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Abstract: This paper investigates the problem of event-triggered impulsive synchronization control
for a class of hybrid delayed dynamical complex networks. Based on the Lyapunov function method,
two control strategies—distributed event-triggered impulsive control and event-triggered pinning
impulsive control—are proposed to guarantee synchronization of complex networks. The first strategy
does not require prior knowledge of the network topology, thereby greatly reducing implementation
difficulty. The second strategy controls only a subset of nodes in the network, which significantly
reduces the consumption of control resources. Several sufficient conditions are established to reveal
the potential relationships among the event-triggered mechanisms, control input, and impulsive action.
In addition, the proposed event-triggered mechanisms can effectively exclude Zeno behavior. Finally,
some numerical examples are provided to verify the effectiveness of the theoretical results for the
synchronization of delayed dynamic complex networks.
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1. Introduction

In recent years, synchronization control of complex networks has attracted considerable attention
in mathematics, computer science, physics, and related fields; see [1-3] and the references therein.
Synchronization refers to a process in which two or more systems interact with one another in addition
to their individual evolution, such that their states gradually converge under coupling when certain
conditions are satisfied [4, 5]. For systems that cannot achieve synchronization through their inherent
dynamics and coupling alone, control inputs are introduced to enforce synchronization. Among various
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control strategies, impulsive control has been widely studied because of its simple structure, low
implementation cost, and strong robustness. In particular, impulsive control permits discontinuous
control actions, making it suitable for systems in which continuous control inputs are infeasible or
unavailable. As a result, it offers broader applicability than conventional continuous control schemes.
To date, a substantial body of literature has been devoted to impulsive control; see [6-8] and the
references therein. However, in most existing studies, impulsive control is implemented at prespecified
impulsive instants, which may lead to unnecessary resource consumption. In practical applications,
improving resource utilization efficiency is essential for guaranteeing the desired synchronization
performance while reducing control expenditure [9, 10].

To improve the efficiency of impulsive control, event-triggered impulsive control has been
extensively investigated in recent years; see [11,12]. The main idea of this approach is that an impulsive
signal is applied only when the system dynamics violate a prespecified trigger condition. Unlike
time-triggered impulsive control, the number of impulses is not predetermined, and the impulsive
controller is activated only when the triggering condition is satisfied, thereby substantially reducing
the consumption of control resources [13, 14]. Compared with conventional event-triggered control
based on zero-order hold, event-triggered impulsive control also requires real-time monitoring of the
system state; however, its control action is instantaneous at each triggering instant, and no control input
is imposed between two consecutive impulse instants. Consequently, the communication burden can be
significantly reduced. To date, various event-triggered impulsive control strategies have been applied
to a wide range of control problems. For example, [15] investigated the application of event-triggered
impulsive control to the synchronization of multiple neural networks and discussed event-triggered
impulsive synchronization in complex dynamical networks with leader. Peng et al. [16] employed
event-triggered impulsive control to study synchronization in leader-following coupled dynamical
networks. References [17] and [18] addressed event-triggered impulsive control for first-order and
second-order multi-agent systems, respectively. However, in previous studies on event-triggered
impulsive control, implementation of the reported results generally required prior knowledge of the
network topology, which is difficult to obtain in some practical scenarios. In addition, for networks
with low synchronization performance requirements, or for networks in which controllers can only be
installed at a subset of nodes, it remains necessary to further reduce control resource consumption and
develop suitable event-triggered impulsive control schemes. Therefore, overcoming these difficulties
and filling these theoretical gaps constitute the main motivation of this paper.

Time delays are ubiquitous in real-world physical networks. If not properly addressed, they
may degrade control performance or even destabilize the system [19, 20]. Therefore, the study
of control methods for delayed networks is motivated by both theoretical challenges and practical
demands. On the one hand, time-triggered impulsive control for delayed networks has been extensively
studied; see, for example, [21,22]. On the other hand, it is well known that one of the key issues
in the design of event-triggered mechanisms is the exclusion of Zeno behavior, that is, infinitely
many triggering events occurring within a finite time interval. The presence of time delays further
complicates this task, because estimating delayed state information while simultaneously excluding
Zeno behavior is highly challenging. Nevertheless, some progress has been made in recent years on
event-triggered control strategies for delayed systems; see [23—-25]. More recently, event-triggered
impulsive control for delayed systems has also attracted increasing attention. In [12], a suitable event-
triggered impulsive control strategy was developed to guarantee global weak exponential stability for
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a delayed system. However, this strategy cannot be directly extended to delayed networks, mainly
because the coupling among network nodes further increases the difficulty of extracting delayed state
information while excluding Zeno behavior. Although event-triggered impulsive control strategies for
delay-free networks have been widely investigated, corresponding studies for delayed networks remain
relatively limited. These considerations motivate the present study. The primary contributions of this
paper are summarized as follows:

(1) Distributed event-triggered impulsive control strategy: A novel distributed event-triggered
impulsive control method is proposed in the first control strategy. Unlike most existing studies
that depend on the global network topology, the proposed approach requires only information from
neighboring nodes. This use of localized information substantially improves the feasibility and
scalability of the control strategy and makes it more suitable for large-scale networks. By reducing
reliance on global network information, the proposed method is more practical for applications in
which complete network information is unavailable or expensive to obtain.

