuT =

0, or a = 0 and αU iβT = 0, i = 0, 1, . . . , n − r − 1.

Proof. Calculate the determinant of matrix A

det(λI − A)

= det
(
λI − auT V −UTα

−βT v λI − U

)
AIMS Mathematics Volume 11, Issue 4, 11322–11331.
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= det
(
λI − auT v − uTα(λI − U)−1βT v −0

0 λλI − U

)
= det(λI − U) det[λI − auT v − uTα(λI − U)−1βT v]
= λn−r det(λI − (a + α(λI − U)−1βT )uT v)
= λn−rλr−1(λ − (a + α(λI − U)−1βT )vuT )

= λn − λn−1avuT − λn−2α(I −
U
λ

)−1βT vuT

= λn − λn−1avuT − λn−2α

n−r−1∑
i=0

(−
U
λ

)iβT vuT

= λn − λn−1avuT −

n−r−1∑
i=0

(−1)iλn−2−iαU iβT vuT .

Case 1. a , 0. Then, A is nilpotent, if and only if, the characteristic polynomial of A is λn, if and
only, if avuT = 0 and αU iβT vuT = 0, and if and only, if vuT = 0.

Case 2. a = 0. Then, det(λI − A) = λn −
∑n−r−1

i=0 (−1)iλn−2−iαU iβT vuT . A is nilpotent, if and
only if, the characteristic polynomial of A is λn, if and only if, αU iβT vuT = 0, and if and only if,
αU iβT = 0, i = 0, 1, . . . , n − r − 1. □

Theorem 3.2. Let A be an n × n matrix of the form (2.1). Then, A is a Drużkowski matrix, if and only
if, one of the following holds true.

(1) v(uT )∗3 = 0, where (uT )∗3 = (u3
1, u

3
2, . . . , u

3
r )T ;

(2) a = 0 and α(D2U)iD2β
T = 0, i = 0, 1, . . . , n − r − 1, where D2 = diag(βT vX1 + UX2)∗2, X1 =

(x1, x2, . . . , xr)T , X2 = (xr+1, xr+2, . . . , xn)T .

Proof. The sufficiency is obvious. We only need to prove the necessity. Let

D1 = diag((au1vX1 + u1αX2)2, (au2vX1 + u2αX2)2, . . . , (aurvX1 + urαX2)2),

D2 = diag((b1vX1 + U1X2)2, (b1vX1 + U2X2)2, . . . , (bsvX1)2).

Then,

J((AX)∗3) = 3
(
D1 0
0 D2

) (
auT v uTα

βT v U

)
= 3

(
aD1uT v D1uTα

D2β
T v D2U

)
.

By Lemma 3.1, J((AX)∗3) is nilpotent, if and only if,

avD1uT = 0 or (3.1)
a = 0, α(D2U)iD2β

T vD1uT = 0, i = 0, 1, . . . , n − r − 1. (3.2)

Since

avD1uT = a(v1u1(au1vX1 + u1αX2)2 + · · · + vrur(aurvX1 + urαX2)2)

= a(
s∑

i=1

viu3
i )(avX1 + αX2)2,

AIMS Mathematics Volume 11, Issue 4, 11322–11331.
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then (3.1) is established, if and only if, a = 0 or v(uT )∗3 or (avX1 + αX2)2 = 0. (3.2) is established, if
and only if, a = 0, and vD1uT = 0 or α(D2U)iD2β

T = 0, i = 0, 1, . . . , n− r − 1, if and only if a = 0, and
v(uT )∗3 = 0 or (avX1 + αX2)2 = 0 or α(D2U)iD2β

T = 0, i = 0, 1, . . . , n − r − 1.
Therefore, A is a Drużkowski matrix, if and only if, v(uT )∗3 = 0, or a = 0 and α(D2U)iD2β

T = 0, i =
0, 1, . . . , n − r − 1. □

For convenience in calculation, consider a row or a column vector α, and let ⟨α⟩ = diagα. For
α, β ∈ Kr, it is easy to see that

⟨αT ⟩ = ⟨α⟩,

⟨α⟩β = ⟨β⟩α, where α, β are column vectors,

α⟨β⟩ = β⟨α⟩, where α, β are row vectors.

