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1. Introduction
The numerical radius w (X) of an operator X on H is given by
w(X) = sup {|{Xx, )|, ||xl| = 1}. (1.1)
Obviously, by (1.1), for any x € H, one has

KXx, 00 < w (X) [1xl]. (1.2)


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026454

11051

This norm is equivalent with the operator norm. In fact, the following more precise result holds:
w(X) < |IX]| < 2w (X) (1.3)

for any X € B (H).
In 2003, Kittaneh [1] showed that for any operator X € B (H), we have the following refinement of
the first inequality in (1.3):

1
w0 < 5 (||X|| ; ||X2||”2). (1.4)

Utilizing the Cartesian decomposition for operators, Kittaneh in [2] improved the inequality (1.3)
as follows:

! 1
2 IXE -+ 1XP] < w2 00 < S[iX? + 1x°P

| (L.5)

for any operator X € B (H).

In [3], the authors introduced a new norm, named the (@, 8)-norm, on the space of bounded linear
operators on a complex Hilbert space, which generalizes the numerical radius norm, the usual operator
norm, and the recently introduced modified Davis-Wielandt radius (see [4]).

Let (a, B) with a, 8 > 0 such that (@, 8) # (0,0). Define the mapping |||,z : 8 (H) — [0, o) by

1/2
IXllogs := sup (@ KX, ) +BIIXxIP) .
[IxlI=1

We observe that |||, s defines a norm on B (H). We also observe that for (@,8) = (1,0), we obtain
IXll, s = w(X), and for (@, 8) = (0, 1), then [|X||,; = |IX]|. Furthermore, for (@,) = (1, 1), we obtain
the modified Davis-Wielandt radius of X, namely

x 2 2\!/2
X1l = dw* (X) := sup ((Xx, x)P* + [ Xxl*) " ; see also [4].
[Ixdl=1

As pointed out in [3, Theorem 2.1], the (@, 8)-norm satisfies the following bounds in terms of the
numerical radius and the operator norm:

(@+8)"2w(X) < IXllys < (@ +48)'* w(X)

and
1
max{E (@+pB)"? ,B”z} IXI < 11Xy < (@ + B 11X

forall X € B(H).
Recall that the Crawford number of an operator X € 8 (H) is defined by ¢ (X) := infjy=; (Xx, x)|.
In [3, Theorem 2.7], the authors proved the following results:

X1l s > max {aw® (X) + Be (IXP) , ac® (X) + B IIXI1)

and
IXlly s = 2 vaBmax {w (X) " (1XI) , ¢ (X) IIX]1]

for all X € B (H). For more results concerning various bounds for the (@, §)-norm of a product, see [3].
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The case when 8 = 1 — @, @ € [0, 1] was investigated in [5], where the authors considered the
a-norm s
11l = sup (e [(Xx, 0P + (1 - a) [1Xx?)”
IIx|I=1
and obtained some upper bounds for the a-norm of n X n operator matrices, which generalize the
existing numerical radius inequalities and the usual operator norm inequalities of n X n operator
matrices. As an application of these results, they provided new upper bounds for the numerical radius
and the usual operator norm of n X n operator matrices.
Motivated by the above concepts and results, in this paper we introduce a new norm for a pair of
operators and provide some fundamental inequalities as follows.
Forv e [0,1], p>1and A, B € B(H), we define the p-arithmetic-mean (A-M)-norm for the pair of
operators (A, B) by
A, Bl = sup (1= v A" + v [IBx|I”)''” (1.6)
and
1A, B, = sup (A" + IBxl")!"”.
We observe that

1
IA,BI,, = > I(A, Bl forall p > 1.

We also consider

1/2
IA. B)ll.,, := A, Bll,, = sup ((1 = v) [|Ax|* + v |Bxi?)

[lxl|=1
= sup ((1 -v) <|A|2 X, x> + v<|B|2 X, x>)1/2
[Ixll=1
= sup ([(1 = W) IAP + vIBP] x.x)"”
[Ixl=1
= ||t = 1AP + v 1BP||" = |1aP v, 1B

and
ICA, B)II, := [I(A, B)lly,, := sup (1 = v) ||Ax]| + v||Bx]]) .

llx=1

Moreover, we put

1/2 1/2
1A, Bl := (A, Bl = sup (IAxI> + IBxI?) " = [lAP + 1B
[IxlI=1

and
ICA, BI| := [I(A, B)Il; = sup (||Ax]| + || Bx]]).

[IxlI=1
We also observe that
max {(1 = »)"7 AL v "7 IBIl} < (A, B, < (1 =) A + v [IBI")'"” (1.7)
forve[0,1],p>1.

AIMS Mathematics Volume 11, Issue 4, 11050-11071.