(2) Pinning control integrated with event-triggered impulsive control: In the second control
strategy, pinning control is incorporated into the event-triggered impulsive control framework. This
integration enables synchronization to be achieved by controlling only a subset of nodes rather than
the entire network. Consequently, control resource consumption is further reduced, which improves
the efficiency of the strategy. This approach is particularly suitable for networks with limited control
capability or strict resource constraints.

(3) Synchronization conditions and practical implementation: Several sufficient conditions are
derived to ensure synchronization of complex networks, and these conditions are simple and convenient
to implement. They establish explicit relationships between impulse intervals and key factors of
network dynamics, including continuous-time dynamics, topology, and event-triggered mechanisms.
By clearly characterizing these relationships, the obtained results provide useful guidance for the
design and optimization of event-triggered impulsive control strategies. The simplicity of the proposed
conditions also supports their application to a broad class of complex network scenarios. Taken
together, these contributions advance the study of complex network control by addressing important
issues related to feasibility, resource efficiency, and practical implementation. The proposed strategies
not only improve the effectiveness of event-triggered impulsive control but also provide a basis for
future research on distributed and resource-efficient control methods.

These contributions collectively advance the field of complex network control by addressing critical
challenges related to feasibility, resource efficiency, and practical implementation. Our proposed
strategies not only improve the performance of event-triggered impulsive control but also provide a
foundation for future research in distributed and resource-eflicient control methodologies.

Notations: Let R denote the set of real numbers and R*represent the set of positive real numbers.
The notation R” denotes the n-dimensional real vector space, while R represents the space of n X m-
dimensional real matrices. Both spaces are equipped with the Euclidean norm, denoted by || - ||. For a
given matrix Q, A (Q) and Ay, (Q) refer to its maximum and minimum eigenvalues, respectively.
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2. Model description

The following equation describes a class of coupled complex networks composed of N dynamical
nodes with hybrid time-varying delays:

N
40 =¢tu), 500N+ ) gzt —sO) +u(1),i=1,2,-- N, 2.1)
j=1

where z;(f) = (z1(0),zn(t), -+ ,zin(1))" € R" is the state vector, and function @ (¢, zi(¢), z; (t — o(t)))=
[cfbl (t,zi(D),zi (t—0(@®)) , -+, b (2, 2i(1), i (£ — Q(t)))]T € R". The inner coupling matrix defined as I" =
diag {y1,¥2, - ,¥a} > 0. o(?) is the transmission delay occurring inside the node satisfying 0 < o(f) <
o, and 0 < ¢(7) < ¢ represents the coupled delay. Let d = max {0, ¢}, then the initial condition is given
by zi(t) = £i(t). G = (g,-.,-)NxN represents the coupling matrix of the complex network defined to satisty
diffusive coupling. Respectively, if node i can receive the information from node j, g;; > 0, otherwise,
gij = 0, and the diagonal elements g;; = — Z?’:], i 8ij- This paper aims to synchronize each node in the
coupled networks with the solution of the following nodes:

$(0) = ¢ (1, 5(t), s (1 — 0(1))),

where s(t) = [51(2), s2(2), - -+, s,(t)]7 € R". Next, we will design the event-triggered mechanism and
the controller to synchronize the networks.

Assumption 2.1. The nonlinear function ¢(t, x,y) : RXR"XR" — R" is supposed to satisfy the common
Lipschitz condition, that is, there exist positive numbers |, and [, such that for all xy, x,,y1,y, € R", the
following condition holds:

||$ t, x1,y1) — &(f, X2, y) I < Lillxy = xall + Lllyr = y2ll.

Definition 2.1. [26] A network containing N nodes has a node state denoted as z;(t),i = 1,2,--- ,N.

If

lim ||z;(7) — s(9)I| = 0,
t—+00

then (2.1) could claim that the network is synchronized to s(t).
3. Main results

In this section, for networks with hybrid delays, we propose two control strategies to bring the
network into synchronization. Different from general impulsive control methods that require the
selection of an appropriate average impulsive interval, the impulsive interval of our proposed control
method is implicitly determined by an event-triggered mechanism. The derived conditions reveal the
relationship between the event-triggered mechanism, the forced impulsive interval, and the control
gain.

