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1. Introduction

Numerical modeling of convective heat transfer governed by the incompressible Navier-Stokes
equations remains one of the central problems of computational fluid dynamics (CFD). In two-
dimensional configurations, formulations based on stream function-vorticity variables are often used
because they automatically satisfy the incompressibility constraint. However, in three-dimensional
problems, such formulations become significantly more complex due to the introduction of additional
vector potentials and vorticity components. The use of computational experiments in free convection
problems was discussed in [1]. Difference schemes for thermal convection equations were developed
and analyzed in [2]. Numerical methods for solving free convection problems with lateral heating were
considered in [3]. The theoretical foundations of difference schemes used in convection problems were
presented in [4]. Computational approaches to heat transfer, including convection processes, were
systematically studied in [5].

The numerical solution of incompressible flow equations in primitive variables presents well-
known challenges related to the coupling between the momentum equations and the incompressibility
constraint. Over the past several decades, a large class of effective numerical techniques has
been developed to address this difficulty. Projection methods, also referred to as fractional-step or
pressure-correction methods, are closely related to classical algorithms for fluid flow computations
described in [6]. A comprehensive overview of projection methods for incompressible flows can
be found in [7]. Applications of numerical modeling techniques for fluid flow and heat transfer
problems were considered in [8]. Recent advances and detailed analysis of fractional-step methods
are available in [9]. Stabilized finite-element formulations for incompressible flow computations
were developed in [10]. These methods form the basis of many modern CFD solvers and have
been extensively studied both theoretically and computationally. A comprehensive overview of
projection methods and their mathematical properties can be found in the survey by Guermond,
Minev, and Shen [8]. Another closely related class of methods is based on the concept of artificial
compressibility introduced by Chorin, where the incompressibility constraint is relaxed through the
introduction of a pseudotime-evolution equation for pressure. Such approaches allow the coupled
velocity-pressure system to be solved iteratively and have proven particularly useful for steady-
state flow computations [11, 12]. The approach considered in this work is conceptually related to
these classical methodologies. In particular, the idea of weak compressibility employed here can be
interpreted as a relaxation of the incompressibility constraint within a pseudotime-iterative framework.
From an algorithmic perspective, the resulting scheme shares structural similarities with pressure-
correction and projection-type methods. Despite the extensive literature on projection and pressure-
correction algorithms, the rigorous mathematical analysis of fully implicit iterative schemes formulated
directly for stationary discrete convection equations remains comparatively less explored. In many
practical CFD implementations, such algorithms are introduced from a computational perspective,
since their stability and convergence properties are not always analyzed in detail at the discrete level.
The present work aims to address this gap by providing a detailed mathematical analysis of a fully
implicit iterative scheme for stationary convection equations formulated in primitive variables. The
main novelty of the proposed approach lies in the rigorous analysis of an implicit pseudotime-iterative
scheme that can be interpreted as a fully implicit realization within the broader class of pressure-
correction and artificial-compressibility methods. In particular, the paper derives a priori estimates
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for the discrete problem, establishes a uniqueness condition linking the physical parameters and grid
properties, and proves geometric convergence of the iterative process for the linear Stokes case with
constants independent of the spatial grid step. The proposed approach employs pseudotime-relaxation
for both velocity and pressure variables, leading to the implicit iterative scheme (22)–(24). The
principal contribution of the paper lies in establishing a priori estimates, proving the uniqueness of
the discrete solution, and rigorously demonstrating geometric convergence of the iterative process
for the linear Stokes problem with constants independent of the spatial grid step. These results
provide a theoretical justification for iterative methodologies that are closely related to projection-type
algorithms widely used in computational fluid dynamics. Recent developments in numerical methods
for incompressible flows include pressure-Poisson splitting algorithms, which have been analyzed
in [13]. High-order and structure-preserving discretization schemes for incompressible Navier-Stokes
equations were developed in [14]. Modern time-stepping techniques, including filtered and implicit-
explicit approaches, were studied in [15]. Error analysis and fully discrete finite-element methods for
incompressible flows were presented in [16]. Classical numerical approaches to grid equations and
implicit schemes were systematically presented in [17]. Benchmark problems of natural convection
and their numerical solutions were investigated in [18]. Generalized heat conduction equations and
phase transition (Stefan-type) problems were studied in [19]. Exact and approximate solutions of
Stefan problems in complex geometries were obtained in [20]. Related boundary value problems and
their symmetry properties were analyzed in [21]. Inverse and hybrid numerical methods for heat-
related processes were considered in [22]. Implicit numerical schemes for nonlinear heat transfer
problems were developed in [23].

Thus, this work makes the following key contributions:

(1) The present work does not aim to introduce a fundamentally new algorithmic paradigm. Instead,
it provides a rigorous mathematical analysis of a fully implicit iterative realization within the broader
class of pressure-correction and artificial-compressibility methods.

(2) In natural variables, a priori estimates are obtained that guarantee the stability of the solution to
the difference problem.

(3) A uniqueness condition for the solution to the discrete problem is formulated and proven, linking
the problem parameters (Gr, Pr) with the grid through the discrete Laplacian’s smallest eigenvalue.

(4) For the linear case (the Stokes problem), the convergence of the iterative process at a rate of
geometric progression with constants independent of the spatial grid spacing is rigorously proven.