11053

Letv € [0,1], p > 1. Observe that for all (A, B) € B(H) X B(H), we have ||(A,B)||,, > 0, and if
[|I(A, B)||p,v =0, then (A, B) = (0, 0). Also,
llr (A, B)ll,, = lI(@A, aB)l,,, = sup (1 =) lleAxll” + v llaBx]|")!'”
= lal sup ((1 =) JAxlP + v 1B = |l 1A, B, -
By weighted Minkowski’s inequality, it follows that
IA, B) + (C,D)l|,,, = (A + C,B+ D),
- ||le||1£ (1 =) ||Ax + Cx|I” + v||Bx + Dx||")"/”
< sup (1 =) IAXI” + v IBXI)? + (1 = v) ICx” + v IDxlI?) 7|
< sup (@ =) IAx” + v 1B 7] + sup (1 =) IC” + vIIDx")!"?

= |ICA, Bl|,,, + [I(C, D)I|

pv>

which shows that ||(-,)l|,,,, is @ norm on B (H) X B(H). From the above, we have that [|(-,-)||., and
[I(-, )|, are norms on B (H) x B(H) for all v € (0, 1).

We observe that, for (A, B) = (T, T*), we can introduce, for p > 1 and v € [0, 1], the following
functional:

Tpw () 2= T TNy = sup (=W T+ vIT )"

We observe that o, (-) are norms on B(H) for p > 1 and v € [0, 1] and therefore provide two
parameter generalizations of the operator norm that is obtained for either v = 0 or v = 1.

If T is normal, namely 77" = T*T, then ||Tx|| = ||T*x|| for all x € H, which gives that o, (T) = ||T|
forall p > 1and v € [0, 1].

We observe that for p = 2, we obtain the following connection with the weighted arithmetic mean
of the nonnegative operators IT|?> and |T*|:

ol,(T) = |ITP Vv, T

| and o2 (T) = ||ITP + T

For (A, B) = (Re T,Im T), we can also introduce, for p > 1 and v € [0, 1], the following functional:

Ppy (T) = (Re T,Im T)|,,,, := sup (1 =) [IRe Tl|” + v |[tm Tx||")"'"".
=1

Since for a real number a, we have that p,,, (aT) = |alp,,(T), T € B(H). Then, we can conclude
that Ppy (T') are real norms on B (H) that give for v = 0 the real seminorms p, (T') := ||[Re T|| and for
y=1,p,(T) = Im Tl

The famous Young inequality for scalars says that if @, » > 0 and v € [0, 1], then

a™’b <(1=v)a+vb (1.8)

with equality if and only if @ = b. The inequality (1.8) is also called a v-weighted arithmetic-geometric
mean inequality.
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We recall that Specht’s ratio is defined by [6]

hﬁ] if h e (0,1)U(1, ),
S (h) := eln(hm) ithe© DU, ) (1.9)
1 ifh=1.

It is well known that lim,_,; S (h) = 1,S (h) = S (}—1) > 1 for h > 0, h # 1. The function is decreasing
on (0, 1) and increasing on (1, co).
The following inequality provides a refinement and a multiplicative reverse for Young’s inequality:

S ((g) )al—va <(I-v)a+vb<S (g)al—w, (1.10)
where a, b > 0, v € [0, 1], and » = min {1 — v, v}.
The second inequality in (1.10) is due to Tominaga [7], while the first one is due to Furuichi [8].
In this paper, we show among others that
A, B)II2,, = max {[[(1 = v)* A2 + v’ B ,v (1 - v) ||AB + BA]||
+ max {(1 =) [|All, vIIB|l} X [lI(1 —v)A + vB|| - [|[(1 —=v)A - vB]l|

forA,Be B(H),p>1andv € [0,]1].
Also, if 0 < m|BJ* < |A]* < M |BJ* for some constants 0 < m < M, then for p > 1 and v € [0, 1], we
have
1A, BIZ,, < o (m, M; p) A" 1B,

py =
where
S (m"?) it M < 1;
o (m, M; p) :={ max{S (m"?),s (MP?)} ifm <1< M; (1.11)
S (M"/z) if1 <m.

Some inequalities for the numerical radius of the off-diagonal operator matrix are given. In the case
when (A, B) = (T, T*) and (A, B) = (Re T, Im T'), where Re T := £ is the real partof 7 and Im 7 :=

)
% is the imaginary part of T, respectively, some inequalities for one operator are also provided.

