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1. Introduction and main results

In this paper, we study the following nonlinear elliptic equation
Au+ f(u) =0, inM, (1.1)

where M is an n-dimensional complete Riemannian manifold with n > 2 and Ricci curvature bounded
below, and f € C'(0, +o0).

A particularly important special case arises when f(u) = u“, in which case Eq (1.1) reduces to
the well-known Lane-Emden equation. In their seminal work, Gidas and Spruck [13, Theorem 1.1]
showed that the Lane-Emden equation

Au+u® =0, inR", (1.2)


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026452

11013

admits no positive solutions provided n > 2 and 1 < o < "*2 . It also holds in complete Riemannian
manifolds with nonnegative Ricci curvature. Recently, Lu [22] reproved the optimal Liouville
theorem for Eq (1.2) on Riemannian manifolds with nonnegative Ricci curvature by establishing a
priori estimates. The Lane-Emden type equation arises in fluid mechanics and conformal differential
geometry and has been extensively studied. We refer the reader to [7-9] and the references therein for
further details.

We also note that for the nonlinear heat equation

—-Au=u’, inR", o> 1.

Quittner [28] addressed the conjecture regarding the nonexistence of positive classical solutions in the
subcritical range o~ < %22
The result of Gldas and Spruck has been extended to quasilinear elliptic equations of the form

Apu+ f(u) =0, inR" (1.3)

When f(u) = u”, Serrin and Zou [29] proved that the Lane-Emden-Fowler equation (1.3) admits no
positive solutions under the condition

nm+Dp—-n
n—p

0<o< forl < p<n.

(n+1)p—n
n—-p

More recently, He et al. [16] extended this Liouville-type theorem to the range —co < o < via
the Moser iteration technique.

In 2007, McCoy [25] established that if
n+1 f(u
u 9

n—1

f'w) < Yu>0,

then any positive solution of Eq (1.1) must be constant. Later, Cuccu et al. [10] showed that if

n+1 0}
u

') <(p —1) Yu>0,

then any positive solution of (1.3) is constant. In 2015, Enache [12] further generalized this result: If
n+ 1 f (u)
u

f'(w) <B(p - Yu>0,
with 1 <8 < % for n > p, then any positive solutions of (1.3) are constant. Equations (1.1) and (1.3)
have been widely investigated; see, for example, [1-4,6,11,14,18-20,24,26,27] and references therein.
We now briefly recall the geometric context of Eq (1.1). When f(u) = i3, this equation is related
to the Yamabe problem, a classical question in differential geometry concerning the existence of a
conformal metric with constant scalar curvature on a closed Riemannian manifold. For n > 3, the
Yamabe problem asks whether there exists a conformal metric g = uﬁg such that the scalar curvature
of g is constant. This leads to the partial differential equation

n-—2 ~ 2
Ru = Ru~2,
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where R and R are the scalar curvatures of the metrics g and g, respectively (see [15]).

We now recall some key results on Harnack inequalities and Liouville theorems on Riemannian
manifolds. The celebrated Cheng-Yau gradient estimate [5] implies that any harmonic function
bounded from above or below must be constant on a complete Riemannian manifold with nonnegative
Ricci curvature. Using the method of Cheng and Yau, Li [18] first investigated Eq (1.2) and obtained
several gradient estimates and Harnack inequalities on Riemannian manifolds with nonnegative Ricci
curvature under the assumption 1 < o < ~% for n > 4. In 2009, Kotschwar and Ni [17] extended
Cheng—Yau’s result to p-harmonic functions under the assumption of nonnegative sectional curvature.
Later, Wang and Zhang [31] introduced the Nash-Moser iteration technique to improve gradient
estimates and Harnack inequalities for p-harmonic functions on complete Riemannian manifolds with
nonnegative Ricci curvature.

