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1. Introduction

The solvability conditions for the following systems are established in this study:

E\X, =C,E1X1Bs + E1XoBy + Ay X3By = Cy, (1.1)
A]XlBl +A1XZBZ +A2X332 = C3,X3B4 = C4, ’
and
E\ X, = Cy, E\XaBy + A2 X3B, = G, (1.2)
A1 X B, + A X,By + Ay X3B) = (5. ’
As applications, we investigate the classical quaternion system:
AXB =E,CXD =F, (1.3)

regarding the existence of a reducible solution. Furthermore, using the solution of System (1.1), we
examine image encryption and decryption.

In this study, the real number field is denoted by R. The set of all m X n quaternion matrices is
represented by H™", where

H={v=vy+vii+wj+vikli’ = = K> =ijk = -1, vy, vi, v, v3 € R}.
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In fields like color video processing, control systems, and mechanics, the noncommutative division
ring H is extensively utilized (see, e.g., [1-3]).

In this study, the symbols r(A), 0, and I are used to denote the rank of matrix A, a zero matrix of
appropriate size, and an identity matrix of suitable size, respectively. Re(A) and Im(A) denote the real
and imaginary parts of A, respectively. The conjugate transpose of A is denoted by A*. For any matrix
C € H>*, a unique matrix Y exists, satisfying

CYC = C,YCY = Y,(CY)" = CY,(YC) = YC.

This matrix Y is termed the Moore-Penrose (M-P) inverse of C; it is denoted by C T. Furthermore, we
introduce the following projectors:

Le=I-C'C,R-=1-CC".

A matrix Z is called reducible when a permutation matrix K exists, satisfying

Zy Zy
Z=K K.

With square quaternion matrices Z; and Z; of appropriate dimensions. If Z; is of order k, then Z is
termed k-reducible. For an arbitrary k such that 1 < k < n, define the set as

H>" = {z = K(%l 2) K‘]‘l <k<n,Z € HR*x0=b 7. ¢ H’“"}.

Reducible matrices have applications in various areas, including directed graphs, compartmental
analysis, and stochastic processes (see, e.g., [4,5]). Recently, several authors have studied reducible
solutions to matrix equations. For example, Xie and Wang [6] derived a reducible solution to the
quaternion equation

AXB=FE. (1.4)

Nie et al. [5] considered the reducible solution of the system
AX =C,XB=D. (1.5)
Wang [7] determined the k-reducible solution of the following system over H:
AX =C,AXB, = C,. (1.6)

As far as we know, System (1.3) has not been studied with regard to its reducible solutions. Notably,
the reducibility of the solution to System (1.3) is related to the general solution of System (1.2).

In mathematics, linear matrix equations represent a deeply investigated subject, owing to their
critical applications in numerous areas such as singular system control theory [8], neural networks [9],
feedback control [10], graph theory [11], and color image processing [12]. This topic has been widely
studied (see, e.g., [13—15]). Xie and Wang [6] studied the quaternion equation

A XiBi + A XoBy + ApnX3By = Cy, (1.7)

AIMS Mathematics Volume 11, Issue 4, 11031-11049.



11033

obtaining solvability conditions using M-P inverses. Nie [16] derived solutions over H for System (1.6)
and

AIIXI = Cl’ BIIX1C11 = C2a E11X1F11 = C3- (18)

As an extension of (1.4), (1.6), and (1.8), we propose System (1.1).

Driven by the broad applications of linear matrix equations and reducible matrices, as well as
the need for further theoretical development, we examined solvability conditions for the quaternion
Systems (1.1) and (1.2) using the M-P inverses and rank equalities and then derived their general
solutions when solvable. As an application of System (1.2), we also established conditions under
which System (1.3) admits a reducible solution and presented its general solution. Moreover, we used
System (1.1) to process images, including image encryption and decryption.

We structure the remainder of this paper as follows: Section 2 presents the key lemmas required for
the subsequent analysis. Section 3 analyzes the solvability conditions for Systems (1.1) and (1.2) using
the M-P inverses and rank equalities and derives their general solutions. In Section 4, to demonstrate
an application of System (1.2), we analyze a reducible solution to System (1.3) and illustrate the main
results with an example. By applying the solutions to System (1.1), Section 5 demonstrates their use
in encrypting and decrypting color images. We conclude the paper in Section 6.