2. Some general results
We recall the following vector inequality for positive operators A > 0, obtained by McCarthy in [9]:
(Ax, x)? < (APx,x)y, p=>1
for x € H, ||x]| = 1, and Buzano’s inequality [10]

1
5 [yl + K, »I] =[x, e) Ce, ) (2.1)

that holds for any x, y, e € H with ||e|| = 1.
The following result provides some basic lower and upper bounds for the power of the norm

G M-
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Theorem 2.1. Let A,B € B(H). For p > 2 and v € [0, 1], we have

AV, BII” < II(A, BII, < lIIAI” V, |BI"||.

pv —

In particular,
IA + B|I” <277 |[(A, B)IIE < 2P~ AP + Bl

If1 < p <2, then

1AV, B]l < (A, B, < |4V, B2

In particular,
A+ Bl < 2077 (4, B, < V2 [P + 187"

Proof. For p > 1, we have by the convexity of the power function that

I(1 —v)Ax + vBx||” < ((1 = v) [|Ax]| + v ||Bx|])”
< (I =) [|Ax|I” + v || Bx||”

p/2 p/2
= (1= (IAXIP)" + v (1Bl
/2 /2
=(1-v) <|A|2 X, x>p + v<|B|2 X, x>p .
If we use McCarthy’s inequality, then for p > 2, we have
2 2
(1= (AP xx)" + v (1BP x, %)

< (1 =v){A]P x,x) + v{BJ x, x)
={([A =W IAP +vIBI] x,x) < (1 =) |AP + v |B]"||

for x € H,||x|| = 1. Therefore, by (2.6) and (2.7), we obtain
(1 =) Ax + vBx||” < (1 =) [|Ax]]” + v[|Bx[|” < [I(1 = v) |AI” + v|BI"|l,

and by taking the supremum over x € H, ||x|| = 1, we obtain the desired result (2.2).
If 1 < p <2, then £ < 1, and since the function g (r) = #/* is concave, then

(=) (AP xx)" v (1B xx)" < [(1 =) (AP x,x) + v (|BP x, %)
= ([(1 =) 1AP + vIBP] x. )"
< || = vy 1P +vIBP||"”

forx € H.
Therefore,

(1 = v) Ax + vBxlP < (1 =) [AxI? + v IBxIl” < ||(1 = v) AP + vIBE|"”,
and on taking the supremum over x € H, ||x|| = 1, we obtain

/2
IAV,BII” < |(A,B)IIL, < ||[(1 = v) AP +vIBP||"",

pv =

which is equivalent to (2.4).

pl2

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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Remark 2.1. For p = 2, we get

IAV,BI* < [|IA” V, 1B

, ve|[O0,1].
In particular,
IA + BI* < 2|lAP +1BP||.
For p = 1, we obtain
IAV,BIl < I, B, < [IAP v, 1B, v € [0, 11,
In particular,

A + Bl < II(A, BI| < V2[IAP + 18P

The next result gives some lower bounds for [|(A, B)||i,v, where A, B € B(H).

Theorem 2.2. Let A,B € B(H). Then for p > 1 and v € [0, 1], we have

1A, B)I, = max {[[(1 = v)* A> + V2B?|| v (1 - ) |AB + BA|| (2.8)

pv =

+max {(1 =) [|A|l, v[IBIl} x [lI(L =) A + vB|| - [|(1 = v) A - vB]||.

In particular, for v = 1/2, we obtain that

1
I(A, B)|I; >— max {||A2 + B?||,1IAB + BA||} (2.9)
V4
+ max {[|All, [|BIl} IlA + Bll - [|A - B]||.

p-1
p

Proof. From Theorem 2.1, we have for p > 1 and v € [0, 1] that

ICA, B, = (1 = v) A + VB

pv =
and

ICA, B, = (1= v) A = vBIP.

This implies that

ICA, B)II2,, = max {|I(1 = ) A + vBI,|I(1 - v) A - vBIP} (2.10)

pv —

1
=5 (Il = A+ vBI? + (1 = v) A - vBIP)
1
+3 I =v)A+vBI” - 1I(1 - v) A - vBI]|

forp>1andve|0,1].
Observe that
(1 =v)A +vB|> +||(1 —v)A — vB|]?
> |1 =) A +vB?|| + |1 -v)A-vBY|
>max {[|((1 = v) A+ vB)* + (1 - v) A - vB)’|

(1=v)A+vB) - ((1-v)A-vB)|}.

b
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Since
(1=v)A+vB)?*+ (1 -v)A —vB)?
=(1-v)?A?2+v(1 =v)(AB+ BA) +v*B*+ (1 —=v)> A’ = v(1 = v) (AB + BA) + v*B*
-2 [(1 — V)2 AT+ VZBZ]
and
(1=v)A+vB?-((1-v)A - vB)?
=(1-v2A2+v(1 =v)(AB+ BA) +v*B* - (1 - v)? A’ +v(1 = v) (AB + BA) - V*B?
=2v(1 —v)(AB + BA),
then
1 =v)A +vB|> +||(1 —v)A — vB|]?
> 2max{||(1 — V)2 A+ BY|,v(1 =) ||AB + BA||}.
Also,
(1 =) A+vBIP - II(1 - v)A - vBI|
=([1 =) A+VvB||+ (1 =v)A=vB|) X [[(1 =v)A+vB||-I(1 -v)A-vB]|.
Since
(1 =v)A+vB|| + (1 =v)A —vB|| > max {||(1 = v)A+vB+ (1l —v)A - vB|,
(1 -v)A+vB—-(1-v)A+vBl|} =2max{(1 -v)|All,vIBll},
then