This part investigates event-triggered impulsive control from two perspectives. The first part
considers a distributed event-triggered impulsive control strategy, in which all nodes independently
implement an event-triggered mechanism, and each node determines its own impulsive instants based
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on its local state error, without applying pinning control. The second part considers a pinning event-
triggered impulsive control strategy, in which impulsive control is applied only to a subset of nodes in
the network, but the event-triggered condition is designed in a centralized manner, and the triggering
instants of all nodes are determined by a unified global condition. These two strategies reveal, from
different aspects, the combination of event-triggered mechanisms and impulsive control.

3.1. Distributed event-triggered impulsive control strategy

We first consider imposing control on all nodes in the network by designing the following controller
and event-triggered mechanism, and the impulse time of each node is independent. More specifically,
the impulse time of node i is determined by the following event-triggered mechanism:

t;'{.: min 0'}{,7'}{} , | | 3.0)
o, =inf{r >y (Oyi(t) = ay! (t,’(_l) Vi (t}c_l) + bV,-oe‘W‘tO)} ,

where k € Z,,a,b> 1, Vs = sup yl.T (to + 8) y; (to + 5), yi(t) = z;(t) — s(¢) denotes the error vector of
se[-d,0]

node i. In particular, 7} represents the forced impulsive sequence, defined as 7}, = #i_, + n with n > 0.
At the impulse time, the network is controlled by the following controller:

ui() = )yl (1 - 1), (3.2)
k=1

where the real number u satisfies |1 + u| < 1. Then the error system can be rewritten as

N
$i0) = ¢ (1,3i0), yi(t = o)) + Y gy (t =G (O),1 # 1,
o (3.3)

it = (A +wyi ().t =1,

where ¢ (¢, y,(1), yi (t = 0(1))) = ¢ (1, 2:(1), 2 (t = (1)) = § (2, 5:(1), 5 (t = 0(1))).

In event-triggered mechanisms (3.1), the impulsive sequence for node i is determined by two parts,
the time sequence when the event is triggered and the forced impulsive sequence that we set. Due to the
inability of the threshold to spontaneously converge to zero may result in events not being triggered,
thus only guaranteeing boundedness of the error vector and not synchronization. For this reason, forced
sequences {0} are introduced, where events are forced to be triggered once when they do not occur
for a long time, thus avoiding the above situation. To make the narrative more convenient, we merge
the impulsive time series {t,i};j‘; of all nodes in chronological order to form a new time series {#;}
ie,{n}={,:i=1,2,--- ,N,ke N"}.

+00

k=1’

Theorem 3.1. Under the conditions of Assumption 2.1, if there exist constants a,b > 1 and
n,A > 0 such that the inequality An + In [a(l + ,u)2] < 0 holds, then the complex network described
by (2.1), equipped with the event-triggered mechanism (3.1) and the controller (3.2), achieves global
synchronization with the target trajectory s(t). Furthermore, it is guaranteed that no Zeno behavior
occurs in the system.
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Proof. Consider the following Lyapunov function:
Vi) =y (®)yi(0),i = 1,2,+- ,N.

Forallr e [t;;_ 1> t,i), calculating the derivative of V;(¢) along the system of (3.3) gives that

N
D*Vi(1) = 2y/ (1) [aﬁ (t,yi(0), yi (t = 0(1))) + Z iyt =¢®)|.
j=1

Based on Assumption 2.1, it can be obtained that

Yi (D¢ (1, yi(0), yi (t = 0(0)) < Iyl (2, yi(1), yi ( = 2@
< @I llyi Ol + Llly: (¢ = o) 1D

(3.4)
< (l] + %lz) Vi(t) + %Vl (t — Q(t)) .
From the Cauchy inequality, one can obtain that
N
D&l Oy; (= 6(0) =gay! OFyi (¢ = (1) + D gipy! (Oy; (¢ = (1)
J=1 J#i
<= S [TOry@ + 5] @ - s0)yit - s0)
= 3.5
+ 2 EDI O+ 1= s0)y; = 50)]
J#I
= =g Vilt) = Vit = 5@0) + ) gV, (1 = 5(0).

J#i

To sum up, it can be further deduced that

D*V(t) < (20 + b = 28 Vi) + Vi (¢ — (1) = guVi (t = () + )" gV (t = 6(0).  (3.6)

J#i
When ¢ = £}, one has
Vi) = (1+p? V(). (3.7)

Case 1. The whole impulse time sequence {t,i} is only comprised of forced time, at which point Zeno
behavior is clearly excluded by the definition of forced time.

Case 2. The whole impulse time sequence {tj{} is only comprised of event-triggered time.

Let

Vi()e!"™), 1 € [ty, +00),
) = (Ne [to, +0) (3.8)
Vi(t)’ re [t() - d7 t()) »
then the event-triggered mechanism (3.1) is equivalent to the following form:
#. = min af{,rf{} , | (3.9)
ob =inf{t > i 1 [1(t) 2 ae’ 0 II(8_ ) + Vi) '
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It should be noticed that
1,(1.,) < "I, (1,) + Vi < 17,(1).