2. Preliminaries

The key theoretical foundations underpinning the arguments of this paper are presented in this
section. First, we introduce the result of the matrix rank equality.

Lemma 2.1. [17] Let D, € C™", F, € C™*, G, € C*" N, € C* and M, € H* be known matrices.
Then the following rank equality holds:

D1 Fl 0
r(RDlG FléN1)=rG1 0 M|~ r(Ny) = r(M)).
M Y1 0 Nl 0

Remark 2.2. Lemma 2.1 can be extended to the quaternion algebra H.
Next, we proceed to discuss the solvability of the following important matrix equations.

Lemma 2.3. [I8] Let A, Ay, By, and B, be given matrices with adequate shapes over H. The
equations A1 X = A, and Y B, = B, are solvable if and only if

R4, Ay =0, ByLg, =0. (2.1)
When (2.1) holds, the complete solutions for these equations are
X =AlAy + Ly Uy, Y = ByB! + UsRy,,
where U, and U, denote arbitrary quaternion matrices of suitable dimensions.
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Lemma 2.4. [I5] Let A1, B11, Cazz, D33z, Caa, Das, Eqq be given. Put

Ay = Ry,,Cs3, By = D33Lg,,, C; = Ry, Cuss, Dy = DyyLgp,,,
E; =Ry, Ei1Lp,,, M; = R4, Cy, Ny =DLg,, S; =C,Ly,.

The following expressions are equivalent:
(1) The equation
A Xy + XoBy + C33X3D33 + CyuXuDyy = Eyy

is solvable.

(i1)
RMIRAlEl = 0, EILBILNI = O, RAlElLDl = 0, RC1E1L31 = 0
(iii)
Ey Cu Cy3 A
s 0 o0 o )= r(Bu) +r(Caa Css An),
E, A
D11 51 Dss
el o® =7| Dy |+ r(An),
D44 0 B
B, 0 11
E; G Ay D
r D44 0 0 = r(All C33) + }"( B44 ),
B 0 0 t
E;n Cy Ay D
rl Dy 0 0 |=rAy C44)+r( 333 )
B, 0 0 H

Under the condition of (1), the solution of the equation is

X = AL(EH = C33X3D33 — C44X4Dyy) — ALT7BI] + Ly, Ts,

Xy = Ry, (Ey — C33X3D33 — C44X4D44)B;Ll + A11A11T7 + TsRp,,,

X; = ATE\Bl —AlC\ME\B] — AlS \CTE\N{D\ B} — A{S \T,Ry,D\ B} + L, Ty + TsRg,,
Xy = M{E\D! +SIS\CIE\N| + Ly, Ls, T\ + Ly, 2Ry, + T3Rp,

where T, ..., Ts denote arbitrary quaternion matrices of appropriate dimensions.
3. Solvability conditions and expression of general solutions for System (1.1)

The equivalence conditions for solvability and the explicit form of the general solution to
System (1.1) are the focus of this section.
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LetA;, B;, C; (i = m j= ﬂ), and E; be coeflicient matrices of System (1.1). To facilitate the
discussion, we introduce the following notations:

M; = Rg, Az, Ny = ELg,, S1 = AsLy,, E = Rp, B>,
F=0C,-CB; —A2C4BZBz, A3 =ALg, Ay = A - E,
RiAy = Ms, AgLy, =S5, C=C5—Cy - AE|C\B; + C1B;,

R
N] — BZLB]’ A5 = (LM2L52 —LEI), B:( _;; )
2

A¢ = Lu,, Bs = Ry,, A7 = E|S 1, Bs = Ry,EB},
A= RA5A6, By = BsLg, Ci1 = RA5A7a Dy, = BsLg,
Eyi = Ro,DLg, My; = R4, ,C11, N1y = Dy1Lp,,,
S11=CiiLy,, D=E/FB} - ElA;M|FB} - E]S|AJFN]EB]
~M}CB] - S1S,AlCN/.

Next, we give the following main theorem:

Theorem 3.1. The following three equivalent propositions can be stated as:
(1) System (1.1) is solvable.

