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Abstract: This paper studies a terminating (“modified””) Appell function

B B

Fi(a,B,B,2B;x,y) = Z
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2B)min  min!’

defined for integers @ > 1 and 8 < —1, together with the associated terminating Gauss function

-

. (@B 7
Fi(a,B:2B:z) = -,
e ; (2B) k!

The classical Pfaff-type reduction for the non-terminating Appell function

(59

Fi(@B.B . B+B3xy) =),

m=0 n=0

i (a)m+n(ﬂ)m(ﬁ/)n men _ 1 F ( a’,ﬁ . X—y)
B+ Vmen minl — (L—y >\ B+B "1-y)

is recalled as background. The paper argues that, for the modified terminating case with ' = § < —1
and y = 2, the direct Pfaff reduction fails and must be replaced by a corrected identity that involves
an explicit additional term V@#(x, y). A derivation of an explicit closed form for the correction term is
given; it is first computed in low cases (notably @ = 1, 2, 3), and then stated and proven in general by an
induction on a. The final formula exhibits a structured binomial/Pascal-type pattern in its coeflicients
and yields several corollaries, including simplified boundary cases (for example S = —1) and an open
extension problem for unequal negative integers (5, ) is stated.
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1. Introduction

Hypergeometric functions in mathematical analysis, particularly in the context of two or more
variables, provide deeper insights into complex phenomena, thereby enabling more sophisticated
models and solutions. They serve as powerful tools to solve partial differential equations (PDEs),
integrals, and boundary value problems that arise in fields such as quantum mechanics, statistical
mechanics, and fluid dynamics. Additionally, these functions exhibit intricate relationships with other
mathematical objects, such as Lie groups, algebraic varieties, and integrable systems, thus further
expanding their applicability. The study of multivariable hypergeometric functions has gained
significant attention due to their ability to provide analytical solutions in problems that involve
multiple independent variables, thus offering a more generalized approach than their univariate
counterparts. The expansion of hypergeometric functions into higher dimensions opens up new
possibilities to solve complex systems, thus making them indispensable in contemporary
mathematical and physical theories. For instance, and not limited to, see Y. Brychkov’s work in [1].

As an example, hypergeometric functions of two variables are solutions of the following system of
PDEs:

x(1=-xr+y(l-x)s+(y—(e+6+ 1)x)p—-Byg—afz =0, (1.1)
YA =t +x(1=y)s+@y—(a+p +1)y)g—-pFxq—-afz=0, (1.2)

. . . . . . 2
in which x and y are independent variables, z is the unknown function of xand y, p = g—i, q= g—;, r= %,

2 2
s = (96x_6zy’ and 1 = %.
many writers.
Appell (1880) introduced this system of PDEs in connection with the hypergeometric series in two

variables:

Monge’s well-known notation for partial derivatives has been investigated by

[59)

Fi(a,B,6,7:x,y) = Z

m=0 n=0

Z (a)m+n(ﬂ)m(ﬁ,)n xmyn’ | X |< 1’ | y |< 1’ (13)
(Y)mn m!n!

which is a solution of (1.1).

This Appell function (1.3), of two variables x, y, can be found in any mathematical book that deals
with hypergeometric bivariate series; for example (and not limited to), in Gradshteyn, Ryzhik, Tables
of Integrals, Series and Products, page 1018 [2]. For certain relationships between the parameters and
the argument, hypergeometric functions of two variables can be expressed either in terms of
hypergeometric functions of a single variable or in terms of elementary functions as shown in page
1019 of the above mentioned reference:

i @nenPnBhn "y 1 o ( af  x-y )
(ﬁ+ﬁ/)m+n m'n‘_(l_y)(lzl B—l—ﬁ, ’l—y .

[0e]

Fl(a7ﬁ’ﬁ,’ﬁ+ﬁ,;x’y) = Z

m=0 n=0

(1.4)

For more information about all the hypergeometric functions of two variables, we refer the reader
to Kimura’s book [3], starting from page 40.

In the case where the parameter « is a positive integer and the other parameters 5, 8’ such that
B’ = B are negative integers, we define the following:
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- the modified hypergeometric function ,F7 by [4-9]

B
@, B (@) Bk 4
Fy ;z) = 7, a€{l,2,3,..}, Be{.,-3,-2,-1}, 1.5
. 1( i ) k§=0 N ( ). B ) (1.5)
- the modified Appell function F} of two variables by
B B
* (a/ m+n )m n n
Fi(a,B,8,26; x,y) = E Hﬂy ,e{l,2,3,..}, fef..,-3,-2,-1}. (1.6)
m=0 n=0 manteettee

These two definitions are well-defined, as both are two terminating series and double series,
respectively, since the summations are only for m,n = 0, .., =, and the fact that 2/ is also a negative
integer does not make any harm.