Hence, there exists s, = sup {t € [ti—v t,’() - I < et o) T, (t,"(_l) + Vio}. Since I7,(¢) is a continuous

function, we have I7; (s}() = et 1T, (t,i_l) + Vi and I7,(t) > e'-%-)17, (t,"(_l) + Vi, for t € [s;;, t}()
Based on (3.7), the following inequality holds:

H,' (l;;_) = Cle/l(t;‘_t;;‘l)ni (t;.{_l) + szO
< ape' (it g, (t,i__l) +bVig
< ape' (it T, (t,i_z) + bV (1 + apeﬁ(’i_’i’fl))

k-1
<a (ap)k—l eﬂ([;{—to) ViO + Z bViO (ap)l e/l(t;{—t;{#) (310)
1=0

k-1
< (ek(/ln+lnap)—lnp + Z bei(/lr]+lnap)) ViO
i=0

<|p™! _ b V
s\p +1—ae4’7+“‘ﬂ i0>

where p = (1 + u)?. Thus, for t € [s;'(, t,"(), one can derive that

(i), t-o( € .1)

m(62)), =o€t ti_,)
II; (1 — o(n)) <
(i), t-oe [to, )

(3.11)
Vo, t—o(t) € [to — h, 1)
p ' —ae' +b
1 - e/lr]+lnap i0
ol —ae +b
1 — eAn+lnap Hi(t).
Similarly,
-1 _ An
0 ae +b
II; (t — ¢(1) < Wni(t)a (3.12)
and
-1 _ A -1 _ A7 . -1 _ a0 .
Je ac+b_ p ae+bVij Je ae’"+ bV
Hj (t - g(t)) < 1 — e/ln+lnap VjO - 1 - e/ln+1nap V_,'()Vio < 1 — e/b]+lnap V_I()H’(t)
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Combined with the condition of theorem, it readily follows that
DYII() < (20 + b = 28y + A) IT,(1) + e IT; (t — (1)) — gie " IT; (¢ = 5(1))

+ > gie I (- 6(1)
g (3.13)

V.
<|2h + b =28y + A+ heO - gie" O + 3 gL 0| 1Ti(0),
j#i Vio

pl—ae+b

where 0 = S—a

. By calculating the integration over the interval ¢ € [sj{, t;;), one gets

V-O . .
17 (4 <e[2[1+lz—2g,-,-72+/l+lzeﬂ”@—g,-,-eﬂ”@+2j¢,«gijeﬂh%@](t;(—sjc) 11(s
AL ¢ (3.14)

IA

Vi o
2 Al Al An " JjO :
e[lll+lz—2gii7 +A+he " O-gie™ O+ ju; 8ije %@]([z_ﬂk’l)n (S;c)

In(pAg)

V
21 +1-2giy> + A+ LM O—giie M O+ T 4 ije T O

i i
Therefore, 1, — 1, | >

> 0, so that #;, — +oo(k — oo0) and t, —
+00 (k = o0).

Case 3. The whole impulse time sequence {t,i} comprises the forced time and the event-triggered time
together. It is clear from the foregoing discussion that the Zeno behavior is excluded.

It means that there is no Zeno behavior. Next, we present the proof that the network (2.1) can
achieve synchronization. From (3.1) and (3.7),

Vi(t) < aV; (l‘;{_l) + bVjpe A1)
< apVi(12,) + bVige ™0
=a (ap) Vi (t]i(_z) + bViO (e_ﬂ("’o) + Clpe_/l(tlic—l_t()))
<...

(3.15)

k-1
< (alap)™" + be ) Vg + Z bV (ap) e i)
=1

< [a(ap) ™ +be 0 + b (k- 1) e Vig
< [be_ﬂ(’_t") + (bk + p‘l) e_k“] V.

Hence, |ly:()|l < /[be=4=0) + (bk + p~") e*€]V,o, and lim ||y;,(1)|| = 0. The proof is completed. O
t—+00

Remark 3.1. The difficulty in applying event-triggered impulsive control to delayed systems is
extracting delayed state information when avoiding Zeno behavior, and the related approach has
been repeatedly investigated in [12]. However, this approach cannot be applied to a network directly,
mainly because there is information exchange between network nodes, and this coupling effect further
increases the difficulty of extracting delayed state information. In the proof of Theorem 3.1, we
overcome this difficulty by attributing the terms in the Lyapunov function that contain coupling
information to the initial values. However, this also makes our results relatively sensitive to the initial
values and somewhat conservative.
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Remark 3.2. Unlike conventional impulsive control based on the average dwell time method, e.g.,
[27-29], the time interval between impulses is not fixed; it depends on the divergence rate of the state
vector. More specifically, when the error vector grows faster, it leads to quicker trigger control, and we
have shown that a lower bound on the trigger interval for the same node does not lead to an infinite
number of triggers in a finite time. Conversely, when the error grows more slowly, slower departure
control can be allowed. This mechanism dictates that event-triggered impulse control will save more
control resources than traditional impulsive control.