In 2023, Wang and Wei [32] applied the Moser iteration technique to establish that any positive
solution of the equation

Au+au” =0 (a>0)

must be constant on Riemannian manifolds with nonnegative Ricci curvature, provided that

n+1+ 2
n—1 " +nn-1)

Subsequently, He et al. [16] extended this Liouville-type result to the equation

—00 < 0 <

Apu+au’” =0 (a>0),

under the condition
_(+3)p-D

1 (1.4)

p—-l<o

In 2025, Lu [21] used the Bernstein method to show that any positive solution to Eq (1.1) is constant
if there exists an exponent o € (1, %) such that the function u~“ f(u) is nonincreasing on (0, +00).
More recently, He et al. [15] applied the Moser iteration technique to prove that, under condition (1.4),
any positive weak solution of Eq (1.3) is constant on Riemannian manifolds with nonnegative Ricci
curvature.

Definition 1.1. A function f € C!(0, +o0) is called subcritical with exponent o if
of(w)—uf'(u) >0, Yu>DO0. (1.5)

In the original definition by Serrin and Zou [29], f is required to be nonnegative and o € (0, %).
In our setting, the nonnegativity of f is not assumed.

Indeed, whether Liouville theorems for Eq (1.1) subject to condition (1.5) on Riemannian manifolds

with nonnegative Ricci curvature hold for exponents o satisfying

n+?2
l<o<
n_

for n>2 (1.6)
remains an open problem.
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Notably, under slightly stronger assumptions than (1.5), the Liouville theorems for Eq (1.1) on
Riemannian manifolds with nonnegative Ricci curvature, which hold for exponents o satisfying

—0 <o < for n> 2, (1.7)

n—
have been established in Lu’s recent work [23]. He also derived a gradient type estimate without any
conditions on solutions, see Theorem 1.5 and Corollary 1.6 in that paper.

It is known from the results of He et al. [15] and Lu [21] that the Liouville-type theorem holds for
Eq (1.1) for the subcritical exponent o in the range

n+3
l<o<
n_

for n> 2. (1.8)

Since (1, %) is a subset of (1, %), the open problem (1.6) remains unsolved. One of the main goals
of this paper is to improve upon the results of He et al. [15] and Lu [21]. Inspired by the work of Wang
and Zhang [31] and that of Wang and Wei [32], we employ the Moser iteration technique to investigate
gradient estimates and Liouville properties for Eq (1.1) on Riemannian manifolds.

Our method relies on the construction of a new auxiliary function P = 'ZV;;Lf, where 8 provides
a degree of freedom to optimize the constant d,p, in Lemma 2.2, which ultimately extends the
admissible range of o in the final Theorem 1.6. By applying the Moser iteration technique to P, we
obtain a local gradient estimate for positive solutions of Eq (1.1). The choice of this auxiliary function
P is motivated by Lu’s proof in [21], which corresponds to the case 8 = 1 in (2.4).

Let Bgr(xo) denote the open geodesic ball of radius R centered at xy; for simplicity, it is sometimes
written as Bg. Let C represent a positive constant independent of R. The main result is the following

gradient estimate for the solution of Eq (1.1).

Theorem 1.2. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ric, > —(n — 1)xg for some nonnegative constant . Assume that u is a C* solution
to Eq (1.1) on Bg(xy) satisfying u > c for some constant ¢ > 0 and f is subcritical with exponent
o € (o1(B), 02(B)), where

Bn+1)=2ypn—1-pn-2)

o1(B) = (1.9)
n—1
and
T2(B) :sﬁ(”””z*/f(fl_l_ﬁ(”_z)). (1.10)
Then, we have
|Vul? (1+ VkR)?
SoAr L -

where C depends on n, ¢, and 5, with 1 < 8 < % when ¢ # 0 and B = 1 when ¢ = 0.