I =v)A+vBIP - 1I(1 - v) A - vBI]|
> 2max {(1 — ) |All, v|IBIl} X |II(1 = v) A + vB|| = [|(1 = v) A — vB]||.

By making use of (2.10)—(2.12), we then obtain (2.8).
Now, from (2.8), we obtain for v = 1/2 that

1 1
1AL By = 5 max {[l4° + B[ JAB + BAIl} + 7 max {JAIL IBI} 1A + Bll - 1A - BIl.

and since ||(A, B)[> ,/, = 77 (A, B)[>., then we obtain the desired bound (2.9).

22/p
Remark 2.2. If we make p = 1 in Theorem 2.2, then we get

ICA, B)II2 > max {[[(1 = v)* A2+ v?B?||.v (1 - v) [|AB + BA]||
+max {(1 =) [|All, vIBIl} X [[I(1T = ») A + vBl| = [I(1 = v) A = vBl]|

(2.11)

(2.12)
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forv e [0,1] and

1A, B)I = max{||A2 +B*||,IIAB + BAII} + max {||All, B[} [|IA + Bl - [|A — BI||.
For p =2 in Theorem 2.2, we obtain

IAP V, 1BP|| = max {[|(1 - v)* A +?B?||,v (1 - v) |AB + BA||}
+max {(1 =) [|All, v[IBIl} X [[I(1 = v) A + vBI| = ||(1 = v) A = vBl||

forv e [0,1] and

1 1
lA” + 1B/ = 3 max{||A2 +B?||,I1AB + BA||} + 5 max (AILIBIIA + Bl ~ A = BIIl. - (2.13)

Some interesting lower bounds for the norm of the sum |C|? + |D)? are as follows:

Corollary 2.3. Forall C,D € B(H), we have

1 1
|ici® + IDP|| > 5 max {||c2 +D?||||C* - D2||} + 5 max{|[C + DI, IC = DIFICI = IDII.~ (2.14)

Proof. We observe that

IC + D,C = D)2 = sup (|ICx + Dxlf* +[|Cx - Dxi[’) (2.15)

IIxl|=1
= 2 sup (|ICxIf” + IDxI) = 2I(C, D)
IIxl|=1

for C,D € B(H).
From (2.13), for A = C + D and B = C — D, we obtain that

(€ + D)(C = D) + (C - D)(C + D)l
+max {[[C + DI, IC = DI} ICIl - DI (2.16)

1
I(C +D.C = D)I 2 5 max{[[(C + D) +(C - D)’

Since
(C+D)*+(C-D) = 2(c2 +D2)

and
(C+D)(C—D)+(C—D)(C+D):2(C2—D2),

then by (2.15) and (2.16), we derive (2.14).
3. Upper bounds via Tominaga’s inequality

There are many results connected with operator Young’s inequality for positive operators P
satisfying the condition

O0<klI<P<KI (3.1)
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in terms of the positive constants £ < K; see for instance [7, 8] and the references therein. This
condition (3.1) is obviously equivalent to

0<klI<P<Kil, (3.2)

where k; = k? and K, = K>.
Motivated by (3.2), it is natural to consider the following more general condition for the operators
A, B € B(H) satisfying the double inequality:

0 <m|BI* <|A* < M|B} (3.3)

for some constants 0 < m < M.
If we make B =1and A = P > 0 in (3.3), then we obtain (3.2).
By employing a result due to Tominaga, we can derive the following upper bounds for [|(A, B)|I} .

Theorem 3.1. Let A, B € B(H) satisfy condition (3.3) for some constants 0 < m < M. For p > 1 and
v € [0, 1], we have
A, B)II2, < a(m, M; p)|IAI" ™7 IBII”, (3.4)

pv =

where a (m, M; p) is defined in (1.11).
Forv e (0,1), putr :=min{v,1 —v}. If p > %, then

