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1. Introduction and main results

In this paper, we study the following nonlinear elliptic equation

∆u + f (u) = 0, in M, (1.1)

where M is an n-dimensional complete Riemannian manifold with n > 2 and Ricci curvature bounded
below, and f ∈ C1(0,+∞).

A particularly important special case arises when f (u) = uσ, in which case Eq (1.1) reduces to
the well-known Lane-Emden equation. In their seminal work, Gidas and Spruck [13, Theorem 1.1]
showed that the Lane-Emden equation

∆u + uσ = 0, in Rn, (1.2)
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admits no positive solutions provided n > 2 and 1 < σ < n+2
n−2 . It also holds in complete Riemannian

manifolds with nonnegative Ricci curvature. Recently, Lu [22] reproved the optimal Liouville
theorem for Eq (1.2) on Riemannian manifolds with nonnegative Ricci curvature by establishing a
priori estimates. The Lane-Emden type equation arises in fluid mechanics and conformal differential
geometry and has been extensively studied. We refer the reader to [7–9] and the references therein for
further details.

We also note that for the nonlinear heat equation

ut − ∆u = uσ, in Rn, σ > 1.

Quittner [28] addressed the conjecture regarding the nonexistence of positive classical solutions in the
subcritical range σ < n+2

n−2 .
The result of Gidas and Spruck has been extended to quasilinear elliptic equations of the form

∆pu + f (u) = 0, in Rn. (1.3)

When f (u) = uσ, Serrin and Zou [29] proved that the Lane-Emden-Fowler equation (1.3) admits no
positive solutions under the condition

0 < σ <
(n + 1)p − n

n − p
for 1 < p < n.

More recently, He et al. [16] extended this Liouville-type theorem to the range −∞ < σ < (n+1)p−n
n−p via

the Moser iteration technique.
In 2007, McCoy [25] established that if

f ′(u) ≤
n + 1
n − 1

·
f (u)
u
, ∀ u > 0,

then any positive solution of Eq (1.1) must be constant. Later, Cuccu et al. [10] showed that if

f ′(u) ≤ (p − 1)
n + 1
n − 1

·
f (u)
u
, ∀ u > 0,

then any positive solution of (1.3) is constant. In 2015, Enache [12] further generalized this result: If

f ′(u) ≤ β(p − 1)
n + 1
n − 1

·
f (u)
u
, ∀ u > 0,

with 1 ≤ β < n−1
n−p for n > p, then any positive solutions of (1.3) are constant. Equations (1.1) and (1.3)

have been widely investigated; see, for example, [1–4,6,11,14,18–20,24,26,27] and references therein.
We now briefly recall the geometric context of Eq (1.1). When f (u) = u

n+2
n−2 , this equation is related

to the Yamabe problem, a classical question in differential geometry concerning the existence of a
conformal metric with constant scalar curvature on a closed Riemannian manifold. For n ≥ 3, the
Yamabe problem asks whether there exists a conformal metric g̃ = u

4
n−2 g such that the scalar curvature

of g̃ is constant. This leads to the partial differential equation

−∆gu +
n − 2

4(n − 1)
Ru = R̃u

n+2
n−2 ,
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where R and R̃ are the scalar curvatures of the metrics g and g̃, respectively (see [15]).
We now recall some key results on Harnack inequalities and Liouville theorems on Riemannian

manifolds. The celebrated Cheng-Yau gradient estimate [5] implies that any harmonic function
bounded from above or below must be constant on a complete Riemannian manifold with nonnegative
Ricci curvature. Using the method of Cheng and Yau, Li [18] first investigated Eq (1.2) and obtained
several gradient estimates and Harnack inequalities on Riemannian manifolds with nonnegative Ricci
curvature under the assumption 1 ≤ σ ≤ n

n−2 for n ≥ 4. In 2009, Kotschwar and Ni [17] extended
Cheng–Yau’s result to p-harmonic functions under the assumption of nonnegative sectional curvature.
Later, Wang and Zhang [31] introduced the Nash-Moser iteration technique to improve gradient
estimates and Harnack inequalities for p-harmonic functions on complete Riemannian manifolds with
nonnegative Ricci curvature.

In 2023, Wang and Wei [32] applied the Moser iteration technique to establish that any positive
solution of the equation

∆u + auσ = 0 (a > 0)

must be constant on Riemannian manifolds with nonnegative Ricci curvature, provided that

−∞ < σ <
n + 1
n − 1

+
2

√
n(n − 1)

.

Subsequently, He et al. [16] extended this Liouville-type result to the equation

∆pu + auσ = 0 (a > 0),

under the condition
p − 1 < σ <

(n + 3)(p − 1)
n − 1

. (1.4)

In 2025, Lu [21] used the Bernstein method to show that any positive solution to Eq (1.1) is constant
if there exists an exponent σ ∈

(
1, n+3

n−1

)
such that the function u−σ f (u) is nonincreasing on (0,+∞).

More recently, He et al. [15] applied the Moser iteration technique to prove that, under condition (1.4),
any positive weak solution of Eq (1.3) is constant on Riemannian manifolds with nonnegative Ricci
curvature.

Definition 1.1. A function f ∈ C1(0,+∞) is called subcritical with exponent σ if

σ f (u) − u f ′(u) ≥ 0, ∀u > 0. (1.5)

In the original definition by Serrin and Zou [29], f is required to be nonnegative and σ ∈
(
0, (n+1)p−n

n−p

)
.