The most important question that we may ask is as follows: does F7 fulfil the Eq (1.4)? (i.e., does
the following equation still holds true?):
B B

« . _ (a)m+n(ﬁ)m(ﬁ)n xmyn _ 1 a’,,B XY
Fl(a’,ﬁ’ﬁa 2,8’ X,y) = ;) - (zﬁ)m+n min! = (1 _y)a ZFT( Zﬁ N 1 _y)r)

We prove that (1.7) is no longer true, and, in the case where « is a positive integer and (3 is a positive
integer, we explicitly give, the correction term V@#(x, y) such that

(1.7)

B B
R SR B P S S
mZ_O =0 (218)m+nn'm' xmy a (1 _y)a/ 2F,;( 2ﬁ 1 _y) +V (xay)- (18)

First, let us prove that (1.7) is no longer true.

Remark 1.1. As we deal with terminating sums, we only impose that y is NOT equal to 1. The domain
of validity of the corrected identity is reduced to the singular loci such as y = 1, with an extension by
continuity when x = 1; since the sums terminate, convergence is not an issue.

Proposition 1.2. For any positive integer @ and any negative integer [3, we have the following:

B B
(a’)m+n(ﬂ)m(ﬂ)n xmy" 1 ( a’ﬁ X _y)
Fi(a,B,B,28; x,y) = # F; ; ) (1.9)
BB 2 mzoz(; QBhwen minl ~ (T=y)* 21\ 28 "1—y
Proof. The left hand side of (1.7),
B B
. (@Dmn B (B)n X"y"
F s M ’2’ b = >
(... 2: x.5) MZOZO S
. . : : . 1 @B X-y
is a polynomial on x and y. The right hand side of (1.7) is given byﬁzﬁ’[ 25 ' . Letus
-y -y
(@)(B)k
denote by A; = d by B = —n, n € N; then,
enote by Ay K2B); and by 8 n, ne en
1 a,f x—y) 1 ( xX—y (x—y)")
— oF] ; = 1+A +..+A, :
<1—y>a“( 28 71—y A=y -y -y

Then, the following hold:
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e when x = 1, using the extension by continuity, we get

1 apB ) 1
WZF’;( Zﬁ ’1)_(l—y)"(1+Al+m+An),

which is a rational function;
e when x # 1, we get

1 ap 1 x=y y
(1—y>“F7( 28 ’1)‘<1—y>a(1+A11—y oA (1— ))

1
= Gy (= + A =0 =)+t A= y)),

which is also a rational function and CANNOT be a polynomial. Indeed, the degree of y in the
numerator is less than n, whereas the degree of y in the denominatoris @ + n > n, a > 1.

Therefore, we have to give the correction term V@ (x, y) such that

B B
(a/)m+n(ﬁ)m(ﬁ)n x”’y" _ 1 a IB x—y s
;); QB pan  mln! (1 —y) 2F;( 28 )+ VEI(x, y).

This paper will be organized as follows. First, we show how we found our first main result when
is equal to 1, which will play an important role for our second main result for a being equal to 2. Then,
with this later result, we give our third main result when « is equal to 3. These three steps will lead us
to deduce our final main result for any « in {1, 2, 3, ...} by induction. The paper concludes with several

lemmas and corollaries, linking thereby some double series to classical integer sequences.
2. First main result for « equal 1

When a = 1, the correction term V¥ (x, y) is given in the following theorem.

Theorem 2.1. We have the following result:

Sh- m+n\ (BB 1y n 1 LB x-y (1,8
ZZ( m )(2ﬁ>m+,,” :<1—y>2Ff( 25 )*V (%)

m=0 n=0
x Py Bl LB x-y
where VB (x,y) = - ———— F“( ’ ;—); then, we can write the following:
PETa-y M 28 -y Jollowing

L (m+n B)m(B)n 1 LB x—y\ xPy# 1,3 x-y
XY= —— | 5 - F .
;;( m )(2,3)m+n Y (1-y°2 1( 2B 1—y) (1-y ° 1( 2B " x(1-y)

Proof. Let us start from the following:

-8B B m+n (ﬁ)m(ﬁ)n n 1 lﬁ xX—y 15
mZ:o;( m )(Zﬁ)m+nxmy T a- )ZFI( 28 )+V (x, ),
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in such a way that we do NOT know V¥ (x, y). Then, the proof is carried out by first using the change
of variables x « %, Yy — i in (2.1), which is written as follows

B B m+n (ﬁ)m(ﬂ)nl 1 1 l,ﬁ %—% w5 11
ZZ( )(Z,B)m+nxm"_(1—5)2ﬁ[2ﬁ’1_§] +V (x ;) (2.2)

m=0 n=0

Second, the proof is carried out using the following three steps:

e the first step comes from the left hand side of (2.2) and it is given by

N (74 1) BB 11 G <A (m+ 1\ BB .
ZZ( m )(2ﬁ)m+nx_mﬁ:(xy)ﬁzz( )(2ﬁ)m+,, Y

m=0 n=0 m=0 n=0

e the second step comes from the right hand side of (2.2) and it is given by
1_1
1 ZFk 1’IB.X L y ZF*(I’ﬁ X—y )
a-H 2 - A=\ 2B x1-y)
e if we combine the first and second step, then we get

A A (A1 BBn o XY (LB x-y wyap (Ll 1
ZZ( m )<2ﬁ>m+n” BCED ZFT( 2%’ <1—y>)+(xy) Y (x 5)

m=0 n=0

B B m+n (:B)m(ﬁ)n n 1 ]’ﬁ x—y s
mZOn:O( m )(2ﬁ)m+n y= (1—y) 2}P‘i( 2ﬂ ’1—_y)+V (X,Y),

and an identification between these two equations give

x Py LB x-y
e =5 ZFI( 5 ;x(l—y))’

provided that

_ 11 1 I, x-y
pyap (L1 XY
7V (X’y) (1-y) ZFI( 28 ’l—y)’

which can be easily proven.