As an application of Theorem 1.2, by setting c = 0 (sothat=1,0; =1,and o, = n%f), we obtain
the following Harnack inequality.
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Corollary 1.3. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ric, > —(n — 1)kg for some nonnegative constant k. Assume u is a C* positive
solution to Eq (1.1) on Bg(xy) and f is subcritical with exponent o € (1, %) Then, we have

sup u < eCOPVRRENKR) g o) (1.12)

Br2(x0) Bry2(x0)
where C depends only on n.

As a further application of Theorem 1.2, by taking ¢ = 0 and letting R — oo, we derive the following
Liouville theorem.

Corollary 1.4. Let (M, g) be an n-dimensional complete Riemannian manifold with nonnegative Ricci
curvature. Assume u is a C* positive solution to Eq (1.1) and f is subcritical with exponent o € (l, %)
Then, u is constant.

Remark 1.5. The result in Corollary 1.4 was previously established by He et al. [15, Theorem 1.3 for
p = 2] and Lu [21, Theorem 1.5].

n—

Through a careful analysis of the condition 1 < g8 < ﬁ for n > 2, we establish the following
Liouville theorem.

Theorem 1.6. Let (M, g) be an n-dimensional complete Riemannian manifold with nonnegative Ricci

curvature. Assume that u is a C* solution to Eq (1.1) satisfying u > c for some constant ¢ > 0 and f is

n+1++v(n—-1)(n+7)

202) ) Then, u is constant.

subcritical with exponent o € (1,

Remark 1.7. A direct computation shows that

n+3 <n+1+ \/(n—l)(n+7)<n+2
n-1 2(n—2) n—2

for n>2. (1.13)

Therefore, Theorem 1.6 improves the admissible range of the subcritical exponent o obtained by He
et al. [15, Theorem 1.3 for p = 2] and Lu [21, Theorem 1.5]. This inequality (1.13) thus indicates that
the conjecture stated in (1.6), that a Liouville theorem holds for the full subcritical range, is plausible.

Remark 1.8. When f(u) = u?, the subcritical condition (1.5) is automatically satisfied. Moreover, the
assumption that u > ¢ for some constant ¢ > 0 implies that Eq (1.2) admits no entire solutions with a
positive lower bound ¢ > 0 for any o € R. In fact, even in the Euclidean case, this holds for o > 2%2,
whereas the case o < % was established by Gidas—Spruck [13]. We have

Au=—u’ < —-c"Pi,

where n > 2 and 8 € (1, #) By the classical Liouville theorem for elliptic inequalities (see Serrin
and Zou [29]), we conclude that u = 0.

The remainder of this paper is organized as follows. In Section 2, we present the necessary
preliminary lemmas. The proofs of the main results are provided in Section 3.
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2. Preliminary

Throughout this paper, let (M, g) be an n-dimensional Riemannian manifold with Ric, > —(n—1)xg
for some constant « > 0, and let V denote the corresponding Levi-Civita connection. For any function
W € CY(M), we write Vi € I'(T*M) for the 1-form defined by Vy/(X) = Vxy for all smooth vector
fields X. The volume form is given locally by

dvol = ,/det(g;)dx; A - - - A dx,,

where (x, ..., x,) denotes a local coordinate system.
In our arguments on the gradient estimates of the solution to Eq (1.1), the following Saloff-Coste
Sobolev inequalities play an important role.

Lemma 2.1. ([30]) Let (M, g) be a complete manifold with Ric, > —(n — 1)xg. For n > 2, there exists
a positive constant cy depends only on n, such that for all balls Bx C M and volume V, we have

Li=2 (Bg)

WA?,, < eUrVkRy—IR2 ( f VA +R-2h2), 2.1)
Bg

for h € CJ(Bg).

Let u be a C? positive solution of Eq (1.1) on M. First, we set

w = Inu. 2.2)
Then, Eq (1.1) becomes
—Aw = [Vw]* + eV f(e"). (2.3)
We choose an auxiliary function
P = %lVWI%Z(I_ﬁ)W, (2.4)

where 1 < 8 < (n—1)/(n — 2) is to be determined later. The range of the parameter  is chosen to
ensure that the equation Iz, = 0 has two distinct real roots, where Iz, is defined in (2.7). Our main
lemma is stated as follows.

