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Abstract: This paper is devoted to studying the optimal investment and risk control strategy for
an insurer with uncertain time under inside information. The jump process is incorporated into our
research framework, and the correlation between the risky asset and the risk process is considered.
Assuming the exit time is uncertain, we use forward calculus and Malliavin calculus to derive a
characterization of the optimal investment and risk control under the criterion of maximizing the
logarithmic utility of the terminal wealth in a pure jump market and a mixed market. Moreover, we
apply filtration enlargement techniques to several interesting special cases and derive the corresponding
explicit solutions. Finally, we conduct numerical simulations to analyze the impact of correlation
coeflicient and insider information on the investment strategy.
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1. Introduction

The optimal investment and risk control problem for insurers has been a crucial subject in financial
theory and practice, and numerous works have focused on this topic. For example, Zhou and
Zhang [1] investigated the optimal investment and risk control problem in an incomplete market
using the martingale approach, where the risky asset price process was described by the geometric
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Brownian motion model. They obtained the explicit expression under the mean-variance criterion. Bo
and Wang [2] considered the same problem under stochastic parameters. They derived the optimal
investment strategy by maximizing the expected power utility of terminal wealth. Furthermore, Shen
and Yin [3] concentrated on the jump-diffusion model with stochastic parameters. The closed-form
solutions for the optimal strategy were deduced under the logarithmic utility criterion of terminal
wealth. Peng and Chen [4] presented sufficient and necessary conditions for the optimal investment
and risk control strategy by using Malliavin calculus, which was different from the classical stochastic
control method. In some special cases, the analytic solutions were provided. Deng and Yao [5] studied
an optimal investment and risk control problem with a delay in the default market, where the controlled
wealth process followed a stochastic delay differential equation. Peng and Yan [6] explored the optimal
control problem for an insurer aiming to maximize the expected power utility of terminal wealth, and
they provided the solutions in closed-form through the enlargement of filtration and Hamilton-Jacobi-
Bellman (HJB) techniques. The literature mentioned above focused on controlling the number of
policies to reduce the insurer’s risk. However, there is another way to spread risk through reinsurance;
for related research, see Schmidli [7], Bai and Guo [8], Peng and Chen [9], and the references therein.

All the works mentioned above assume that investors know exactly when to exit the market. In
reality, the classic fixed-term investment model often fails. In practice, insurance institutions are tend to
encounter unexpected business termination due to scenarios such as bankruptcy liquidation, regulatory
mandatory intervention, and the large-scale collective termination of insurance policies. It is precisely
due to the influence of internal and external factors that the timing of investment decisions is uncertain,
which brings greater complexity and uncertainty to investment decisions. Recently, many scholars
realized the critical influence of the uncertain time horizon on investment decisions, and adopted
stochastic control, dynamic programming, and backward stochastic differential equation (BSDE) to
solve related problems. Yu [10] extended the work of Lim and Zhou [11] to a continuous-time mean-
variance portfolio selection problem with random parameters and a random time horizon, and they
derived the closed-form solutions for the investment strategy and the efficient frontier. Subsequently,
Lv, Wu, and Yu [12] generalized the problem in Yu [10] to incomplete markets, where the problem
was formulated as a constrained stochastic linear quadratic optimal control objective function. Huang
and Wu [13] considered the optimal investment strategy under inflation and an uncertain time horizon,
and an explicit expression for the optimal strategy was provided under the maximum utility criterion.

Classical models generally assume that investors possess completely accurate market information.
However, in practice, some insurers have access to inside information, that is, they possess additional
information beyond what is publicly available in the market, which enables them to make more
informed decisions under conditions of risk uncertainty. In general, inside information is represented
by an enlarged filtration. In the past decades, many researchers have studied the optimization
problem of insurers under inside information. Di Nunno et al. [14] explored an insurer with inside
information in a Lévy market, and they derived explicit solutions under the logarithmic utility criterion.
Peng et al. [15] assumed that the risk process was correlated with the risky asset process. They
obtained the optimal investment and risk control strategies for an insurer who had inside information.
Xiong and Zhang [16] investigated the optimal investment and proportional reinsurance strategy
for an insurer with inside information. Closed-form solutions were obtained by solving the HJB
equations. Additionally, for references of inside information, see also Cao and Peng [17], Danilova
and Monoyios [18], and Kohatsu-Higa and Sulem [19].

AIMS Mathematics Volume 11, Issue 4, 10986-11011.