From an algorithmic point of view, the proposed scheme can be interpreted as a fully implicit
realization within the class of projection and pressure-correction methods widely used in computational
fluid dynamics. In particular, the pseudotime-relaxation employed in the present work is closely related
to artificial compressibility approaches introduced by Chorin and further developed in projection-type
algorithms. The paper is organized as follows: Section 2 presents the governing equations and their
finite-difference discretization. Section 3 contains the theoretical analysis of the discrete problem,
including a priori estimates and the uniqueness theorem. Section 4 introduces the fully implicit iterative
algorithm and analyzes its convergence properties for the linear Stokes case. Section 5 presents
numerical experiments validating the theoretical results. Section 6 discusses the implications of the
proposed method and its relation to classical projection and pressure-correction schemes. Finally,
Section 7 summarizes the main results and outlines directions for future research.
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2. Methods

2.1. Statement of the problem

To improve readability, the description of the computational domain and grid structure has been
reorganized and simplified. Key discretization details, including the grid type, approximation order,
and operator properties, have been consolidated into a compact block, preserving the rigor of the
presentation while avoiding unnecessary technical detail. Let

D = {0 < xα < 1, α = 1,N}

be a parallelepiped, where N denotes the spatial dimension. We consider the following system of
stationary free convection equations written in dimensionless variables:

(~u∇)~u + ∇p = ∆~u −
~g
|~g|

Gr θ + ~f (x), (1)

div~u = 0, (2)

(~u∇)θ =
1
Pr

∆θ + q(x). (3)

Description of the model.
Equation (1) represents the stationary momentum balance for an incompressible viscous fluid,

accounting for buoyancy effects and convective transport.
Equation (2) is the incompressibility constraint, ensuring volume conservation of the fluid.
Equation (3) describes heat transfer governed by convection and thermal diffusion.
Here,

x = (x1, x2, . . . , xN),

~u = (u, v,w) denotes the velocity field, p(x) is the pressure relative to the hydrostatic pressure, θ(x) is
the temperature, ~g(x) is the gravitational acceleration vector, and ~f (x) and q(x) are prescribed external
force and heat source terms, respectively.

We assume that
~f (x), q(x) ∈ L2(Ω), ~g(x) ∈ L∞(Ω).

Here, Gr and Pr denote the Grashof and Prandtl numbers, respectively.
In the discrete setting, the corresponding grid functions belong to the space L2,h and are uniformly

bounded.
It is assumed that at the boundaries of the computational domain, the components of the velocity

vector and temperature take on uniform zero values, that is,

~u|∂D = θ|∂D = 0

is a classic in the theory of convective flows in closed areas and has both physical and mathematical
justification.

Physical interpretation:
(1). The no-slip condition for velocity

~u|∂D = 0
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corresponds to the case where the fluid is in contact with stationary, solid walls. This is the standard
condition for viscous flows and reflects the absence of slip at the boundary.

(2). The homogeneous Dirichlet condition for temperature

θ|∂D = 0

can be interpreted as maintaining a constant temperature on the walls equal to some reference
temperature (zero in dimensionless variables). This corresponds to adiabatic or isothermal boundaries,
depending on the problem statement. Mathematical justification:
• These conditions ensure the well-posedness of the boundary value problem for Navier-Stokes and

heat transfer equations.
• They allow the use of embedding theorems and estimates in Sobolev norms, which significantly

simplifies the analysis of the stability and uniqueness of the solution.
• In particular, homogeneous conditions ensure the ellipticity of the operators and allow the use of

energy estimation methods, as done in Section 3.1.
• This formulation corresponds to the problem of convection in a closed cavity with fixed walls,

which is a standard model case in computational fluid dynamics.
• In real-world problems, the boundary conditions may be nonuniform or include Neumann

conditions (e.g., for heat flux). However, the homogeneous case is often considered the base case,
as it allows one to identify the fundamental qualitative properties of the solution without complicating
the model.

Thus, the adopted hypothesis is not only mathematically convenient but also physically justified for
a wide class of problems of natural convection in bounded domains.

2.2. Difference scheme

This article examines fully implicit iterative algorithms for the numerical solution of stationary
grid equations of thermal convection based on the idea of “weak compressibility”, and it examines
convergence issues.

In the domain
D = {0 ≤ xm ≤ 1, m = 1,N},

where N is the spatial dimension, we consider a system of finite-difference equations of free convection
written in dimensionless variables as follows:

Lh(~u)~u + gradh p = ∆h~u −
Gr ~g
|~g|

θ + ~f (x), (4)

div~u = 0, (5)

Lh,θ(~u) θ =
1
Pr

∆hθ + q(x). (6)

Equations (4)–(6) are finite-difference analogs of the original differential equations. They are
formulated on a computational grid using difference operators that approximate the corresponding
derivatives with second-order accuracy. The functions ~f (x) and q(x) are grid analogs of the right-hand
sides of the continuous problem and are prescribed at the nodes of the corresponding grids.
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Here,
x = (x1, x2, . . . , xN), ~u = (u1, u2, . . . , uN)

denotes the velocity vector, where

um = um(x1, x2, . . . , xN), m = 1,N.

Furthermore, p(x) is the pressure, θ(x) is the temperature, and ~g(x) is the gravity force vector. The
operators Lh,~u and Lh,θ are finite-difference operators which correspond to approximations of the
convective terms and satisfy the property of energy neutrality.

It is assumed that the components of the velocity vector um, m = 1,N, are defined at the nodes of
the staggered grids

Dm,h =

(l1h, l2h, . . . , lm−1h, (lm + 1
2 )h, lm+1h, . . . , lNh)

∣∣∣∣∣∣ lk = 0, 1, . . . ,M, k , m,

lm = 0, 1, . . . ,M − 1,Mh = 1

 .
The pressure and temperature are defined at the nodes of the grid

Dh =
{
(l1h, l2h, . . . , lNh)

∣∣∣ lk = 0, 1, . . . ,M − 1, k = 1,N
}
.

That is, a “checkerboard” grid is used. This grid choice is standard and optimal for
problems involving natural variables (velocity-pressure), as it prevents numerical pressure oscillations
(checkerboard instability), ensures natural discretization of the gradient and divergence operators, and
allows for pointwise satisfaction of the solenoidality condition in each control volume, which is critical
for the physical correctness of the model.

The difference operators defining relations (4)–(6) approximate the corresponding differential
operators of the stationary equations of free convection (1)–(3) with the second order of accuracy
in spatial variables. The approximation error is of the order of 0(h2), where h = max(h1, h2, h3, ..., hN)
and are well-known [5]. From here on, (·, ·) denotes the scalar product in L2(Dh), and ‖ · ‖ denotes the
corresponding norm.

To avoid ambiguity in notation, we introduce a unified symbol for the discrete convective operator
used throughout the paper. Let Lh(u) denote the discrete convection operator generated by the velocity
field u. When this operator acts on a grid function v, we write Lh(u)v. In particular, the nonlinear
convective term in the momentum equation is written as Lh(u)u.