In our setting, the nonnegativity of f is not assumed.

Indeed, whether Liouville theorems for Eq (1.1) subject to condition (1.5) on Riemannian manifolds
with nonnegative Ricci curvature hold for exponents σ satisfying

1 < σ <
n + 2
n − 2

for n > 2 (1.6)

remains an open problem.
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Notably, under slightly stronger assumptions than (1.5), the Liouville theorems for Eq (1.1) on
Riemannian manifolds with nonnegative Ricci curvature, which hold for exponents σ satisfying

−∞ < σ <
n + 2
n − 2

for n > 2, (1.7)

have been established in Lu’s recent work [23]. He also derived a gradient type estimate without any
conditions on solutions, see Theorem 1.5 and Corollary 1.6 in that paper.

It is known from the results of He et al. [15] and Lu [21] that the Liouville-type theorem holds for
Eq (1.1) for the subcritical exponent σ in the range

1 < σ <
n + 3
n − 1

for n > 2. (1.8)

Since
(
1, n+3

n−1

)
is a subset of

(
1, n+2

n−2

)
, the open problem (1.6) remains unsolved. One of the main goals

of this paper is to improve upon the results of He et al. [15] and Lu [21]. Inspired by the work of Wang
and Zhang [31] and that of Wang and Wei [32], we employ the Moser iteration technique to investigate
gradient estimates and Liouville properties for Eq (1.1) on Riemannian manifolds.

Our method relies on the construction of a new auxiliary function P = |∇u|2

2u2β , where β provides
a degree of freedom to optimize the constant λα,β,σ in Lemma 2.2, which ultimately extends the
admissible range of σ in the final Theorem 1.6. By applying the Moser iteration technique to P, we
obtain a local gradient estimate for positive solutions of Eq (1.1). The choice of this auxiliary function
P is motivated by Lu’s proof in [21], which corresponds to the case β = 1 in (2.4).

Let BR(x0) denote the open geodesic ball of radius R centered at x0; for simplicity, it is sometimes
written as BR. Let C represent a positive constant independent of R. The main result is the following
gradient estimate for the solution of Eq (1.1).

Theorem 1.2. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ricg ≥ −(n − 1)κg for some nonnegative constant κ. Assume that u is a C2 solution
to Eq (1.1) on BR(x0) satisfying u ≥ c for some constant c ≥ 0 and f is subcritical with exponent
σ ∈ (σ1(β), σ2(β)), where

σ1(β) :≡
β(n + 1) − 2

√
β(n − 1 − β(n − 2))
n − 1

, (1.9)

and

σ2(β) :≡
β(n + 1) + 2

√
β(n − 1 − β(n − 2))
n − 1

. (1.10)

Then, we have

sup
BR/2(x0)

|∇u|2

u2β ≤ C
(1 +

√
κR)2

R2 , (1.11)

where C depends on n, c, and β, with 1 ≤ β < n−1
n−2 when c , 0 and β = 1 when c = 0.

As an application of Theorem 1.2, by setting c = 0 (so that β = 1, σ1 = 1, and σ2 = n+3
n−1 ), we obtain

the following Harnack inequality.
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Corollary 1.3. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ricg ≥ −(n − 1)κg for some nonnegative constant κ. Assume u is a C2 positive
solution to Eq (1.1) on BR(x0) and f is subcritical with exponent σ ∈

(
1, n+3

n−1

)
. Then, we have

sup
BR/2(x0)

u ≤ eC(1+
√
κR+
√
κR) · inf

BR/2(x0)
u, (1.12)

where C depends only on n.

As a further application of Theorem 1.2, by taking c = 0 and letting R→ ∞, we derive the following
Liouville theorem.

Corollary 1.4. Let (M, g) be an n-dimensional complete Riemannian manifold with nonnegative Ricci
curvature. Assume u is a C2 positive solution to Eq (1.1) and f is subcritical with exponentσ ∈

(
1, n+3

n−1

)
.

Then, u is constant.

Remark 1.5. The result in Corollary 1.4 was previously established by He et al. [15, Theorem 1.3 for
p = 2] and Lu [21, Theorem 1.5].

Through a careful analysis of the condition 1 ≤ β < n−1
n−2 for n > 2, we establish the following

Liouville theorem.

Theorem 1.6. Let (M, g) be an n-dimensional complete Riemannian manifold with nonnegative Ricci
curvature. Assume that u is a C2 solution to Eq (1.1) satisfying u ≥ c for some constant c ≥ 0 and f is
subcritical with exponent σ ∈

(
1, n+1+

√
(n−1)(n+7)

2(n−2)

)
. Then, u is constant.

Remark 1.7. A direct computation shows that

n + 3
n − 1

<
n + 1 +

√
(n − 1)(n + 7)

2(n − 2)
<

n + 2
n − 2

for n > 2. (1.13)

Therefore, Theorem 1.6 improves the admissible range of the subcritical exponent σ obtained by He
et al. [15, Theorem 1.3 for p = 2] and Lu [21, Theorem 1.5]. This inequality (1.13) thus indicates that
the conjecture stated in (1.6), that a Liouville theorem holds for the full subcritical range, is plausible.

