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Abstract: In this paper, we construct some self-similar analytical solutions for some one-dimensional
compressible fluid equations. For the isentropic Euler equations with heat conduction, we present an
analytical solution with the temperature decaying in time at the rate ofO((1+t)−1) for the free boundary
problem, provide an analytical solution for the Cauchy problem, and investigate its blowup and decay
phenomena. We also construct some analytical solutions for the isothermal Euler equations with heat
conduction. Moreover, we give an exact solution to the isentropic Euler equations with time-dependent
damping and construct an analytical solution to the Navier-Stokes equations with density-dependent
viscosity for γ = 3, respectively, where γ is the adiabatic exponent.
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1. Introduction

In the last several decades, the analytical solutions to the Euler equations and the Navier-Stokes
equations for compressible fluids have attracted many researchers’ interest. Constructing special
analytical solutions can help one better understand the nonlinear phenomena of the system under
consideration. For instance, the blowup and expanding phenomena of the radially symmetric Euler
equations for a compressible fluid were exhibited in [1,2] by providing some analytical solutions.
In [3], Gugat and Ulbrich studied the flow reversal phenomena in the pipeline networks modeled by
the one-dimensional isothermal Euler equations with gravity and friction by constructing some product
solutions. The concentration and cavitation phenomena were investigated for the isentropic Euler
system with the logarithmic equation of state in [4] by presenting some special analytical solutions.
For the Navier-Stokes equations, Guo and Xin [5] studied the formation of a vacuum and the spreading
rate of the free boundary for the free boundary problem in the spherical symmetry case. We can refer
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to [6–8] and the references therein for more results about the analytical solutions to the Euler equations
and the Navier-Stokes equations for compressible fluids.

In this paper, we are concerned with the analytical solutions to three systems of compressible fluid
equations. The first one is the following one-dimensional Euler equations with heat conduction (see [9]
for instance): 

ρ(x, t)t + [ρ(x, t)u(x, t)]x = 0,
u(x, t)t + u(x, t)u(x, t)x = −

1
ρ(x,t) p(x, t)x,

T (x, t)t + u(x, t)T (x, t)x = kT (x, t)xx,

(1.1)

where the fluid density ρ(x, t), the fluid velocity u(x, t), and the fluid temperature T (x, t) are the
unknown variables and p(x, t) = Aργ denotes the pressure function of density with A > 0 and γ ≥ 1
being two constants. When γ = 1, the fluid is called isothermal; when γ > 1, the fluid is called
isentropic. k > 0 is the heat conduction coefficient. In [9], Barna and Matyas found an exact solution
for (1.1) with γ = 3 by using the self-similar Ansatz of the form

V(x, t) = t−α f
( x
tβ

)
, (1.2)

where V(x, t) is an arbitrary variable of (1.1) and α is the rate of decay of the magnitude V(x, t), whereas
β represents the rate of spread (or contraction if β < 0) of the space distribution as time grows up. In
this paper, we use another self-similar Ansatz to construct analytical solutions to (1.1):

ρ(x, t) =
f
(

x
a(t)

)
a(t)

, u(x, t) =
a′(t)
a(t)

x, (1.3)

where f ≥ 0 ∈ C1 and a(t) > 0 ∈ C1. In fact, (1.3) is the one-dimensional version of Lemma 3 in [10],
which has been widely used to construct analytical solutions to the Navier-Stokes equations and the
Euler equations for compressible fluids; see [4,5,11] for instance. Although some analytical solutions
to the Euler equations were provided in [11–13] for the isentropic case, there was no information about
the fluid temperature in these works. In this paper, we will present some analytical solutions to (1.1)
by using the Ansatz (1.3); see the next section.

The second system that we study in this paper is the following one-dimensional Euler equations
with time-dependent damping (see [14]):{

ρt + (ρu)x = 0,
(ρu)t + (ρu2)x + [p(ρ)]x = −

µ

(1+t)λρu,
(1.4)

where the fluid density ρ and the fluid velocity u are the unknown variables, the function p(ρ) =
Aργ with A > 0 and γ ≥ 1 is the pressure, and µ > 0 and λ ∈ R denote the damping coefficients.
System (1.4) can be used to describe the motion of compressible flow through a porous medium. The
term − µ

(1+t)λρu represents the damping effect, which is called under-damping if λ > 0 and over-damping
if λ < 0 (see [15,16]), where the large-time behavior of the multi-dimensional model of (1.4) was
studied for an under-damping case and over-damping case, respectively. Furthermore, the damping
is called critically over-damping* for λ = −1; see [17]. The global existence and blowup of smooth

*Here, the phrase “critically over-damping” and later “critically under-damping” are both mathematical definitions in the context of
damping.
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solutions to (1.4) with non-vacuum initial data for some values of λ and µ were investigated in [18,19];
see [20,21] for the multi-dimensional case. For the analytical solutions to (1.4), Pan [14] constructed a
solution on a half line with one-side physical vacuum and proved its stability for 0 < λ < 1, µ > 0 or
λ = 1, µ > 2. For the N-dimensional radially symmetric case, Dong, Lou, and Zhang [11] constructed
some analytical blowup solutions for λ > 0. Moreover, the self-similar analytical solution to the free
boundary problem of spherical Euler equations was presented in [12] for λ > 1; see [13] for the
cylindrically symmetric case with λ ≥ 1. In this paper, we will provide an exact solution to (1.4) for
λ = 1 by using the following self-similar Ansatz:

ρ(x, t) = (1 + t)−αh
(

x
(1 + t)β

)
, u(x, t) = (1 + t)−δg

(
x

(1 + t)β

)
, (1.5)

which is similar to (1.2); see Section 3. For λ = 1, the damping is called critically under-damping.
The analytical solutions for this case play an important role in investigating the critical behavior of the
system.