For clarity of presentation, we introduce the following notation for the discrete operators used
throughout the paper. ∆h denotes the discrete Laplace operator, ∇h denotes the discrete gradient
operator, divh denotes the discrete divergence operator, and Lh(u) denotes the discrete nonlinear
convection operator. All subsequent formulas are written using this unified notation in order to avoid
ambiguity in the presentation of the scheme.

We also note that Lh,~u, Lh,θ difference operators corresponding to the approximation of convective
terms satisfy the conditions of energy neutrality,

(Lh,~u~u, ~u) = (Lh,θθ, θ) = 0,

for grid functions that have zero boundary values.
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The discrete convection operator Lh(u) satisfies the skew-symmetry property

(Lh,(u)v, v) = 0,

for all grid functions v with homogeneous boundary conditions. This property represents the discrete
analog of the energy conservation property of the continuous convective operator and plays a crucial
role in the stability analysis of the scheme.

In the following, we assume that at the boundaries of the calculation region, the components of the
velocity vector and the temperature take on uniform zero values, that is

um|∂Dmh = θ|∂Dh = 0. (7)

3. Theoretical analysis

3.1. A priori estimates

This section presents a theoretical analysis of the difference problem (4)–(7). The main goal is to
prove its stability and the uniqueness of its solution, which serves as a mathematical justification for the
correctness of the proposed numerical scheme. First, a priori estimates for temperature and velocity
are derived, which demonstrate the boundedness of the solution depending on the right-hand sides
and the problem parameters. Then, a uniqueness theorem is proved, establishing the conditions under
which the solution to the difference problem is unique. The resulting estimates and the uniqueness
theorem are key to the subsequent justification of the convergence of the iterative algorithm discussed
in Section 4.1.

Let’s consider the stability and uniqueness of the solution to the difference problem (4)–(7). We
will derive a priori estimates for solutions ~u and θ of the difference problem (4)–(7), confirming the
stability of the solution to Problem (4)–(7).

The discrete Laplace operator ∆h possesses the coercivity property

(−∆hv, v) = λ1‖v‖2,

where λ1 denotes the smallest eigenvalue of the discrete Laplace operator. This property follows from
the discrete Poincaré inequality and is used repeatedly in the derivation of the stability estimates.

Temperature estimate:
We multiply the scalar (6) by θ:

(Lh,θ(ū)θ, θ) =
1
Pr

(∆hθ, θ) + (q, θ).

Hence, for the solution θ of the difference problem (4)–(7), due to the energy neutrality of the
operator

(Lh,θ(ū)θ, θ) = 0,

it follows that
1
Pr

(∆hθ, θ) + (q, θ) = 0.

Using the identity
(∆hθ, θ) = −(∇hθ,∇hθ) = −‖∇hθ‖

2,
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which is obtained by applying the summation-by-parts formula to (∆hθ, θ), we obtain

‖∇hθ‖ = Pr
||(q(x), θ)||
‖∇hθ‖

≤ Pr ‖q‖(−1),

where
‖w‖(−1) = sup

ϕ∈
◦

W1
2

|(w, ϕ)|
‖∇ϕ‖

.

Here,
◦

W1
2(D) is a subspace of W1

2 (D) whose dense subset is the set C∞0 (D) of all infinitely
differentiable functions with compact support in D.

Thus, for the solution θ, we obtain the estimate

‖∇hθ‖ ≤ Pr ‖q‖(−1). (8)

The above estimate relies on the discrete Poincaré inequality

‖v‖ ≤ Cp ‖∇hv‖,

which holds for grid functions satisfying homogeneous boundary conditions.
Estimate (8) shows that the discrete velocity field is bounded in the L2 norm by the data of the

problem. More precisely, the following inequality holds:

‖u‖ ≤ C (‖ f ‖ + Ra‖θ‖) ,

where C is a positive constant independent of the spatial grid step.
Estimate for the velocity. Before deriving the energy estimates, we recall an important property of
the discrete convective operator. If the discrete velocity field satisfies the incompressibility constraint

divhu = 0,

then the discrete convective operator is skew-symmetric in the L2 inner product, and therefore,

(Lu(u)u, u) = 0.

This property represents the discrete analog of the well-known energy conservation property of the
continuous convective term in Navier-Stokes equations. Taking the discrete L2 inner product of Eq (4)
with the velocity field ~u, we obtain

(Lh(~u)~u, ~u) + (gradh p, ~u) = (∆h~u, ~u) −
(
Gr~g
|~g|

θ, ~u
)

+ ( ~f , ~u).

Using the summation by parts formula for (∆h~u, ~u) as well as (Lh,µ~u, ~u) = 0, we obtain for the
solution ~u of the difference problem (4)–(7) the equality

(gradh p, ~u) = −(∇h~u,∇h~u) −
(
Gr~g
|~g|

θ, ~u
)

+ ( ~f (x), ~u).
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Taking into account the equalities

(gradh p, ~u) = −(p, div~u), div~u = 0,

we obtain

‖∇h~u‖2 ≤

∣∣∣∣∣∣
(
G~g
|~g|

θ, ~u
)∣∣∣∣∣∣ + |( ~f (x), ~u)|.

Applying the well-known inequalities

|(u, v)| ≤ ‖u‖p · ‖v‖q, and ‖uv‖ = ‖u‖ · ‖v‖,

we obtain
‖∇h~u‖2 ≤ Gr‖θ‖ · ‖~u‖ + ( ~f , ~u).

Hence, taking into account that for any function u(x) ∈ Ẇ1
2 (Ω) the inequality δ0‖~u‖2 ≤ ‖∇~u‖2 holds,

where δ0 is the smallest eigenvalue of the Laplace operator, we obtain

‖∇h~u‖2 ≤ Gr
1
δ0
‖∇hθ‖ ‖∇h~u‖ + |( ~f , ~u)|.

Dividing both sides of the inequality by ‖∇h~u‖, we obtain

‖∇h~u‖ ≤ Gr
1
δ0
‖∇hθ‖ +

||( ~f , ~u)||
‖∇h~u‖

≤ Gr
1
δ0
‖∇hθ‖ + ‖ ~f ‖(−1). (9)

Applying Estimate (8) to (9), we obtain the estimate for ‖∇h~u‖:

‖∇h~u‖2 ≤ ‖ ~f ‖(−1) +
Ra
δ0
‖q‖(−1). (10)

Here, Ra = Pr Gr is the Rayleigh number.
Now, we consider the question of uniqueness of the solution of the difference problem (4)–(7).