3.2. Event-triggered pinning impulsive control strategy

As mentioned in the previous section, event-triggered impulsive control has the benefit of saving
control resources compared with time-based impulsive control. On this basis, how to further reduce the
consumption of control resources is the concern of this paper. Inspired by many works such as [30-32],
this part will demonstrate that synchronization of the network can also be achieved by applying control
to the partial node. Different from the previously proposed control strategy, these controlled nodes are
controlled simultaneously at the impulse time #;, and the impulse sequence {#;} is determined by the
following event-triggered mechanism:

te = min {0, Ty}, .16
o = inf {t Z Iyt Zf\il yiT(t)Yi(t) =>da Zf\il y,-T (te—1) yi (te—1) + bVoe_’l(t_IO)} , )

where k € Z, a, b > 1, Vo = sup X,y (to + 8)yi (to + 5), yi(t) = zi(t) — s(t) is the error vector.
s€[—d,0]
In particular, 7, represents the forced impulsive sequence, defined as 7, = #_; + n with n > 0.

The parameters a, b, and A are core design parameters in the triggering condition, used to adjust the
sensitivity of the triggering function to accommodate different system dynamics. The forced impulse
parameters 7 and 7 provide a safety backup to ensure system stability under worst-case scenarios. At
the impulse time, the network is controlled by the following controller:

ui(t) = p1 )y (¢ = 1), i € DKy, (3.17)

k=1

where |1 + u| < 1. Then the error systems can be rewritten as

N
yit) = ¢ (2, yi(0), yi (t = 0(1))) + Z iy (t =), 1 # 1,

J=1

yi(t)) = A +pyi(t),i € D).

(3.18)

In the pinning event-triggered impulsive control strategy proposed in this part, the selection of pinned
nodes is based on the following rule: At each event-triggered instant, the system detects the state
error norm ||y;(¢)|| of all nodes, where y;(¢#) denotes the state error of node i. The nodes are sorted
according to the magnitude of their error norms, and the top / nodes with the largest error norms are
selected as pinned nodes, forming the pinned node set D(t) = {py, p2,--- , p;}. The parameter / can
be predetermined based on the network size and desired control performance, or adaptively adjusted
according to practical requirements.

AIMS Mathematics Volume 11, Issue 4, 11173-11193.



11182

Remark 3.3. The index D(t), which needs to be controlled impulsively, is defined as follows: At time
instant t, one can reorder the vectors of error states y;(t), y2(t), - - ,yn(0), as ||y, (Ol = [y, (Ol > -

ypy O, then D(t) = {p1,p2,--- , pi}. If there is more than one state with the same norm, any node
that has the same norm can be chosen. Once the impulse time is determined, the centralized impulsive
controller selects the nodes to be controlled and sends control signals to them.

Theorem 3.2. Letp = w € (0, 1) and suppose that Assumption 2.1 holds. If there exist constants

ab>1n1>0 satisfymg An + In(ap) < 0O, then the complex networks (2.1) with event-triggered
mechanism (3.16) and controller (3.17) is globally synchronized to s(t). Moreover, there is no Zeno
behavior, and the inter-execution times {ty — ty_i Yz, have a lower bound:

In(a A b) '7}. (3.19)

€ = min
{211 b htyt A+ (TNl atid) gy

1—eAn+lnap

Proof. Consider the following Lyapunov function:

N
V() = > ¥ Oy,
i=1

For all 7 € [#._1, t), calculating the derivative of V;(¢) along the system of (3.18) gives that
N N
DV(r) =2 (1) [aﬁ (30,31 (1= T(@)) + ) giily; (¢ = g(t))}.
i=1 =1
Based on Assumption 2.1, it can be obtained that
N N
D0 (i), i (= 1) < Y Iyl (4,310, i (¢ = o) I
i=1 i=1
N
< > IO Gyl + bllys (2 = o) 1) (3.20)
i=1

1 l
< (11 + 5lz) V) + EZV(t —0(0).

From the Cauchy inequality, one can get

N N
DT gy Oy, (t - () =

i=1 j=1 i

Mz
M=

gij ) Yy (t — (1)
=1

Il
—_

L j

YOG (3t = s1)
1 3.21)

7 [ = s 676 (3 (= s@) + 30 (o) |
k

o (676)

2

-

=~
Il

IA
| =

I/\

V(- o) + %vm,
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where Y = max{yl,)/Z’ ) )/n}a yk(t) = ()7110 Yokt ’)’Nk)- From (320) and (321)’

DV(t) < 2l + b +Y) V() + LV (t = o)) + YAmax (GTG) V (¢ = (1))

When ¢t = 1, one has

V() = ) 57 @)y ()
= > A+ Py )y () + D @) i ()

€D igD
< > U+ 5] (6)3i (1) + (N = Dllyy,,, @I
i€D

N-1
= D W 5] @)y () + =1y 0P

€D

<l | Yol @

€D
On the other hand,

pV () < p? PRAGRI(!
i€D

According to (3.23) and (3.24), it can be further obtained that

V() <pV ().