The third system that we consider in this paper is the following one-dimensional Navier-Stokes
equations with density-dependent viscosity (see [8]):{

ρt + (ρu)x = 0,
(ρu)t + (ρu2)x + [p(ρ)]x − (µ(ρ)ux)x = 0,

(1.6)

where the unknown variables are the fluid density ρ and the fluid velocity u, p(ρ) = Aργ is the pressure,
and µ(ρ) = Bρ is the viscosity coefficient with B > 0 being a constant. In [8], Dong and Zhang
constructed an exact solution to (1.6) for γ = 1 by using a non-self-similar Ansatz and investigated the
large-time asymptotic behavior of the density according to various A. For the multi-dimensional case,
Guo and Xin [5] provided some spherical analytical solutions to the free boundary problem of Navier-
Stokes equations with density-dependent viscosity; see [22] for the corresponding improved results
and [23] for the cylindrically symmetric case. In this paper, we will present an analytical solution
to (1.6) with γ = 3 on the half line [0,+∞) by using the Ansatz (1.5). The choice of [0,+∞) ensures
the positivity of the density, and the class of solutions we construct does not involve solutions for which
the density is positive on the entire line; see Section 4.

We choose the above three systems as our research object because they represent progressive
physical complexities added to the standard Euler equations for a compressible fluid (heat conduction,
damping, and viscosity). The self-similar transformations such as (1.2) (or (1.5)) and (1.3) are
mathematically necessary to decouple the partial differential equations into integrable ordinary
differential equations by separating temporal and spatial variables, for other Ansatzes; see [24] and
references therein. Compared to [9], using the Ansatz (1.3) rather than (1.2), we obtain some new
information about the behavior of the temperature for the system (1.1); see Remark 2.1 of the next
section. Let us mention that the equations of state for the pressure used in [4,25,26] are different
from (1.4). While in [11–13], the function a(t) in the Ansatz (1.3) satisfies an ordinary differential
equation, which does not have an analytical solution, so we present an exact solution for (1.4) by
using the Ansatz (1.5) and discuss some qualitative behavior of the density depending on µ. For the
system (1.6), the analytical solutions constructed in [8] are non-self-similar, whereas the analytical
solutions in this paper are self-similar. We obtain an analytical solution for (1.6) that does not feature
emergence of vacuum in finite time, whereas analytical solutions to the physical vacuum boundary
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problem for the multi-dimensional Navier-Stokes equations with a certain symmetry were constructed
in [5,22,23,27].

While this paper focuses on classical equations for compressible fluids, we note that related
analytical techniques have been extended to more complex frameworks, including the two-phase flow
models [28], the fractional models for incompressible fluid flow [29], hydromagnetic free convection
flow [30], Maxwell fluid flow [31], and magnetohydrodynamic free convection flow [32].

2. Analytical solutions to the system (1.1)

First, we consider (1.1) on the moving interval [−a(t), a(t)] (a(t) > 0), where ±a(t) is the free
boundary of fluid. We supplement (1.1) with the following initial and boundary data:

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x), T (x, 0) = T0(x), x ∈ [−a0, a0], (2.1)

ρ(−a(t), t) = ρ(a(t), t) = 0, (2.2)

where [−a0, a0] is the interval occupied by the fluid initially. The problems (1.1), (2.1), and (2.2)
describe the motion of the one-dimensional fluid on an interval surrounded by vacuum. The first result
of this section is as follows.
Theorem 2.1. If 1 < γ ≤ 2 and T0(x) = b0x with b0 being a constant, there is an analytical solution to
the problems (1.1), (2.1), and (2.2) of the form

ρ(x, t) =

[
max

{
0, γ−1

2γ

(
1 − x2

a(t)2

)}] 1
γ−1

a(t)
, u(x, t) =

a′(t)
a(t)

x, T (x, t) =
a0b0

a(t)
x, (2.3)

where a(t) satisfies

a′′(t) =
A

a(t)γ
, a(0) = a0 > 0, a′(0) = a1 (2.4)

with a1 being the initial slope of the free boundary. Moreover, if F(0) =
∫ a0

−a0
ρ0u0xdx > 0, then, the

interval [−a(t), a(t)] occupied by the fluid grows linearly in time, and the absolute value of the fluid
temperature |T (x, t)| decays to zero at the rate of O((1 + t)−1).
Outline of the proof of Theorem 2.1. To prove Theorem 2.1, we first obtain the analytical solution (2.3)
and reduce the original partial differential equations to the ordinary differential equation (2.4) by using
the Ansatz method, then we prove the free boundary a(t) expands outward linearly in time by using the
averaged quantity method.
Proof. It is not difficult to verify that the Ansatz (1.3) satisfies the first equation of (1.1). When
p(x, t) = Aργ with γ > 1, we plug (1.3) into the second equation of (1.1) to have

a′′(t)
a(t)

x +
Aγ
γ − 1

·

[
f γ−1( x

a(t) )
]′

x

a(t)γ−1 = 0, (2.5)

which becomes

a′′(t)s +
Aγ
γ − 1

·
[ f γ−1(s)]′s

a(t)γ
= 0 (2.6)
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by letting s = x
a(t) . We further require

−s =
γ

γ − 1
· [ f γ−1(s)]′s, f (1) = 0. (2.7)

Then we get

f (s) =
[
γ − 1

2γ
(1 − s2)

] 1
γ−1

, s ∈ [−1, 1], (2.8)

which together with (1.3) leads to

ρ(x, t) =

[
γ−1
2γ

(
1 − x2

a(t)2

)] 1
γ−1

a(t)
, x ∈ [−a(t), a(t)]. (2.9)

Moreover, by (2.6) and (2.7), a(t) satisfies (2.4).
For (2.4), we can prove it has a local C2-solution by using a fixed-point theorem as in [5]; here, we

omit the details. By a(0) = a0 > 0 and continuity, a(t) > 0 on a short time interval [0, t∗). Set

T ∗ = sup{t∗|a(t) > 0, ∀t ∈ [0, t∗)}. (∗)

We can prove T ∗ = +∞ by contradiction. Indeed, if T ∗ < +∞, then lim
t→T ∗−

a(t) = 0 by continuity. For
any fixed t ∈ (0,T ∗), we multiply (2.4) by a′(t) and integrate it over [0, t] to have

1
2

a′(t)2 +
A

(γ − 1)a(t)γ−1 =
1
2

a2
1 +

A

(γ − 1)aγ−1
0

. (∗∗)

Letting t → T ∗− in (∗∗) to have lim
t→T ∗−

a′(t)2 = −∞ is a contradiction. Similarly, we can also prove
a(t)↛ 0 as t → +∞. Consequently, there exists a positive constant M such that a(t) ≥ M.