O

Remark 2.2. Using the change of variables x « {, y « {in ﬁ ZF{( (12 ﬁﬁ ) and by

multiplying by (xy)™®, we find (xy) ﬁE Dy )Z ZF[( az,’éB ;x(xl_—yy))' In the sequel, we adopt the
following notation:

wor ) = S (G )
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Corollary 2.3. We have the following interesting particular cases:

X (14 BBl e _ N2 X1
P

m=0 n=0 m=0
G & (m+ 1\ (B)n(B) ,,_( 2,8+1)
ZJ)Z;( )(2ﬁ>m+,, Zg

.i B w1 F(l,ﬂ_ y )_ Y (B
Q-2 28 y-1)] (A-p*P128,4

Proof. e Immediate consequence of (2.1) with x = y.
e For x = 0, (2.1) can be written as follows

B _ —2B+1
Z(0+n)(ﬁ)o(ﬂ)nxoyn _ 1 2F( LB .0 y)+ yrn By
0 ) (2Bo+n (I-y) 28 " 1-y)] O-DF12B8) 4

n=0

This is equivalent to

B —28+1
Z (ﬁ)n yn — 1 2F( Lﬁ . y ) + y 'B_ (ﬁ)—ﬂ ,
4 (2B)n (1-y) 2B y-1) O-DP1(2B)y

and this is given in [8], Lemma 1, Eq 2.5 therein.

O
Corollary 2.4. Additionally, the previous theorem can be written as the following:
DN DosaBa® ¥y 1 LB x—y\ %P (LB x-y
Z Z - ZFT ) + ZF’; s
Ll By minl (-0 '\ 287 T-x)T G-\ 28 KTy
(B)-p(x =)'
(28)-p(1 = )P (x = )IF
Proof. Using the result given in [8], page 20149,
1,-N 1 LL-N z (—N)yz?*!
. ( -2N ’Z) 1-z° 1( -2N 1 —z)+ (=2N)y(z — DV
1
If we substitute z by ﬁ multiply by —— T , and put it in the above Theorem, we get the desired
y
result. 0

The first terms are written as follows:

1 x—y xy? x-—y (x-y)°
2 1) (2+ g 1>)+ 25— 1) (2+ ' —y))+ 20— D2(x— 1)

1
01+§(x+y)+xy:—
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1 1 2 1
ol + E(x +y)+ g(x2 +y) + gxy + E(xy2 + x%y) + xH?

1 xX=y x=y o\, ¥y X=y X=y o) (=yp
2<x—1)(6+3<x—1>“(<x—1>))+2@—1)(6+3x<1—y>”(xu—y) ) 60 - D(x— 1)

and the colored coefficients can be found in Pascal’s triangle

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 20 15 6 1;

Remark 2.5. Now, we are going to find V@ (x,y), a = 2,3,4, ... such that

B B
M mn_L a’ﬂ,u (a,8)
mZ:()nZ:(;(a)m+n(2ﬂ)m+nn!m!x Y =4 - 2F[( 25 01 —y) + V9 (x, y).

We will prove that the new expression W@ (x, y) given in (2.3) above will play an essential role in
finding V@9 (x,y), a = 2,3,4, ...
3. The case when « is equal to 2

The aim of this paragraph is to give the explicit expression of the correction term V> (x,y) such
that the following equation holds

B B
(ﬂ)m(ﬁ)n m.n _ 1 2’[3 ' u 25
mZ:O"Z:(;(z)m+n Blen > (L=y) 2F{( 28 °1 —y) + VE2(x, y).

For this matter, we need a relation between the contiguous functions of F;. In fact, we have the
following proposition given in [3], p 54.

Proposition 3.1. We have the following:

* / * / d * / d * /
a/Fl(a"" Lﬁ’ﬁ > Vs X,y) = CL’FI(CL',ﬁ,ﬁ >V x,y)+xaF1(a/,,B,,8 >V x’y)+yd_yFl(a/nB’18 ,y;x,y). (31)

The proof of this proposition is given in [3]. Indeed, let us denote by
B B
Fila+ LAB yixy) = ) > Annd",

m=0 n=0
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where

_ @wrOnBn

Am n 9
’ (Zﬂ)m+n

clearly, we have

x% = _Zﬁ _ZB MmA . X"y",

m=0 n=0
OF* B B
y_l = Z Z i’lAm,nmen,
ay m=0 n=0
s 15y = BRI
a b 2 b ;‘x’ = - m,n b
: ’ ’ m=0 n=0 @ ’ '

which gives (3.1).