1 -V vV,
1A, B, < 5a (m, M p) AP + B (3.5)
Proof. Since
0 <m|B <|A* < M|BP
for 0 < m < M, then for x € H with ||x|| = 1, we obtain that
0 <m (B x.x) < (AP x,x) < M(|B]’ x. x),
which gives
/
(11 x,x) )’
0<m’? <|—~ < MP?
(IBP x, x)
for x € H with ||x|| = 1.
2 2
By Tominaga’s inequality (3.4), for a = <|A|2 X, x>p/ and b = <|B|2 X, x>p/ , we have
/2 /2
(1= (AP xx)"" +v (1B x,x)" (3.6)

iy (|A|2 X, x>

p/2
) (AP xx) " (18P %, x)"

forx e H, ||x|| = 1.
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Since the function § is decreasing on (0, 1) and increasing on (1, co0), then we have the bounds

S (m”/z) if MP2 < 1;

2 p/
s [M] <L a5 (n7).5 (07)) it < 1 < b
(18 ) S (Mr?) if 1 <mP”
= a(m, M; p) (3.7)

forxe H, ||x|]| = 1.
By making use of the inequalities (2.6), (3.6), and (3.7), we obtain that

(1= WA + v 1Bl < @ (m, M: p) (JAP x,x) " (IBF x.x)"" (3.8)

forx € H, ||x]| = 1.
Observe that

1-v)p/2 vp/2
(AR xx) " (1BR x x) " = AP B < AP | BI?
for x € H, ||x]| = 1, and by (3.8), we get
(1 =) IAXI? + VB < @ (m, M: p) A7 1B

for x € H, ||x]| = 1. By taking the supremum over x € H, ||x|| = 1, we derive the desired result (3.4).
By the elementary inequality

+b
\/a_bsaz . a,b>0,

we have
(1-v)p/2 vp/2
<|A|2 X, x> (|B|2 X, x> <

forx € H, ||x]| = 1.
If we use McCarthy’s inequality, since (1 —v) p, vp > 1, then we have

sl ) )] <

e

IA

| =] =1
—~

<|A|2“‘V)” X, x> + <|B|2V” x, x>]

(|A|2(l—v)p + |B|2Vp) X, x>

IA

|||A|2(l—v)p + |B|2vp

for x € H, ||x]| = 1.
By (3.8), we then have

1
(1 =) AN + v IBXII” < Sa (m, M; p) AP + B
for x € H, ||x]| = 1. By taking the supremum over x € H, ||x|| = 1, we obtain the desired result (3.5).

AIMS Mathematics Volume 11, Issue 4, 11050-11071.



11061

Remark 3.1. If we make p = 1 in (3.4), then we get
1A, B)ll, < a (m, M; 1) ||AlI'"” |1BII",
where
S (Vm) ifM < 1;
a(m,M; 1) := 3 max{S (vm).S (VM)} ifm <1< M;
S (VM) if 1 <m.
If we make v = 1/2 in (3.9), then we get
ICA, B)I| < 2a (m, M; 1) AN 1BII2 .
For p =2, we get
1AP V, 1BP|| < @ (m, M 2) 1A 18I,

where
S (m) ifM<1;

a(m,M;2):={ max{S (m),S M)} ifm<1<M,
S (M) ifl1 <m.
If we make v = 1/2 in (3.10), then we get

IAP +1BP|| < 2a (m, M;2) |A]l||B]| .

We can also state more upper bounds as follows.

(3.9)

(3.10)

Theorem 3.2. With the assumptions of Theorem 3.1 and for R = max{v,1 —v}, v € (0,1) withRp > 2,

then
1
A B, < 5a Gm, M: p) [w?'2 (BF IAF) + A 1B ].

pv =
Also, we have ) )
1AL B)IZ, < o®” m, M: p) ||AP Y, 187" 1B v, 1P
and
A, B, < @ (m, M: p) [lAF 9, 1B JAIP** 11

pyv =

Proof. Observe that, for R = max {v, 1 — v},
<|A|2 X, x>(1_V)p/2 <|B|2 X, x>vp/2 < [<|A|2 X, x> <|B|2 X, x>]RP/2

forx € H, ||x]| = 1.
By Buzano’s inequality (2.1), we have

(AP x.x) (1B x. x) < %(MAF 1B x)| + IR+ 182 x”)

forx e H, ||x|| = 1.

(3.11)

(3.12)

(3.13)

(3.14)

AIMS Mathematics Volume 11, Issue 4, 11050-11071.