To obtain a formula for T (x, t), we assume that T (x, t) = b(t)x, where b(t) ∈ C1 will be determined
later. Substituting T (x, t) = b(t)x and u(x, t) = a′(t)

a(t) x into the third equation of (1.1), we get

b′(t)x +
a′(t)
a(t)

b(t)x = 0, (2.10)

which can be solved as
b(t) =

a0b0

a(t)
, (2.11)

where b0 is a constant satisfying T0(x) = b0x. So, we obtain T (x, t) = a0b0
a(t) x.

To investigate the spreading rate of the fluid and the decay rate of the temperature, we need to
study the large-time behavior of a(t) through the ordinary differential equation (2.4) combining with
the following averaged quantities:

I(t) =
∫ a(t)

−a(t)
ρx2dx, (2.12)

m(t) =
∫ a(t)

−a(t)
ρdx, (2.13)
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F(t) =
∫ a(t)

−a(t)
ρuxdx, (2.14)

E(t) =
1
2

∫ a(t)

−a(t)
ρu2dx +

A
γ − 1

∫ a(t)

−a(t)
ργdx. (2.15)

We use the first equation of (1.1) and the condition (2.2) to obtain

I′(t) =
∫ a(t)

−a(t)
ρtx2dx = −

∫ a(t)

−a(t)
(ρu)xx2dx = 2

∫ a(t)

−a(t)
ρuxdx = 2F(t), (2.16)

m′(t) =
∫ a(t)

−a(t)
ρtdx = −

∫ a(t)

−a(t)
(ρu)xdx = 0, (2.17)

which implies that
m(t) = m(0). (2.18)

Multiplying (1.1)1 and (1.1)2 by u and ρ, respectively, the sum of the two resultant equations is

(ρu)t + (ρu2)x + [p(ρ)]x = 0. (2.19)

By virtue of (2.19) and the condition (2.2), we get

F′(t) =
∫ a(t)

−a(t)
(ρu)txdx = −

∫ a(t)

−a(t)
(ρu2)xxdx − A

∫ a(t)

−a(t)
(ργ)xxdx =

∫ a(t)

−a(t)
ρu2dx + A

∫ a(t)

−a(t)
ργdx. (2.20)

Multiplying (1.1)1 and (2.19) by −1
2u2 and u, respectively, the sum of the two resultant equations is

1
2

(ρu2)t +
1
2

(ρu3)x + A(ργ)xu = 0. (2.21)

We integrate (2.21) over [−a(t), a(t)] with respect to x to have

1
2
·

d
dt

∫ a(t)

−a(t)
ρu2dx +

1
2

∫ a(t)

−a(t)
(ρu3)xdx + A

∫ a(t)

−a(t)
(ργ)xudx = 0. (2.22)

With the aid of the condition (2.2) and the first equation of (1.1), one has

1
2

∫ a(t)

−a(t)
(ρu3)xdx = 0, (2.23)

A
∫ a(t)

−a(t)
(ργ)xudx = Aγ

∫ a(t)

−a(t)
ργ−1ρxudx = Aγ

∫ a(t)

−a(t)
ργ−2ρx(ρu)dx

=
Aγ
γ − 1

∫ a(t)

−a(t)
(ργ−1)x(ρu)dx = −

Aγ
γ − 1

∫ a(t)

−a(t)
ργ−1(ρu)xdx

=
Aγ
γ − 1

∫ a(t)

−a(t)
ργ−1ρtdx =

A
γ − 1

·
d
dt

∫ a(t)

−a(t)
ργdx. (2.24)
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Combining (2.15) and (2.22)–(2.24), we get

E′(t) = 0, (2.25)

which implies that
E(t) = E(0). (2.26)

It follows from (2.16), (2.20), (2.15), and (2.26) that

I′′(t) = 2F′(t) = 2
∫ a(t)

−a(t)
ρu2dx + 2A

∫ a(t)

−a(t)
ργdx

≥ 2(γ − 1)E(t) = 2(γ − 1)E(0). (2.27)

Integrating (2.27) over [0, t] twice and using (2.16), we obtain

I(t) ≥ (γ − 1)E(0)t2 + 2F(0)t + I(0). (2.28)

By (2.12), (2.13), and (2.18),

I(t) ≤ a(t)2
∫ a(t)

−a(t)
ρdx = m(t)a(t)2 = m(0)a(t)2, (2.29)

which together with (2.28) implies

a(t)2 ≥
(γ − 1)E(0)t2 + 2F(0)t + I(0)

m(0)
. (2.30)

So, there exists a constant C1 > 0 such that

a(t) ≥ C1(1 + t). (2.31)

We integrate (2.4) over [0, t] to have

a′(t) = a1 + A
∫ t

0

ds
a(s)γ

, (2.32)

which together with (2.31) leads to

a′(t) ≤ a1 + A
∫ +∞

0

dt
[C1(1 + t)]γ

. (2.33)

Note that the integral
∫ +∞

0
dt

[C1(1+t)]γ is convergent due to γ > 1, and there exists a constant C2 > 0 such
that

a(t) ≤ C2(1 + t). (2.34)

By (2.31), (2.34), and (2.3), we can see that the interval [−a(t), a(t)] occupied by the fluid grows
linearly in time, and the absolute value of the fluid temperature |T (x, t)| decays to zero at the rate of
O((1 + t)−1). We have completed the proof of Theorem 2.1.

Figure 1 shows the plot of ρ(x, t) for the solution in Theorem 2.1.
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Figure 1. The plot of density of Theorem 2.1.

Next, we study the system (1.1) with the following initial data:

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x), T (x, 0) = T0(x). (2.35)

For the isentropic case, we have the following result.
Theorem 2.2. If γ > 1 and T0(x) = b0x with b0 being a constant, there is an analytical solution to the
problems (1.1) and (2.35) of the form

ρ(x, t) =

[
(γ−1)x2

2γa(t)2 + 1
] 1
γ−1

a(t)
, u(x, t) =

a′(t)
a(t)

x, T (x, t) =
a0b0

a(t)
x, (2.36)

where a(t) satisfies

a′′(t) = −
A

a(t)γ
, a(0) = a0 > 0, a′(0) = a1. (2.37)

Moreover, if a1 ≥
√

2A
(γ−1)aγ−1

0
, then

lim
t→+∞

a(t) = +∞, lim
t→+∞
ρ(x, t) = 0, lim

t→+∞
T (x, t) = 0; (2.38)

if a1 <
√

2A
(γ−1)aγ−1

0
, then there exists a finite time t0 > 0 such that

lim
t→t−0

a(t) = 0, lim
t→t−0
ρ(x, t) = +∞, lim

t→t−0
T (x, t) = ∞ (x , 0). (2.39)

Proof. Similar to the proof of Theorem 2.1, after we obtain (2.5) and (2.6), we require

s =
γ

γ − 1
· [ f γ−1(s)]′s, f (0) = 1. (2.40)

Then we get

f (s) =
[
γ − 1

2γ
s2 + 1

] 1
γ−1

, (2.41)
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which together with (1.3) leads to

ρ(x, t) =

[
(γ−1)x2

2γa(t)2 + 1
] 1
γ−1

a(t)
. (2.42)

By (2.6) and (2.40), we get (2.37). Similar to how we treated (2.10) and (2.11), we can obtain T (x, t) =
a0b0
a(t) x.