10988

Compared with the work in [20], our paper focuses on the situation of inside information
rather than partial information and adopts the expected utility maximization of terminal wealth as
the objective function instead of the mean-variance criterion. Meanwhile, we incorporate random
time and correlation into the research framework, which makes up for the research limitations
of the literature [21]. In view of the above considerations, we have incorporated both random
time and inside information into our research framework. By using Malliavin calculus and
variational methods, we derive some necessary and sufficient conditions for the optimal strategy of
an insurer with insider information in both pure jump markets and mixed markets. Furthermore,
by employing the enlargement of the filtration technique, for the special case of G, = ¥, V
o (W(Ty), Wa(To), m(To),n(Ty)) : t € [0,T], we provide an explicit solution related to the future
signal W (Ty), Wo(Ty). The results show that when F(s) # 0, the conclusions of this paper can be
reduced to Property 5.3 in [21]. In this paper, the jump process is introduced into the market model,
and insider information and random time are incorporated into the research framework. By means of
Malliavin calculus, the necessary and sufficient conditions for the optimal investment and risk control
strategies of insurance companies are derived. In addition, some special cases are discussed, and
explicit expressions for the optimal strategies are obtained. Finally, we perform numerical simulations
to analyze the impacts of the correlation coefficient between the financial market and the insurance
market, as well as the effect of insider information on the optimal strategy.

The rest of this paper is arranged as follows: Section 2 is devoted to providing the optimal strategy
in the pure jump market; Section 3 investigates the optimal strategy in the mixed market; Section 4
considers the optimal strategies in some particular cases; Section 5 provides the numerical simulation;
and Section 6 concludes this paper.

2. Optimal portfolio in a pure jump market

Let (Q, 7, P) be a complete probability space, and ¥, represents the information available in the
market up to time ¢. The filtration {F,},c0.7) is complete and satisfies the usual hypotheses. 7T is a
constant. We suppose that there are no transaction costs or taxes and can be continuously traded. In
this section, we concentrate on the optimal portfolio problem under inside information in the pure jump
market. The financial market consists of a risk-free asset and a risky asset, where the risk-free asset
price process S can be described by the following:

{ dsS o(t) = r(HS o(t)dt, 2.1)

S0(0) = 1.

Here, r(¢) is a deterministic function of #, which denotes the risk-free interest rate. The risky asset price
process S (¢) satisfies the following:

dS(t) = S(t-)|udt + [, yi(t,IN'(d"t,dz)), 22
S(0) >0, ’

where u(t) represents the risk premium, and we assume that u(f) and (¢, z) are caglad and uniformly
bounded 7, adapted processes. N'(dt,dz) = N,(dt,dz) — vi(dz)dt is a compensated Poisson random
measure, and v;(dz) is the corresponding Lévy measure. Suppose that y(t,z) > —1,dt X v{(dz) -a.e..
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The risk process (per policy) for the insurer evolves according to the following:

{ dR, = p(dt + [ y2(t, 2N*(dt, dz),

2.3
Ry =0, (2.3)

where p(f) denotes the claim rate per insurance policy, and the parameter processes p(t),y»(t,z) are
caglad, uniformly bounded, and 7, adapted. N?(dt, dz) = N,(dt, dz)—v,(dz)dt is a compensated Poisson
random measure independent of N'(dt, dz). We assume that v(t,z) > —1,dt X vo(dz)— a.s..

Denote by the proportion of wealth invested in the risky asset at time t by n(¢), while the rest is
invested in the risk-free asset. Insurers manage risks by adjusting the number of policies sold, which is
a key regulatory requirement of asset-liability management (ALM) in the insurance industry and also a
main means for institutions to conduct risk control. Let L(¢) denote the number of policies sold by the
insurer at time ¢. For technical convenience, this paper adopts the approach in [4] and transforms the
policy quantity L(¢) into a ratio of liability at time z. Namely, k() = % We allow that L(¢) < 0, which
implies that the insurer could purchase the insurance policies from other insurers. In practice, red some
insurers who possess red inside information make their decisions based on the filtration enlargement.
The enlargement information flow is denoted by G = {G, C F }y<;<7, Which is larger than F = {F}o<;<7(
ie., ¥, € G, Cc 7, foreach t € [0,T]). The strategy processes n(¢) and «(¢) adopted by insurers are
adapted to the filtration G = {G,}y<;<7-

In the present paper, we use 7 to represent the uncertainty of the time horizon, which is assumed
to be a stochastic positive variable. Let F(f) = P(r<t|G; be the conditional distribution
function of 7. Moreover, F(-) has a nonnegative and uniformly bounded density process d(-),
such that F(r) = fot o(s)ds for each t+ € [0,T]. We assume that all parameter processes
u(), p(t), A(t), o (1), q(t), v1(t, 2), y2(t,2), 6(¢) involved in this paper are Malliavin differentiable with
respect to W' and N’, for each t € [0,T],i = 1,2, and satisfies u(?), p(t), A1), o(2), q(t), 6(t) €
L*(P),y1(t,z),v2(t,z) € L*(P X u), where u denotes the Lebesgue measure.

Let u(t) = (n(¢), k(¢)) denote the strategy process for the insurer, with 7(¢) as the wealth allocation
proportion to risky assets and «(#) as the liability ratio at time t. The definition of an admissible strategy
is defined below.

Definition 2.1. u(t) = (n(1), k(t)) € Ag is said to be an admissible strategy if it satisfies the following
constraints:
(1) u(t) is caglad and adapted to the filtration G.

(2) n(s)yi(s,2),log (1 + n(s)y,(s,z)) and %’ s € [0,T],z € Ry are forward integrable with

respect to N'(dt,dz). k(8)ya(s,2), log (1 — k(s)ya(s,2)), and %, s € [0,T],z € Ry are forward
integrable with respect to N> (dt, dz).