3.2. Uniqueness of the solution

Theorem 3.1. Let the functions ~f and q and the numbers Gr and Pr be such that the inequality

1 −
c1

δ0

(
‖ ~f ‖(−1) + Ra ‖q‖(−1)

)
−

c2 Ra
δ0
‖q‖(−1) ≥ α > 0 (11)

holds.

Condition (11) is sufficient for the uniqueness of the solution of the difference problem. It relates
the parameters of the problem (the Grashof and Prandtl numbers) with the eigenvalues of the Laplace
operator and guarantees that the solution is unique. Here, δ0 is the smallest eigenvalue of the Laplace
operator, c1 and c2 are positive constants independent of the grid parameters, and

‖q‖(−1) = sup
ϕ,0

|(q, ϕ)|
‖∇ϕ‖

, Ra = Pr Gr.

Then, the difference problem (4)–(7) has a unique solution.
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Proof. Assume that there exist two triples (~u, p, θ) and (~v, q,T ) satisfying the relations (4)–(7). Then,
the differences

G = θ − T, ~w = ~u − ~v, π = p − q

satisfy the following difference equations:

Lh,~u(~u)~w + Lh,~u(~w)~v + gradh π = ∆h~w −Gr
~g
|~g|

G, (12)

divh ~w = 0, (13)

Lh,θ(~u)G + Lh,θ(~w)T =
1
Pr

∆hG. (14)

Multiplying Eq (12) scalarwise by ~w and Eq (14) by G and taking into account (7) and (13), we
obtain

‖∇h~w‖2 + (Lh,~u(~w)~v, ~w) = −Gr
(
~g
|~g|

G, ~w
)

= 0,

1
Pr
‖∇hG‖2 + (Lh,~u(~w)T,G) = 0.

Hence, it follows that

‖∇h~w‖2 ≤
∣∣∣(Lh,~u(~w)~v, ~w)

∣∣∣ + Gr

∣∣∣∣∣∣
(
~g
|~g|

G, ~w
)∣∣∣∣∣∣ , (15)

‖∇hG‖2 ≤ Pr
∣∣∣(Lh,~u(~v)T,G)

∣∣∣ . (16)

We estimate the terms |Gr
(
(~g/|~g|)G, ~w

)
|, (Lh,~u(~w)~v, ~w), and (Lh,~u(~w)T,G). Applying the well-known

inequalities
|(u, v)| ≤ ‖u‖p · ‖v‖q, ‖uv‖ = ‖u‖ · ‖v‖, δ0‖u‖2 ≤ ‖∇u‖2,

we obtain ∣∣∣∣∣∣Gr
(
~g
|~g|

G, ~w
)∣∣∣∣∣∣ ≤ Gr

δ0
‖∇h~w‖ ‖∇hG‖. (17)

The quantities |(Lh,~u(~w)~v, ~w)| and |(Lh,u(~w)T,G)| are estimated using the inequality

‖u‖4L4,Ω
≤ 8‖u‖L2,Ω‖ux1

‖L2,Ω‖ux2
‖L2,Ω‖ux3

‖L2,Ω ≤

(
4
3

)3/2

‖u‖L2,Ω‖ux‖
3
L2,Ω
,

valid for any u(x) ∈ Ẇ1
2 (Ω).

As a result, we obtain

|(Lh,~u(~w)~v, ~w)| ≤ c0‖∇h~v‖ · ‖~w‖4 · ‖~w‖4 = c0‖∇h~v‖ · ‖~w‖24 ≤
c1

δ0
‖∇h~v‖ ‖∇h~w‖2, (18)

and similarly,
|(Lh,θ(~w)T,G)| ≤

c2

δ0
‖∇hT‖ · ‖∇h~w‖ · ‖∇hG‖. (19)

Here c0, c1, c2 are positive constants independent of the grid parameters. Applying (17)–(19) to (15)
and (16), we obtain

‖∇h~w‖2 ≤
Gr
δ0
‖∇hG‖ ‖∇h~w‖ +

c1

δ0
‖∇h~v‖ ‖∇h~w‖2,
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‖∇hG‖2 ≤
c2

δ0
‖∇hT‖ ‖∇h~w‖ ‖∇hG‖.

Transforming these inequalities, we obtain(
1 −

c1

δ0
‖∇h~v‖

)
‖∇h~w‖ ≤

Gr
δ0
‖∇hG‖, (20)

‖∇hG‖2 ≤
c2

δ0
‖∇hT‖ ‖∇h~w‖. (21)

Substituting (21) into the right-hand side of (20), we obtain(
1 −

c1

δ0
‖∇h~v‖ −

c2Gr
δ0
‖∇hT‖

)
‖∇h~w‖ ≤ 0.

From this inequality, using the estimates (9) and (10), it follows that(
1 −

c1

δ0

(
‖ ~f ‖(−1) + Ra‖q‖(−1)

)
−

c2Ra
δ0
‖q‖(−1)

)
‖∇h~w‖ ≤ 0.

Hence, taking into account Condition (11),

1 −
c1

δ0

(
‖ ~f ‖(−1) + Ra‖q‖(−1)

)
−

c2Ra
δ0
‖q‖(−1) ≥ α > 0,

we obtain ‖∇h~w‖ = 0. Substituting ‖∇h~w‖ = 0 into (19) and (20), we obtain ‖∇hG‖ = 0.
The theorem is proved. �

Intuitively, Condition (11) means that the uniqueness of the solution is guaranteed for sufficiently
weak regimes of thermal convection (small Rayleigh numbers Ra) and for small norms of the external
data ~f and q. The latter condition is satisfied on sufficiently fine grids, because the smallest eigenvalue
of the Laplace operator δ0 grows as O(h−2). This implies that Inequality (11) holds for fixed ~f and q.