We multiply (2.37) by a′(t) and integrate it over [0, t] to have

1
2

a′(t)2 −
A

(γ − 1)a(t)γ−1 =
1
2

a2
1 −

A

(γ − 1)aγ−1
0

. (2.43)

Also, we integrate (2.37) over [0, t] to get

a′(t) = a1 − A
∫ t

0

ds
a(s)γ

. (2.44)

From (2.37), we can see that a(t) is strictly concave and a′(t) is strictly decreasing. If there exists
t1 > 0 such that a′(t1) ≤ 0, then, there exists a finite time t0 > 0 such that lim

t→t−0
a(t) = 0, and we have

lim
t→t−0
ρ(x, t) = +∞, lim

t→t−0
T (x, t) = ∞ (x , 0) by (2.36). If a′(t) > 0 for all t ∈ [0,+∞), then (2.44) implies

lim
t→+∞

a(t) = +∞, which leads to lim
t→+∞
ρ(x, t) = 0, lim

t→+∞
T (x, t) = 0 by (2.36). The escape velocity† that

characterizes these two cases is the initial velocity that leads to lim
t→+∞

a′(t) = 0, in which case a(t) tends

to +∞ according to (2.44). By (2.43), we know that the escape velocity is
√

2A
(γ−1)aγ−1

0
.

Figure 2 shows the plot of ρ(x, t) for the solution in Theorem 2.1 (collapsing case).

Figure 2. The plot of density of Theorem 2.2.

For the isothermal case, we have the following two results.
Theorem 2.3. If γ = 1 and T0(x) = b0x with b0 being a constant, there is an analytical solution to the
problems (1.1) and (2.35) of the form

ρ(x, t) =
e1− x2

2a(t)2

a(t)
, u(x, t) =

a′(t)
a(t)

x, T (x, t) =
a0b0

a(t)
x, (2.45)

†In this paper, the escape velocity is the critical initial expansion rate required to overcome the pressure gradients that would otherwise
cause the fluid to collapse back on itself.
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where a(t) satisfies

a′′(t) =
A

a(t)
, a(0) = a0 > 0, a′(0) = a1. (2.46)

Moreover, there exists a constant M > 0 such that ρ(x, t) ≤ M and

lim
t→+∞
ρ(x, t) = lim

t→+∞
T (x, t) = 0. (2.47)

Proof. It is easy to verify that (1.1)1 has solutions of the form

ρ(x, t) =
e f ( x

a(t) )

a(t)
, u(x, t) =

a′(t)
a(t)

x, (2.48)

where f ∈ C1 and a(t) > 0 ∈ C1. When γ = 1, we plug (2.48) into (1.1)2 to have

a′′(t)s +
A f ′(s)

a(t)
= 0, (2.49)

where s = x
a(t) . Let

−s = f ′(s), f (0) = 1, (2.50)

which can be solved as

f (s) = 1 −
s2

2
. (2.51)

By (2.48) and (2.51), we get ρ(x, t) = e
1− x2

2a(t)2

a(t) . In view of (2.49) and (2.50), we obtain (2.46). The proof
of T (x, t) = a0b0

a(t) x is the same as in the proof of Theorem 2.1.
We multiply (2.46) by a′(t) and integrate it over [0, t] to get

1
2

a′(t)2 − A ln a(t) =
1
2

a2
1 − A ln a0, (2.52)

which leads to
−A ln a(t) ≤

1
2

a2
1 − A ln a0. (2.53)

Consequently,

a(t) ≥ a0e−
a2

1
2A > 0. (2.54)

From (2.45) and (2.54), we find that there exists a constant M > 0 such that ρ(x, t) ≤ M.
Integrating (2.46) over [0, t], we obtain

a′(t) = a1 + A
∫ t

0

ds
a(s)
. (2.55)

We claim that
lim

t→+∞
a(t) = +∞. (2.56)

Otherwise, there exists a constant M1 > 0 such that

a(t) ≤ M1, (2.57)
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which together with (2.55) leads to

a′(t) ≥ a1 + A
∫ t

0

ds
M1
= a1 +

A
M1

t → +∞, t → +∞. (2.58)

This is a contradiction. By virtue of (2.45) and (2.56), (2.47) holds true.
Theorem 2.4. If γ = 1 and T0(x) = b0x with b0 being a constant, there is an analytical solution to the
problems (1.1) and (2.35) of the form

ρ(x, t) =
e1+ x2

2a(t)2

a(t)
, u(x, t) =

a′(t)
a(t)

x, T (x, t) =
a0b0

a(t)
x, (2.59)

where a(t) satisfies

a′′(t) = −
A

a(t)
, a(0) = a0 > 0, a′(0) = a1. (2.60)

Moreover, there exists a finite time t0 > 0 such that (2.39) holds.
Proof. Unlike in the proof of Theorem 2.3, now we require

s = f ′(s), f (0) = 1, (2.61)

which can be solved as

f (s) = 1 +
s2

2
. (2.62)

By (2.48) and (2.62), we get ρ(x, t) = e
1+ x2

2a(t)2

a(t) . In view of (2.49) and (2.61), we obtain (2.60).
Integrating (2.60) over [0, t] yields

a′(t) = a1 − A
∫ t

0

ds
a(s)
. (2.63)