Remark 1.8. When f (u) = uσ, the subcritical condition (1.5) is automatically satisfied. Moreover, the
assumption that u ≥ c for some constant c ≥ 0 implies that Eq (1.2) admits no entire solutions with a
positive lower bound c > 0 for any σ ∈ R. In fact, even in the Euclidean case, this holds for σ ≥ n+2

n−2 ,
whereas the case σ < n+2

n−2 was established by Gidas–Spruck [13]. We have

∆u = −uσ ≤ −cσ−βuβ,

where n > 2 and β ∈
(
1, n

n−2

)
. By the classical Liouville theorem for elliptic inequalities (see Serrin

and Zou [29]), we conclude that u ≡ 0.

The remainder of this paper is organized as follows. In Section 2, we present the necessary
preliminary lemmas. The proofs of the main results are provided in Section 3.
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2. Preliminary

Throughout this paper, let (M, g) be an n-dimensional Riemannian manifold with Ricg ≥ −(n−1)κg
for some constant κ ≥ 0, and let ∇ denote the corresponding Levi-Civita connection. For any function
ψ ∈ C1(M), we write ∇ψ ∈ Γ(T ∗M) for the 1-form defined by ∇ψ(X) = ∇Xψ for all smooth vector
fields X. The volume form is given locally by

dvol =

√
det(gi j)dx1 ∧ · · · ∧ dxn,

where (x1, ..., xn) denotes a local coordinate system.
In our arguments on the gradient estimates of the solution to Eq (1.1), the following Saloff-Coste

Sobolev inequalities play an important role.

Lemma 2.1. ( [30]) Let (M, g) be a complete manifold with Ricg ≥ −(n − 1)κg. For n > 2, there exists
a positive constant c0 depends only on n, such that for all balls BR ⊂ M and volume V, we have

‖h‖2
L

2n
n−2 (BR)

≤ ec0(1+
√
κR)V−

2
n R2

(∫
BR

|∇h|2 + R−2h2
)
, (2.1)

for h ∈ C∞0 (BR).

Let u be a C2 positive solution of Eq (1.1) on M. First, we set

w = ln u. (2.2)

Then, Eq (1.1) becomes

−∆w = |∇w|2 + e−w f (ew). (2.3)

We choose an auxiliary function

P =
1
2
|∇w|2e2(1−β)w, (2.4)

where 1 ≤ β < (n − 1)/(n − 2) is to be determined later. The range of the parameter β is chosen to
ensure that the equation Iβ,σ = 0 has two distinct real roots, where Iβ,σ is defined in (2.7). Our main
lemma is stated as follows.

Lemma 2.2. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ricg ≥ −(n − 1)κg for some nonnegative constant κ. Assume u is a C2 positive
solution to Eq (1.1) on M and f is subcritical with exponent σ. For any α > 0, we have

∆P +
α

2
|∇P|2

P
≥ λα,β,σP2e−2(1−β)w − 2(n − 1)κP, (2.5)

where

λα,β,σ =
αIβ,σ + Jβ,σ

1 + α
, (2.6)
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and

Iβ,σ = −(n − 1)σ2 + 2(n + 1)βσ − (n + 7)β2 + 4β, (2.7)

and

Jβ,σ = −nσ2 + 2(n + 4)βσ + 4β − (n + 16)β2. (2.8)

Proof. Let u be a C2 positive solution of Eq (1.1) on M. Since f ∈ C1(0,+∞), by the standard regularity
theory, we know that u ∈ C3. Chain rule gives

∇P = (∇2w∇w + (1 − β)|∇w|2∇w)e2(1−β)w, (2.9)

and

∆P =
1
2

∆|∇w|2e2(1−β)w + 〈∇|∇w|2,∇e2(1−β)w〉 +
1
2
|∇w|2∆e2(1−β)w. (2.10)

We shall compute the above three terms, respectively. For the first term, by using the Bochner
formula and Eq (2.3), we know

∆|∇w|2 = 2‖∇2w‖2 + 2〈∇w,∇∆w〉 + 2Ric(∇w,∇w) (2.11)
= 2‖∇2w‖2 − 4∇2w(∇w,∇w) + 2|∇w|2e−w f (ew)
− 2|∇w|2 f ′(ew) + 2Ric(∇w,∇w),

where ‖∇2w‖ denotes the Hilbert-Schmidt norm on matrices defined to be

‖∇2w‖ =

 n∑
i, j=1

w2
i j


1
2

.

For the second term,

〈∇|∇w|2,∇e2(1−β)w〉 = 4(1 − β)e2(1−β)w∇2w(∇w,∇w). (2.12)

For the third term,

∆e2(1−β)w = 2(1 − β)e2(1−β)w
(
2(1 − β)|∇w|2 + ∆w

)
(2.13)

= 2(1 − β)e2(1−β)w
(
(1 − 2β)|∇w|2 − e−w f (ew)

)
.

Plugging (2.11)–(2.13) into (2.10), we derive

∆P = e2(1−β)w
(
‖∇2w‖2 + (1 − β)(1 − 2β)|∇w|4 + 2(1 − 2β)∇2w(∇w,∇w) (2.14)

+ β|∇w|2e−w f (ew) − |∇w|2 f ′(ew) + Ric(∇w,∇w)
)
.