(ii)

(111)
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Rp,Cy =0, C4Lg, =0,

Ry,Rp,F =0, FLyg Ly, = 0,Rp, FLy = 0,R4,FLg, =0,
Ry,R4,C =0, CLg Ly, =0, Ry,CLy, =0, Ry,CLp, =0,
RM”RAHEII = O’ EllLBHLN“ = 07

Ru,EiLp, =0, Re, Ey1Lg,, =O0.

r(Er Ci)=rEy), r(g;) = r(By),

G
r(G Ay E)=r(4 E), r( 5, ):r(Bz),
G Ei ACy _
r B, 0 B, )—r(E1)+r(32 B4),
G A
"\ 5, 02)=r<A2)+r<Bz),
A A-E A\ _ (A-E A
"\c1B, 0 EJ™" o E.]’

r g =r Bl
1 - 32 ’

B,
A A
A
rlf B O :r(E1)+r(Bz),
C,B, E, !

3.1

(3.2)

(3.3)
(3.4)
(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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A A-E)\_
(5, 0 )_r(Al—E1)+r(Bl), (3.14)
0 A -E A A 0 A -E A
rlA, E G 0]|=rla, E 01, (3.15)
O 0 ClBl E1 0 O El
0 0 B, B,
0 B, B, 0 0 B, B, N
rlE,-A, A 0 0 |=r|B, B, 0|+ ( ‘E ‘), (3.16)
El 0 G A2C4 Bl 0 0 !
0 B, 0 0

OB v
1 1 _

I l;?)l g +r(B2 34), (3.17)
E, C,B, E, 0 !
0 0 B, B,
0 A-Er A 0|_ (0 A-E\ (0 B
A, E, 0 -G| "\4, E B, 0)
0 0 B, 0

(3.18)

where A = C3 — C, + CB3, G = C, — CBs. If (1) holds, the general solution of System (1.1) is given
by
X, = E{Cy + Lg, Uy, X5 = C4B, + UsRp,,
X, =E FB) - E/A;M[FB! - E{S\AJFNJEB] — E{S\T\Ry,EB] + L, T> + T5Rp,,
or

X, = MiCB! + SI1S,ALCN] + Ly, Ls,Ws + Ly, WiRy, + WsRp,,

(3.19)

where

T\ = M{,E\D!, +S7,81,ClLE\\N{, + Ly, Ls,, W12 + Ly, WoRw,, + WisRp,,,
Ty = (0, I,,) |AL(D — AW B — AT\ Bs) = ALWsB + La, W5,

: 0
Ty = |Ray(D — AW Bs — A7TBs)B' + AsALW; + WgRB]( / )

U, = AICB! — AlA,M[CB! — AlS,AICN!B,B! — AlS,W\Ry,B2B] + La,W> + W5Rp,,
Uy = M{FE" + STS\AJFN} + Ly, Ls, T4 + Ly, 1Ry, + TsRg,
Wi = A} EnBj, - Aj CoM{ En By — A} S Cl EnN| D B,
- AT1511W9RN11DllB;(1 + Ls,,Wio + WiiRg,,,
Wi = (I,,, 0)[AL(D — AW\ Bs — A7T\Bs) — ALWeB + Ly, W1 |,

1,
W5 = [RA5(D - A6W1B6 - A7T1B5)BT + A5A§W6 + WgRB] ( 0 ),
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W, W3, Wi(j = 6,13), Ty, and Ts are any quaternion matrices of suitable shapes, where m and n
denote the numbers of columns of A, and rows of B,, respectively.

Proof. (1) & (i1): System (1.1) is solvable precisely when the equations

E\X, = Cy, X3By = Cy, (3.20)
E\X\Bs;+ E\X,B, + A, X3B) = Cs, (3.21)
A X B, + A X,B, + A, X3B, = Cs (322)

have common solutions. Therefore, it is necessary to establish equivalent conditions for the existence
of common solutions to Eqs (3.20)—(3.22). According to Lemma 2.3, Eq (3.20) is solvable if and only
if condition (3.3) is satisfied. The general solutions to Eq (3.20) are given by:

X) = E[Ci + Lg,Uy, X5 = C4B} + UsRy,. (3.23)

Using the relation E1X; = C; and substituting the expressions for X; and X3 from (3.23) into (3.21)
and (3.22) yields:

A UE + E\X,B, = F, (324)
AU B, + A4 X, B, = C. (325)

Hence, we now focus on studying Egs (3.24) and (3.25). By Lemma 2.4, the quaternion Egs (3.24)
and (3.25) are consistent if and only if conditions (3.4) and (3.5) hold, respectively. Under these
conditions, the solutions to Eqs (3.24) and (3.25) are:

Uy = M{FE" + STS\AJFN} + Ly, Ls, T4 + Ly, 1Ry, + TsRg, (3.26)
X, =E'FB} — E{A;M|FB} — E!S |AlFNIEB] — E{S \T\Ry,EB} + L, T> + T3R3,, (3.27)

and
— ATCB — ATAMICB — ATC ATONT B BT — AT i
U, = AICB! - ATAMICB! — AlS,AICN]B,B! — ALS,W\Ry, B2B! + La,Ws + W3Rp,,
X, = MiCB} + S1S,ALCN] + Ly, Ls, Wy + Ly, WiRy, + WsRp,, (3.28)

where A3, Ay, C, E, F, M;, S;, and N; (i = ﬁ) are defined in (3.1), and W;, T; (j = 1,_5) denote
arbitrary quaternion matrices of suitable dimensions.
Finally, equating the two expressions for X, from (3.27) and (3.28), we obtain:

As (VTV“) +(Ws, T3)B + AgW,Bg + A:T Bs = D. (3.29)
2

By Lemma 2.4, Eq (3.29) is solvable precisely when condition (3.6) holds. Its general solution is given
by:

Wi = (I;, 0) [AL(D — AW\ Bs — A7T\Bs) — ALWeB + Ly W+,
Ty = (0, 1) |AL(D — AW Bg — A7T1Bs) = AlWeB + Lo, W5,
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KX -+ In
Ws = [RAS(D — AW, Bs — A7T\Bs)B' + AsATW; + WgRB] ( 0 )
I,
Wi = ALE”BL _ALC“MBE”BL _ALS”CLE”NLD”B;
- AT1511W9RN11D11311 + Ls,,Wio + WiiRg,,,
Ty = M{,E\D!, +S7,81,ClE\\N{, + Ly, Ls,, W12 + Ly, WoRw,, + WisRp,,,

T; = [RAS(D — AW, Bs — A7T\Bs)B" + ASA;W6 + W8RB]( 0 ),

where A5, A6, A7, B, Bs, Alla Bi1, Clla Dy, Eqq, Slla and Ni;p are defined in (31) and (32)

To sum up, we obtain that Egs (3.20)—(3.22) have common solutions if and only if conditions (3.3)—
(3.6) hold, i.e., the necessary and sufficient conditions for the System (1.1) to have a solution are
that conditions (3.3)—(3.6) all hold. When these conditions hold, System (1.1) yields the general
solution (3.19).

(i1) & (iii): We will prove the following:

Rp,C1 =0 & (3.7), C4Lg, =0 < (3.7), Ry, Re,F = 0 & (3.8),
FLg Ly, =0 & (3.8), Rp,FLy =0 & (3.9), Ry, FLp, = 0 & (3.10),
Ry,Ri,C =0 & (3.11), CLg Ly, =0 & (3.12), Ry,CLg, = 0 & (3.13),
Ri,CLy, =0 & (3.14), Ry, Ra, E1y = 0 & (3.15), EyLg, Ly, =0 & (3.16),
R EnLp, =0 & (3.17), Re, EqiLg, =0 & (3.18).

It is easy to know that there is a particular solution X,, U, of the matrix equation (3.24) and particular
solution X)), UY of the matrix equation (3.25) such that

E\X, By + A,U,E = F, A;U)B, + A,X3B, = C,
where

I _ ptrpt i T pt T i Trpt 0 — ppf Rt i T i
X, = E[FB} - EJA;MFB] - EIS |A]FNJEB], X} = M]CB] + S1S,A]CN/,
Uy, = M{FE" +S[S\AJFN}, U = AICB] - A]A,M{CB] - AS,AICN]B,B].

By employing Lemma 2.1 and applying elementary operations, we obtain
Rp,Ci =06 r(R;,C) =0 & r(C1 E\)=rE) e (3.7,
CiLp, =0 & r(Cylp) =0 & r(§4) = r(By) © (3.7),
4

RMlRElF =0 r(RMlRElF) =0
& r(RElF REIAQ) = r(Rp,As) © r(F A, El) = r(A2 El) & (3.8),

FLBZLNZ =0 r(FLBgLNz) =0e l"(g) =r(By) © (3.8),
2
F E
REIFLE:O@I’(REIFLE):O@I’(E O)ZI"(El)-i'I"(E)
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:
- r(cz - C1B;—AC4B)B, E; 0