Lemma 2.2. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ric, > —(n — 1)kg for some nonnegative constant k. Assume u is a C* positive
solution to Eq (1.1) on M and f is subcritical with exponent o. For any a > 0, we have

VPP
AP + %' D s s P2 209 Z 200 — 1P, (2.5)
where
alﬁa + Jlgo-
aB.o — ’ : ’ 2.6
. T +a (2.6)
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and
Iy = —(n—1)0* +2(n + D)o — (n+ 7)B* + 46, (2.7)

and
Jgo = —n0* + 2(n + 4)Bo + 46 — (n + 16)5°. (2.8)

Proof. Let ube a C? positive solution of Eq (1.1) on M. Since f € C'(0, +c0), by the standard regularity
theory, we know that u € C3. Chain rule gives

VP = (V*wVw + (1 = B)|Vw[*Vw)e* A", (2.9)
and
1 1
AP = SAVWPe P 4+ (VIVw, VerP) 4 S[TwPAe* 0. (2.10)

We shall compute the above three terms, respectively. For the first term, by using the Bochner
formula and Eq (2.3), we know

AIVw)? = 2|[V?w|[> + 2(Vw, VAw) + 2Ric(Vw, Vw) (2.11)
= 2||[V2w|* — 4V2w(Vw, Vw) + 2|Vwl?e™ f(e")
—2|Vwl*f'(e") + 2Ric(Vw, Vw),

where ||[V2w]|| denotes the Hilbert-Schmidt norm on matrices defined to be

n 2
V2w = (Z w?j] :

i,j=1
For the second term,
(VIVw]?, VX 1Py = 4(1 = B)e* TP V2 w(Vw, Vw). (2.12)
For the third term,
AP = 2(1 = B)? P (2(1 - B)IVw + Aw) (2.13)
= 2(1 = B ((1 = 2B)IVwf — e f(e").
Plugging (2.11)—(2.13) into (2.10), we derive
AP = e2<1-ﬁ>W(||V2w||2 + (1 =B)(1 =2B8)|Vw|* + 2(1 = 28)V*w(Vw, Vw) (2.14)
+ BIVwlre™ f(e") — [Vw* f'(€") + Ric(Vw, Vw)).

We claim that

Aw)> A 2
Wil s &, (—W —Aw) , (2.15)
n n-—1

AIMS Mathematics Volume 11, Issue 4, 11012-11030.
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where A,, = [Vw|[2V2w(Vw, Vw). In fact, we choose a local orthonormal frame {e;} at any given point

such that Vw = |[Vw|e;. By the Cauchy-Schwarz inequality, we get

V2w = w?, +2 Z W+ Z w?

i,j=2

n 2
1
> W%l + nTl (Z W,‘,‘) .

On the other hand, it is easily seen that

Aw)? 2
ot (o)
n n—1\n

Combining (2.16) and (2.17), we obtain the desired inequality (2.15).
Thus, from Eqs (2.3) and (2.15), we have

V2w
2 2
S (Aw) n (A_w 4 )
n n -1
B (Aw)? 2

n-1 n-1 v

1 2
= —|Vw| + —|Vw|2 f(e” e‘zwfz(ew)

2 2
+ —|Vw|2A t— EEM)A,, + —lAfv
n—

Substituting (2.18) into (2.14), the restriction on f gives

AP ze2<1-ﬂ>W(((1 B -28) + —)IVWI t— 27 £2(e")

F (B4 )Tl f(e) - |le2f’<ew> £ 2(1 =26+ —IVWFA,

+

2
e feA + LlA2 + Ric(Vw, VW))