(3.22)

(3.23)

(3.24)

(3.25)

Case 1. The whole impulse time sequence {t,} is only comprised of forced time, at which point Zeno

behavior is clearly ruled out by the definition of forced time.
Case 2. The whole impulse time sequence {t,} is only comprised of triggering times.

Let
V(0)et'™) 1 € [1g, +00),
() = (e [79, +00)
V(l), t e [lo — h, lo) s

then the event-triggered mechanism (3.16) is equivalent to the following form:

f; = min {l}:,Tk} ,
tp =inf{t >ty 11(t) 2 ae" 50V (1) + V).

It should be noticed that
IT (ti_y) < DT (1) + Vo < TT (1) .

(3.26)

(3.27)

Hence, there exists s; = sup {t € [tier, ty) @ () < e =D[T (f_)) + VO}. Since 71(¢) is a continuous
function, we have I7 (s;) = e V[T (t,_) + Vy and I1(t) > e V[T (t,_,) + V,, for t € [, t;). Based
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on (3.25), the following inequality holds:

1 (£y) = ae" ™"V (t_y) + bV,
< ape' VT (5_) + bV,
S ape/l(tk_lk—Z)H (tk—Z) + bV() (1 + apeﬂ(lk—lk_l))

k—1
<a (ap)k—l exl(tk—to)vo + Z bV() (ap)i e/l(tk—tk,,-)
i=0

k-1
< (ek(/lrﬁlnap)—lnp + Z bei(/ln+lnap)] VO

i=0

1 b
G e A

Thus, for ¢ € [sy, t;), we can derive that

(). t=-o) €[t t)
H(t,:_l), t—o0(1) € [tr—, tr—1)

II(t—o() <1:
(), t=-o) €l 1)
Vo, t—o(1) € [ty — h, 1o)
p !l —ae +b
- 1= e/lr]+lnap 0
p ' —ae' +b
< 1 — edntlnap 1(@).

Similarly,

-1 _ An
Jol ae+ b
II(t-¢() < T otrrnap (0.

Combining (3.22), (3.26), (3.29), and (3.30), it follows that

(12 + YA max (GTG)) (p‘l —ae' + b)

D+H(l) < 2ll + 12 +y+ A+ 1 — etn+lnap

By calculating the integration over the interval ¢ € [sy, #;), one obtains

21+l +y+A+ (12 rimex (GT?)?(;)‘I —ae/"’*b) eﬂh](tkﬂk)
11 (1) <e e (%)
2yt L2V (Grf )1)(,,—1 ) elh](tk e
<e fetrnar 11 (1) -
Therefore, t, — t;,_; > e ’
Pk 20 +h+y+A+ (12 #74max (67G) ) (™! ~aet+b) eth

1—eAn+Inap

AIMS Mathematics

(3.28)

(3.29)

(3.30)

(3.31)
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Case 3. The whole impulse time sequence {t;} comprises the forced time and the event-triggered time
together. It is clear from the foregoing discussion that Zeno behavior is excluded.

It means that there is no Zeno behavior. Next, we will prove that the network can achieve
synchronization. From (3.16) and (3.25), we can get

V(t) < aV (ti_y) + bVye )
< apV (t_,) + bVoe 7
<al(ap)V (tx-o) + bV, (e_/l(’_’()) + ape_’l(”“l_m))

= (3.32)
< (a(ap)" + be™ ) Vo + " bVy (ap) e

i=1
< |a(@p)™" +be " + b (k - 1)e™ | V,
|be™ + (b + p~") e €| Vi,

IA

Hence, |le(?)]| < \/ [be~t=1) + (bk + p~1) e*4€]V,. The proof is completed. O

Remark 3.4. During the application of impulsive control, it is important to construct a relationship
between the divergence rate of the system and the impulse parameters, such as the condition (6) in [33].
While the topology of the network and the continuous dynamics of the nodes both affect only the
divergence rate, in order to synchronize the network, it is necessary to select a suitable average impulse
interval to satisfy the above conditions. In event-triggered impulsive control, the impulse interval is
determined by the event-triggered mechanism, so the information about the topology of the network
and the continuous dynamics of the nodes is embedded in the lower bound (3.19) of the impulse interval
rather than in the condition.