11062

Therefore, since Rp/2 > 1, we deduce that

Rp/2
AP x, |B x>‘ + AP || 1B
2

‘<|B|2 |A|2 N x>‘Rp/2 N |||A|2 x||R17/2 |||B|2 x”Rp/z

[(1AP x, x) (1B x, x)] " < (

<
2

< =[R2 (IBP1AP) + AN 1B |

| =

for x € H, ||x]| = 1.
By making use of (3.8) and (3.14), we deduce the desired result (3.11).
Observe that

<|A|2 X, x> <|B|2 X, x> = |A|2 X, x)l_y <|B|2 X, x>y <|A|2 X, x>v <|B|2 X, x>1_y

(
< (1 =) (IAP x.x) + v (1B x, x)) x (v (|AP x.x) + (1 = v) (|BF x, x))
<

= (|1 =) AP + vIBP| x, x) x ([v 1A + (1 = v) B x, x)
< ||t = vy IAP + vIBP|||[v IAP + (1 = v) B

for x € H, ||x]| = 1.
Therefore,

AP 55080 x5 < [ = IAF v IBE] o P+ L= ]

forx e H, ||x|| = 1.
By making use of (3.8) and (3.14), we deduce
(1 =) IAxII” + v || Bx]|”

< (m, M; p) x (1 = v AP + v IBP[""

Rp/2

|[vIAP + (1 =v) BP|™,

which gives the desired result (3.12).
From the above, we also have

<|A|2 X, x> <|B|2 X, x>
= <|A|2 X, x>1_v <|B|2 X, x>v <|A|2 X, x>y <|B|2 X, x>1_v

< (1= (1P ) (B ) x5 (57
< || =) IAP + vIBP||IAIP IBIP,

1-v

giving
Rp/2

[(1AF x, ) (1BE x, )| < (1 = ) 1AP + v 1BE|[ Al =%

for x € H, ||x]| = 1, which proves (3.13).
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Remark 3.2. For p = 4, we obtain from (3.11) that

A, B)II}, < %a (m, M 4) [w** (1B |AP) + I 1BI*¥]
where
s (m?) ifM<1;
a(m,M;4) := max{S (mz),S (MZ)} ifm<1<M,
S (M?) if 1 <m.

Forv=1/2in(3.15), we obtain
ICA, B)II} < @ (m, M 4) |w (1B 1AF) + IAIP 1BIP] .

If we make p =4 in (3.12) and (3.13), then we get

1A, B)IE, < v (m, M; ) ||AP v, 1BE[" 1B v, 147"

and
R y »
A, B)I}, < va (n, M; 4 |[|APV, [BP|" AP 1BIP %,
From (3.17), we derive for v = 1/2 that

1A, B < 2 v (m, M;4) |IAP 9, 1BP|[ 1B v, 1AP||"

and
2l/2

AN (1Bl .

1A BIE < o (m, M:4) HlAi 1B]

(3.15)

(3.16)

(3.17)

We observe that if 0 < m; < |A]*> < M, and 0 < my < |B|* < M,, then for x € H, ||x]| = 1, we have

M, — <|B|2x,x> hy

By taking m = A% and M = Z—; we get0 <m IB? < |AP* < M |B)?, and by setting
2
S ((;;—12)”/ ) if 2 <1

a(my, My, my, My; p) := maX{S((;"l—) ), (( )p/Z)} i X,}—Sl Z—zl;
( () ”) i<

IA

we get from (3.4) that

1A, B)IIP, < @ (my, My, ma, My; p) A7 || BI

for p>1andve[0,1].
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Forve (0,1)and p > %, then by (3.5), we get

A, B, < sarmy, My, ms, Moz ) [JAPO 7 + 1527 (3.18)
If p>1andve[0,1] with Rp > 2, then by (3.11), we have
ICA, BIIY, < %cx (my, My, my, My; p) X [WRp/z (|B|2 |A|2) + AR ”B”Rp] , (3.19)
while from (3.13),
ICA, B)IE,, < & (my, My, ma, My; p) x || AP 9, |BP||" IAIPR | BIPO—% (3.20)

4. Inequalities for off-diagonal operator matrix

Consider now the off-diagonal part [ 2 )0( ] of a 2 X2 operator matrix [ IZ/ é‘(/ ] defined on HeH.
It is well known that, for X, Y € B(H),

ERIRUE
R R

R

In 2011, Hirzallah, Kittaneh, and Shebrawi [11] proved among others the following double
inequality:

%max{w(X+Y),w(X—Y)} Sw([ ;)/ )é ])S %[W(X+Y)+W(X—Y)]. “.1)
They also showed that
0 X . L.
w([ Y 0 ]) Smln{w(X),w(Y)}+5m1n{||X+Y||,||X—Y||}. 4.2)

Several other interesting inequalities of this type were also obtained.
In 2015, Kittaneh, Moslehian, and Yamazaki [12] showed that the following refinement for the

triangle inequality holds:
“X + Y“ ([ 0 X ]) I1X11 + 1]
<w L —F

2 Y- 0 2

for all X, Y € B(H). Several upper and lower bounds for the numerical radius of the operator matrix

0 AX - XB
A*X - XB* 0
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under various assumptions for the operators involved were also given.
We use the following equality employed in the proof of Theorem 2.3 of [12]:

w([ g* 6‘]) E%uﬂls”e’9A+e “p| (4.3)

forall A, B € B(H).
We can state now the following result that provides some upper bounds for the numerical radius of
the off-diagonal operator matrix:

0 (I-v»A
vB 0 ’

where v € [0, 1].