2 D(((1 = 1 - 28) + )Tl 4 —— ‘2Wf (")

2
(Bt =T — )VwPe () +2(1 = 2+ 1)IVwFAw
n-— n-

—+

ce (€A, + LlAi + Ric(Vw, Vw)).
n —

(2.16)

(2.17)

(2.18)

(2.19)
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By using the equality (a + b + ¢)* = a® + b* + ¢* + 2ab + 2ac + 2bc, we have

1 1 2 A\
(e Wf+AW+—(n—1)(ﬁ+——0')|Vw|)
n—-1 2 n-—1

1 1 1 2

:—e_zwfz(ew) + —Afv +-(n-1)(B+ - 0')2|Vw|4
n—1 n—1 4

n-—1

+ e " f(e"A, + (B+ % — o) |VwPe™ f(e")

n—1
2
+(B+ —— —0)|Vw]’e ™A,
n—1

Combining (2.19) and (2.20), it follows that

1 1 2
AP ze2<1-ﬂ>W{ A-B1 =28+ ———~(n- DB+ ——0)?||Vw*
n—-1 4 n—1
£ (2= 58+ 0)IVwPA, + A% + Ric(Vw, Vw)}
:ez<1—ﬂ>W(z,3,(T|Vw|4 +(2 - 568+ 0)|Vw*A,, + A2 + Ric(Vw, Vw)),
where
1 1 2 )
o= (=PI =2 + — = (= DB+ — 0"

It follows from (2.4) and (2.9) that

VPP
2P

Thus, combining (2.4), (2.21), and (2.23), for any @ > 0, we obtain

_ e2<1—ﬂ>W((1 — BRIV +2(1 — B)A, VW] + Afv).

2
ap+ 4170
2 P

eﬂ“ﬁ”{(zﬁﬂ +a(l = BAVwl* + (2 =56+ 0 + 2a(1 - f))VwP’A,

%

+(1 + @A + Ric(Vw, Vw)}

_ (2-58+ 0 +2a(l - B))
_ 2(1-pyw _ 2 _ 4
- ¢ {(Z’*"’ tat=p a1 +a) )'VWl
_ _ 2
+(1+ a)(AW L2798 ;g:i‘;(l P )|Vw|2) + Ric(Vw, Vw)}
) (2-58+ 0 +2a(l - B))
21-Byw 2 4
> e {(lﬁ,c, +a(l-p) i )|VW|
—(n- 1)K|VW|2}
~ » Q=38+ +22(1-B)\ 5 s
= (41B,C,+4a(1 . — )p ¢

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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—2(n — 1)kP.

We define
2-5 2a(1 = B))
Roper 1= My + da(1 — gt — EZPT T:aa( 2 (2.25)

B Al + (1 -B?-1-B2-58+ Na+4l, —(2-58+ o)?

B 1+«

_ a’Iﬁ,o- + Jﬁ’a-

B l+a ~
where

Iy =4+ (1 =B —(1 -2 -58+0))
=—(n— 1o’ +2(n+ D)Bo — (n+7)B* + 48,
and
Jgo i =g, — (2 =56+ 0)
= —no? + 2(n + 4)Bo + 4B — (n + 16)8°.

Hence, Lemma 2.2 follows. O

3. Proof of main theorem

3.1. Proof of Theorem 1.2

This section presents the proof of Theorem 1.2, which is organized into three parts. First, we select
a fixed constant p > 0 such that A,, g, > 0 and derive a fundamental integral inequality for P. Second,
we establish an L” estimate for P over a geodesic ball of radius 3R/4, which provides the initial step
for the Moser iteration. Finally, we complete the proof by using the Moser iteration method.