(3) n(s)yi1(s,2) > —1 + &, for a.s. (t,z) with respect to dt X v|(dz) for some &, € (0, 1) depending on n.
k(8)ya2(s,2) < 1 — & for a.s. (t, z) with respect to dt X v,(dz) for some g, € (0, 1) depending on «.

B E| [ L, eom @] < oo, E| [ [ mate, a7 va(dopde] < oo

(5) n(t) is Malliavin differentiable and D, ;n(t) = lim,_,+ D, () exists for a.s. (t,z), k is Malliavin
differentiable, and D, .k(t) = lim,_,+ D, k(%) exist for a.s. (1, z).

(6) vi(t,z) (n(t) + Dy ,m(2)) > =1 + & for as. (t,2) for some &, > 0 depending on r,
Ya2(t, z) (k(t) + Dy k(1)) > =1 + g, for a.s. (t,2) for some &, > 0 depending on «.

(7) E [ I i, i@, 2De 7)) vl(dz)dt] <o, E [ I i, b2, De (o) vz(dz)dt] < o0,
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(8) n(t) and k(t) are progressively measurable with respect to the enlarged filtration G, and for any
te[0,T],
E[70)16| <. E[K0)|G] <.

(9) The forward integrals fOT n(s)yi(s, 2)d~N'(s,z) and fOT Kk($)ya(s, 2)d~N?(s, 7) are martingales with
respect to G, and satisfy

2

} < Oo’

2
} < 0o, respectively.

E| sup

0<t<T

f n(s)yi(s,2)d"N'(s,2)
0

E lsup f K(s)y2(s, 2)d"N*(s,2)
0

0<t<T

(10) For any t € [0, T],
E [f F(s)zﬂ(s)zds] <o, E [f F(S)ZK(S)zdS] < 00,
0 0

There is a collection of all admissible strategies by Ag.

Remark 2.1. Condition (5) ensures that forward integrals are well-defined via Malliavin
differentiability. Condition (9) guarantees their martingale property under the enlarged filtration,
which supports semimartingale decomposition and the variational argument.

The wealth process X“ the corresponds to the admissible strategy u(f) is given by the following:

axt() =FOX D 6 )k OX )R + kX (=) At + I = FOXCD) o )
S(1) So(®)

=X”(t—){[(,u(t) — (D)) + (1) + (A1) — p(D)k(n)]dt

+ (1) f yit,2)N' (dt,dz) — k(1) f ya(t, 2)N? (d‘t,dz)},
Ro Ro

X“(t) =xexp { j(; [(u(s) = r(s)m(s) + r(s) + (A(s) = p(s)k(s)] ds

+ f f log (1 + 71(s)yi(s,2)) N' (d"s,dz) + f f log (1 = k(s)y»(s,2)) N*(d" s, d?)
0 Ro 0 Ro (2.4)

+ f f [log (1 + n(s)yi1(s,2)) — n(s)y1(s,2)] vi(dz)ds
0 Jro

+ f f [log(l—K(S)yz(s,z))+K(S)72(s,z)]Vz(dz)dS},
0 Ro

where the initial wealth is X*(0) = x > 0, and A(¢) represents the premium per policy for the insurer at
time . Within the time interval dt, the premium that the insurer can collect is expressed as A(t)L()dt.
A(t) is a caglad process adapted to (7)o, that satisfies A(f) > p(t) > 0. Due to the no-arbitrage
principle in financial markets, it follows that u(t) > r(t) > 0, for each ¢ € [0, T]. Let
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JUn) = f [(u(s) = r(s)m(s) + (As) — p(s)k(s)] ds

0
+f f log [1 + n(s)y(s,z)] N' (d_s,dz)+f f log [1 = «(s)y»(s,2)]| N* (d" s, d?)
0 JRg 0 JRo

: (2.5)
+ f f [log (1 + 7(s)y1(s,2)) — w($)y1 (s, Z)]vl(dz)ds
0 JRg
+ f f [log (1 = k(5)y2(s,2)) + k(s)y2(s, Z)]Vz(dz)dS-
0 JRg
It follows from the 1t6 formula for the forward integrals that
X"(t) = xexp {f r(s) ds} exp {J"“(1)}. (2.6)
0

In practice, since insurers cannot know the exact time of exiting investments, the true terminal time
for the insurer to make decisions is 7 A 7', which is an uncertain time horizon. We aim to find an
admissible strategy that maximizes the expected logarithmic utility of terminal wealth, that is,

sup E [log X“(T A 1)], 2.7

ueAg
with X*(¢) being expressed by Eq (2.6). Furthermore, we have the following:
E [log X“(T A7)| = E [lizs1y10g X“(T)| + E [Iz<1y log X"(7)]

T
log X“(1)dF
fo og X“(1) (t)] 2.8)