Proposition 4.1. Let A,B € B(H). For p > 2 and v € [0, 1], we have

»wqo “‘”AD (AL B)

P, < (4.4)

vB 0
If1 < p <2, then

1/2

4.5)

0 (1I-vA
W vB 0

1
)syMﬁmm_lm

Proof. From (2.3), we get for p > 2 that

p

= i (1 —v)eA + ve™
2p ||

H (1 -v)e?A + ve B*
2

1 . . p
< — H elQA’ e—ZQB*)
P’V

IMBmp<—MWVBW

pv =

for all 6 € R. By taking the supremum over 6 € R, we obtain (4.4).
From (2.4), we also have for 1 < p < 2 that

= 1 ||(1 —v) €A + ve™

H (1 -v)eA + ve B*
2

1/2

<4M3w WWWmﬂl

Py =

for all 8 € R. By taking the supremum over 6 € R, we obtain (4.5).

)<
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while for p = 1 in (4.5), then we get

2 0 (I-»A 1 )
W ([ B o ||=7IABII,. (4.7)
Since
(1= IAX] + v IIB*xID* < (1 = v) [|AxI]* + v ||B*xI (4.8)

forv € [0, 1], x € H, then
A, BOIE, < IIA, BY)II;

ey’

and we can state that

vB 0

for v € [0, 1], which shows that (4.7) is better than (4.6).
If we make v = 1/2 in (4.4), then we get for p > 2 that

w2([ 0 d-n4 ]) i B*>||1V_—|||A|ZVV|B*|2

0 A 1 AP + |B*|P
wP ([ B 0 ]) EII(A BYII» < — | 4.9)
and for p = 2,
([ 0 A |AI* + |B*|?
w <||——=
B 0 2
If we make v = 1/2 in (4.4), then we get for 1 < p < 2 that
172
0 A 2+ B
w([ 5 0 ]) 575 1A B, < || (4.10)
and for p =1,
172
0 A 1 . AP + |B*?
W([ B 0 D < EH(A,B < — 5

From (4.9), we obtain for B = A the following upper bounds for the numerical radius:

1 . |A]P + AP
W (4) < 3104, AN < H—
for p > 2, and from (4.10),
1 2014212
W) < sl A, < |12

forl <p<?2.
Since from Proposition 4.1, we have

I-v)A 1
o (I | EPTEN TS

for p > 1 and v € [0, 1]. Then the upper bounds from Theorems 3.1 and 3.2 for ||(A, B)||’;’V will give the

following upper bounds for
WP 0 (1I-vA
vB* 0 '
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Proposition 4.2. Let A, B € B(H) such that 0 < m B < AP <M |B|2for some constants 0 < m < M.

For p > 1andv € [0, 1], we have

» 0 (1I-vA
W vB* 0

1 -V 4
)S e m, M; p) AP IBIP?

where a (m, M; p) is defined by (1.11).
Forv € (0,1), put r := min{v, 1 —v}. pr> then

_ 1 A2(17v)p Bva
Wp([vo (1-vA ])S_a(m,M;p)|ll + 1B

B* 0 2p 2

Forv e (0,1), put R := max{v,1 —v}. IfRp > 2, then

1-v)A 1
oL O e

Also, we have

2

) 0 (1I-vA
W vB* 0

1
) < 7077 (m, M; p) [|AP ¥, BP||" 1B . AP

and

2 0 (1-vA
W vB* 0

If we make v = 1/2 in (4.11), then we get for p > 1 that

0 A
w([ 5 0 ])sa(m,M;p>||A||P/2||B||"/2.

If p > 2, then from (4.12), we get

) | L)

If p > 4, then by (4.13)—(4.15), we have
w4 (IBP1AP) + AP 1B

W”([ lg* g])Sa(m,M;p) 5

(| g ) 2o man A

1/2
0 A IA]® + |BP
w2([ B 0 ])SaZ/”(m,M;p)HT AN 18] 2.

Also, we have

and

whl2 (1BP |AP) + IAI®7 (1B

1 R % -V
)sza”f’(m,M;p) |1AP v, 1BP|| 1A 181>k

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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5. Inequalities for one operator

In this section, we give some applications for one operator as follows.
From Theorem 2.1, we have for (A, B) = (T, T*) that

1TV, T°|l < o), (T) < TPV, 1 T7P||77

where p > 2. If 1 < p < 2, then also

1TV, T < oy (T) < || TPV, T

From Theorem 2.2, we obtain for p > 1 and v € [0, 1] that

b, (1) zmax {[|(1 =) T2+ (V|| .y (A =) || TP + TP
+max {(1 —=v) , VHITI X1 =T +vT* | =1 =) T —vT|.