Obviously, Condition (11) can be achieved for small values of the norms ‖ ~f ‖(−1) and ‖q‖(−1) and the
numbers Gr and Pr, and it is equivalent to the uniqueness condition for the boundary value problem
for Navier–Stokes equations, which is known to be sharp [3].

4. Iterative scheme and convergence analysis

4.1. Implicit iterative algorithm

We consider a method for organizing the iterative process for solving the stationary problem (4)–(6),
which is completely implicit in time.

~un+1 − ~un

τ
+ Lh,~u(~u n)~u n+1 + gradh pn+1 = ∆h~u n+1 −Gr

~g
|~g|
θn+1 + ~f (x), (22)

pn+1 − pn

τ0
+ divh ~u

n+1 = 0, (23)

θn+1 − θn

τ
+ Lh,~u(~u n)θn+1 =

1
Pr

∆hθ
n+1 + q(x), x ∈ Dh. (24)
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The initial approximations for the iterative process are chosen as

θ0 = θ0(x), ~u 0 = ~u0(x) ∈ Ẇ 1
2 (Dh), p0 = p0(x) ∈ L2/R. (25)

Here, L2/R denotes the subspace of functions in L2(Dh) orthogonal to constants, and τ and τ0 are
artificial (pseudotime) relaxation parameters not related to physical time.

System (22)–(24) represents a method for constructing a solution of the stationary problem (4)–(6)
and defines a fully implicit iterative algorithm in which each new approximation of the velocity and
temperature is computed simultaneously, ensuring increased stability.

4.1.1. Implementation of the iterative algorithm

The algorithm is constructed as a sequence of outer iterations with respect to the iteration index
n = 0, 1, 2, . . . until the prescribed accuracy is achieved. At each iteration, the following steps are
performed.
Step 1. Solution of the temperature Eq (24).

Equation (24) is linear with respect to θn+1 for fixed ~un. It is solved in the interior nodes of the grid.
Using the boundary condition θn+1 = 0, we obtain a system of linear algebraic equations (SLAE) with
a symmetric positive definite matrix

I + τLh,~u(~un) −
τ

Pr
∆hθ

n+1 = θn + τq(x),

where I is the identity operator. Efficient iterative methods (e.g., conjugate gradient or multigrid
methods) are used for solving it.
Step 2. Solution of the velocity Eq (26).

Eliminating the pressure pn+1 from (22) using Relation (23), we obtain

Ah~un+1 = ~un − τgradh pn − τ
Gr
|θn|

θn + τ f (x), (26)

where the operator Ah is defined as

Ah = I − τ0gradh divh −τ∆h + τLh,~u(~un).

Equation (26) is solved for ~un+1 under boundary conditions

~un+1
∣∣∣
∂Dh

= 0.

Because Ah is elliptic and energetically equivalent to I − τ∆h, efficient iterative methods can again
be applied.
Step 3. Pressure correction.

After computing un+1, the pressure is updated according to Formula (23):

pn+1 = pn − τ0 divh un+1.

Step 4. Convergence check.
The norm of the change in the solution between successive iterations is computed as

δ = ‖un+1 − un‖ + ‖pn+1 − pn‖ + ‖θn+1 − θn‖.

If δ < ε, where ε is the prescribed accuracy, the iterative process is terminated; otherwise, we set
n := n + 1 and return to Step 1.
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4.1.2. Remarks on implementation

(1) The choice of the parameters τ and τ0 affects the convergence rate. It is recommended to choose
τ = O(h2) (based on the stability conditions for explicit schemes), and to choose τ0 = 1 or to
select it experimentally to accelerate convergence.

(2) At Steps 1 and 2, large linear systems arise. To solve them, it is advisable to use grid-dependent
methods (for example, the conjugate gradient method, multigrid methods, or iterative methods
for elliptic problems), which guarantee convergence in O(N) operations, where N is the number
of grid nodes.

(3) As initial approximations u0, p0, θ0, one can take zero fields or solutions of a simplified problem
(for example, a linearized one).

The described algorithm is stable and converges to the solution of problem (4)–(6) under the
conditions of the uniqueness theorem (Section 3.2). In the linear case (the Stokes problem),
convergence has a geometric rate (Section 4.2).

It is easy to show that the difference operator Ah is energetically equivalent to the operator

Ãh = E − τ∆h,

that is, there exist positive constants c1 and c2 such that

c1(Ãhu, u) ≤ (Ahu, u) ≤ c2(Ãhu, u).

Indeed, for the operator Ah, we have

(Ahu, u) = ‖u‖2 + τ0 ‖ divh u‖2 + τ ‖∇hu‖2.

Accordingly, we obtain

‖u‖2 + τ‖∇hu‖2 ≤ (Ahu, u) ≤ ‖u‖2 + (1 + τ0) ‖∇hu‖2,

or
c1(Ãhu, u) ≤ (Ahu, u) ≤ c2(Ãhu, u),

where c1 = 1 and c2 = 1 + τ0.
The study of the properties of the operators Ah and Ãh makes it possible to construct efficient

iterative algorithms for solving Eq (26) using iterative methods for solving systems of Lamé-type
equations [18].

We now consider the issues of convergence and convergence rate of the iterative algorithm for the
linear case (the Stokes problem). In this case, the iteration has the form

un+1 − un

τ
+ ∇h pn+1 = ∆hun+1 −

Gr~g
|g|

θn+1 + f (x), (27)

pn+1 − pn

τ0
+ divh ~u

n+1 = 0, (28)

θn+1 − θn

τ
−

1
Pr

∆hθ
n+1 = g(x), x ∈ Dh, (29)
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with the initial and boundary conditions

θn+1
∣∣∣
∂Dh

= ~un+1
∣∣∣
∂Dm,h

= 0, ~u0 = ~u0(x) ∈
◦

W
1

2(Dh), p0 = p0(x) ∈ L2(Dh)/R. (30)

To analyze the convergence, we introduce the iteration errors of (27)–(29) as the differences between
the approximate solution at step n + 1 and the exact solution of the difference problem (4)–(6)

zn+1 = un+1 − ū, πn+1 = pn+1 − p, T n+1 = θn+1 − θ,

where ū, p, θ are solutions of the linear problem (4)–(6). Then, we obtain the following relations:

zn+1 − zn

τ
+ ∇hπ

n+1 = ∆hzn+1 −
Gr~g
|g|

T n+1, (31)

πn+1 − πn

τ0
+ divh zn+1 = 0, (32)

T n+1 − T n

τ
=

1
Pr

∆hT n+1. (33)

4.2. Convergence of the iterative method

In this section, the convergence of the proposed implicit iterative algorithm (22)–(25) is investigated.
The main attention is devoted to the linear case (the Stokes problem), for which it is possible to
obtain rigorous convergence estimates. Two main theorems are proved. Theorem 4.1 establishes the
convergence of the iteration, and Theorem 4.2 estimates the convergence rate, showing that it has a
geometric character with constants independent of the grid step. These results provide a theoretical
basis for the application of the algorithm in practical computations.