Corollary 3.3. Let A be an n×n matrix of the form (2.1). If A is a Drużkowski matrix, then v(uT )∗3 = 0,
or a = 0, α(βT )∗3 = 0, (α ∗ (βT )∗2)U = 0, UT diag(α ∗ β)U = 0.

Proof. Assume v(uT )∗3 , 0, then by Theorem 3.2, we have

a = 0 and α(D2U)iD2β
T = 0, i = 0, 1, . . . , n − r − 1.

Considering the case where i = 0, we have αD2β
T = 0. That is to say, αdiag(βT vX1 + UX2)∗2βT = 0,

α⟨βT vX1⟩
2βT + 2α⟨βT vX1⟩⟨UX2⟩β

T + α⟨UX2⟩
2βT = 0.

Since the variables of ⟨βT vX1⟩ and ⟨UX2⟩ are different, then

α⟨βT vX1⟩
2βT = 0; (3.3)

α⟨βT vX1⟩⟨UX2⟩β
T = 0; (3.4)

α⟨UX2⟩
2βT = 0. (3.5)

Since v(uT )∗3 , 0, we have v , 0, hence, (3.3) is equivalent to α(βT )∗3 = 0. Since

α⟨βT vX1⟩⟨UX2⟩β
T = vX1α⟨β

T ⟩⟨βT ⟩(UX2) = vX1α⟨β
T ⟩2(UX2),

(3.4) is equivalent to α⟨(βT )∗2⟩U = 0, that is, (α ∗ (βT )∗2)U = 0. Notice that

α⟨UX2⟩
2βT = α⟨UX2⟩⟨UX2⟩β

T

= XT
2 UT ⟨α⟩⟨βT ⟩(UX2)

= XT
2 UT ⟨α ∗ β⟩(UX2).

Since UT ⟨α ∗ β⟩U is symmetric, the equivalence in (3.5) holds if and only if UT ⟨α ∗ β⟩U = 0. □

Corollary 3.4. Let A be an n × n matrix of the form (2.1). Let v(uT )∗3 , 0 and a = 0, then A is a
Drużkowski matrix, if and only if, (

0 α

β U

)
is a Drużkowski matrix.

AIMS Mathematics Volume 11, Issue 4, 11322–11331.
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Proof. By Theorem 3.2, A is a Drużkowski matrix, if and only if,

α(D2U)iD2β
T = 0, i = 0, 1, . . . , n − r − 1,

and if and only if,

α((diag((b1vX1 + uX2)2, . . . , (bsvX1)2))U)i(diag((b1vX1 + uX2)2, . . . , (bsvX1)2))βT = 0.

Since
(
0 α

β U

)
is a Drużkowski matrix, if and only if,

α(D2U)iD2β
T = 0, i = 0, 1, . . . , n − r − 1,

and, if and only if,

α((diag((b1x1 + uX2)2, . . . , (bsx1)2))U)i(diag((b1x1 + uX2)2, . . . , (bsx1)2))βT = 0.

Then, A is a Drużkowski matrix, if and only if,
(
0 α

β U

)
is a Drużkowski matrix. □

Remark 3.5. If a , 0, then the fact that A is a Drużkowski matrix and
(
0 α

β U

)
is a Drużkowski matrix

does not imply any relationship between them.

Definition 3.6. [12, Definition 6.6.1] Let H = (AX)∗d be a power linear mapping. Then H is called
ditto linear triangularizable, if there exists T ∈ GLn(K) such that T−1H(T x) is also a power linear
mapping, and JT−1H(T x) is triangularizable.

Theorem 3.7. Let A be an n × n matrix of the form (2.1). Then, polynomial map F = X + (AX)∗3 is
ditto linear triangularizable.