T
=F [f o(t)log X“(t)dt + (1 — F(T)) log X“(T)] .
0

- E[ f ) log X“(T)dF(1)| + E
T

From Eqgs (2.6) and (2.8), we can easily conclude that the optimal problem (2.7) is equivalent to the
following:

T
sup £ [f o(J" (Hdt + F(T)J”(T)] , (2.9)
0

ueAg
where F(T) = 1 — F(T), and J*(¢) satisfies Eq (2.5).
Theorem 2.1. Let u = (n(s), k(s)) be an admissible strategy. We have the following:

E [ﬁT o()J"(T)dt + F(T)J”(T)]
-E { fo ' F@{ [605) = r(s)m(s) + () = pls)()] ds
+ fR log (1 + 71(s)y:(s,2)) N'(ds, dz) + L{) log (1 = k(s)y2(s,2)) N*(ds, dz) (2.10)
+ fRO [log (1 + 7(s)y1(s,2)) — w(s)y1(s, D] vi(dz)ds
+ fR 0 [log (1 = k(5)y2(s,2)) + k(5)y2(5,2)] Vz(dz)dS}}-
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Proof. Substituting Eq (2.5) into Eq (2.8) yields the following:

T ¢
E [ fo o(t) ( L [(u(s) = r()m(s) + (A(s) = p(s)k(s)] dS) dt
T
+F(T) ( fo [((s) = r(s)m(s) + (A(s) = p(s)k(s)] dS)]

T ¢
f o(1) f f log (1 + n(s)y:(s,2)) N'(d" s, dz) dt
0 0 JRo

T
+ F(T)f flog(l+ﬂ(s)y1(s,z))N1(d‘s,dz)]
0 JRy

+F

+E[ | s | | fRO [log (1 + n(s)71(s, 2) = 7(s)1(5,2)] v (do)ds e
+ F(T) fOT fRO [log (1 + 7 (s)y1(s,2)) = m(s)y1(s,2)] Vl(dz)dS]
+E[ fo T6(t) fo t fR log (1 — k(s)y»(s,2)) N*(d" s, dz) dt
+ F(T) fo ' fR log (1 —K(s)yz(s,z))Nz(d‘s,dz)]
+ E[ fo s fo | fR [log (1 = k(s)y2(5..2) + K()y2(5, D) va(d2)ds it

T
+ F(T)f f [log (1 = k(s)y2(s, 2)) + &(5)y2(s, 2)] Vz(dZ)dS],
0 Ro

Applying the Fubini theorem to each of the above five expected value terms, we have the following:

E [ fo a0 ( fo [((5) = r(s)(s) + (AC8) = P ds) dt
+F(T) ( fo ' () — HD(8) + (ACS) — (o] ds)]
=E [ fo ' f " 500 [(u(5) — HsYR(s) + () — p(sDi(s)] s
- fo P [(u(5) — H)(8) + (A8) — ply(s)] ds]
=E [ fo ' (F(T) = F(s) + F(D)) [(u(s) = r()7(s) + (A(s) = p(s)w(s)] ds]

T
=E l f F(s) [(u(s) = r(s)m(s) + (A(s) — p(s))k(s)] ds] , respectively.
0
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Similarly, we can derive the following results:

T ! T
E[ f (1) f f log (1+7(s)y1(s,2) N'(d" s, dz)dt+ F(T) f f log(1+7r(s)71(s,z))Nl(d_s,dz)]
0 0 JRgy 0 JR

0

T
=F [f F(s) log (1 + 7(s)y:1(s,2)) N'(d" s, dz)ds],
0 Ro

T t
E [ f o(t) f f [log (1 + 7(s)y1(s,2)) — n(s)yi1(s, 2)] vi(dz)ds dt
0 0 Ro
T
+ F(T) f f [10g(1+7T(S)71(s,z))—ﬂ(S)%(s,z)]vl(dz)dS]
0o Jry

T
=E [L F(s) | [log (1 + a(s)yi(s,2)) = 7(s)y1(s,2)] V1(dz)ds],
Ro

E[ | s [ t [ og1=xtomats. 2y W@ sy e ' [ tog-kmtsn W, dz)]
=E [fOT F(s) A log (1 — k(5)y2(s,2) N*(d"s, dz)dSl,
E[ fo s fo t [ 1ot =kt ) + kats. D vtdords
+ F(T) fo ' fR O [log (1 = k(8)y2(s, 2)) + k(8)y2(s,2)] Vz(dz)dS]

T
=E [ f F(s) f [10g(1—K(S)Vz(S,Z))+K(S)72(S,Z)]V2(d2)ds]-
0 Ro

Summing up the above results, (2.10) can be obtained.
Note that Conditions (2), (3), (5), and (6) in Definition 2.1 ensure the forward integrability of log(1+
n(t)y1(t,z)) and log(1 — «(t)y»(t, z)). We conclude that

T T
E[f flog(l +7(s)y1(s, 2)N! (d”s, dz)] = E[f stﬂzlog(l +7(s)y1(s,2))v (dz)ds] , (2.11)
0 JRg 0 JR