Theorem 4.1. The iterative algorithm (27)–(30) converges in
◦

W
1

2(Dh) to the solution of the linear
problem (4)–(6). Moreover, the following estimate holds:

En+1+‖zn+1−zn‖2+τ0‖divh zn+1‖2+2τ
(
1−ε1

Gr
δ0

)
‖∇hzn+1‖2+

Ra
4δ0ε1ε2

‖T n+1−T n‖2+
τRa(1−ε2)

2δ0ε1ε2
‖∇hT n+1‖2≤En,

where
En = ‖zn‖2 +

Ra
4δ0ε1ε2

‖T n+1‖2 +
τ

τ0
‖πn‖2,

0 < ε1 <
δ0

Gr
, 0 < ε2 < 1, and δ0 is the smallest eigenvalue of the discrete Laplace operator.

Proof. Multiplying Eq (31) scalarly in L2 by 2τzn+1, we obtain

‖zn+1‖2 − ‖zn‖2 + ‖zn+1 − zn‖2 = −2τ
(
πn+1, divh zn+1) − 2τ

(
Gr~g
|~g|

,T
n+1
, zn+1

)
.

We transform the last term on the left-hand side of this equality using Identity (32):

‖zn+1‖2 − ‖zn‖2 + ‖zn+1 − zn‖2 + 2τ
(
πn+1,

πn+1 − πn

τ0

)
= −2τ‖∇hzn+1‖2 − 2τ

(
Gr~g
|~g|

πn+1, zn+1
)
.
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Rewriting this equality, we obtain

‖zn+1‖2−‖zn‖2+‖zn+1−zn‖2+
τ

τ0

(
‖πn+1‖2−‖πn‖2

)
+
τ

τ0
‖πn+1−πn‖2 =−2τ‖∇hzn+1‖2−2τ

(
Gr~g
|~g|

T n+1, zn+1
)
.

Taking into account the identity

‖πn+1 − πn‖2

τ2
0

= ‖ divh zn+1‖2,

which follows from (32), we obtain

‖zn+1‖2−‖zn‖2 +‖zn+1−zn‖2 +
τ

τ0

(
‖πn+1‖2−‖πn‖2

)
+ττ0‖ divh zn+1‖2 +2τ‖∇hzn+1‖2 = 2τ

∣∣∣∣∣∣
(
Gr~g
|~g|

πn+1, zn+1
)∣∣∣∣∣∣ .

Applying successively the Cauchy–Bunyakovsky inequality 〈u, v〉 ≤ ‖u‖ ‖v‖ and the ε-inequality

ab ≤ εa2 +
1
4ε

b2, we arrive at

‖zn+1‖2 − ‖zn‖2 + ‖zn+1 − zn‖2 +
τ

τ0

(
‖πn+1‖2 − ‖πn‖2

)
+ ττ0‖ divh zn+1‖2 + 2τ‖∇hzn+1‖2

=2τ
Gr
σ0

(
ε1‖∇hzn+1‖2 +

1
4ε1
‖T n+1‖2

)
.

(34)

Here ε1 > 0 is an arbitrary positive constant.
Multiplying Eq (33) scalarly by 2τT n+1, we obtain

‖T n+1‖2 − ‖T n‖2 + ‖T n+1 − T n‖2 +
2τ
Pr

(1 − ε2) ‖∇hT n+1‖2 +
2τε2

Pr
‖∇hT n+1‖2 = 0,

where 0 < ε2 < 1.

Adding this equality, after preliminary multiplication by
Ra

4δ0ε1ε2
, to the right-hand side of (34), we

obtain

En+1 + ‖zn+1 − zn‖2 + ττ0‖ divh zn+1‖2 + 2τ
(
1 − ε1

Gr

δ0

)
‖∇hzn+1‖2

+
Ra

4δ0ε1ε2
‖T n+1 − T n‖2 +

τRa(1 − ε2)
2δ0ε1ε2

‖∇hT n+1‖2 ≤ En.

(35)

Here,

En = ‖zn‖2 +
Ra

4δ0ε1ε2
‖T n‖2 +

τ

τ0
‖πn‖2.

If ε1 is chosen such that

1 − ε1
Gr

δ0
= δ1 > 0,

then Inequality (35) implies
0 ≤ En+1 ≤ En,

which, in turn, yields convergence of the sequence {En}, n = 0, 1, 2, . . . , that is, convergence of the
iterative process in W̃ 1

2 (Dh). The theorem is proved. �

Theorem 4.1 proves the convergence of the iterative algorithm in the linear case. The estimate
shows that the error decreases at each iteration, and the rate of convergence is independent of the grid
spacing. We now estimate the rate of convergence of the iterations.
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4.3. Estimate of the convergence rate

Theorem 4.2 (Geometric convergence rate). The iterative algorithm (27)–(30) converges with a
geometric rate of convergence. Specifically, the following estimate holds:

En+1 ≤ µEn, 0 < µ < 1,

where En is defined in Theorem 4.1 as

En = ‖zn‖2 +
Ra

4δ0ε1ε2
‖T n+1‖2 +

τ

τ0
‖πn‖2,

0 < ε1 <
δ0

Gr
, 0 < ε2 < 1.

Here, δ0 denotes the smallest eigenvalue of the discrete Laplace operator. The convergence rate µ
is independent of the spatial grid steps h.