Proof. Let X1 = (x1, x2, . . . , xr)T , X2 = (xr+1, xr+2, . . . , xn)T . Then,

AX =
(
(auT vX1 + uTαX2)
βT vX1 + UX2

)
=

(
uT (avX1 + αX2)
βT vX1 + UX2

)
.

Let F = (F1, F2, . . . , Fn). Then,

Fi =

xi + u3
i (avX1 + αX2)3, 1 ≤ i ≤ r;

xi + (bivX1 + UiX2)3, r + 1 ≤ i ≤ n.

Take

L =



1 0 · · · 0 0 · · · 0
u3

2
u3

1
1 · · · 0 0 · · · 0

...
...

...
...

...
u3

r
u3

1
0 · · · 1 0 · · · 0

0 0 · · · 0 1 · · · 0
...
...

...
...

...

0 0 · · · 0 0 · · · 1


.
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Let T L−1FL(x) = X + H. Since v(uT )∗3 = 0, we have

Hi =


(u3

1(a
∑r

j=2 v jx j) +
∑n

j=r+1 a j−r x j)3, i = 1;
0, 2 ≤ i ≤ r;
(bi−r(

∑r
j=2 v jx j) +

∑n
j=r+1 di−r, j−r x j)3, r + 1 ≤ i ≤ n.

Take a permutational matrix

P =



1 0 · · · 0 0 · · · 0
0 0 · · · 0 1 · · · 0
...
...

...
...

...

0 0 · · · 0 0 · · · 1
0 1 · · · 0 0 · · · 0
...
...

...
...

...

0 0 · · · 1 0 · · · 0


.

Then, PT L−1FLP(x) = Y + H̄, where

H̄i =


(u3

1(
∑n−r+1

j=2 a j−1y j) + a
∑n

j=n−r+2 v j−(n−r)y j)3, i = 1;
(
∑n−r+1

j=i+1 di−1, j−1y j + bi−1
∑n

j=n−r+2 v j−(n−r)y j)3, 2 ≤ i ≤ n − r;
0, n − r + 1 ≤ i ≤ n.

It follows that PT L−1FLP is ditto linear triangularizable. □

4. Some special Drużkowski matrix

Theorem 4.1. Let A be an n × n matrix of the form (2.1) and rank U = n − r − 1. If A is a Drużkowski
matrix, then v(uT )∗3 = 0 or α ∗ β = 0.

Proof. Let s = n− r. Then rankU = n− r− 1 = s− 1. Let v(uT )∗3 , 0. By Theorem 3.2, we have a = 0
and α(D2U)iD2β

T = 0, i = 0, 1, . . . , n − r − 1. By Corollary 3.3, we have

α(βT )∗3 = 0, (4.1)
(α ∗ β∗2)U = 0, (4.2)
UT diag(α ∗ β)U = 0. (4.3)

Since Us = 0, by (α ∗ (β)∗2)U = 0, we have

a1b2
1U1 + a2b2

2U2 + · · · + as−1b2
s−1Us−1 = 0.

By rank U = n − r − 1, we have U1,U2, . . . ,Us−1 are linearly independent, hence, aibi = 0, i =
1, 2, . . . , s − 1. By α(βT )∗3 = 0, we have asbs = 0. Thus, α ∗ β = 0. □

Theorem 4.2. Let A be an n × n matrix of the form (2.1). If U = ωz, where ω is a column vector,
z is a row vector. Then, A is a Drużkowski matrix, if and only if, v(uT )∗3 = 0 or a = 0, α(βT )∗3 =
0, (α ∗ β∗2)ωz = 0, ωT diag(α ∗ β)ω = 0, and one of the following three conditions holds true.

(1) (α ∗ β)ω∗2 = 0 and αω∗3 = 0;
(2) z(βT )∗3 = 0 and αω∗3 = 0;
(3) z(βT )∗3 = 0, z(diagω)(βT )∗2 = 0 and z(diagω)2βT = 0.