0

T T
E [ f f log(1 — k(s)y2(s, 2))N* (d"s, dZ)] =E [ f f Dy . log(1 — k(s)y(s, Z))Vz(dz)dS] - (2.12)
0 Jr, 0 JRrg
By combining Eqs (2.11) and (2.12) with (2.10), we have the following:

T
f S()J (Hdt + F(T)J“(T)
0

T
= f F(s){ [(u(s) = r(s)m(s) + (A(s) — p($)k(s)] ds + f Dy log(1 + n(s)y(s, 2))vi(dz)ds
0 Ro (2.13)

+f Dy log(1 — k(s)ya(s, 2))va(dz)ds +f [log (1 + 7(s)y1(s, 2)) — 7 (s)y1(s,2)] vi(dz)ds
Ro

Ro

+ f [log (1 — k(s)ya(s,2)) + k(5)y2(s,2)] VZ(dZ)dS}-
Ro
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Denote the following:

MP(f)= f tl:"(s){/,t(s)—r(s)— f (8.9 1(dz)}ds+ f t f Mﬁl (ds,dz), (2.14)
0 0

rol +71(s)y1(5,2) ol +7(8)y1(5,2)

MW (t) f F(s){/l(s) p(s) f Koy (2 va(dz )}ds f f FOnD g2 g 215)
1=k(s)y2(s,2) 1=k(s)y2(s,2)

O

Theorem 2.2. Suppose u* = (n*,«*) is optimal for problem (2.7). Then, M™(t) and M“(t) are
martingales with respect to the filtration G,.

Proof. Now, suppose u* = (r*(s), k*(s)) is optimal for the problem (2.7). Fix ¢t € [0, T] and & > 0 such
that # + h < T. Choose (81, ,) € Ag of the form

Bi(8) = Xit+m (B0, B2(8) = Xrasm($)By, 0<s5< T,

where B and 3 are bounded G,-measurable random variables such that D, 8, and D, 3, are bounded
a.s.. Then, it is clear from Definition 2.1 that there exists a & > 0 such that 7* + y8,, «* + B, € Ag for
all y € (=¢,&). Then, the function

T
E [f 5(I)J(n*+yB1,K*+y,82> dt + F(T)J(ﬂ*+yﬂ1,l<*+y/32):|
0
is maximal for y = 0. Hence, by Eq (2.12),
d ! B _ B
d_E [f 6(;)‘](7r +)B1:K )(l‘) dt + F(T)J(ﬂ' +)B1:K )(T)]
Y 0

—E[ fo F(S){(M(S) H()B(5)+ fR |Bentom(ss
:0’

Y1(s,2)B1(s) (2.16)
=71(8,2)B1(s) +Ds+,z(m):|vl (dz)}ds]

T
diE [ f S()J Ny dr + F(T)J(”*’K”W”(T)]
Y 0

—E[ fo F<s>{a(s) P(S)Ba(s)+ fRO R
=0.

For convenience, we introduce the following notations:

+72(5,2)B2(8)+ Dy (M)} ol dz)} ds] (2.17)
1=«(s)ya(s,2)

B ’yl(S, Z) _ &
Cils,2) = 1+ n(s)yi(s,2)’ Cals,2) = 1 = k(s)y2(s,2)

After some simple calculations, using Conditions (3) and (7) in Definition 2.1, Eq (2.16) can be
transformed into the following:

T T T
0=E[ f F(s)Bi(s){u(s)—r(s)} ds— f f Ci(5:21(5,)m(s)vi (d2)d s+ f f F($)Ci(s,2B1(s)N'(ds, d2) .
0

0 JRy 0 JRy
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Substituting the expression for 5;(s) into the preceding equation gives rise to the following:
t+h_ t+h B B
0=E [ 0 { f F(s) (u(S)—r(S)— Ci(s, 2)y(s, Z)”(S)Vl(dZ)) ds+ f f F(5)Ci(s,2)N' (d"s, dZ)}] :
t Ry t Ro
Since S is an arbitrarily bounded G,-measurable random variable, we have the following:
t+h_ t+h _ ~
0=E [f F(s) {u(S)—r(S)— Ci(s, 271 (s, z)ﬂ(S)vl(dz)} dS+f fF(S)Cl(S, DN (ds,d2) | Qz] :
t Ro t Rg
By similar arguments, Eq (3.20) can be rewritten as follows:
z+h_ t+h _ ~
0=FE [f F(s) {A(S)—p(S)—sz(s, 2)y2(s, Z)K(S)Vz(dZ)} ds—f f F(8)Cy(s,2)N? (d s, dz) | Qt].
t Ro t Ro

We can conclude that

E[(M™@+h)-M™®)16|=0, E[(MO¢+hn-MO®)|G|=0, uel0.T].
Therefore, the processesM™)(r), M*(t) are both G,-martingales. o

Then, we have the following.

Theorem 2.3. Suppose n(t) = n*(t), k(t) = «*(t) are the optimal solutions for problem (2.7).
Furthermore, the process

_ [ Y105, 2) 1 (- ,_ ftf RGN N
o ._fo »ﬂ% 1 +7T(S))’1(S,Z)N (@ 5d2), Dy := 0 Jry 1 —K(S)VZ(S,Z)N (s, d2)

is a special G,-semimartingale with a decomposition given by (2.14) and (2.15).