We claim that

‖∇2w‖2 ≥
(∆w)2

n
+

n
n − 1

(
∆w
n
− Aw

)2

, (2.15)
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where Aw = |∇w|−2∇2w(∇w,∇w). In fact, we choose a local orthonormal frame {ei} at any given point
such that ∇w = |∇w|e1. By the Cauchy-Schwarz inequality, we get

‖∇2w‖2 = w2
11 + 2

n∑
j=2

w2
1 j +

n∑
i, j=2

w2
i j (2.16)

≥ w2
11 +

1
n − 1

 n∑
i=2

wii

2

.

On the other hand, it is easily seen that

(∆w)2

n
+

n
n − 1

(
∆w
n
− Aw

)2

(2.17)

=
1
n

w11 +

n∑
i=2

wii

2

+
n

n − 1

−n − 1
n

w11 +
1
n

n∑
i=2

wii

2

= w2
11 +

1
n − 1

 n∑
i=2

wii

2

.

Combining (2.16) and (2.17), we obtain the desired inequality (2.15).
Thus, from Eqs (2.3) and (2.15), we have

‖∇2w‖2 (2.18)

≥
(∆w)2

n
+

n
n − 1

(
∆w
n
− Aw

)2

=
(∆w)2

n − 1
−

2
n − 1

Aw∆w +
n

n − 1
A2

w

=
1

n − 1
|∇w|4 +

2
n − 1

|∇w|2e−w f (ew) +
1

n − 1
e−2w f 2(ew)

+
2

n − 1
|∇w|2Aw +

2
n − 1

e−w f (ew)Aw +
n

n − 1
A2

w.

Substituting (2.18) into (2.14), the restriction on f gives

∆P ≥e2(1−β)w
((

(1 − β)(1 − 2β) +
1

n − 1
)
|∇w|4 +

1
n − 1

e−2w f 2(ew) (2.19)

+
(
β +

2
n − 1

)
|∇w|2e−w f (ew) − |∇w|2 f ′(ew) + 2

(
1 − 2β +

1
n − 1

)
|∇w|2Aw

+
2

n − 1
e−w f (ew)Aw +

n
n − 1

A2
w + Ric(∇w,∇w)

)
≥e2(1−β)w

((
(1 − β)(1 − 2β) +

1
n − 1

)
|∇w|4 +

1
n − 1

e−2w f 2(ew)

+
(
β +

2
n − 1

− σ
)
|∇w|2e−w f (ew) + 2

(
1 − 2β +

1
n − 1

)
|∇w|2Aw

+
2

n − 1
e−w f (ew)Aw +

n
n − 1

A2
w + Ric(∇w,∇w)

)
.
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By using the equality (a + b + c)2 = a2 + b2 + c2 + 2ab + 2ac + 2bc, we have

1
n − 1

(
e−w f + Aw +

1
2
(
n − 1

)(
β +

2
n − 1

− σ
)
|∇w|2

)2

(2.20)

=
1

n − 1
e−2w f 2(ew) +

1
n − 1

A2
w +

1
4
(
n − 1

)(
β +

2
n − 1

− σ
)2
|∇w|4

+
2

n − 1
e−w f (ew)Aw +

(
β +

2
n − 1

− σ
)
|∇w|2e−w f (ew)

+
(
β +

2
n − 1

− σ
)
|∇w|2e−wAw.

Combining (2.19) and (2.20), it follows that

∆P ≥e2(1−β)w
{ (

(1 − β)(1 − 2β) +
1

n − 1
−

1
4

(n − 1)(β +
2

n − 1
− σ)2

)
|∇w|4 (2.21)

+
(
2 − 5β + σ

)
|∇w|2Aw + A2

w + Ric(∇w,∇w)
}

=e2(1−β)w
(
lβ,σ|∇w|4 +

(
2 − 5β + σ

)
|∇w|2Aw + A2

w + Ric(∇w,∇w)
)
,

where

lβ,σ := (1 − β)(1 − 2β) +
1

n − 1
−

1
4

(n − 1)(β +
2

n − 1
− σ)2. (2.22)

It follows from (2.4) and (2.9) that

|∇P|2

2P
= e2(1−β)w

(
(1 − β)2|∇w|4 + 2(1 − β)Aw|∇w|2 + A2

w

)
. (2.23)

Thus, combining (2.4), (2.21), and (2.23), for any α > 0, we obtain

∆P +
α

2
|∇P|2

P
(2.24)

≥ e2(1−β)w
{(

lβ,σ + α(1 − β)2)|∇w|4 +
(
2 − 5β + σ + 2α(1 − β)

)
|∇w|2Aw

+(1 + α)A2
w + Ric(∇w,∇w)

}
= e2(1−β)w

{(
lβ,σ + α(1 − β)2 −

(
2 − 5β + σ + 2α(1 − β)

)2

4(1 + α)

)
|∇w|4

+(1 + α)
(
Aw +

2 − 5β + σ + 2α(1 − β)
2(1 + α)

|∇w|2
)2

+ Ric(∇w,∇w)
}

≥ e2(1−β)w
{(

lβ,σ + α(1 − β)2 −

(
2 − 5β + σ + 2α(1 − β)

)2

4(1 + α)

)
|∇w|4

−(n − 1)κ|∇w|2
}

=

(
4lβ,σ + 4α(1 − β)2 −

(
2 − 5β + σ + 2α(1 − β)

)2

1 + α

)
P2e−2(1−β)w

AIMS Mathematics Volume 11, Issue 4, 11012–11030.