We claim that there exists t1 > 0 such that a′(t1) ≤ 0. Otherwise, we have a′(t) > 0 for all t ∈ [0,+∞),
which together with (2.63) implies that lim

t→+∞
a(t) = +∞. We multiply (2.60) by a′(t) and integrate it

over [0, t] to get
1
2

a′(t)2 + A ln a(t) =
1
2

a2
1 + A ln a0, (2.64)

which leads to
A ln a(t) ≤

1
2

a2
1 + A ln a0. (2.65)

By (2.65),

a(t) ≤ a0e
a2

1
2A , (2.66)

which contradicts to lim
t→+∞

a(t) = +∞.
By (2.60), a(t) is concave, and a′(t) is decreasing; since a′(t1) ≤ 0 for some t1 > 0, this implies the

existence of a finite time t0 > 0 for which (2.39) holds.
Remark 2.1. Compared to (2.11) in [9], which describes the fluid temperature as a quickly oscillating
and decaying function or a slowly oscillating and slowly decaying function, the absolute value of
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the fluid temperature |T (x, t)| constructed in Theorem 2.1 of this paper decays to zero at the rate of
O((1 + t)−1). Moreover, depending on the initial data, the blowup or decay of the analytical solution
can occur, as Theorem 2.2 reveals. Some qualitative behavior of the density and temperature are
analyzed in Theorems 2.3 and 2.4 for the isothermal fluid.
Remark 2.2. Different from the isentropic case in Theorem 2.2, the solution constructed for the
isothermal case in Theorem 2.4 will blow up in finite time for all a1 ∈ R.
Remark 2.3. In Theorem 2.1, we restrict γ ≤ 2 to ensure that ρ remains C1-smooth at x = −a(t) and
x = a(t). In fact, by γ ≤ 2, the power 1

γ−1 in (2.9) is not smaller than 1, which implies that the derivative
of ρ with respect to x is continuous at x = −a(t) and x = a(t).
Remark 2.4. We should remark that the solution (2.3) satisfies the physical vacuum boundary
condition (see [33–35] for instance). Indeed, by (2.9),

p′(ρ) = Aγργ−1 =
A(γ − 1)(a(t) + x)(a(t) − x)

2a(t)γ+1 , x ∈ [−a(t), a(t)], (2.67)

which together with (2.31) and (2.34) implies that the sound speed c =
√

p′(ρ) is C1/2-Hölder
continuous (with respect to x) across the vacuum boundary. For the well-posedness theory of the
physical vacuum boundary problem for the Euler equations, we can see [33,34] and the references
cited therein.

3. An exact solution to the system (1.4)

In this section, we will use the Ansatz (1.5) with h ≥ 0 to present an exact solution to the
system (1.4) for λ = 1. We impose the following initial conditions:

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x). (3.1)

The main result of this section is stated as follows.
Theorem 3.1. If γ = 3, there exists an exact solution to the problems (1.4) and (3.1) for λ = 1 of the
form

ρ(x, t) =

√
1

6A

(
1
2
− µ

)
x2

1 + t
+
ρ(0, 0)2

1 + t
, u(x, t) =

x
2(1 + t)

, (3.2)

where ρ(0, 0) is the initial density at the point x = 0.
Proof. We plug (1.5) into (1.4)1 to have

−α(1 + t)−α−1h(η) − β(1 + t)−α−1ηh′(η) + (1 + t)−α−β−δ[h(η)g(η)]′ = 0, (3.3)

where η = x
(1+t)β . Let β = δ = 1

2 , then, (3.3) becomes

−αh(η) −
1
2
ηh′(η) + [h(η)g(η)]′ = 0. (3.4)

We set α = 1
2 . So, (3.4) can be solved as

g(η) =
1
2
η. (3.5)
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In view of (1.4)1, we can rewrite (1.4)2 as

ut + uux +
1
ρ

[p(ρ)]x = −
µ

(1 + t)λ
u (3.6)

for ρ > 0. When γ = 3 and λ = 1, we substitute (3.5) and

ρ(x, t) = (1 + t)−
1
2 h

(
x

(1 + t)
1
2

)
, u(x, t) = (1 + t)−

1
2 g

(
x

(1 + t)
1
2

)
(3.7)

into (3.6) to get (
µ

2
−

1
4

)
η = −3Ah(η)h′(η) = −

3A
2

[h2(η)]′, (3.8)

which can be solved as

h(η) =

√
1

6A

(
1
2
− µ

)
η2 + h(0)2. (3.9)

By (1.5), we know that h(0) = ρ(0, 0), so (3.9) becomes

h(η) =

√
1

6A

(
1
2
− µ

)
η2 + ρ(0, 0)2. (3.10)

Combining the above results, we obtain (3.2).
Figure 3 shows the plot of ρ(x, t) for the solution in Theorem 3.1.

Figure 3. The plot of density of Theorem 3.1.

Remark 3.1. For the solution constructed in Theorem 3.1, the qualitative behavior of the density varies
depending on the values of ρ(0, 0) and µ:

Case (i). If ρ(0, 0) = 0 and µ < 1
2 , we have ρ(x, t) =

√
1

6A

(
1
2 − µ

)
|x|

(1+t)
1
2
, which means that the density

increases linearly according to the distance of the fluid from the symmetry center x = 0 for any fixed
time t, and it decays in time to zero at the rate of O((1 + t)−

1
2 ) for any fixed point x , 0;

Case (ii). If ρ(0, 0) > 0 and µ ≤ 1
2 , then, the density decays in time to zero at the rate of O((1+ t)−

1
2 )

for any fixed point x ∈ R;
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Case (iii). If ρ(0, 0) > 0 and µ > 1
2 , then the density ρ(x, t) is only well-defined in the interval−
√

6A
µ − 1

2

ρ(0, 0),

√
6A
µ − 1

2

ρ(0, 0)

 . (3.11)

In this case, we can assume that there is vacuum outside of
(
−

√
6A
µ− 1

2
ρ(0, 0),

√
6A
µ− 1

2
ρ(0, 0)

)
,

so, (3.2) is a solution for the vacuum boundary problem corresponding to the system (1.4) in(
−

√
6A
µ− 1

2
ρ(0, 0),

√
6A
µ− 1

2
ρ(0, 0)

)
.