However, note that this alone would not imply that D; and D, are G,-semimartingales, because
vig(dt, dz) need not integrate to a process of finite variation. We may write the following:

(m) _ s ')’1(S,Z) 11
M®(z) = fo F(s){ jl; ™ s do

2.18
+f —YI(S’ 2 (v1 —y )(ds dz)+ (s)—r(s)—f —ﬂ(s)y%(s, 2 vi1(dz) ds} | )
A8y (s.g) G TR EITIA W H(9)71(5,2) | ’
M®(f) = f IF(s){ f %(Nz—vé)(ds,dz)
0 Ro IS (2.19)

+f M (Vz - vé) (ds,dz)+
R

K(5)y5(s,2)
T x(sa(5:2) Als)=p (S)‘fR —Vz(dz)] ds}.

oL =K(8)y2(s,2)

Hence, by the uniqueness of the semimartingale decomposition of the G,-semimartingale M™(¢) and
M®(t), we conclude that the finite variation part above must be 0. Therefore, we get the following
result.
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Theorem 2.4. Suppose n(t),«k(t) € Ag are optimal for problem (2.7). Then, n(t),k(t) solves the
following equations:

2 i T35, Foms.a
fo F(s){u(s) r(s) jl; oo g )}ds f f F—e Z)(l vg)(ds.dz),  (2.20)

i ~ K(S))/z(s ) } f f F(s)ya(s,2) 2
fo F(s){/l(s) p(s)— Nerrwee va(dz) b ds TG Z)( vz)(ds dz). (2.21)

This implies that when ¥, C G, the optimal strategy depends on F(s), which characterizes the
randomness of the exit time T.

Proof. From Theorem 2.3,

' YI(S,Z) 7l -
N (d s,d
fofRomr(s)yl(s,z) (s, dz)

is a semimartingale. By Eq (2.14) and the semimartingale decomposition theorem, we obtain the
following:

! L ! i
f f F(S)VI(S, Z) Nl (dS, dZ) — M(ﬂ)(l-) + f F(S) {'L[(S) - I’(S) - f ﬂ-(S)’)/l(s’ Z) Vi (dZ)} ds.
0 0

Ry 1 +7(s)¥1(5,2) R, 1 +7(s)y1(s,2)

Here, N'(d"s,dz) = N'(d"s,dz) — vi(dz). It follows from Theorem 2.2 that M™(¢) is a martingale.
Furthermore, we perform the following identity transformation for the compound Poisson random
measure:
N'(ds,dz) = (N\(d"s,d2) = vg(d2)) + (v(dz) = v1(d2)).
Substituting the above change of Poisson measure into the semimartingale decomposition yields the
following:

" _Flmis2) o R
fo fR T+ (s, @ ) Vg(d@“fo fR T+ atsyyi(s,0) o) (@)

o [ [ m9%)
=M (t)+f(;F(s){/1(s) r(s) fRO 1+7r(s)y1(s,z)vl(dz) ds.

By transposition, we have the following:

’ F(s)yi(s,2) .
fo fR01+n<s)y1(s,z>(Nl(d s,d2) = v(d2) = M)

s F(s)yi(s,2) o - ~ _ n(s)y;(s,2)
—fo fRO T+ 7)1, Z)(Vl(dZ) "g(a'z))‘hf0 F(s) {,U(S) r(s) LO 7 +7r(s)y1(s,z)vl(dz)} ds.

Both terms on the left-hand side are martingales, so the finite-variation part on the right-hand side
must be zero, i.e.,

t Flsim(s.2) ) ft - ~ _f m(s)y1(s,2) ~
fo L@ T+ 7). 1@ —vsd) + | F(s) {u(S) O | T @45 =0

Therefore, we obtain Eq (2.20). Equation (2.21) can be similarly derived. O
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Corollary 2.1. Suppose F; = G;,t € [0,T]. Then, there are two situations of optimal strategy u* =
(", k*):
(1) If F(5)=0, it means [, 6(s)ds=1.

This could happen if and only if t=co, which is mentioned in Chen et al. [20], who also considered
the uncertainty of the time horizon in optimal investment and risk control.
(2) If F(s) # 0, it means

7(5)72(s.2) )
u(s) —r(s) — jl;o T+ 7071 (5.2) vi(dz) = 0, (2.22)

2
A(s) = p(s) — f Mvz(dz) - 0. (2.23)
Ry 1 — K(8)y2(s,2)

Remark 2.2. Corollary 2.1 corresponds to the scenario without in information: In this scenario, the
insurer can only obtain public market information, which is characterized by the original filtration {F;},
and cannot observe any additional information beyond the scope of public market information. Under
this circumstance, v = v, holds. Consequently, the left-hand sides of the optimal strategy expressions
(2.20) and (2.21) under inside information identically vanish. Since F(s) # 0, this implies that the
integrands on the left-hand sides must be identically zero. Hence, Eqs (2.22) and (2.23) are valid. The
results are consistent with the classical insurance portfolio optimization. Theorem 2.4 corresponds to
the scenario with inside information: in this scenario, the decision-maker possesses an information
advantage richer than public market information. This advantageous information is characterized by
the enlarged filtration {G,}, (i.e., for all t € [0,T], ¥, C G, holds (where {G,} is the enlarged filtration
of {F:}), reflecting the supplementary effect of inside information on the information set).