AIMS Mathematics Volume 11, Issue 4, 11322–11331.
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Proof. Without loss of generality, let s = n − r. Let ω = (ω1, ω2, . . . , ωs)T , z = (z1, z2, . . . , zs). Since
U = ωz is a strictly triangularizable matrix, we have (D2U)2 = 0. Hence, A is a Drużkowski matrix, if
and only if,

αD2β
T = 0, (4.4)

αD2UD2β
T = 0. (4.5)

By Corollary 3.3, the above equations hold and are equivalent to the last set of conditions Corollary 3.3:

α(βT )∗3 = 0, (4.6)
(α ∗ β∗2)ωz = 0, (4.7)
ωT diag(α ∗ β)ω = 0. (4.8)

Now we consider αD2UD2β
T = 0, that is,

α⟨(vX1)βT + UX2⟩
2U⟨(vX1)βT + UX2⟩

2βT = 0.

Let (vX1)βT = ∆1, UX2 = ∆2. Then,

α⟨∆1 + ∆2⟩
2U⟨∆1 + ∆2⟩

2βT = 0.

We obtain

α⟨∆1⟩
2U⟨∆1⟩

2βT + 2α⟨∆1⟩⟨∆2⟩U⟨∆1⟩
2βT + 2α⟨∆1⟩

2U⟨∆1⟩⟨∆2⟩β
T

+ α⟨∆2⟩
2U⟨∆1⟩

2βT + 4α⟨∆1⟩⟨∆2⟩U⟨∆1⟩⟨∆2⟩β
T + α⟨∆1⟩

2⟨∆2⟩
2βT

+ 2α⟨∆2⟩
2U⟨∆1⟩⟨∆2⟩β

T + 2α⟨∆1⟩⟨∆2⟩U⟨∆2⟩
2βT + α⟨∆2⟩

2U⟨∆2⟩
2βT = 0.

Since the variables of ∆1 and ∆2 are different, by comparing the degrees of ∆1, we can obtain

α⟨∆1⟩
2U⟨∆1⟩

2βT = 0; (4.9)
α⟨∆1⟩⟨∆2⟩U⟨∆1⟩

2βT + α⟨∆1⟩
2U⟨∆1⟩⟨∆2⟩β

T = 0; (4.10)
α⟨∆2⟩

2U⟨∆1⟩
2βT + 4α⟨∆1⟩⟨∆2⟩U⟨∆1⟩⟨∆2⟩β

T + α⟨∆1⟩
2⟨∆2⟩

2βT = 0; (4.11)
α⟨∆2⟩

2U⟨∆1⟩⟨∆2⟩β
T + α⟨∆1⟩⟨∆2⟩U⟨∆2⟩

2βT = 0; (4.12)
α⟨∆2⟩

2U⟨∆2⟩
2βT = 0. (4.13)

Since α⟨∆1⟩
2U⟨∆1⟩

2βT = (vX1)2α⟨βT ⟩2ωz⟨βT ⟩2βT (vX1)2 = (vX1)2α ∗ (βT )∗2ωz(βT )∗3(vX1)2, (4.9) is
equivalent to α ∗ (βT )∗2ωz(βT )∗3 = 0. By (4.7), we have that (4.9) is clearly held.

Since

α⟨∆1⟩⟨∆2⟩U⟨∆1⟩
2βT + α⟨∆1⟩

2U⟨∆1⟩⟨∆2⟩β
T

=α(vX1)⟨βT ⟩⟨ω(zX2)⟩ωz(vX1)2⟨βT ⟩2βT + α(vX1)2⟨βT ⟩2ωz(vX1)⟨βT ⟩⟨ω(zX2)⟩βT

=(vX1)3(zX2)α⟨βT ⟩ω∗2z(βT )∗3 + (vX1)3(zX2)α⟨βT ⟩2ωz⟨ω⟩(βT )∗2,

we have that (4.10) is equivalent to

(α ∗ βT )ω∗2z(βT )∗3 + (α ∗ (βT )∗2ωz⟨ω⟩(βT )∗2) = 0.
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By (4.7), we have (α ∗ (βT )∗2)ωz⟨ω⟩(βT )∗2 = 0. Hence, (4.10) is equivalent to (α ∗ βT )ω∗2z(βT )∗3 = 0.
That is, (α ∗ βT )ω∗2 = 0 or z(βT )∗3 = 0. Since