Remark 3.2. In this section and the next, we choose γ = 3, which is not entirely for algebraic
convenience. In fact, γ = 3 is structurally special in one-dimensional fluid dynamics (often related
to one-dimensional shallow water equations) because it allows the nonlinear convective terms and the
pressure gradient to scale compatibly, enabling exact integration. For instance, an exact solution was
available in [9] for one-dimensional Euler equations with heat conduction for a compressible fluid
when the pressure p(ρ) ∼ ρ3.
Remark 3.3. For Case (iii) in Remark 3.1, the total energy E(t) is finite and dissipative for the explicit
solution (3.2) (note γ = 3):

E(t) =
1
2

∫ √
6A
µ− 1

2
ρ(0,0)

−

√
6A
µ− 1

2
ρ(0,0)
ρu2dx +

A
2

∫ √
6A
µ− 1

2
ρ(0,0)

−

√
6A
µ− 1

2
ρ(0,0)
ρ3dx

=
1
2

∫ √
6A
µ− 1

2
ρ(0,0)

−

√
6A
µ− 1

2
ρ(0,0)

√
1

6A

(
1
2
− µ

)
x2

1 + t
+
ρ(0, 0)2

1 + t
·

x2

4(1 + t)2 dx

+
A
2

∫ √
6A
µ− 1

2
ρ(0,0)

−

√
6A
µ− 1

2
ρ(0,0)


√

1
6A

(
1
2
− µ

)
x2

1 + t
+
ρ(0, 0)2

1 + t


3

dx

<
1
2

∫ √
6A
µ− 1

2
ρ(0,0)

−

√
6A
µ− 1

2
ρ(0,0)

√
1

6A

(
1
2
− µ

)
x2 + ρ(0, 0)2 ·

x2

4
dx

+
A
2

∫ √
6A
µ− 1

2
ρ(0,0)

−

√
6A
µ− 1

2
ρ(0,0)


√

1
6A

(
1
2
− µ

)
x2 + ρ(0, 0)2


3

dx

= E(0), ∀t > 0. (3.12)

4. An analytical solution to the system (1.6)

In this section, we will provide an analytical solution to the system (1.6) for γ = 3 on the half line
[0,+∞) by using the Ansatz (1.5). We state the result as follows.
Theorem 4.1. If γ = 3 and µ(ρ) = Bρ with B > 0 being a constant, there exists an analytical solution
to the problems (1.6) and (3.1) of the form

ρ(x, t) = (1 + t)−
1
2 h

(
x

(1 + t)
1
2

)
, u(x, t) =

x
2(1 + t)

, (4.1)
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where h(η) satisfies

−
1
4
η + 3Ah(η)h′(η) =

B
2

h−1(η)h′(η) (4.2)

with η = x

(1+t)
1
2
. Moreover, if ρ(0, 0) > 0, then the density is positive for any (x, t) ∈ [0,+∞) × [0,+∞).

Proof. We demonstrate (4.1) by the same steps that were used to derive (3.3)–(3.5). When γ = 3 and
µ(ρ) = Bρ, by (1.6)1, we can rewrite (1.6)2 as

ut + uux + 3Aρρx = Bρ−1ρxux + Buxx (4.3)

for ρ > 0. We plug (4.1) into (4.3) to get (4.2). By (4.1), we know that if ρ(0, 0) > 0, then h(0) =
ρ(0, 0) > 0, so h(η) > 0 for small η > 0. Set

η0 = sup{η∗|h(η) > 0, ∀η ∈ [0, η∗)}.

We can prove η0 = +∞ by contradiction. In fact, if η0 < +∞, then lim
η→η−0

h(η) = 0 by continuity. For any

fixed η ∈ (0, η0), integrating (4.2) over [0, η], we obtain

−
1
8
η2 +

3A
2

h2(η) −
3A
2

h2(0) =
B
2

ln h(η) −
B
2

ln h(0), (4.4)

that is,
12Ah2(η) − 4B ln h(η) = η2 + 12Ah2(0) − 4B ln h(0). (4.5)

Letting η→ η−0 in (4.5), we get

η2
0 + 12Ah2(0) − 4B ln h(0) = +∞, (4.6)

which is a contradiction. Consequently, h(η) > 0 for any η > 0, which together with (4.1) means that
the density is positive for any (x, t) ∈ [0,+∞) × [0,+∞).

Figure 4 shows the plot of ρ(x, t) for the solution in Theorem 4.1.

Figure 4. The plot of density of Theorem 4.1.

AIMS Mathematics Volume 11, Issue 4, 11154–11172.



11169

5. Conclusions

In this paper, we construct several analytical and self-similar solutions for different one-dimensional
compressible fluid models, including Euler equations with heat conduction, Euler equations with time-
dependent damping, and Navier-Stokes equations with density-dependent viscosity. The decay, blow-
up behavior, and qualitative properties of the solutions are analyzed. For the Euler equations with
heat conduction, we present some analytical solutions with density decaying in time or blowing up
in finite time. While u ∝ x implies the velocity could grow unbounded in an infinite domain, our
solutions for the free boundary problem are compactly supported within the interval x ∈ [−a(t), a(t)].
Therefore, the fluid velocity never reaches infinity; it is strictly bounded by the finite expansion speed
of the boundary. This linear velocity profile is a well-known hallmark of expanding flows, such as
Sedov-Taylor blast waves and Hubble-type expansions. In Section 3, we provide an exact solution
for the Euler equations with time-dependent damping, and some qualitative properties of the density
depending on the values of ρ(0, 0) and µ are exhibited. Such exact solutions were not available in
the previous related works [11–14]. In Section 4, we construct a self-similar analytical solution with
positive fluid density for the Navier-Stokes equations with density-dependent viscosity. This solution
is different from the ones constructed in [5,7,10,22,23,27,35]. Our solutions provide some analytical
insight into the systems under consideration and can be used to test numerical methods.

However, there are some defects in this paper. For instance, the temperature constructed in
Section 2 decays linearly in time or blows up in a finite time, which seems to be restricted in physical
applications. Could one construct analytical solutions with temperature oscillating within a certain
range by using the Ansatz (1.3)? In addition, we take the adiabatic exponent γ = 3 in Sections 3 and 4.
Could this be generalized to the case of other values of γ? These problems will be investigated in
future papers.

Author contributions

Jianwei Dong, Manwai Yuen, Litao Zhang and Junhui Zhu: Formal analysis, Writing–original draft;
Jianwei Dong and Manwai Yuen: Investigation, Writing–review and editing. All authors have read and
approved the final version of the manuscript for publication.