In order to give the explicit expression of the correction term V®#(x,y), we need the following
steps:

e witha =1and B = in (3.1), we obtain
F1(29ﬁaﬁ9 2B; X,y) = F](IUB’IB’ 2,8; X,y) + xeF](laﬂaﬁa 2ﬂ; X,Y) +yd_yFl(1aﬁ5ﬁ, 2ﬁ; x’)});

e now, we use the result of our first main theorem (2.1):

B B
> Z(m+n)(ﬁ)m(ﬂ)n e L ZF;( LA ;ﬂ) £V, y)

m=0 n=0 m (2,8)m+n (1 — y) 2ﬁ 1 - y
g o X (LB x—y
where VU7 (x,y) = T 1( 28 ’x(l—y))'

Remark 3.2. Let us denote by

1 a,B x-—Yy
(@p) _ . .
GEDT =Gy ZFI( 28 ’1—y)’

then,

g m+n (ﬁ)m(ﬂ)n m.n 1,8 1,8
ZZ( N )mx’y = QF1)1P 1+ VA (x, y).

m=0 n=0

e By combining these previous three steps, we obtain the following:
d
FIQ.B..25:x3) = QF1P(0,y) + VIO (xy) +x—= (QFD! + VIPx, )
X

d
e (@FDM + VIO (x, y))
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= 2FD)"P(x,y) -
d (LB)

+x—(Q2F1)" 7 (x,y) —
dx
d 1.8

+y— |2FD) 7 (x,y) —
dy

= QF)M(x,y) -

1
125-1p QFI(

(- yp

x—l 2,6+ 1
)321 2ﬁ+1

_:By_ﬁ"'l
(1-

1’18, X—y
ﬂ( 28 ’x<1—y>)

x—ﬁy—ﬁﬂ ]:*( Lﬁ, x—y ))
—y N 28 Tx(1-y)

Byl

1,8 xX—=y
F’F .
-y’ 1( 28 ’x(l—y>))

x_ﬂy_ﬂ"'l F( l,ﬁ . x_y )
(1-

2,6+ 1
26+ 1

BxP2y> P 2,8+1  x-—y 1 LB x—y
2 ( 28+ 1 ’x(l—y))]”[(l—y)2 ZFI( 2B ’I—Y)

28 7 x(1-y)
x—y\ pxFlylF (1,,8 x—y)
’l—y)+ (1-y) '\ 28 x(1-y)

T—y)_ (1 -p)px7Fy* FI( Lg
-y

Xy
(1-y ° Zﬁ’x(l—y))

ﬂfﬁy A
Ay

. X -
It is easy to prove that the terms with I

PPy 1
CED a0

y ) _
X1y
give the following:

1,ﬁ+1'x—y)+ y (

26+1 11—y

(x—l)ﬁx‘ﬁ_lyl_ﬁ F(Z,,B+1_ xX—y
21-yP T 28+1 " x(1-y)

LB u)

F
(1-y2 2"\ 28 "1-

y(x—1) 7 2,8+1
21—yp 2\ 28+1 "1-y

additionally, it is, also, easy to prove that the remaining terms, with

x By Bl LB x-—y
-1 2Ff( 28 ’x(l—y>)”[
ﬂx‘ﬁ‘2y2_ﬁ 2,p+1  x—-y
-1 P 28+1

BT (LB
-1 “(

(1 -BBxty* (1.8
x(l—y))]”[ ZFT(

28

AT 2,8 x=y\_ 8.
’ )‘(1—y>22F7( ’l—y)‘(m)’

—Y , give the following

X
x(1-y)

x—y )
28 7 x(1-y)

X—y )
-1 28 " x(1-y)

,BJC‘ﬁyl’3 I LB x-—y (x = DHBxPIyl+ 2,8+1 x-y ]
y-12 71 28 "x(1-y) 2y - 1)? 2641 " x(1-y)
x Py e (2,ﬁ xX-y ) x Py (1,,3 xX=y )
oo T\ 3wy Yy Bl s vy
= —W(x,y) = (2B - 2, W"B(x,y) = VP (x,y).

Now, we can state our second main result for ¢ = 2

Theorem 3.3. We have the following result:

Qer BBl 1 _
ZZ 2B)meanlm! 7

m=0 n=0

AIMS Mathematics
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where  VEP(x,y) = -W*(x,y) = 2B -2 W' (x,y)

x Py B2 2,8 x-y
(y— 1) zFf( 28 ’x(l—y))_( BREATESSY

x Py prl ( LB x-y )
o .
1-y) 28 " x(1-y)

Corollary 3.4. We have the following interesting particular cases:

B B 28+1 Y 22 ’
(ﬁ)m(ﬂ)n m+n _ s — 1
.Zz(z)m+"(2ﬂ)m+nm'n' [Z xk) ( — ) :

m=0 n=0
B B -
(2)m+n(ﬁ)m(:8)n n o_ 1_y A2 2 ,B ﬁH Lﬁ .
* 22 Gt = oy T 25 1D ( 2 ’1)
20-2p)(B- Dy - B2y - 1)
- 2-pa -yy ’
B ~2+2 -2p+1
(Z)H(B)ﬂ no_ 2aﬁ oy _ Yy # (1 _ﬁ)(ﬁ)—ﬁ _ _ y s (B)—,B
opm” = N o T T a o e, G P a e,
Proof. e For x =y, the above Theorem can be written as:
-8 2-28 1-28
BB wen _ L X A X
mzonz(;(z)’“”(zmwm'n' S o TPy
-2 (-xep-x (&) 2oy
N (1- 2 - ;x _(x—l )

e For x = 1, the above Theorem can be written as

G & 2 +n m n 1_ B2 _'B+l
ZZ()m B)m(B) Y= yy ZF(2ﬁ ) 2-28)2 ZF[(l”B;l);

L4 L4 (2B i) (1 28 (IT-» '\ 28
by taking into account that »F]( 25 1) = %, and oF|( 22’5 1) = %, we get

the desired result.
e For x = 0, the above Theorem can be written as follows:

B . _
B, 1 2.8 0—y xAF2 (2p 0-y
2 pn!” T (- P Fil g 1oy " oo ZFf( 25 ’x(l—y))

x Py prl LB 0-y

@ _2/3)( y) F( 28 ° x(l—y))
0By P2 (1-BBs V(B
= F* ; — 28 -2 .
R L N 6T W L TR e N LTI

O
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4. The case when « is equal 3

In this paragraph, we follow the same steps as done in the case when @ = 2 to obtain the explicit
expression of the correction term V©®#(x, y) such that the following equality holds:

-8B B
BB 1 3.8 .x-y 38
2, 2Oy~ = g A g s+ V)

For this matter, we follow the following steps.

e Witha =2 and 8 = in (3.1), we obtain the following:

, ) d . d .
2F1(3’ﬁ’ﬁa Zﬁ’ x’y) = 2F1(2’ﬁ’ﬂ’ 2[))’ x,)’) + XEFI(Z,ﬁ,ﬁ’ 2[-3’ X,Y) +yd_yF1(2’ﬁ’ﬁ’ Zﬁ, x,)’)-

e Now, we use the result of our second main theorem (3.3) as follows:

Z Z (2)m+n(:8)m(ﬁ)nxm no_ (2F1)(2ﬁ)(x y) + V(Z,B)(x y)

L L (2B)eanim
_By—ﬂ+1 p( 1,,3. xX—y )

x Py F(2,ﬁ L Xy
y-12 '\ 28 "x(1-y) (1-y) 28 " x(1-y))

e By Combining these previous three steps, we obtain the following

where V*P(x,y) =-—

)(—/3)

2F|(3.5.8,26: x.7) = 2 @F DO (x, ) + 2V (x,y) + 2 ((2F1)<2ﬁ’> +2V9(x,y))

d CH L y2h __ 1 (2B X
oy (PR VR ) = i oFi| sy

—B2-B — xPylB —
Xy F*(Z,ﬁ. x y) (-25) y zFT(l’ﬁ' x y)

A—y2 21\ 28 "x(1-y) 28 x(1-y)
1 3.+1  x-y xﬁlﬁy” 2.8, x—y
((1— y)? ZFI( 26+1° (l—y))+ (1 -y F ( 2B ’X(l—y))

x 2Py (3 B+1 x—y 2B-Dx Py (1,8 x-—y
-y ZFI( 28+1 ;x<1—y>)_ 1-y ZFI( 28 ;x(l—y))
B-Dx2Py P [(28+1 x-y 2 2,B x-y
aoye ( 28+1 ;x<1—y>))+ (<1 )3 ZFl( 28 ;<1—y>)

x—1 3,B+1 x-—y x Py PR -p) (2.8 x-y

T 1( 28+1° (l—y))_ a—ye ( 28 ’x(l—y))

2x‘5y25 [ 2,8 xX—y (x—l)x‘l_ﬁyz_ﬁ . 3,8+1 xX—-y

e 1( 28 ;x(l—y))_ (1-y)3 ( 28+1 ;x(l—y))

2B )2ty P 2F*( LB x-y )+2<ﬂ—1)x-ﬁyl-ﬁ F( LB . x—y)
1-y 28 " x(1-y) (1—-y2 '\ 28 "x(1-y)

(ﬁ—l)(x—l)x‘l‘ﬁyl_ﬁ A 2,8+1 xX—y

¥ (1-y) ZF‘( 2/§+1 ;x<1—y>))'
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e The terms with )16 give the following:

1 2.8 x-— 1 L 3.B8+1 x-—y
(1-y) zFl( 28 ’(1—y>)”(1—y>3 ZFI( 2B+ 1 ’(1—y>)
2 2,6 x-y x—1 ., 3B+l x—y
sy “Fl( 28 ’(1—y>)+<1—y)4 i34 )
C 1 .3, -
which is, exactly,szl( 215 ;(T_i)).