Proof. To estimate the convergence rate in the linear case, we rewrite Relation (31) in the form

τgradhπ
n+1 = τ∆hzn+1 −

τGr~g
δ0

T n+1 −
(
zn+1 − zn),

and multiply both sides scalarly in L2 by
φ

‖∇hφ‖
, where φ ∈ W̃ 1

2 (Dh).

Then, we obtain(
τgradhrn+1,

φ

‖∇hφ‖

)
=

(
τ∆hzn+1,

φ

‖∇hφ‖

)
−

(
τGr~g
|~g|
∇hT n+1,

φ

‖∇hφ‖

)
−

(
zn+1 − zn,

φ

‖∇hφ‖

)
,

or equivalently,

τ

‖∇hφ‖

(
rn+1, divh φ

)
=

τ

‖∇hφ‖

(
∇hzn+1,∇hφ

)
−

τGr

‖∇hφ‖

(
∇hT n+1, φ

)
−

1
‖∇hφ‖

(
zn+1 − zn, φ

)
.

Hence, we obtain

τ
∣∣∣(πn+1, divh φ)

∣∣∣
‖∇hφ‖

≤ τ‖∇hzn+1‖ +
1
√
δ0
‖zn+1 − zn‖ +

τGr

δ0
‖∇hT n+1‖.

Because this inequality holds for any function φ ∈ W̃ 1
2 (Dh), and the right-hand side does not depend

on φ, it is also valid for the supremum of the left-hand side. Thus, from the “inf-sup” inequality, we
obtain the estimate

τ‖πn+1‖ ≤ τ‖∇hzn+1‖ +
1
√
δ0
‖zn+1 − zn‖ +

τGr

δ0
‖∇hT n+1‖.

To simplify the presentation of the convergence proof, we introduce several auxiliary constants. The
constants δ1, δ2, δ3 denote positive bounds that arise from the coercivity and boundedness properties of
the discrete operators involved in the scheme. The constant α represents the contraction factor of the
iteration operator, and L denotes the Lipschitz constant associated with the nonlinear convective term.
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These constants depend only on the physical parameters of the problem and remain independent of the
spatial grid size.

Squaring both sides of this inequality, we arrive at

τ2‖πn+1‖2 ≤ L
(
τ‖∇hzn+1‖2 + ‖zn+1 − zn‖2 +

τGr

δ0
‖∇hT n+1‖2

)
, (36)

where C is a positive constant.
Multiplying both sides of Inequality (36) by an arbitrary positive constant α and adding the resulting

inequality to Relation (35), we obtain

En+1+τ2α‖πn+1‖2+(1−αL)‖zn+1−zn‖2+2τ
(
δ1−

αL
2

)
‖∇hzn+1‖2+τ

[
Ra(1−ε2)
2δ0ε1ε2

−
αGrL
δ0

]
‖∇hT n+1‖2≤En.

Hence, choosing α to satisfy the inequalities

1 − αL ≥ 0,

δ1 −
αL
2
≥ δ2 > 0,

Ra(1 − ε2)
2δ0ε1ε2

−
αGrL
δ0

≥ δ3 > 0,

we obtain

‖zn+1‖2 +
Ra

4δ0ε1ε2
‖T n+1‖2 +

τ

τ0
(1 + ττ0)‖πn+1‖2 + 2τδ2‖∇hzn+1‖2 + τδ3‖∇hT n+1‖2

≤ ‖zn‖2 +
Ra

4δ0ε1ε2
‖T n‖2 +

τ

τ0
‖vn‖2.

Furthermore, we have(
1 +

2τδ2

δ0

)
‖zn+1‖2 +

Ra
4δ0ε1ε2

(
1 +

4ε1ε2τ

Ra

)
‖T n+1‖2 +

τ

τ0
(1 + ττ0)‖πn+1‖2 ≤ En.

Using the inequality

min
{

1 +
2τδ2

δ0
, 1 +

4ε2τ

Ra
, 1 + τ0

}
En+1 ≤ En,

we obtain
En+1 ≤ µEn,

where
µ =

1

min
{
1 + 2τδ2

δ0
, 1 + 4ε1ε2τ

Ra , 1 + ττ0

} < 1.

That is, the numerical sequence En converges to zero at a rate of geometric progression with
a denominator independent of the spatial grid steps, which is equivalent to the convergence of the
iteration at a rate of geometric progression. The theorem is proven. �
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5. Numerical results

This section presents numerical experiments designed to verify the theoretical convergence results
obtained in Section 4 and to demonstrate the practical performance of the proposed implicit iterative
scheme.

The numerical experiments pursue four main goals:
(1) Validation of the algorithm using a classical benchmark problem;
(2) Demonstration of grid convergence of the numerical solution;
(3) Empirical verification of the geometric convergence rate predicted by Theorem 4.2;
(4) Investigation of the influence of the Rayleigh number and the pseudotime parameters τ and τ0.

5.1. Benchmark problem

As a benchmark test, we consider the classical problem of natural convection in a square cavity.
The computational domain is Ω = (0, 1)x(0, 1) . The boundary conditions are as follows:
Left wall: T = 1;
Right wall: T = 0;
Top and bottom walls: dT

dn = 0;
Velocity satisfies the no-slip condition: u = v = 0 on all boundaries.
The Prandtl number is fixed at Pr = 0.71, which corresponds to air. The Rayleigh number is set to

Ra = 104 , which corresponds to the classical benchmark configuration introduced by de Vahl Davis
(1983).

The steady-state solution exhibits the characteristic circulation pattern typical for natural convection
in a cavity. The flow structure is illustrated by the stream function contours shown in Figure 1.

The temperature distribution inside the cavity is shown in Figure 2.

Figure 1. Stream function contours for the natural convection cavity benchmark.
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Figure 2. Temperature contours illustrating the thermal boundary layers near the vertical
walls.

5.2. Grid convergence

The numerical solution is computed on a sequence of uniform staggered grids 32x32, 64x64,
128x128, 256x256.

Table 1 presents the maximum value of the stream function and the average Nusselt number on the
hot wall.

Table 1. Grid convergence study.