3.1.1. Integral inequality

One can obtain the two real roots of the equation Ig,, = 0 with

_ B+ 1) = 2Bl = 1= n - 2))

n—1

o1(B) :

and

Eﬁ(n+1)+2\/,8(n—l—,8(n—2))

n—1

o2(B) :

In order to guarantee Iz, > 0, we need that o € (071(8), 02(B)). This implies

als . + J,
lim 5, = lim —2 27

a—o0 a—o0 1 + @

> 0. (3.1
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Thus, we can choose «( large enough such that
Agopo > 0. (3.2)

To proceed further, we recall that for any fixed point xy € M and R > 0, there exists a cutoff function
¢ = g, 1.€., a function ¢ € C;’(Bg(xp)) such that

0<¢=<1, ¢=1 inBsgp, (3.3)
and
C
Vol < =. 34
Vol < R (3.4)

Now, we need to establish a key integral inequality of P.

Lemma 3.1. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ric, > —(n — 1)kg for some nonnegative constant . Assume that u is a C* solution
to Eq (1.1) on Bg(xo) satisfying u > c for some constant ¢ > 0 and f is subcritical with exponent
o € (01(B), 02(B)). Then we have the following inequality

eVIR||PY g . (3.5)
L (Be)
< _4t/1ﬂ,a'f PH-ZQDZ + 16f Pt+l|v¢|2 +C1t(2)tR_2f Pt+1902’
BR BR BR

where ty = co(1 + VkR), and c| depends only on n, under the constraints t > 2aq + 1 with aq satisfying
the condition in (3.2), and Ag is as defined in (3.6).

Proof. Let ¢ be a cutoff function as in (3.3) and (3.4). Since u = e" is a C? solution to Eq (1.1) with a
lower bound ¢ > 0, we define a positive constant L such that 72! > L. When ¢ = 0, we must set
B =1 (which yields L = 1). In fact, if 8 > 1 and ¢ = 0, then u may tend to 0, so that w — —co, and no
positive lower bound L can exist, which would invalidate the estimate. By multiplying (2.5) by P'¢? (
for some positive constant € to be chosen later and ¢ > 1) and integrating by parts, we obtain

(r—%) f P OIVPP + g, f P2yf (3.6)
Bgr Br

<-6 f P VP, V) +2(n — 1)k f P

Bg Bg

where Agy := L' A4y por-
By using Young’s inequality, we have

-0 f P'¢" (VP Vo) 3.7)

Br
t 6?
< _f Pt—1909|VP|2+_f Pt+l¢9—2lv¢|2’
2 s, 21 ),

AIMS Mathematics Volume 11, Issue 4, 11012-11030.



11023

Substituting (3.7) into (3.6), it follows that

l‘_
aof Pt—lwewplz_'_/lﬁﬂf P’+2<p9
2’ Br Bg

2
2t Pl+1 60— 2|V"0|2 + 2(7’1 _ I)Kf PHI(,OG.
Br

On the other hand, using the inequality (a + b)* < 2a® + 2b? yields

f‘v( sl 9
Br

t+1)7? 6?
< ( ) f PI_IQDH|VP|2 + = f Pt+1900_2|V(,0|2.
2 Br 2 Bg

It follows from (3.8) and (3.9) that

-
+ /l - Pt+2 9
+ 17 f P fg 4

1 r— f _
< Pl=+—- P2V |2+2(n—1)/<f Pyl
(2z 2(z+1)2) s 007 P

‘We note that

1 — 1
4t~ (t+1)2 "t

for t > 2a( + 1. Letting 6 = 2, it follows from (3.10) that

t+1 2 2 2
f ‘V(PTQO)‘ +4t/lﬁ,gf P*%p
Bgr Bg

< 16f PV + 8(n — 1)th P2,

Bg Bg

Letting h = P%go € Cy(Bg), it follows from Saloff-Coste’s Sobolev inequality (2.1) that

Vs |+R P2,
FET f‘( ) fBR ¢

Substituting the above inequality into (3.11) yields

t+1

et RyiR2 | p ol

2
e+ WR)V%R— ’ ps @
L5 (Br)

< _4t/lﬁ,a'f Pt+2"02 + 16f P[+1|V(,0|2 + (8(1’1— 1)K1+R_2)f PH—I(,OZ.
Br Bgr Bg

Set 1y = co(1 + v/«kR) and choose ¢ (n) such that
8(n — Dkt + R < c1ci(1 + VKRR = c 1 £5tR™2.