4. Numerical simulation

In this section, we present two numerical examples to validate the theoretical results derived in the
previous sections. The system under consideration consists of an array of 20 linearly coupled nodes,
each governed by the following equations:

$(1) = ¢ (1, 5(t), s (t = 0(1))) = Bs(t) + Cf (s(0)) + Df (s (t = 0(1))),

N
2(t) = Bu(t) + Cf (D) + Df (i (t = 00) + D gl 'z (t = () + u; (6),i = 1,2, ,20,
j=1

[-1 0 C[1+z 20 -2 0a C[ro ~
where B = [O _1],C— [0.1 1z —[0.1 _134\(?”,1“— o 1 6@ =

T t
L5+ U=l = 1D, 20520+ 1= Ix0) = D]+ o) = 755, and ¢(1) = e, The
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coupling matrix G between network nodes is given as follows:

-1 o0 o0 o0 o0 o0 o o o0 o o o o o0 o o o o0 o
o -r 1 o0 o0 o0 O o o o0 o o o o o o o o0 o o
o 60 -r 1.0 o0 O o o o0 o o o o o o o o0 o o
o o o0 -1 1 o0 O O o o o o o o o o o o o o
o o o o0 -r 1 0 o0 O O0 o o o0 o o o o o0 o0 o
o o o o0 0 -1 1 o0 O o0 o o o0 o o0 o o o0 o0 o
o o o o0 o0 o -1 1 o0 O O o o o o0 o o o0 o0 o
o o o o0 o0 o o0 -1r 1 o0 O o o o o o o o0 o0 o
o o0 o o0 o0 o0 0 O -1 1 0 O O o o o o o0 o0 o
G- o o o o0 o0 o0 o0 o0 O -1 1 O O O o0 o o o0 o0 o
o o o o0 o0 o o0 o0 o o0 -r1 O O O o0 o o0 o0 o
o o0 o o0 o0 o0 o0 o0 o0 o0 O -1 1 0 O O o o0 o0 o
o o0 o o0 o0 o0 o0 o0 o0 o0 o o0 -1'1 0 0 o0 O 0 O
o o o o0 o0 o o0 o0 o o0 o o o0 -1t 1 0 0o 0 0 o
o o o o0 o0 o o0 o o o o o o o0 -1 1 o 0 0 o0
o o0 o o0 o0 o0 o0 o0 o0 o0 o0 o0 o0 o o0 -1 0 0 O
o o0 o o0 o0 o o0 o0 o o0 o o o o o0 o -1t 1 o0 o0
o o o o0 o0 o o0 o o o o o o o o o o -1 1 o0
o o o o0 o0 o o o o o o o o o o o o o0 -1 1
¢$1 o 0o 0 o 0 o0 o0 O O o o o o o o o o o -1

Define e;;(t) = z;j(t) — s;()i@ = 1,2,---,20,j = 1,2). As shown in Figure 1, when the complex
dynamical networks are uncontrolled, only the second component of the error vector can be controlled
to a small extent, and the error of the first component remains large.

20 T T T T 20
18 18
16 16

Figure 1. The state error without controller.
Example 4.1. For the event-triggered mechanism and impulsive controller design, we select the
impulsive gain parameter as i = —1.5. This choice yields (1 + p)*> = 0.25, ensuring the contraction

property of the impulsive control law. Further, we set the triggering parameters as A = 1.5 (the
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convergence rate), n = 0.01 (the triggering threshold), and the bounding constants a = 1.1, b = 2.5
to satisfy the stability conditions. A straightforward calculation demonstrates that the selected
parameters satisfy the key stability criterion in Theorem 3.1:

A+ Infa(l + @] % 1.5x0.01 +In[1.1 x 0.25] < =1.27 < 0.

This inequality guarantees the exponential convergence of the error dynamics under the proposed
control scheme.

As illustrated in Figure 2, both components of the error vector are effectively regulated and
maintained within a small neighborhood of zero under the action of the designed impulsive controller.
The first component (typically representing positional error) and the second component (often
corresponding to velocity or derivative error) exhibit uniform boundedness, confirming the theoretical
predictions of Theorem 3.1. This numerical result underscores the efficacy of the proposed control
strategy in achieving system stabilization through event-triggered impulsive actions.

0 1' 2 3 s 5 0 i 2 s 4 5
Figure 2. The state error with controller (3.2).

To more clearly depict the dynamic behavior at event-triggered impulsive instants, we have added
special markings for the triggering instants in Figure 3. For ease of presentation, we have aggregated
the triggering events of all nodes onto a single line. It should be noted that we present the triggering
events of all nodes on the same line primarily to highlight the temporal characteristics of the triggering
instants rather than the distribution across different nodes. In the proposed pinning control strategy,
the event-triggering condition depends on the synchronization error of the entire network, making the
triggering instants of individual nodes highly correlated. If the triggering instants of each node were
plotted on separate horizontal lines, while this would distinguish the triggering behavior of different
nodes, it would make the figure cluttered and difficult to intuitively capture the overall temporal
distribution of triggering events. In contrast, aggregating the triggering events of all nodes onto a
single line allows for a clearer presentation of the time series characteristics of the triggering instants,
facilitating the observation of the trend in inter-event intervals and the regulatory effect of the dynamic
event-triggered mechanism on the triggering frequency. This aggregated presentation aligns with the
analytical focus of this paper, which emphasizes triggering timing and the number of triggers.
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Specifically, we use blue dots to precisely mark the occurrence of each event-triggered impulsive
instant, where each dot represents one triggering event. This dot-plot format clearly reflects the
distribution characteristics of the triggering instants and the regulatory effect of the dynamic event-
triggering mechanism on the triggering frequency. Through the above graphical processing, the
instantaneous jump characteristics of event-triggered impulsive control and the temporal relationship
of triggering are intuitively presented.