To clearly reveal the influence mechanism of inside information on the optimal investment strategy,
we adopt the semimartingale decomposition technique under the enlarged filtration {G,}. In the specific
derivation process, we use the method of adding and subtracting v, as a supplementary term, which
not only strictly satisfies the theoretical conditions of semimartingale decomposition, but also subtly
highlights the incremental impact of inside information on the optimal strategy, thus making the action
path and effect of inside information more intuitively distinguishable through v,.

3. Optimal portfolio in a mixed market

In this section, we adopt a more general jump-diffusion models in the financial and insurance
markets to investigate the optimal investment strategy. We assume that o(s)z(s) and g(s)k(s), s € [0, T']
are caglad and forward integrable with respect to W', and g(s)x(s), s € [0, T] is caglad and forward
integrable with respect to W2. The risk-free asset price process S is described by the following:

dSo(t) = r(t)So(1)dt,
{ So(0) = 1. G-1)
The dynamic evolution process of the risky asset is as follows:
— -l (-
aS (1) = S ()|t + o Od W, + [ yi(t, DN (@ 1,d2)| a2

S(0) > 0.
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The risk process per policy for the insurer is governed by the following:

{ dR, = p()dt + qdW, + [, y>(t,)N*(d1, dz), 3.3)

Ry =0.

where ¢(f),o(t) are assumed to be bounded parameter processes that are caglad and adapted to
{(Fdocser- Wit € [0,T] is a Brownian motion given by W, = pW'(1)+ +/1 — p2W2(r) with p € (-1, 1)
to describe the correlation between the insurer’s liabilities and capital gains in the financial market.
W(t), W2(t), N'(dt, dz) and N?(dt, dz) are mutually independent.

For technical considerations, we further impose the following conditions on Definition 2.1:

)

T 2 2
| fo (1750 + ls) + (5) + [l + o)l + ) g2) + Y Do)
i=1 i=1

2
+ ZfR (|7i(s, Z)| + |7i(s, z)|2 + |D§+,27i(s, z)| +|D, i, z)|2)v,.(dz))ds] < oo,
i=1 0

(2) o(t) and ¢(t) are forward integrable with respect to W!, and ¢(¢) is forward integrable with
respect to W2,

The wealth X““(z) of the insurer in the mixed market evolves according to the following:

ax“(r) = X”(t—){[(,u(t) — r(O)r(?) + (1) + (A1) — p(O)k(D)]dt + (o (t)n(t) — pq(t)k(t))d” W,
(3.4)
— V1 = p2qtk(Od W + n(t) f yi(t,2)N' (d"t,dz) — k(t) f ya(t,2)N* (d 1, dz)},
Ry Ry

with X*(0) = x > 0. By the It6 formula for forward integrals, we have the following:

! 1
X*(1) = xexp {fo [(M(S) = r(s)n(s) + r(s) + (A(s) = p()k(s) — EGZ(S)HZ(S)

1 1
+po(s)q(s)m(s)k(s) — qu(s)ﬁ(s) ds + fo (o (s)m(s) = pq(s)x(s))d” Wy

- f V1 = p2q(s)x(s)d” W? + f f log (1 + m(s)yi(s,2)) N' (d” s, dz) (3.5)
0 0 JRy

+fflog(1—K(s)y2(s,Z))N2 (d_s,dz)+ff[log(1+7r(s)71(s,Z))—?T(s)yl(s,z)] vi(dz)ds
0 0 JRg

Ro
/

+ f f [10g(1—K(S)yz(s,z))+K(S)yz(s,z)]Vz(dz)dS}-
0 R

0

Let
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T
1
JUT) = j(; [(/1(8) = r()n(s) + (A(s) = p(s))(s) - EUZ(S)NZ(S) + pa(s)q(s)m(s)k(s)

T T
-3 ORO|ds+ [ @) - pgonna W - [ VT= et W
0 0

T T
+ f f log (1 + n(s)y1(s,2)) N' (d"s,dz) + f f log (1 — k(s)y»(s,2)) N*(d" s, d?)
0 Ro 0 Ro
T
+ f f [log (1 + 7t(s)y1(s,2)) — w(s)yi(s, 2)| vi(dz)ds
0 Jrg
T
+ f f [log (1 — k(5)y2(s, 2)) + k(8)y2(s, 2)] va(dz)ds.
0 Ro