Combining (3.13) and (3.14), we can easily obtain (3.5).

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

O
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3.1.2. LY bound of P

Lemma 3.2. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ric, > —(n — 1)kg for some nonnegative constant . Assume that u is a C* solution
to Eq (1.1) on Bg(xy) satisfying u > c for some constant ¢ > 0, and f is subcritical with exponent

o € (o1(B),02(B)). Let
_n(l +1)

 on=2"
where ty is defined in Lemma 3.1 (we note that this R-dependence is a key feature of their initial step
for the Moser iteration). Then, we have

2

11
WPy (Bige) < C4VVITO, (3.15)
where cy depends on n, ¢ and .
Proof. Letting t =ty in (3.5), we have
10+ 2
eVIRE(PT | (3.16)
Ln=2(Bg)
< _4t0/l,3,0'f PIO+2(,02+ 16f Pt0+1|V‘,0|2+C1t(3)R_2f Pto+1(p2.
Bg Br Bg

to + 2), by using Young’s inequality ab < % + % <

to+2

For a pair of conjugate exponents (p,q) = (;=7.

a? + b1, we obtain

cityR™? f Potly? (3.17)
Br
1
Cll‘3 Cll‘2 ot
< 20ds, | PP+ =2 0 1%
0% fB TR\ 2R

where V is the volume of Bg. Plugging (3.17) into (3.16), we derive

IS le(% to+1
2o, | PO+ 16f P \Vgl* + — V. (3.18
Al ) ”fk i e e G-18)

fo+2

10+l

e VIR HP

Let ¢ be a cutoff function as in (3.3) and (3.4). Then, we define ¢ = ¢~ and choose c,(n) such

that

16C%(ty + 2)> 202 021‘2 2942
—R(; ph? < RZO(’Q'O+2 (319)

to+2
to+1?

t2 Atp+1)
16 Pto+1|V | plotl e (3.20)
i ¥
BR BR

16|Vy|* <

For a pair of conjugate exponents (p, g) = ( fo + 2), by using Young’s inequality again, we have
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Combining (3.18) and (3.20), we have

2

to+1
VIR
Ln=2(Bg)
to+1
< C2t() Corly ot V4 C]tg Clt(z) 0 v
> R\, R R2 \22,,R? :

i.e.,

n=2

n(tg+1) 2n n
P i (3.21)
Br

C2 ¢y to+1 i to+1 t2 to+1
< VB2 ==—]  +c ak
fo \ 2104 244, R?
l2 to+1
to+1 1 1——
< G e’V (RZ) ,

where the constant c3(n, ¢, ) satisfies

c c to+1 ¢ to+1

2 2

ct{’” > —= + ¢y ! .
- to 21‘0/1‘350- 2/7.3’0-

Taking the — power of both sides of (3.21) yields

2 2
2 _fo l l‘
Pyt < c3en TVt 0” <e Vi 3.22
H A Rz SV o (3.22)
where \
To s
c4 = cysupen T
to>1
Since ¢ = 1 in Bsg/4, We obtain
2
1%
||P||L7(B3R/4) S C4V7ﬁ. (3'23)
Hence, the required bound follows. O

3.1.3. Nash-Moser iteration

Lemma 3.3. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ric, > —(n — 1)kg for some nonnegative constant . Assume that u is a C* solution
to Eq (1.1) on Bg(xy) satisfying u > c for some constant ¢ > 0 and f is subcritical with exponent
o € (01(B), 02(B)). Then, we have

(1 + VkR)?
1Pl By ) < e (3.24)

where c7 depends on n, ¢, and B.
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Proof. We discard the first term on the right-hand side of (3.5) to obtain