Use of Generative-AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

This work was supported by the Henan Natural Science Foundation (242300421397), the
Basic Research Projects of Key Scientific Research Projects Plan in Henan Higher Education
Institutions (25ZX013), the Scientific Research Team Plan of Zhengzhou University of Aeronautics
(23ZHTD01003) and the Henan Province University-Enterprise Collaborative Innovation Project
(26AXQXT110).

AIMS Mathematics Volume 11, Issue 4, 11154–11172.



11170

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. T. H. Li, Some special solutions of the multidimensional Euler equations in RN , Commun. Pure
Appl. Anal., 4 (2005), 757–762. https://doi.org/10.3934/cpaa.2005.4.757

2. T. H. Li, D. H. Wang, Blowup phenomena of solutions to the Euler equations for compressible fluid
flow, J. Differential Equatations, 221 (2006), 91–101. https://doi.org/10.1016/J.JDE.2004.12.004

3. M. Gugat, S. Ulbrich, The isothermal Euler equations for ideal gas with source term:
product solutions, flow reversal and no blow up, J. Math. Anal. Appl., 454 (2017), 439–452.
https://doi.org/10.1016/j.jmaa.2017.04.064

4. G. P. Lou, J. W. Dong, Analytical solutions to the isentropic Euler system with
the logarithmic equation of state, Modern Phys. Lett. A, 38 (2023), 2350155.
https://doi.org/10.1142/S0217732323501559

5. Z. H. Guo, Z. P. Xin, Analytical solutions to the compressible Navier-Stokes equations with
density-dependent viscosity coefficients and free boundaries, J. Differential Equations, 253 (2012),
1–19. https://doi.org/10.1016/j.jde.2012.03.023

6. I. F. Barna, Self-similar solutions of three-dimensional Navier-Stokes equation, Commun. Theor.
Phys., 56 (2011), 745. https://doi.org/10.1088/0253-6102/56/4/25

7. Z. L. Liang, X. D. Shi, Blowup of solutions for the compressible Navier-Stokes
equations with density-dependent viscosity coefficients, Nonlinear Anal., 93 (2013), 155–161.
https://doi.org/10.1016/j.na.2013.07.025

8. J. W. Dong, L. T. Zhang, Analytical solutions to the 1D compressible isothermal Navier-
Stokes equations with density-dependent viscosity, J. Math. Phys., 62 (2021), 121503.
https://doi.org/10.1063/5.0067503

9. I. F. Barna, L. Matyas, Analytic solutions for the one-dimensional compressible Euler equation
with heat conduction and with different kind of equations of state, Miskolc Math. Notes, 14 (2013),
785–799. https://doi.org/10.18514/MMN.2013.694

10. M. W. Yuen, Analytical solutions to the Navier-Stokes equations, J. Math. Phys., 49 (2008),
113102. https://doi.org/10.1063/1.3013805

11. J. W. Dong, G. P. Lou, Q. Zhang, Analytical blowup solutions to the compressible Euler
equations with time-depending damping, Acta Math. Appl. Sin. Engl. Ser., 38 (2022), 568–578.
https://doi.org/10.1007/s10255-022-1100-x

12. J. W. Dong, J. J. Li, Analytical solutions to the compressible Euler equations with
time-dependent damping and free boundaries, J. Math. Phys., 63 (2022), 101502.
https://doi.org/10.1063/5.0089142

13. J. W. Dong, L. Q. Wang, H. Chen, Analytical solutions to the compressible Euler equations
with cylindrical symmetry and free boundary, J. Hyperbolic Differ. Equ., 21 (2024), 143–163.
https://doi.org/10.1142/S021989162450005X

AIMS Mathematics Volume 11, Issue 4, 11154–11172.

https://dx.doi.org/https://doi.org/10.3934/cpaa.2005.4.757
https://dx.doi.org/https://doi.org/10.1016/J.JDE.2004.12.004
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2017.04.064
https://dx.doi.org/https://doi.org/10.1142/S0217732323501559
https://dx.doi.org/https://doi.org/10.1016/j.jde.2012.03.023
https://dx.doi.org/https://doi.org/10.1088/0253-6102/56/4/25
https://dx.doi.org/https://doi.org/10.1016/j.na.2013.07.025
https://dx.doi.org/https://doi.org/10.1063/5.0067503
https://dx.doi.org/https://doi.org/10.18514/MMN.2013.694
https://dx.doi.org/https://doi.org/10.1063/1.3013805
https://dx.doi.org/https://doi.org/10.1007/s10255-022-1100-x
https://dx.doi.org/https://doi.org/10.1063/5.0089142
https://dx.doi.org/https://doi.org/10.1142/S021989162450005X


11171

14. X. H. Pan, Stability of smooth solutions for the compressible Euler equations with time-
dependent damping and one-side physical vacuum, J. Differential Equations, 278 (2021), 146–188.
https://doi.org/10.1016/j.jde.2021.01.003

15. S. M. Ji, M. Mei, Optimal decay rates of the compressible Euler equations with time-
dependent damping in Rn: (I) Under-damping case, J. Nonlinear Sci., 33 (2023), 7.
https://doi.org/10.1007/s00332-022-09865-y

16. S. M. Ji, M. Mei, Optimal decay rates of the compressible Euler equations with time-
dependent damping in Rn: (II) Overdamping case, SIAM J. Math. Anal., 55 (2023), 1048–1099.
https://doi.org/10.1137/21M144476X

17. H. T. Li, J. Y. Li, M. Mei, K. J. Zhang, Optimal convergence rate to nonlinear diffusion
waves for Euler equations with critical overdamping, Appl. Math. Lett., 113 (2021), 106882.
https://doi.org/10.1016/j.aml.2020.106882

18. X. H. Pan, Global existence of solutions to 1-d Euler equations with time-dependent damping,
Nonlinear Anal., 132 (2016), 327–336. https://doi.org/10.1016/j.na.2015.11.022

19. X. H. Pan, Blow up of solutions to 1-d Euler equations with time-dependent damping, J. Math.
Anal. Appl., 442 (2016), 435–445. https://doi.org/10.1016/j.jmaa.2016.04.075

20. F. Hou, H. C. Yin, On the global existence and blowup of smooth solutions to the multi-
dimensional compressible Euler equations with time-depending damping, Nonlinearity, 30 (2017),
2485. https://doi.org/10.1088/1361-6544/aa6d93