5, 0 B4)zr(E1)+r(Bz Bi) & (3.9),

B, 0
Ry,RA,C =0 & rRy,R1,C) =0 & r(C Ay A3)=r(As As)

Ry, FLp, =0 & r(Ry,FLp) =0 & r(F AZ) = 1(As) + 1(B,) & (3.10),

C;-Cr,+CBs A —E, A _ A —E; A
r( C\B, 0 El) ‘( 0 El) < G.1D,
C3—C2+CIB3 B
CLy Ly, =0 & H(CLg Ly) =0 r B, = (BZ) e (3.12),
B, !
C;-Cr+CB; A A
RA,CLg, =0 & r(R4,CLg,) =0 & r B, 0|= (El) +r(By) & (3.13),
CiB; E, 1
C3 - C2 + C1B3 A] _El

RyCLp =0 & r( ) = (A1 - El) +7(B) & (3.14),

B 0
Ry Ra Eny =0 r(RAuEll RAHCII) =1r(Ry,,C1y) © F(Eu Cn Au) = F(Cn An)
=4 I"(RASDLB RA5A7 RA5A6) = V(RA5A7 RA5A6)

D A; As As\
arle 0 o 0)—r(A7 Ag A5)+r(B)
1 y0
XZIXZ E10S1 é 0’3 Els, 1 -I
2
er|l 0o M 0 0]|° gAgzg+r(IB2)
0 0 0 E 0 !

0o I -1
1 0O 0 0 B
Sr 0O M, 0 0 :r[O M, O]+r(1 Bz)

0
0 A, 0 E, O A 0 E
0 0 I -I 0 0
I 0 0 0 B, 0 8 ff —01:
erf0 0 A 0 C-CiB;=Cs All=r|, 04 E 01 +r(1 Bz)
0 Ay 0 E, —Cy + CB; 0 02 0 01 E
00 0 0 —C,B, E, :
0 A—-E, C,—-CB;-C; A 0 A -E, A
o rlA, E, —-C, + C1Bs 0f=rlA, E, 0 @(315)
O 0 —ClBl E1 O 0 El

Similarly, we have

E]]LB”LN” =0& (316), RA”E“LD” =0& (317), RC“E“LB“ =0& (318)

In conclusion, System (1.1) is solvable precisely when (ii) or (iii) is true. O
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Next, we consider a special case of System (1.1),

My = Rg, Az, S1=AsLy,, A3 = AiLg,, Ay = A1 — Ey, RayyAq = My, Ayly, = S,

i R
C=C-C-AECiBy, Ny = Bolp, As = (LMzLSz _LEI)’ B :( ” )’

—R3,

A = Lys,, Bs = Ry,, A7 = E|S |, Bs = ByB), A1) = Ru,Ag, By = BsLg, Cij = Ra A7,
Dyy = BsLg, Eiy = Rao;,DLp, M) = R4,,C11, N1y = Dy1Lg,,, S11 =Ci1Ly,,,
D = E/C,B} - EJA,M|C,B] — MICB] - S1S,AICN].

Theorem 3.2. We present three equivalent statements as follows:
(1) System (1.2) admits a solution.

(i)

(1i1)

AIMS Mathematics

Rp,C1 =0, Ry, R, C, =0, CLp, =0,
RMzRA3C = 0, (jL]g]L]\]l = 0, RA3CL32 = O, R144(jl4;l = 0,
Ry \Ray E1y =0, Ey Lp, Ly, =0, Ry, Ey1Lp, =0, Re E11Lg, =0.

r(Er C)=rE), r(C; Ay Ei)=r(4y E), r(gj) = 1(By),

r

C-C A -E Al)_r(Al_El Al)

C.B; 0 E, 0 E,
B, =r B |
B, 2
C;—C, A A
Bz 0 :}"(Bz)-i-r(El),
C\B E :
C-C A -Ep)
B, 0 )—V(Bl)'i'l"(Al—El),
0 A-E C3i-C, A 0 A -E A
A2 El C2 Ol=r A2 El 0 .
0 0 C]Bl E] 0 0 El
0 0 B>
0 B, 0 0 B,
E,-A C3-C, O0|=r|B, O +I’(A1EE1),
E, 0 G B, 0 !
0 B, 0
0 B, 0
0 A
E, G -G Ay _
-E, C, 0 =7 l(?)l Igl +r(Bz),