11021

−2(n − 1)κP.

We define

λα,β,σ := 4lβ,σ + 4α(1 − β)2 −

(
2 − 5β + σ + 2α(1 − β)

)2

1 + α
(2.25)

=
4
(
lβ,σ + (1 − β)2 − (1 − β)(2 − 5β + σ)

)
α + 4lβ,σ − (2 − 5β + σ)2

1 + α

=
αIβ,σ + Jβ,σ

1 + α
,

where

Iβ,σ : = 4
(
lβ,σ + (1 − β)2 − (1 − β)(2 − 5β + σ)

)
= −(n − 1)σ2 + 2(n + 1)βσ − (n + 7)β2 + 4β,

and

Jβ,σ : = 4lβ,σ − (2 − 5β + σ)2

= −nσ2 + 2(n + 4)βσ + 4β − (n + 16)β2.

Hence, Lemma 2.2 follows. �

3. Proof of main theorem

3.1. Proof of Theorem 1.2

This section presents the proof of Theorem 1.2, which is organized into three parts. First, we select
a fixed constant α0 > 0 such that λα0,β,σ > 0 and derive a fundamental integral inequality for P. Second,
we establish an Lγ estimate for P over a geodesic ball of radius 3R/4, which provides the initial step
for the Moser iteration. Finally, we complete the proof by using the Moser iteration method.

3.1.1. Integral inequality

One can obtain the two real roots of the equation Iβ,σ = 0 with

σ1(β) :≡
β(n + 1) − 2

√
β
(
n − 1 − β(n − 2)

)
n − 1

,

and

σ2(β) :≡
β(n + 1) + 2

√
β
(
n − 1 − β(n − 2)

)
n − 1

.

In order to guarantee Iβ,σ > 0 , we need that σ ∈ (σ1(β), σ2(β)). This implies

lim
α→∞

λα,β,σ = lim
α→∞

αIβ,σ + Jβ,σ
1 + α

> 0. (3.1)
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Thus, we can choose α0 large enough such that

λα0,β,σ > 0. (3.2)

To proceed further, we recall that for any fixed point x0 ∈ M and R > 0, there exists a cutoff function
ϕ = ϕR, i.e., a function ϕ ∈ C∞0 (BR(x0)) such that

0 ≤ ϕ ≤ 1, ϕ ≡ 1 in B3R/4, (3.3)

and

|∇ϕ| ≤
C
R
. (3.4)

Now, we need to establish a key integral inequality of P.

Lemma 3.1. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ricg ≥ −(n − 1)κg for some nonnegative constant κ. Assume that u is a C2 solution
to Eq (1.1) on BR(x0) satisfying u ≥ c for some constant c ≥ 0 and f is subcritical with exponent
σ ∈ (σ1(β), σ2(β)). Then we have the following inequality

e−t0V
2
n R−2

∥∥∥∥P
t+1
2 ϕ

∥∥∥∥2

L
2n

n−2 (BR)
(3.5)

≤ −4tλβ,σ

∫
BR

Pt+2ϕ2 + 16
∫

BR

Pt+1|∇ϕ|2 + c1t2
0tR−2

∫
BR

Pt+1ϕ2,

where t0 = c0(1 +
√
κR), and c1 depends only on n, under the constraints t > 2α0 + 1 with α0 satisfying

the condition in (3.2), and λβ,σ is as defined in (3.6).

Proof. Let ϕ be a cutoff function as in (3.3) and (3.4). Since u = ew is a C2 solution to Eq (1.1) with a
lower bound c ≥ 0, we define a positive constant L such that e−2(1−β)w ≥ L. When c = 0, we must set
β = 1 (which yields L = 1). In fact, if β > 1 and c = 0, then u may tend to 0, so that w → −∞, and no
positive lower bound L can exist, which would invalidate the estimate. By multiplying (2.5) by Ptϕθ (
for some positive constant θ to be chosen later and t > 1) and integrating by parts, we obtain

(
t −

α0

2
) ∫

BR

Pt−1ϕθ|∇P|2 + λβ,σ

∫
BR

Pt+2ϕθ (3.6)

≤ −θ

∫
BR

Ptϕθ−1〈∇P,∇ϕ〉 + 2(n − 1)κ
∫

BR

Pt+1ϕθ,

where λβ,σ :≡ L−1λα0,β,σ.
By using Young’s inequality, we have

−θ

∫
BR

Ptϕθ−1〈∇P,∇ϕ〉 (3.7)

≤
t
2

∫
BR

Pt−1ϕθ|∇P|2 +
θ2

2t

∫
BR

Pt+1ϕθ−2|∇ϕ|2.
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Substituting (3.7) into (3.6), it follows that

t − α0

2

∫
BR

Pt−1ϕθ|∇P|2 + λβ,σ

∫
BR

Pt+2ϕθ (3.8)

≤
θ2

2t

∫
BR

Pt+1ϕθ−2|∇ϕ|2 + 2(n − 1)κ
∫

BR

Pt+1ϕθ.

On the other hand, using the inequality (a + b)2 ≤ 2a2 + 2b2 yields∫
BR

∣∣∣∣∇(P
t+1
2 ϕ

θ
2 )
∣∣∣∣2 (3.9)

≤
(t + 1)2

2

∫
BR

Pt−1ϕθ|∇P|2 +
θ2

2

∫
BR

Pt+1ϕθ−2|∇ϕ|2.