e The remaining terms with xl— give the following:
X

Xy 3.8 x-y \, (2B-=3) xPyr? 2,8 x-y
(T—yp ZFf( 28 ’x(l—y))+ I (A-y? zFf( 28 ’x(l—y>)
_@B=3) Py (LB x—y
20 (1-y "' 28 x(1-y)
(3 2/3) x Py P+ (3,,8 xX—y ) (3—2,8)x‘ﬁy"’5+2 (Z,ﬁ x—y )
= 2Ff 5 - 2Ff 5
0 Jo-1) 28 " x(1-y) 1)1 -y)? 28 " x(1-y)
(3 2ﬁ) x Py P F( LB x-y )
2 (I-y) 28 " x(1-y))
Now, we can state our third main result for o = 3
Theorem 4.1. We have the following result:
izﬁ@)w(ﬁ)mw)n .1 (3 B x- ) (3—2ﬁ)x—ﬁy-ﬁ+3 (3,;;, x-y )
L (OB)yegntm! T (1= yr o 0 Ja-y "'\ 28 "x(1-y)
(3 Zﬁ) x Py P F( 2,8 x-y ) (3 Zﬁ) _By_ﬁ” F( LB x-vy )
(1-y2 "' 28 "x(1-y) 2 -y 28 T x(1-y))
Corollary 4.2. We have the following interesting particular cases:
Z m\2)n 1 &2 I 1 2—2ﬂ_1 "
QZZ( )m+n(2;§) (i’)l’n' m+n:§ Z xk :E(xx_l ) P
m=0 n=0 m+n k=0
B _
(3)m+n(B)m(B)n V= 1 —y#P* 3.8 . (2B —-3) y**" 2,B .
mzoz;‘ Bpemint . ~ A=y F1C g VT T o ZF( 28 ° 1)
_B-328-2 5" (1Lp
2! (1-y) 2"\ 28"
3-B(n _ _ — 2-B (3 _ _ 1-B (3 _ _ _
_ (1—2ﬁ)(3—2,8)(y RC-pHA-pH=-2y"B-HU-PH+y"CB-pB2-p 2).
GB-B2-p) (-1+y)y ’
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Z@»(ﬁ)n RN )_( y +(3—2,8)y+(3—2,8)(2—2/3)y) 1Py B
@’ T TN y-T Ay -y 2 -y A-)TPehy

Proof. e For x =y, the above Theorem can be written as follows:

B B 2-28 1-28
BB in _ L x X
mzzo ;(3)’"” Bttt G- o120y
_ 1= (-0 -2 _Zzﬁil & ’ _ (xHﬂ - 1)’ |
(1-x)? p x—1

e For x = 1, the above Theorem can be written as follows:

& 3 m+n\P)m\P)n 1 e 2

L4 L4 ) ntm! (1 ﬁ To-2 28
—,B+1 lﬁ
28 -2)=——F | T :1];
. 1,8 (-28+1) 2,8 2(=2B+1)
by tak t t that F; ;1) = —————, and F] ;1 _— t
y taking into account that Fj( 25 ) 5E D) and HF;( 2B ) = 512 we ge
the desired result.
e For x = 0, the above Theorem can be written as follows:
1 3,8 0- x Py B2 2, 0- x Py 1, 0-y
SR T ot G zzFf( P y) op-22— F(Zﬁ;—
(1 -y) 2B 1=y (-1 2B " x(1-y) (1-y) B x(1-y)
2’ -23+2 (1 _ﬁ)(ﬁ)_ -26+1 (ﬁ)—
=R CRNCY I Y
s y-1" (1-y (2B)-p (1 =)+ (2B)
O
5. The case when « is any integer greater or equal 1
Let us summarize. In paragraphs 2, 3, and 4, we found the following:
e for @ = 1, we found
B B B
D B Wn BB 1 1,8 x-— x Py P 1, X —
L4 L (2f) eanim! (I-» "2 1=y -y '\ 28 "x(1-y)
e for @ = 2, we found
i Zﬂz)mm(ﬂ)m(ﬁ)n VI SR . B 1 N 50 S 2F(2,,8_ x_y)
L4 L4 (2) gnlm] (T=y2 20 28 1=y =12 7' 28 "x(1-y)
_(Z—Zﬁ)x-ﬂy-ﬁ“ ZF( LB _x-y )
1) -y "'\ 28 "x(1-y)
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e for a = 3, we found

B B 5 _
(3)m+n(ﬁ)m(ﬁ)n no_ 1 S,ﬁ . X—Yy xﬁy B+3 3,B . X—=Yy
2.2 Gt Y =S T i o T T ooy ZFf( 28 ’x(l—y))

(3 2,8) Xy F( 2B, x-y )_(3—2,3)96‘@‘“1 F( LB, x-y )
1 Ja—-y2 7 28 " x(1-y) 2 Ja-y N\ 28 x(1-y)

Then, by induction, we can deduce the following theorem.

m=0 n=0

Theorem 5.1. For any « integer greater or equal 1, we have the following result

i Zﬁ @i BB .,
Z4 L4 0By ! Y
a (Y zﬁ —B —ﬁ+k
1 aﬁ X=y Y k,p x—y)
= oF ; . .1
=y N1 28 572" ; (1—y)k 1( 26 P x(1-y) G-b

Proof. The proof will be done by induction on @ > 1.