2
w <16 f PV + e f3tR™? f P2
Bgr Bgr

—1 2.9 t+1
e ViR™“||P2 | o
Ln-2(Bg)

Let ¢, € C;(B,,) be a cutoff function as in (3.3) and (3.4) satisfying

0<¢g <1,
4c
Vol < ==,
Yk = L in Bplm’
here p; = § + %, k=1,2,3,---. Substituting ¢ into (3.25) instead of ¢, we arrive at
1+ 2
eV p7‘¢k| M < 16R? f PV + et f P!
Ln=2 (Byy) By, B

Pk

< (C216k+1+c1t(2)t)f Pl
B

Ok
By picking yi = ¥, Y1 = %5, and ¢ = #; such that
h+ 1=y,

we can deduce from (3.27) that

n=2

2n ) " k
(f P7k+1¢,g-2) < oy (0216k+‘ +eitilo + D (=) )f P,
B n-2 B

Pk Pk

On the other hand, we can choose c¢s5(n) which satisfies
esty = max {erf(ty + 1), 16C2}.

Then, we have

n-2

P i B <2 316k tov—% 24
on — cst() e )
B B

Pk Pk

since 5 < 16. Taking # power of both sides of (3.30), we obtain

3 toy/—2 % +
(265tOeOV n) 167k||P||L7k(Bpk)

IA

1Pl s,

PRI
< (205t(3;et0) e 16Zk:] Tk ”P||L7(B3R/4)'

Note

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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and
Z £ ”— (3.33)
Ly,

We now claim that the expression (2c5t(3)et0)27 1627 depends only on the dimension n. To verify this,
first consider the case k = 0, which implies ) = ¢. If k # 0, then as R — oo, we have t; — oco. Observe
that in this limit,

_ n(l +1y) nty
T h-2 T an-2

It then follows that

% n(In2 +Incs +31Inty + 1)
(2estie")’ XP( 2y
n—2
~ ex
p 2t 0
n=2
= e?
and
a2 n(n-2)
16 ~16 % — 16" = 1.
Then, we can derive
_1
||P||L°°(BR/2) < C6V y”P”LV(Bng)’ (3'34)

where cg(n) satisfies

n2

6 > (2csr3e fO)” 16%. (3.35)
Combining (3.15) and (3.34), we obtain
(1 + VkR)?
1Pl () < c7R—*2F, (3.36)
where ¢; = c(z)c4c6 depends on n, ¢, and .
Hence, Theorem 1.2 follows. i
3.2. Proof of Corollaries 1.3 and 1.4
Letc=0sothat=1,0;=1,and o, = %f According to Lemma 2.2, we have
A\ 2
ap+ SN S P 2(i— 1P (3.37)
Following the proof of Theorem 1.2, we obtain
Vul? 1 + VkR)?
sup WU ¢ LT ViR) (3.38)
Brp(xo) U R

A straightforward calculation then yields the desired Harnack inequality (1.12). According to the
gradient estimate (3.38), by letting R — oo, we conclude that Vu = 0, which yields u = C in M.
Hence, Corollaries 1.3 and 1.4 follow.
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3.3. Proof of Theorem 1.6

For ¢ > 0 and u > c, it follows that w = In u is bounded below. From the proof of Lemma 3.1, we
see that this ensures L can be chosen as a positive constant, whereas L = 1 when ¢ = 0. One can see
o 1(B) is increasing on [1, %). Then, we have

mino(B) = o(1) = 1. (3.39)
One also can see 0, (B) is increasing on [1, 5,] and decreasing on [g,, %), where

nm-DVn+7+m+1)Vn-1
2n-2)Vn+7 '

B =

Then, we also have

n+l+Vn-1n+7)
2(n—2) '

max 02(B) = 02(B,) = (3.40)

According to the gradient estimate (1.11), by letting R — oo, we conclude that Vi = 0, which yields
u = Cin M. Hence, Theorem 1.6 follows.
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