It follows from (3.8) and (3.9) that

t − α0

(t + 1)2

∫
BR

∣∣∣∣∇(P
t+1
2 ϕ

θ
2 )
∣∣∣∣2 + λβ,σ

∫
BR

Pt+2ϕθ (3.10)

≤ θ2
(

1
2t

+
t − α0

2(t + 1)2

) ∫
BR

Pt+1ϕθ−2|∇ϕ|2 + 2(n − 1)κ
∫

BR

Pt+1ϕθ.

We note that

1
4t
≤

t − α0

(t + 1)2 ≤
1
t
,

for t > 2α0 + 1. Letting θ = 2, it follows from (3.10) that∫
BR

∣∣∣∣∇(P
t+1
2 ϕ)

∣∣∣∣2 + 4tλβ,σ

∫
BR

Pt+2ϕ2 (3.11)

≤ 16
∫

BR

Pt+1|∇ϕ|2 + 8(n − 1)κt
∫

BR

Pt+1ϕ2.

Letting h = P
t+1
2 ϕ ∈ C∞0 (BR), it follows from Saloff-Coste’s Sobolev inequality (2.1) that

e−c0(1+
√
κR)V

2
n R−2

∥∥∥∥P
t+1
2 ϕ

∥∥∥∥2

L
2n

n−2 (BR)
≤

∫
BR

∣∣∣∣∇(P
t+1
2 ϕ)

∣∣∣∣2 + R−2
∫

BR

Pt+1ϕ2. (3.12)

Substituting the above inequality into (3.11) yields

e−c0(1+
√
κR)V

2
n R−2

∥∥∥∥P
t+1
2 ϕ

∥∥∥∥2

L
2n

n−2 (BR)
(3.13)

≤ −4tλβ,σ

∫
BR

Pt+2ϕ2 + 16
∫

BR

Pt+1|∇ϕ|2 +
(
8(n − 1)κt + R−2) ∫

BR

Pt+1ϕ2.

Set t0 = c0(1 +
√
κR) and choose c1(n) such that

8(n − 1)κt + R−2 ≤ c1c2
0(1 +

√
κR)2tR−2 = c1t2

0tR−2. (3.14)

Combining (3.13) and (3.14), we can easily obtain (3.5). �
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3.1.2. Lγ bound of P

Lemma 3.2. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ricg ≥ −(n − 1)κg for some nonnegative constant κ. Assume that u is a C2 solution
to Eq (1.1) on BR(x0) satisfying u ≥ c for some constant c ≥ 0, and f is subcritical with exponent
σ ∈ (σ1(β), σ2(β)). Let

γ =
n(1 + t0)

n − 2
,

where t0 is defined in Lemma 3.1 (we note that this R-dependence is a key feature of their initial step
for the Moser iteration). Then, we have

‖P‖Lγ(B3R/4) ≤ c4V
1
γ

t2
0

R2 , (3.15)

where c4 depends on n, c and β.

Proof. Letting t = t0 in (3.5), we have

e−t0V
2
n R−2

∥∥∥∥P
t0+1

2 ϕ
∥∥∥∥2

L
2n

n−2 (BR)
(3.16)

≤ −4t0λβ,σ

∫
BR

Pt0+2ϕ2 + 16
∫

BR

Pt0+1|∇ϕ|2 + c1t3
0R−2

∫
BR

Pt0+1ϕ2.

For a pair of conjugate exponents (p, q) = ( t0+2
t0+1 , t0 + 2), by using Young’s inequality ab ≤ ap

p + bq

q ≤

ap + bq, we obtain

c1t3
0R−2

∫
BR

Pt0+1ϕ2 (3.17)

≤ 2t0λβ,σ

∫
BR

Pt0+2ϕ2 +
c1t3

0

R2

(
c1t2

0

2λβ,σR2

)t0+1

V,

where V is the volume of BR. Plugging (3.17) into (3.16), we derive

e−t0V
2
n R−2

∥∥∥∥P
t0+1

2 ϕ
∥∥∥∥2

L
2n

n−2 (BR)
≤ −2t0λβ,σ

∫
BR

Pt0+2ϕ2 + 16
∫

BR

Pt0+1|∇ϕ|2 +
c1t3

0

R2

(
c1t2

0

2λβ,σR2

)t0+1

V. (3.18)

Let ϕ1 be a cutoff function as in (3.3) and (3.4). Then, we define ϕ = ϕt0+2
1 and choose c2(n) such

that

16|∇ϕ|2 ≤
16C2(t0 + 2)2

R2 ϕ
2t0+2
t0+2 ≤

c2t2
0

R2 ϕ
2t0+2
t0+2 . (3.19)

For a pair of conjugate exponents (p, q) = ( t0+2
t0+1 , t0 + 2), by using Young’s inequality again, we have

16
∫

BR

Pt0+1|∇ϕ|2 ≤
c2t2

0

R2

∫
BR

Pt0+1ϕ
2(t0+1)

t0+2 (3.20)

≤2t0λβ,σ

∫
BR

Pt0+2ϕ2 +
c2t2

0

R2

(
c2t0

2λβ,σR2

)t0+1

V.
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Combining (3.18) and (3.20), we have

e−t0V
2
n R−2

∥∥∥∥P
t0+1

2 ϕ
∥∥∥∥2

L
2n

n−2 (BR)