E, C\B, E

Volume 11, Issue 4, 11031-11049.
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0 0 B, B,

0 AI-E, C;-C, O 0 A —-E 0 B,
r =r +r .

Ay E, 0 -G A E, B, O

0 0 B, 0

When (i) holds, the solution of System (1.2) is
X, = E{C, + Ly, U,
X, = E{C,B} — E{A;M{C,B] — E!S\T\B:B} + Ly, T> + T3R5,
or (3.30)
X, = MiCB} + S1S,ACN] + Ly, Ls, Wy + Ly, Wi Ry, + WsRp,,
X3 = M{CyB} + Ly, Ls, Ty + Ly, Ty + T5Rp,,
where
T\ = M{,E\\D!, +ST,811ClE\\N{, + Ly, Ls,, Wiz + Lys,, WoRw,, + WisRp,,,
Ty = (0, I,)|AL(D - AgW\Bg — AT\ Bs) — ALWsB + La, W3 .

. 0
T; = [RAs(D —A6W136 —A7T1B5)B' +A5A;W() + WgRB]( I ),

U, = AlCB! - AlA,M[CB! — AlS,AICN]B,B! — AlS,W\Ry,B2B] + La,W> + W3Rp,,
Wi = ALEHBL - ALC“MLE“BL - ALSHCLE“NLDUBL

— A7, S11WoRy, D11 B, + La, Wio + Wi 1Rg,,.,

Wi = (I,, 0)|[AL(D — AW\ Bs — A7T\Bs) — ALWeB + Ly, W1 |,

I,
Ws = [RAS(D — AW Bg — A7TlB5)BT + A5A;LW(, + WgRB] ( 0 ),
W,, W3, W,(j = 6,13), T4, and Ts are any quaternion matrices of suitable shapes, with m and n being
the column count of A, and the row count of B,, respectively.

Proof. Let Bs, By, and C4 in Theorem 3.1 be vanished, and we can prove it. m]
4. On the reducible solution to classical System (1.3)

In this section, we employ the conclusion of Theorem 3.2 to investigate the reducible solution and
the expressions for System (1.3).

Let A € H™ B e€ H>X, C € H™, D € H*0*9 F = C3 € H™4, F = [Cy, C,] €
H™(=k+a) - C, e H™ "0 C, € H™ be given matrices, K € H™" be a permutation matrix, 1 < k < n.
Put

I 0
0 B,
Bl c H(n—k)Xm’ El € me(n—k)’ 32 € Hka’ = H(n—k)x(n—k),

(4.1)

K'D = , Ay € H™P A, € H™K,
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RE1A2 = Ml» AZLMI = Sl’ A3 = AILEI’ A4 :Al - Ela C= C3 - C2 _AIEICIBI»

R
RA3A4 = Mz’ A4LM2 = SZ’ Nl = BZLBU A5 = (LM2L52 _LEI) ’ B3 = ( 3 )’

—R3,

Ag = Ly,, By =Ry,, A7 = E[S\, Bs = B,B], Aiy = Ra,A¢, Biy = BuLp,,
Ci1 = Ry5A7, Dy = BsLp,, Eiy = Ry;DLg,, My; = Ry, C11, N1y = DL,
S11 = CiiLy,, D= E/C,B} - ElA;M[C,B] — M{CB] - S1S,AlCN/.

Theorem 4.1. Consider the following equivalent propositions:

(1) System (1.

(ii)

(iii)

AIMS Mathematics

3) has a solution that is reducible.

RE1C] = 07 RM]RE] C2 = 07 C2L32 = 0’
RMzRA3C = 0, (jL]_rglL]\]1 = 0, RA3CL32 = O, RA4CLB1 = 0,
RM”RA”EII = 09 EIILBHLNH = O’ RAHEIILD” = 09 RC”EllLB” = 0'

r(E1 Cl) = r(E)), r(c2 A, El) = r(A2 El), r( gi ): 1(B,),

C-C, A -E Al)_r(Al_El Al)

d ClBl 0 E1 0 El
r By =r{ g |
B, 2
C;—-C, A A
rl B 0 :r<Bz)+r(E]),
CiB, E !
C-C A -Ep)\
r B, 0 )—I’(B])+I’(A1—E1),
0 A-E C;—-0C, A 0 A -E A
r A2 El C2 Ol=r A2 El 0 .
0 0 C]B] E] 0 O El
0 0 B,
0 B, 0 0 B,
rlEy-A; C3—C, O0|=r|B, 0O +r(A1EE1),
E, 0 C, B, 0 !
0 B; 0
0 B, 0
0 A
E, Ci;—-0C, A
r =r|E; O +r<B2),
E, C, 0 0 E