Triggering Times

0.8 1.5 |ssevessesnseens see sesne o

0.6 1.45

0.4 14

22 24 26

0.2

0.5 1 15 2 2.5 3 3.5 4 4.5 5
Figure 3. Triggering times.

Example 4.2. In this numerical experiment, we investigate the effectiveness of the proposed impulsive
control strategy when applied to a partially controlled network, where only 15 out of all nodes are
subject to control inputs. In this part, the network consists of 20 nodes in total, among which 15 nodes
are selected for pinning control. The selection of pinned nodes adopts a dynamic strategy based on
error norms: At each impulsive instant, the system detects the state error norms of all nodes and selects
the top 15 nodes with the largest error norms as pinned nodes. This selection method dynamically
adjusts the pinned nodes according to the real-time system state, prioritizing control on nodes that
deviate most severely from the desired trajectory, thereby effectively improving control efficiency. The
impulsive gain is set to u = —1.5, resulting in a contraction factor p = M]\;UV—Z) = 0.4375. The
remaining parameters A = 1.5 (convergence rate), n = 0.01 (event-triggering threshold), and bounding
constants a = 1.1, b = 2.5—are kept consistent with Example 4.1 to ensure a fair comparison.

The selected parameters satisfy the key stability criterion in Theorem 3.2, as confirmed by the
following calculation:

An + In(ap) = 1.5 x 0.01 + In(1.1 x 0.4375) =~ -0.71 < 0.

This inequality ensures that the error dynamics under partial control remain exponentially stable,
albeit with a modified convergence rate compared to the fully controlled case. The simulation results,
depicted in Figure 4, demonstrate two key observations:

1) Error suppression: Both components of the error vector (typically representing positional and
derivative errors) are confined to a significantly smaller range compared to the uncontrolled case
(Figure 1), validating the controller’s efficacy even with partial node actuation.
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2) Convergence rate trade-off: In contrast to the fully controlled scenario (Figure 2), the error
convergence to zero is slower under partial control, reflecting the inherent trade-off between control
effort and system performance. These findings robustly support the theoretical claims of Theorem 3.2,
confirming that the proposed control strategy remains effective under partial network actuation, albeit
with a moderated convergence speed.

To verify the effectiveness of the proposed pinning dynamic event-triggered impulsive control
strategy in reducing the triggering frequency, we conducted a comparative simulation between
this strategy and the general event-triggered impulsive control strategy. As shown in Figure 5,
during the simulation period from 0 to 5 seconds, the proposed pinning dynamic event-triggered
impulsive control strategy triggered a total of 44 times, while the general event-triggered impulsive
control strategy triggered 61 times. The comparison results show that, under the premise of
ensuring system synchronization performance, the proposed strategy reduces the number of triggers by
approximately 27.9 % compared with the conventional method, effectively lowering the communication
burden and control update frequency. This demonstrates the superiority of the dynamic event-
triggering mechanism in impulsive control.

Figure 4. The state error with controller (3.17).

Pimning Dynamic Event-Triggered Mechanism
18 *  General Event-Triggered Mechanism

fas & 8 M S s sEm G e s 4 8e # s e 48 ss messmes & sad

-
a

=1
@

Triggering Thnes

=1
=]

=
'Y

=1
a

=]
(=1

0.5 1 15 2 25 3 3.5 4 4.5 5

Figure 5. Triggering times.
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5. Conclusions

In this paper, a class of delayed networks with the event-triggered impulsive control problem is
investigated, for which a distributed event-triggered impulsive control strategy and an event-triggered
pinning impulsive control strategy are designed to ensure the synchronization of the network. In
addition, numerical simulation examples demonstrate the validity of the proposed theory. However,
it should be noted that this work does not address the distributed event-triggered pinning impulsive
control strategy, in which each node independently implements an event-triggered mechanism while
impulsive control is applied only to a subset of nodes in the network. This strategy combines distributed
triggering rules with pinning impulsive control, leading the system to evolve into a complex impulsive
system with multiple asynchronous jump instants. In the Lyapunov stability analysis, the coupling
between the independently generated triggering instants of multiple nodes and the selection of pinned
nodes introduces significant challenges, substantially increasing the analytical difficulty. This more
challenging scenario will be a key focus of our future work.
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