≤
c2t2

0

R2

(
c2t0

2λβ,σR2

)t0+1

V +
c1t3

0

R2

(
c1t2

0

2λβ,σR2

)t0+1

V,

i.e., (∫
BR

P
n(t0+1)

n−2 ϕ
2n

n−2

) n−2
n

(3.21)

≤ et0V1− 2
n t3

0

c2

t0

(
c2

2t0λβ,σ

)t0+1

+ c1

(
c1

2λβ,σ

)t0+1 ( t2
0

R2

)t0+1

≤ ct0+1
3 et0V1− 2

n t3
0

(
t2
0

R2

)t0+1

,

where the constant c3(n, c, β) satisfies

ct0+1
3 ≥

c2

t0

(
c2

2t0λβ,σ

)t0+1

+ c1

(
c1

2λβ,σ

)t0+1

.

Taking the 1
t0+1 power of both sides of (3.21) yields

∥∥∥∥Pϕ
2

t0+1

∥∥∥∥
Lγ(BR)

≤ c3e
t0

t0+1 V
1
γ t

3
t0+1

0

t2
0

R2 ≤ c4V
1
γ

t2
0

R2 , (3.22)

where
c4 = c3 sup

t0≥1
e

t0
t0+1 t

3
t0+1

0 .

Since ϕ ≡ 1 in B3R/4, we obtain

‖P‖Lγ(B3R/4) ≤ c4V
1
γ

t2
0

R2 . (3.23)

Hence, the required bound follows. �

3.1.3. Nash-Moser iteration

Lemma 3.3. Let (M, g) be an n-dimensional complete Riemannian manifold with Ricci curvature
bounded below by Ricg ≥ −(n − 1)κg for some nonnegative constant κ. Assume that u is a C2 solution
to Eq (1.1) on BR(x0) satisfying u ≥ c for some constant c ≥ 0 and f is subcritical with exponent
σ ∈ (σ1(β), σ2(β)). Then, we have

‖P‖L∞(BR/2) ≤ c7
(1 +

√
κR)2

R2 , (3.24)

where c7 depends on n, c, and β.
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Proof. We discard the first term on the right-hand side of (3.5) to obtain

e−t0V
2
n R−2

∥∥∥∥P
t+1
2 ϕ

∥∥∥∥2

L
2n

n−2 (BR)
≤ 16

∫
BR

Pt+1|∇ϕ|2 + c1t2
0tR−2

∫
BR

Pt+1ϕ2. (3.25)

Let ϕk ∈ C∞0 (Bρk) be a cutoff function as in (3.3) and (3.4) satisfying
0 ≤ ϕk ≤ 1,
|∇ϕk| ≤

4kC
R ,

ϕk ≡ 1 in Bρk+1 ,

(3.26)

here ρk = R
2 + R

4k , k = 1, 2, 3, · · · . Substituting ϕk into (3.25) instead of ϕ, we arrive at

e−t0V
2
n

∥∥∥∥P
t+1
2 ϕk

∥∥∥∥2

L
2n

n−2 (Bρk )
≤ 16R2

∫
Bρk

Pt+1|∇ϕk|
2 + c1t2

0t
∫

Bρk

Pt+1ϕ2
k

≤ (C216k+1 + c1t2
0t)

∫
Bρk

Pt+1. (3.27)

By picking γ1 = γ, γk+1 =
nγk
n−2 , and t = tk such that

tk + 1 = γk,

we can deduce from (3.27) that∫
Bρk

Pγk+1ϕ
2n

n−2
k

 n−2
n

≤ et0V−
2
n

(
C216k+1 + c1t2

0(t0 + 1)
( n
n − 2

)k
) ∫

Bρk

Pγk . (3.28)

On the other hand, we can choose c5(n) which satisfies

c5t3
0 ≥ max

{
c1t2

0(t0 + 1), 16C2
}
. (3.29)

Then, we have ∫
Bρk

Pγk+1ϕ
2n

n−2
k

 n−2
n

≤ 2c5t3
016ket0V−

2
n

∫
Bρk

Pγk , (3.30)

since n
n−2 < 16. Taking 1

γk
power of both sides of (3.30), we obtain

‖P‖Lγk+1 (Bρk+1 ) ≤
(
2c5t3

0et0V−
2
n
) 1
γk 16

k
γk ‖P‖Lγk (Bρk ) (3.31)

≤
(
2c5t3

0et0
)∑∞

k=1
1
γ k 16

∑∞
k=1

k
γk ‖P‖Lγ(B3R/4).

Note

∞∑
k=1

1
γk

=

1
γ1

1 − n−2
n

=
n

2γ
(3.32)
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and
∞∑

k=1

k
γk

=
n2

4γ
. (3.33)

We now claim that the expression
(
2c5t3

0et0
) n

2γ 16
n2
4γ depends only on the dimension n. To verify this,

first consider the case κ = 0, which implies t0 = c0. If κ , 0, then as R→ ∞, we have t0 → ∞. Observe
that in this limit,

γ =
n(1 + t0)

n − 2
∼

nt0

n − 2
.

It then follows that (
2c5t3

0et0
) n

2γ
= exp

(
n(ln 2 + ln c5 + 3 ln t0 + t0)

2γ

)
∼ exp

(
n − 2
2t0

· t0

)
= e

n−2
2

and
16

n2
4γ ∼ 16

n(n−2)
4t0 → 160 = 1.