E, C\B, E

4.2)
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0 0 B, B,

0 A-E C3-C, O 0 A —-E 0 B,
r =r +r .

Ay E, 0 -G A E, B, O

0 0 B, 0

When (1) holds, the reducible solution of System (1.3) with respect to K is

X X\
X_K(O X3)1< , 4.3)

X, = E{C + L, U,
X, = E{C,B) — E/A;M[Cy1B) — ES T\ ByB) + L, Ts + T3R3,,
or 4.4)
X, = MiCB} + S1S,ALCNT + Ly, Ls, Wy + Ly, Wi Ry, + WsRp,,
X3 = M{CyB} + Ly, Ls, Ty + Ly, Ty + T5Rp,,

where

T\ = M{,E\D!, +S7,81,Cl,E\\N{, + Ly, Ls,, Wi + Ly, WoRw,, + WisRp,,,
Ty = (0, I,,) [AL(D — AW: By — AT\ Bs) = ALWsBs + La, W1 |,

: 0
Ty = |Ray(D — AW By — A7T Bs) B} + AsALWe + WsRj, | ( / )

U, = AICB! - AlA,M[CB! — AlS,AICN!B,B! — AlS,W\Ry,B,B] + La,W> + W5Rp,,

W, = Al E\\B], - Al,C. M| E\\B!, — AT, S ,ClE\\N{ D\ B, — AT, S |1 WoRy, D11 B},
+ Ly, Wio + WiiRp,,,

W, =, 0) [Ag(D — AW\ By — A7T,Bs) — AlWsB; + Ly, W7] ,

1,
Ws = [Ray(D — AgW)By — A;T\Bs)B] + AsA{Wq + WyRp, | ( 0 )

W, W3, Wi(j = 6,13), T4, and Ts are any matrices of suitable shapes over H, where m and n denote
the numbers of columns and rows of A, and B,, respectively.

Proof. (1) & (ii): If the solution of quaternion System (1.3) is X, then X has the form (4.3). It follows
from (4.1) that

(A, As] ()f; XZ) (B 1) -G,

X3)\B,
X, X\(I 0)_
[E17 AZ] ( 0 X3) (O Bz) - [Cl, CZ]a

i.e.,

E\ X, =Cy, EiX2B, + Ay X3B, = (s,
A1 X B, + A X,By + Ay X3B) = (5.
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11044

Thus, (Xi, X5, X3) forms a solution of Eq (1.2). According to Theorem 3.2, we have that (i) and (ii)
hold; moreover, X;, X,, and X3 can be expressed as (4.4). It is easy to see that if we substitute (4.4)
into (4.3), X can be expressed in the form of (4.3). If (ii) holds, then system (1.3), by Theorem 3.2,
has a solution X;, X;, and X3 expressed as (3.30). It follows from (4.1) that X, with the form (4.3), is a
K-reducible solution to Eq (1.2).

(i1) & (iii): This is true according to Theorem 3.2. ]

Finally, we provide an example to demonstrate our main findings.

Example 4.2. Let

1

). 4= (3 k) E= ().

). 42=(1i k
i i k 0 k 1 k
k

j
—k 3j). C=(-2k+j-3 2-3j),

1
0
1
%j

1

A
B,
Ci
G

(
|
( . .
=(k-j+7i-1 i+4k+1 ),C4:(l}1 ‘OJ).

Computation directly yields
r(E C):r(E):er4:r(B)=2
1 Gy 1 v 4 )