α⟨∆2⟩
2U⟨∆1⟩

2βT + 4α⟨∆1⟩⟨∆2⟩U⟨∆1⟩⟨∆2⟩β
T + α⟨∆1⟩

2⟨∆2⟩
2βT

=α(zX2)2⟨ω⟩2ωz(vX1)2(βT )∗3 + 4α(vX1)⟨βT ⟩(zX2)⟨ω⟩ωz(vX1)⟨βT ⟩(zX2)⟨ω⟩βT

+ α(vX1)2⟨βT ⟩2ωz(zX2)⟨ω⟩2βT

=(zX2)2(vX1)2(αω∗3z(βT )∗3 + 4α⟨βT ⟩ω∗2z⟨ω⟩(βT )∗2 + α⟨βT ⟩ωz⟨ω⟩2βT ),

we have that (4.11) holds and is equivalent to

αω∗3z(βT )∗3 + 4α⟨βT ⟩ω∗2z⟨ω⟩(βT )∗2 + α⟨βT ⟩2ωz⟨ω⟩2βT = 0,

and equivalent to

αω∗3z(βT )∗3 + 4ωT (α ∗ β)ωz⟨ω⟩(βT )∗2 + (α ∗ (βT )∗2)ωz⟨ω⟩2βT = 0.

From (4.7) and (4.8), we respectively obtain that (α∗ (βT )∗2)ωz⟨ω⟩2βT = 0, 4ωT (α∗β)ωz⟨ω⟩(βT )∗2 = 0.
Therefore, (4.11) is equivalent to αω∗3z(βT )∗3 = 0. That is, αω∗3 = 0, or z(βT )∗3 = 0.

α⟨∆2⟩
2U⟨∆1⟩

2βT + α⟨∆1⟩⟨∆2⟩U⟨∆2⟩
2βT

=(zX2)3(vX1)α⟨ω⟩2ωz⟨βT ⟩⟨ω⟩βT + (zX2)3(vX1)α⟨βT ⟩⟨ω⟩ωz⟨ω⟩2βT

=(zX2)3(vX1)αω∗3z⟨ω⟩(βT )∗2 + (zX2)3(vX1)α⟨ω⟩2βT z⟨ω⟩2βT ,

hence (4.12) is equivalent to αω∗3z⟨ω⟩(βT )∗2+α⟨ω⟩2βT z⟨ω⟩2βT = 0. From (4.8), we have α⟨ω⟩2βT = 0,
hence α⟨ω⟩2βT z⟨ω⟩2βT = 0. Therefore, (4.12) is equivalent to αω∗3z⟨ω⟩(βT )∗2 = 0. That is, αω∗3 = 0
or z⟨ω⟩(βT )∗2 = 0.

Since α⟨∆2⟩
2U⟨∆2⟩

2βT = (zX2)2αω∗3z⟨ω⟩2βT , we have that (4.13) holds and is equivalent to
αω∗3z⟨ω⟩2βT = 0. That is, αω∗3 = 0 or z⟨ω⟩2βT = 0. □

5. Conclusions

This paper focuses on Jacobian conjecture—a central problem in affine algebraic geometry—by
advancing the theoretical characterization of Drużkowski matrices, a critical class of matrices linked
to the conjecture. Building on the relationship between Drużkowski matrices and quasi-D-nilpotent
matrices, this paper investigates Drużkowski matrices via quasi-D-nilpotent matrices, and gives
some sufficient and necessary conditions for quasi-D-nilpotent matrices to be Drużkowski matrices.
Furthermore, this paper characterizes several special Drużkowski matrices. This paper presents a new
perspective for studying Drużkowski matrices and offers a modicum of assistance in the research on
Drużkowski mappings.
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