- The case @ = 1 is done in paragraph 1.

- We suppose that (5.1) is true for any k, 1 < k < o and we prove it for @ + 1.
- We use (1.3), and we take 8’ = 5 and y = 23, we obtain the following:

a’Fl(a/ + l’ﬁ’ﬂ’ 2ﬁ’ x’y) = ozF](a,,B,,B, Zﬁ’ x’y) + xaFl(a@ﬂ’ﬁ’ Zﬂ, x’y) +yd_yFl(a/’ﬁ’ﬁ’ Zﬁ, )C,y).

- These two later facts give the following

* . _ 1 aﬂ X — y N a'_Zﬁ x_ﬁy_ﬁ+k k’ﬁ . XYy
aFj(a+1,B,5,26; x,y) =TTy o ( ( )(1—y)’< ZF{( 2B ’X(l—Y))

d 1 a,p x—y a — 2B\ x Py Ptk kB x-y
”E(a—y)a il g )_Z(a—k)a—y)k Ff( 28 ’x(l—y>))

d 1 @B x-y S (@ - 2B\ x Py Pk k.p. x-y
i _(a ) ( )(1—y>k ZFf( 2 ’x(l—y>))’

which is equivalent to the following:

) 1 , _ @ 28\ x Py Bk k. _
ehier Lpp 2w = oy aZﬁﬁ ;)lc—y)_“kz(o; D A% )
1
a a+1,p+1 x—y — 2B\ x Bty Pk kB . x=y
+x(2(1— y)a+l £ 26+ 1 ( ) -k ZF;( 2 ’x(l—y))
y

a — 2B\ x P2y Pril k+1,8+1

2( )(1— Yy “( 2B+1 x(l—y))])

( a F (a,ﬁ_x—y)_ a(x—1) F (a+1,,8+1.u)
L=yt 7028 71—y 21—yt 70 2841 1y
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= a — 2B\ x Py Bl kB x-y a — 2B\ x Py Pkl kB x-y
—Z[(k b)( )Wﬂ( 28 ’x(l—y))+k(a—k)mﬂ( 28 ’x(l—y))
k(x—l)a 25 y Akl - k+1,+1  x-y ])
2 (1—)k+2 P 28+1 Cx(1-p)l)

Lemma 5.2. The terms which are outside the three summations give the following:

a (cy+1,,8‘x—y
(I—yet 210 28 "1—y

Proof. The terms which are outside the three summations give the following:

).

@ B xoy) aboy) (a+1,ﬁ+1.x—y
A=yt 21028 71—y’ " 21—y 2 21 28+1 x(1-y)

which is, exactly,
@ a+1,B x-y

oy 1 2 sy
O
Lemma 5.3. The terms with the three summations give the following:
a+l
a+ 1 =28\ xPy Pk k, X —
_O‘Z B\X "y o B : Y\
Zi\a+1-k )Ty 28 x(1-y)
Proof.
@ -2 —ByB+k —_ a 2 p-1 —ﬁ+k _
@ (a ﬁ)xy kzFf(k"B; a y)+x(_ [ﬁ(a '8)_ k'zFf(k"B; a y)
Zi\a-k)T-y 28" %(1-y) £ =) 28 " 31— y)

+l£0/ Zﬁ ﬁ2—ﬁ+k+1F k+1,6+1 x-y )
2 (I—ykt 21 2841 x(1—-y)

a — 2B\ x Py Pkl kB x-y a — 2B\ x Py Pkl kB x—y
+y(_;[(k b)( ) -y ﬂ( 28 x(l—y>)+k(a—k)<1—y>k+l QFI( 28 ’x(l—y>)

k(x—l)a/ 2,8 Blyprk=l - k+1,B+1 x-—y ])
2 (1—)k+2 T2+ -

This is equal to

a — 2B\ x Py Pk kB x-—y N[ [a =28\ x Py Bk kB x-y
_a;( )(1 % ZFf( 2 ’x(l—y))_kzl[ﬁ( )(1 W ﬂ( 2 ’x(l—y))
E(Q,_Zﬁ)x—ﬁ—ly—[hkﬂ 2Ff( k+1,8+1 : X=y )]

2 (1 — y)k+l 28+ 1 x(1-y)

a — 2B\ x By Bk kB x-y a — 2B\ x By Pk kB x-y
-2 - b)( )(1 G ZFI( 2 ’x(l—y>)+k(a—k)<1—y>k+l zFf( 2 ’x(l—y))

a
k=1

+
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k(x—l)a/ 2,8 x Py B+kF* k+1,6+1 x-y )]
2 (I—yy2 21 28+1 “x(1-p)l

. 5 (o — 2B\ x Py Pk
This is equal to ( ) [
2\ a—ifT=

k,B x-y kB x-y B ky k+1,p+1 x-—y
F( 28 x(l—y))_ﬁﬂ(%’x(l—y)) 2<1—y>2FI( 28+ 1 ’x(l—y))