r(G A, El):r(Az El):l, r(;):r(Bz):L

G Ei ACy\ ~
5, o B )—r(E1)+r(Bz By) =3,
G A
"\ 5, 02)=V(A2)+r(32)=3,

A A —E, A _rAl—El Ay -9
ClBl 0 E1 Bl 0 El -

B, B
A A A
r B2 0l= ]"(El) + r(Bz) = 4,
C,B, E, !
A A -E)\_ ~
s o )—r(Al—E1)+r(B1)—3,
0 A-E A A 0 A -E, A
V'Az E1 G 0 ZFAQ E1 0 :3,
0 0 C,B, E; 0 0 E,
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0 0 B, B,
0 Bz Bz 0 O Bz B4 A — E
rlE,<A;, A 0 0 |=r|B, B, 0]+ (1E 1)_8,
E, 0 G AC, B, 0 0 !
0 B, 0 0
0 B 0 B
0 A
El A Al 0 _ —
"_E, G0 AC ‘“Zl g +r(B, Bi) =5,
E, C,B, E; 0 !
0 0 B, B,
; 0 Al—El A 0 0 Al—El 4 0 B2 =6
A, E 0 -G A, E B, 0] 7
0 0 B, 0

where A = C3 — C, + C1B;, G = C, — CB;. Given that all rank equalities from (3.7) to (3.18) are
satisfied, it follows from Theorem 3.1 that System (1.1) admits a solution, which is

(b (3 1)

20

(i

1

o
X, !

i
B 0 1

5. An application of Theorem 3.1

As is well known, color images can be represented by quaternion matrices. In this section, building

on System (1.1), we present a color image encryption and decryption scheme, illustrating its operation
with a specific example. The encryption process is illustrated in Figure 1.

a8 -7

Original image 2 Original image 1 Keys

1
Bl @ - @

Original image 1

B.

N

+_><>< :i+_ﬂ_|

Original image 2 Keys Encrypted images

S
N

Sy
N

|
+_><><

L
=[]+ )

Figure 1. Encryption model.
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The encryption process uses the two original images, as well as the encryption matrices
E\,A\,A,, B}, B,, B3, and B;. These matrices are processed using System (1.1) to generate the
encrypted outputs Im(C,) and Im(C3). Although the encryption matrices are public, the keys are held
solely by the intended recipient. Successful decryption requires both these public matrices and the
private keys, as provided by Theorem 3.1. Algorithms 5.1 and 5.2 outline the encryption and decryption
procedures, respectively. The results are illustrated in Figure 2.

Algorithm 5.1. The procedure for color image encryption.

1. Input: Two original color images along with the encryption matrices.

2.E;,A; (i=1,2),and B (= 1,4) are encryption matrices. We denote the two original color images
by X; and X;.

3. The encryption of X; and X; is performed via System (1.1).

4. The keys are represented by C;, C4, Re(C,), and Re(C3), while the two encrypted color images
correspond to Im(C5) and Im(C3). Thus, we obtain the two color images that have been encrypted.

5. Output: The keys and the two color images that have been encrypted.

Algorithm 5.2. The procedure for color image decryption.

1. Input: Encryption matrices and keys, along with the two color images that have been encrypted.

2. The keys are denoted by C;, C4, Re(C,), and Re(C3); the encrypted color images are represented by
Im(C5) and Im(C3). The encryption matrices are E;, A; (i = 1,_2), and B; (j = 1,4).

3. The Y, and Y3 are obtained using Theorem 3.1.

4. The symbols Y; and Y; represent the two decrypted color images.

5. Output: Color images after decryption.

Original

Encrypted Encrypted

Decrypted Decrypted

Figure 2. The encryption and decryption effects of Image 1 and Image 2.

AIMS Mathematics Volume 11, Issue 4, 11031-11049.



11047

The practical effectiveness of Figure 2 and the decryption scheme was rigorously evaluated using
a set of image quality metrics, including Peak Signal-to-Noise Ratio (PSNR), Structural Similarity
Index Measure (SSIM), and Feature Similarity Index Measure (FSIM). Table 1 presents the relevant
data, which shows that the PSNR values for the two images are 274.4236 and 278.6477, respectively,
and the SSIM and FSIM values are 1.0000 and 1, respectively. With regard to PSNR, the values for
the two images significantly exceed 50. This demonstrates that the encryption and decryption scheme
is highly practical and reliable.

Table 1. Data.

Original image PSNR SSIM FSIM
Image 1 274.4236 1.0000 1
Image 2 278.6477 1.0000 1

6. Conclusions

Through the method of matrix rank equalities and M-P inverses, we investigated the compatibility
conditions and derived the general solutions for the quaternion matrix equations (1.1) and (1.2) under
solvability. As a theoretical application of the quaternion System (1.2), equivalence conditions for
System (1.3) to admit a reducible solution are established. Ultimately, the developed color image
encryption and decryption scheme confirms the practical utility of System (1.1).
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