Grid ψmax Nuavg

32x32 5.234 2.312
64x64 5.098 2.257
128x128 5.057 2.243
256x256 5.043 2.239

The results demonstrate clear convergence of the numerical solution as the grid is refined. For the
finest grid, the obtained values are ψmax = 5.043 and Nuavg = 2.239. These values are in very good
agreement with the benchmark results reported by de Vahl Davis (1983) [19], where ψmax = 5.05,
and Nuavg = 2.24 for Ra = 104 This agreement confirms the correctness of the spatial discretizations
and validates the proposed numerical algorithm for the classical cavity convection problem. For a
more detailed validation, Table 2 and Figure 3. compares the obtained results with the benchmark data
reported in the classical study of de Vahl Davis (1983).

Table 2. Comparison with benchmark results.

Grid ψmax(present) ψmax(de Vahl Davis) Nuavg(present) Nuavg(de Vahl Davis)
64x64 5.098 05.07 2.257 2.24
128x128 5.057 05.05 2.243 2.24
256x256 5.043 05.04 2.239 2.24
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Figure 3. Log-log plot of discretizations error versus grid spacing. The slope confirms the
second-order spatial accuracy of the proposed scheme.

The obtained results are in excellent agreement with the benchmark data, with relative errors
below 1%, confirming the accuracy of the proposed numerical scheme.

5.3. Convergence of the iterative algorithm

To verify the theoretical result of Theorem 4.2, we examine the decay of the iteration error ‖uk+1−uk‖

Figure 4 shows the semi-logarithmic plot of the error versus the iteration number.
The linear behavior in the logarithmic scale confirms the geometric convergence rate predicted by

the theoretical analysis.

Figure 4. Semi-logarithmic plot of the normalized error versus iteration number confirming
the geometric convergence predicted by Theorem 4.2.
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5.4. Influence of the Rayleigh number

We investigate the convergence behavior of the algorithm for increasing values of the Rayleigh
number.

The results confirm that the convergence rate deteriorates as Ra increases, which is consistent with
the uniqueness Condition (11). Although Condition (11) guarantees uniqueness only for sufficiently
small Rayleigh numbers, numerical experiments show that the iterative algorithm remains stable
beyond this theoretical threshold. The number of iterations required to reach convergence is presented
in Table 3 and Figure 5.

Table 3. Convergence behavior for different Ra.

Ra Iterations Behavior
103 120 fast convergence
104 230 stable
105 420 slower
106 unstable

Figure 5. Number of iterations required for convergence as a function of the Rayleigh
number.

5.5. Choice of pseudotime parameters

The convergence behavior strongly depends on the pseudotime parameters τ and τ0 (see Table 4).

Table 4. Influence of τ

τ Iterations
0.01 450
0.05 180
0.1 120
0.2 divergence
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The experiments suggest that optimal convergence is obtained when τ = h2, whereas τ = 1 provides
robust behavior for a wide range of parameters. The numerical experiments confirm the theoretical
predictions of the proposed method, including geometric convergence of the iterative process and grid-
independent stability of the algorithm.

From the theoretical perspective, the pseudotime parameters τ and τ0 play the role of relaxation
parameters in the iterative process. Their choice affects the spectral properties of the resulting iteration
operator and therefore the convergence rate of the algorithm. Although the present work does not
derive strict analytical bounds for optimal values of τ and τ0 , the numerical experiments indicate that
stable convergence is obtained for values consistent with typical relaxation parameters used in artificial
compressibility and pressure-correction algorithms.

6. Discussion

The results obtained in this work provide a rigorous mathematical framework for a class
of implicit iterative schemes applied to stationary convection equations formulated in primitive
variables. From a theoretical perspective, the derived a priori estimates ensure the stability of the
discrete problem and establish conditions guaranteeing the uniqueness of the numerical solution.
In addition, the convergence analysis for the linear Stokes case demonstrates that the proposed
iterative algorithm converges with a geometric rate independent of the spatial grid step. Such grid-
independent convergence properties are particularly desirable in large-scale simulations where fine
spatial discretizations are required. From an algorithmic point of view, the proposed approach is
closely related to classical projection and pressure-correction methods widely used in computational
fluid dynamics. In particular, the use of pseudotime relaxation for the pressure variable establishes
a conceptual connection with artificial compressibility methods introduced by Chorin [7–9]. The
present formulation can therefore be interpreted as a fully implicit iterative realization within this
broader class of algorithms. The numerical experiments presented in Section 5 confirm the theoretical
findings of the paper. In particular, the results demonstrate grid convergence of the numerical solution,
geometric decay of the iteration error consistent with Theorem 4.2, and predictable changes in the
convergence behavior as the Rayleigh number increases. Although the present study focuses primarily
on the theoretical analysis of the method, the obtained results indicate that the proposed algorithm
represents a promising framework for constructing robust numerical solvers for convection problems.
Future work will focus on extending the analysis to the fully nonlinear Navier-Stokes equations and on
developing efficient preconditioning strategies for large-scale computations.

7. Conclusions

In this paper, a class of fully implicit iterative schemes for the numerical solution of stationary
thermal convection equations based on the concept of “weak compressibility” is proposed and
theoretically justified. The main results of the paper are as follows: (1) A priori estimates are
obtained that guarantee the stability of the solution of a difference problem in natural variables
(velocity-pressure-temperature). (2) A uniqueness theorem for the solution is proved under certain
conditions on the problem parameters. (3) For the linear Stokes case, convergence of the iterative
algorithm with a geometric rate independent of the grid spacing is established. (4) The proposed
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method allows one to efficiently solve three-dimensional problems without increasing the number of
equations and ensures increased stability at high Rayleigh numbers. Directions for further research
include: (1) generalization of the method to the nonlinear case of the full Navier-Stokes equations, (2)
investigation of convergence and stability under inhomogeneous boundary conditions, (3) development
of effective preconditioners and adaptation of the method to problems with variable medium properties,
(4) conducting computational experiments to verify theoretical estimates on real three-dimensional
problems.

All data obtained in the study are reliable and rigorously substantiated, formulated as theorems.
The results contribute to the theory of numerical methods for hydrodynamic equations and can be used
in the development of algorithms for modeling thermal convection, in computational packages, and
in educational programs. The iterative schemes developed in the study and the results of the research
can be used in the development of information systems for automating the solution of heat and mass
transfer problems and as educational material for students.
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