Then, we can derive

‖P‖L∞(BR/2) ≤ c6V−
1
γ ‖P‖Lγ(B3R/4), (3.34)

where c6(n) satisfies

c6 ≥
(
2c5t3

0et0
) n

2γ 16
n2
4γ . (3.35)

Combining (3.15) and (3.34), we obtain

‖P‖L∞(BR/2) ≤ c7
(1 +

√
κR)2

R2 , (3.36)

where c7 = c2
0c4c6 depends on n, c, and β.

Hence, Theorem 1.2 follows. �

3.2. Proof of Corollaries 1.3 and 1.4

Let c = 0 so that β = 1, σ1 = 1, and σ2 = n+3
n−1 . According to Lemma 2.2, we have

∆P +
α

2
|∇P|2

P
≥ λα,σP2 − 2(n − 1)κP. (3.37)

Following the proof of Theorem 1.2, we obtain

sup
BR/2(x0)

|∇u|2

u2 ≤ C
(1 +

√
κR)2

R2 . (3.38)

A straightforward calculation then yields the desired Harnack inequality (1.12). According to the
gradient estimate (3.38), by letting R → ∞, we conclude that ∇u = 0, which yields u ≡ C in M.
Hence, Corollaries 1.3 and 1.4 follow.
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3.3. Proof of Theorem 1.6

For c > 0 and u ≥ c, it follows that w = ln u is bounded below. From the proof of Lemma 3.1, we
see that this ensures L can be chosen as a positive constant, whereas L = 1 when c = 0. One can see
σ1(β) is increasing on [1, n−1

n−2 ). Then, we have

minσ1(β) = σ1(1) = 1. (3.39)

One also can see σ2(β) is increasing on [1, βn] and decreasing on [βn,
n−1
n−2 ), where

βn =
(n − 1)

√
n + 7 + (n + 1)

√
n − 1

2(n − 2)
√

n + 7
.

Then, we also have

maxσ2(β) = σ2(βn) =
n + 1 +

√
(n − 1)(n + 7)

2(n − 2)
. (3.40)

According to the gradient estimate (1.11), by letting R → ∞, we conclude that ∇u = 0, which yields
u ≡ C in M. Hence, Theorem 1.6 follows.
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27. P. Poláčik, P. Quittner, P. Souplet, Singularity and decay estimates in superlinear problems via
Liouville-type theorems, I. Elliptic equations and systems, Duke Math. J., 139 (2007), 555–579.
https://doi.org/10.1215/S0012-7094-07-13935-8

28. P. Quittner, Optimal Liouville theorems for superlinear parabolic problems, Duke Math. J., 170
(2021), 1113–1136. https://doi.org/10.1215/00127094-2020-0096

29. J. Serrin, H. Zou, Cauchy-Liouville and universal boundedness theorems for quasilinear elliptic
equations and inequalities, Acta Math., 189 (2002), 79–142. https://doi.org/10.1007/BF02392645

30. L. Saloff-Coste, Uniformly elliptic operators on Riemannian manifolds, J. Differ. Geom., 36 (1992),
417–450. https://doi.org/10.4310/jdg/1214448748

31. X. Wang, L. Zhang, Local gradient estimate for p-harmonic functions on Riemannian manifolds,
Commun. Anal. Geom., 19 (2011), 759–771. https://doi.org/10.4310/CAG.2011.v19.n4.a4

32. Y. Wang, G. Wei, On the nonexistence of positive solution to ∆u + aup+1 = 0 on Riemannian
manifolds, J. Differ. Equations, 362 (2023), 74–87. https://doi.org/10.1016/j.jde.2023.03.001

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 4, 11012–11030.

https://dx.doi.org/https://doi.org/10.1016/0022-1236(91)90110-Q
https://dx.doi.org/https://doi.org/10.1007/BF02786551
https://dx.doi.org/https://doi.org/10.1007/s00208-023-02709-4
https://dx.doi.org/https://doi.org/10.1016/j.jde.2025.01.068
https://dx.doi.org/https://doi.org/10.48550/arXiv.2308.14026
https://dx.doi.org/https://doi.org/10.1007/s10231-025-01575-y
https://dx.doi.org/https://doi.org/10.1007/s10231-025-01575-y
https://dx.doi.org/https://doi.org/10.1016/j.aim.2022.108851
https://dx.doi.org/https://doi.org/10.57262/die/1356039300
https://dx.doi.org/https://doi.org/10.1002/cpa.3160390306
https://dx.doi.org/https://doi.org/10.1215/S0012-7094-07-13935-8
https://dx.doi.org/https://doi.org/10.1215/00127094-2020-0096
https://dx.doi.org/https://doi.org/10.1007/BF02392645
https://dx.doi.org/https://doi.org/10.4310/jdg/1214448748
https://dx.doi.org/https://doi.org/10.4310/CAG.2011.v19.n4.a4
https://dx.doi.org/https://doi.org/10.1016/j.jde.2023.03.001
https://creativecommons.org/licenses/by/4.0

	Introduction and main results
	Preliminary
	Proof of main theorem 
	Proof of Theorem 1.2
	Integral inequality
	L bound of P
	Nash-Moser iteration

	Proof of Corollaries 1.3 and 1.4
	Proof of Theorem 1.6