_(k_ﬁ)ﬂ(k,ﬁ, x—y )_ k F(k,ﬂ_ x—y )+ k(x—1) F“(k+1”8+1- X—y )]

28 x(1-y) 1-y2'\ 28 x(1-y)) 2x(1-y2 '\ 28+1 ’x(1-y)

_ Z (a 28\ x Py P (@ = 2B)(1 = y) + k)
a—k (1- )k+1

_Za 2B\ x Py Prhel (x — y)F k+1,6+1  x-y
I—y2 2 21 2841 x(1-y))

x(1-y)

k, _
R E e

This gives, exactly,

B ii a+ 1 =28\ x Py Bk I kB x-y
a/kzl a+1-k)A—-yF '\ 28 " x(1-y))
O

O

We conclude this paper by giving the following corollary, which comes from the boundary
conditions.

Corollary 5.4. For any « integer greater than or equal to 1, we have the following result:

a+2 g k x—y \ _ 1 a x—y a(x+y) ala+1)
yz( )((1—y>)(”Ex(l—y))‘<1—y>a(”§(1—y>)‘(” 2 T2 xy)'
(5.2)

Proof. Let us take (5.1) with 8 = —1; then we obtain the following:
2 2 (@nin DDy F( -1 - y) oy (oo ( k-1 x-y )
L4 (=2)ygnm! (I—y ™" o (1-yF T =2 Tx(l-y)

m=0 n=

Taking
1 1
(@ min(=Dm(=1), alx+y) ala+1)
X"yt =1+ + ,
* mzz;) 21 (Dpentm? 2 > ¥
y,—1

ZF‘( 5 Z) =1+ 2Z

into account, we get the desired result. m]
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Conclusion and open problem. In the case when « is a positive integer and (3 is a negative integer,
the equation

B B
* . _ z 2 (a)m+n(ﬁ)m(ﬁ)n me" _ 1 a/’ﬁ XY
Fl (a’ﬁ,ﬁ, Zﬁ’ x’ y) - —0 n=0 (2ﬂ)m+n m!n! B (1 — y)d ZFT ( 2B ’ m) s

is no longer true, and we give an explicit expression of the correction term V@#(x, y) such that

B B
GuBle mn 1 (@B 2=\
mZ:O ;( )m+n (Zﬂ)m_m me - 2F1 ( ) + V( ﬁ)(x y) (53)

(I—y)» 28

This result is very important because of the following reasons: first, it has four variables a, S, x,
and y; second, all researchers know how difficult is to manipulate double summations with two
variables; and, third, it has many applications in various applied mathematics .

This leads us to state the following open problem. In the case when « is a positive integer and 31, 3,
are negative integers, the equation

2
FilaBB.B+B3x) =) )

a’)m+n(ﬁ,)m(ﬁ)n men _ 1 ( Q,ﬁ . x—y
m=0 n=0 B+ B )min m!in! B (1-y) 2

B+p T1-y

is no longer true. Find an explicit expression of the correction term V@##)(x, y) such that the following
result holds true:

3 EnBh iy L o @B XY\
,,ZZO,IZ;()“*”(/S + B n!m!xy_(l—y)azFl(lB+,3”1_y)+V %Y. (54
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Appendix 1.

Here we provide here the Maple instructions for our main theorem in order to reassure the reader of
the accuracy and correctness of our result:

> restart;

> Gl = (b, x,y) — sum(sum((pochhammer(1,n + m).(pochhammer(b, m) x
pochhammer(b, n)/(pochhammer(2b,n + m) = factorial(m) = factorial(n)))) = x™ %= y".n =
0..—b),m=0..-Db),

> F11:=(b,x,y) = (1 =)~ * hypergeom([1,b],[2 * b], (x = y)/(1 = y));

> F12:= (b, x,y) = x7" %y 5 (y = )" x hypergeom([1, ], [2 * b], (x = y)/(x * (1 = y)));

> simplify(G1(=3,x,y) — F11(=3, x,y) — F12(=3, x,y));

The answer will be 0.
Appendix 2.

Here we provide here the Maple instructions for our Corollary(2.4) in order to reassure the reader
of the accuracy and correctness of our result:

> restart;

> Gl = (b, x,y) — sum(sum((pochhammer(1,n + m).(pochhammer(b,m) x
pochhammer(b, n)/(pochhammer(2b,n + m) * factoriallm) = factorial(n)))) = x" = y',n =
0..—b),m=0..-b),

> Klx:= (b,x,y) = 1/(1 — x) = hypergeom([1,b],[2 = b], (x — y)/(x — 1));

> F12:= (b, x,y) = x5y s (y = )7« hypergeom([1, b, [2 * b], (x = y)/(x * (1 = y)));
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> Klxy := (b, x,y) = pochhammer(b, —b)/pochhammer(2b, —b) * (x — y)'72? /(1 — y) ™+ /(x = 1)'7?;
> simplify(G1(=3, x,y) — K1x(=3, x,y) — K1xy(=3, x,y) — F12(=3, x,y));

The answer will be 0.
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