In particular, for v = 1/2, we get

1
o2 (T) > PR (|72 + @ | TP + 1777

P P

1 . .
I} + o ITIIT + T =7 = Tl

For p = 2, we derive

IT1> + 177

NP+ 1T

1 1 .
|2 5 max{|[T2+ (7| [} 5 ITIINT + 77 = 1T = T

From (2.14), we also get

* 1 «
i 4177 = 5 max (|72 + 7Y

? |

Assume that 0 < n|T*)* < |T]* < N|T*? for some constants 0 < n < N. If p > %, then by
Theorem 3.1, we get

TZ _ (T*)ZH} )

)

1 -V *12V,
0, (T) < e (m, M; p) [ TP+ T

where

S (np/Z) ifN<1;
a(n,N;p) :={ max {S (n”/z),S (Ml’/z)} ifn<1<N;
S (N”/Z) if 1 < n.

If Rp > 2, then by Theorem 3.2, we obtain
1 k
ot (T) < 5a (. Ny p) w2 (ITP |TF) + |ITIP .

Also, we have

a2, (T) < 27 (n, N p) [|TP v, 7P| 1P v, TP
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and .
o0, (T) <& (n,N; p) ||ITP V, 1T*F| 1T -

For an operator T € B (H), we consider the real and imaginary parts of 7' defined by

r+T1° T-T*

ReT := and Im7 =

2i

For (A, B) = (Re T,Im T, we can consider, for p > 1 and v € [0, 1], the following functional:

Ppy (T) = (Re T,Im T)|,,,, := sup (1 =) [IRe Tl|” + v |[tm Tx||")"'"".
=1

Since for a real number a, we have that Ppy (aT) = |a Py (T), T € B(H). Then, we can conclude
that p,, (T) is a real norm on B(H) forv e (0,1).
For p = 2, we obtain that

o, (T) =R TV, Im* T||, v € [0,1]

and

Pg (T) = ||R62 T+ Imz T|| = % |||T|2 + |T*|2 | — %0_5 (T) -

From Theorem 2.1, we get for p > 2 and v € [0, 1] that

IRe TV, ImT|| < p,,, (T) < [Re TV, Im T|"||''7.

If1 < p<2,then
12

IRe 7V, ImT|| < p,,, (T) < |Re* TV, Im* T||
From Theorem 2.2, for (A, B) = (Re T, Im T'), we obtain for p > 1 and v € [0, 1] that

P, (T) zmax {||(1 = v)*Re* T+ Im* T||,v(1 = v) [Re T Im T + Im T Re T}
+max {(1 =) |[Re ||, v |Im 7|l x (1 =v)Re T +vImT| - [|(1 =»)Re T —vIm T .

In particular, for v = 1/2, we get

P2 (T) 2— max {|[Re’ T + Im* T

,(JReTImT + ImTReTll}

p=l
P

1
+ —max {|[ReT||,[ImT||}|[[ReT + ImT|| - [ReT —ImT]||.
L

P

From (2.14), we also get

TP + 1777

| > max ||Re2 T+Im*T | ,||Re? T = Tm? T||
+max{||[ReT +ImT]|,||ReT —ImT|}||ReT]|| = |Im T]||.

Assume that there exists constants 0 < k < K such that 0 < kIm>7 < Re’T < KIm’T.
From Theorem 3.1, we obtain for p > 1 and v € [0, 1] that

ph, (1) < a(k,K; p) [Re T|[" ™7 Im T,
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where
S (kp/2) ifK < 1;
a(k,K; p) :={ max {S (kf’/2) .S (Kp/z)} ifk<1<K;:
S (KP/Z) if1 <k

Ifp> }, then by Theorem 3.2, we get

1
ppy (1) < 5 (k. K; p) |Re 777 + [Im T>7
If Rp > 2, then also
1
Py (T) < 50 (k. K: p) | w2 (Im? T Re? T) + [[Re T ||Im T[]

Also, we have
|IRe* 79, Im* T|| < @*” (k, K; p) |Re* TV, I T|* |1m? TV, Re* T|*

and
[Re? TV, Im* T|| < &®” (k, K; p) |Re? TV, Im” T||R IRe T||*’% ||lm T|? K .

6. Conclusions

In this paper, we considered the p-arithmetic-mean (A-M)-norm for the pair of operators (A, B) in
Hilbert spaces and provided several lower and upper bounds for it. Some natural applications for the
off-diagonal operator matrix and in the case when (A, B) = (T, T*) and (A, B) = (Re T, Im T') were also
given.
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