21. F. Hou, I. Witt, H. C. Yin, Global existence and blowup of smooth solutions of 3-D
potential equations with time-dependent damping, Pacific J. Math., 292 (2018), 389–426.
https://doi.org/10.2140/pjm.2018.292.389

22. J. W. Dong, M. W. Yuen, Remarks on analytical solutions to compressible Navier-Stokes equations
with free boundaries, Adv. Nonlinear Stud., 24 (2024), 941–951. https://doi.org/10.1515/ans-2023-
0146

23. J. W. Dong, H. J. Cui, Analytical solutions to the cylindrically symmetric compressible Navier-
Stokes equations with density-dependent viscosity and vacuum free boundary, Bull. Braz. Math.
Soc. New Ser., 55 (2024), 8. https://doi.org/10.1007/s00574-023-00382-4

24. Y. Chen, E. G. Fan, M. W. Yuen, Explicitly self-similar solutions for the
Euler/Navier-Stokes-Korteweg equations in RN , Appl. Math. Lett., 67 (2017), 46–52.
https://doi.org/10.1016/j.aml.2016.12.001

25. G. P. Lou, J. W. Dong, Rotational and self-similar solutions to the 2D Euler equations for Chaplygin
gas, Modern Phys. Lett. A, 39 (2024), 2475002. https://doi.org/10.1142/S0217732324750026

26. H. J. Jiang, J. W. Dong, Analytical solutions to the Euler equations for Chaplygin gas, Phys. Scr.,
99 (2024), 065260. https://doi.org/10.1088/1402-4896/ad46c3

27. J. W. Dong, H. X. Xue, Q. Zhang, Analytical solutions to the pressureless Navier-Stokes equations
with density-dependent viscosity coefficients, Commun. Contemp. Math., 26 (2024), 2350022.
https://doi.org/10.1142/S0219199723500220

AIMS Mathematics Volume 11, Issue 4, 11154–11172.

https://dx.doi.org/https://doi.org/10.1016/j.jde.2021.01.003
https://dx.doi.org/https://doi.org/10.1007/s00332-022-09865-y
https://dx.doi.org/https://doi.org/10.1137/21M144476X
https://dx.doi.org/https://doi.org/10.1016/j.aml.2020.106882
https://dx.doi.org/https://doi.org/10.1016/j.na.2015.11.022
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2016.04.075
https://dx.doi.org/https://doi.org/10.1088/1361-6544/aa6d93
https://dx.doi.org/https://doi.org/10.2140/pjm.2018.292.389
https://dx.doi.org/https://doi.org/10.1515/ans-2023-0146
https://dx.doi.org/https://doi.org/10.1515/ans-2023-0146
https://dx.doi.org/https://doi.org/10.1007/s00574-023-00382-4
https://dx.doi.org/https://doi.org/10.1016/j.aml.2016.12.001
https://dx.doi.org/https://doi.org/10.1142/S0217732324750026
https://dx.doi.org/https://doi.org/10.1088/1402-4896/ad46c3
https://dx.doi.org/https://doi.org/10.1142/S0219199723500220


11172

28. J. W. Dong, Free boundary value problem for a model of inviscid liquid-gas two-
phase flow with radial symmetry, Z. Angew. Math. Mech., 103 (2023), e202200377.
https://doi.org/10.1002/zamm.202200377

29. N. A. Shah, D. Vieru, C. Fetecau, S. Alkarni, Exact solutions to vorticity of the fractional
nonuniform Poiseuille flows, Open Phys., 22 (2024), 20240006. https://doi.org/10.1515/phys-
2024-0006

30. C. Fetecau, N. A. Shah, D. Vieru, General solutions for hydromagnetic free convection flow over
an infinite plate with Newtonian heating, mass diffusion and chemical reaction, Commun. Theor.
Phys., 68 (2017), 768. https://doi.org/10.1088/0253-6102/68/6/768

31. W. Na, N. A. Shah, I. Tlili, I. Siddique, Maxwell fluid flow between vertical plates with
damped shear and thermal flux: free convection, Chinese J. Phys., 65 (2020), 367–376.
https://doi.org/10.1016/j.cjph.2020.03.005

32. Zeeshan, W. Khan, N. A. Shah, Dual solutions of alumina-magnetite MHD hybrid nanofluid
flow over stretched sheet with thermal effect: multilinear regression analysis, J. Thermal Anal.
Calorimetry, 2026. https://doi.org/10.1007/s10973-025-15151-2

33. X. H. Pan, On global smooth solutions of the 3D spherically symmetric Euler equations
with time-dependent damping and physical vacuum, Nonlinearity, 35 (2022), 3209.
https://doi.org/10.1088/1361-6544/ac6c72

34. H. H. Zeng, Time-asymptotics of physical vacuum free boundaries for compressible inviscid flows
with damping, Calc. Var. Partial Differ. Equ., 61 (2022), 59. https://doi.org/10.1007/s00526-021-
02161-9

35. K. Q. Li, Analytical solutions and asymptotic behaviors to the vacuum free boundary problem
for 2D Navier-Stokes equations with degenerate viscosity, AIMS Math., 9 (2024), 12412–12432.
https://doi.org/10.3934/math.2024607

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 4, 11154–11172.

https://dx.doi.org/https://doi.org/10.1002/zamm.202200377
https://dx.doi.org/https://doi.org/10.1515/phys-2024-0006
https://dx.doi.org/https://doi.org/10.1515/phys-2024-0006
https://dx.doi.org/https://doi.org/10.1088/0253-6102/68/6/768
https://dx.doi.org/https://doi.org/10.1016/j.cjph.2020.03.005
https://dx.doi.org/https://doi.org/10.1007/s10973-025-15151-2
https://dx.doi.org/https://doi.org/10.1088/1361-6544/ac6c72
https://dx.doi.org/https://doi.org/10.1007/s00526-021-02161-9
https://dx.doi.org/https://doi.org/10.1007/s00526-021-02161-9
https://dx.doi.org/https://doi.org/10.3934/math.2024607
https://creativecommons.org/licenses/by/4.0

	Introduction
	Analytical solutions to the system (1.1)
	An exact solution to the system (1.4)
	An analytical solution to the system (1.6)
	Conclusions