Using a similar argument as in Theorem 2.1, we obtain the folloowing:

fOT s(J"(t)dt + F(T)J"(T)
=[ fo ' F<s){[w<s) — r(s)a(s) + (A(s) = p(s)K(s) - %(fz(s)nz(s) + p0(5)g(s)(5)(s)
~ 3RS |ds + (@) ~ paEDA W, ~ NT=Fg(s)d W?
+ fR log (1 + n(s)yi(s,2)) N'(d"s,dz) + fR log (1 — k(s)y»(s,2)) N*(d" s, dz)
+ fR O [log (1 + 7(s)y1(s,2)) — n(s)yi(s,2)] vi(dz)ds
' fR Hlog (1 = k(972(5,2) + (517245, va(dzyds ||

Denote the following:

Mi(t) = f F(s)|u(s) = r(s) = o (s)n(s) + por(s)q(s)k(s) | ds + f F(s)o(s)dW!
0 0
' F(syi(s,2) o1, _ftf F(s)y;(s,2)m(s)
+fo fR TG @O ) Traomes.g @90

My (1) = j; F(5)[A(s) = p(s) + pa(s)q(s)n(s) = q(s)k(s)] ds + f F(s)p(s)q(s)dW;

’ ] O E(s)ya(s.2) F(s)y2(s, D(s)
—| V192 szff Y [ (4 s,d ff 2 dz)ds.
fo PADEWA | ) e @S ) Tt 24

(3.6)

(3.7

(3.8)

(3.9)

Remark 3.1. For any t, let G, be the o-algebra generated by the random variables W(s) and
Ni(ds,dz),z € Ry, s < t. A stochastic process y; = vyi(t,2),t > 0,z € Ry is called G-adapted if for
all t > 0 and for all 7 € Ry, the random variable y(t,z) = yi(t, 7, w), w € Q, is G,-measurable for any
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G-adapted process y such that
T .
E [ f f v, z)v’(dz)dt] < oo forsomeT > 0. (3.10)
0 Jro

Then, we have the following Ito isometry:

T 2 T
( f f %(t,z)N"(dt,dz)) =E f f y?(t,z)v"(dz)dt]. (3.11)
0 Ro 0 Ro

By Condition (3) in Definition 2.1, we have 1+ (z(s) + £B1(s)) y1(s,2) = &, +& (sﬁl - l), dtxv(dz)—

a.e. and 1 —(k(s) + &B1(5)) v2(8,2) = & +& (sﬁz 1), dtXv,(dz)— a.e.. Therefore, £ > 0 is small enough
such that for all & € (=¢,), we have 1 + (n(s) + EB1(5)) y1(s,2) = &, — {1,dt X vi(dz)-a.e. for some
{1 € (0,8;) and 1 — (k(s) + EB2(5)) ya2(8,2) = & — &, dt X vy(dz) a.e., for some &, € (0, g); we obtain
the following:

- _ . AT
E f f F(s)yi(s,2) N (d s, d2)| < 1 f f F2(s)yi(s, Z)W(dZ)dS <00,
[0 JRg

E

L+ ($)+EB1(5)) y1(s,2) I (=)
(7 Foysd o o 1 f f -2
E N=(d s,dz)| < F dz)ds|< oo,
fo fR EEEER S AT I (D75, a(dds| <
where(rr(s), k(s)) and Si(s), pB2(s) all belong to Ag. Additionally, the coefﬁcients

2 2
w(n), r(t), o(t), y1(1), y»(t) are bounded, and we conclude E (M;’”gﬁ "K)) <ooand E (M;”’Hfﬁ 2 ) < oo in

£ € (=¢,0). Consequently, (M("Jrf’/j " K))f o and (Mgr’”f',j 2)) ceto)

Theorem 3.1. The admissible strategy u*(t) = (n*(t), k*(t)) is optimal for problem (2.9) when processes
{MYT*’K*)(I)} and {Mé”*”(*)(t)} are (G, P)-martingales.

are uniformly integrable.

Proof. The proof is analogous to Theorem 2.2 and is omitted here. O

The integer valued random measure N'(dt, dz) and N*(dt, dz) have unique predictable compensators
vlg(dt, dz) and vé(dt, dz), respectively. Thus, M ﬁ‘ (t) can be rewritten as follows:

. o / F ’
MY (1) = fo F(s)or(s)dW! + f f 1+7(;)£;‘j(zs)z) (N' - v5) (ds. d2)

+ fo t fRO 1 f;szz)‘y(f(j)z)( L VL) (ds,d2)+ f F(5) [1() = ()= 02 (9)m"(8) +p0(8)g() ()] ds (3.12)

C [ F()yi(s, mt(s)
- fR Trromea O

where v(}r(ds, dz) = vi(dz)ds. Furthermore, we see that the orthogonal decomposition of {M‘l‘ (t)} into
a continuous part {CM ﬁ‘*(t)} and a discontinuous part {dM ’f (t)} is given by the following:

‘MY (1) = f F(s)o(s)dW! + f F(s)o(s)a;(s)ds, (3.13)
0 0
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dagu o ! F(S)VI(S,Z) 1
MY (1) = fo fR T oD (N' = vg) (ds. d2), (3.14)

where {a;(s)} is an G,-adapted process. By the uniqueness of the semimartingale decomposition
of the G,-semimartingale {Mﬁ‘*(t)}, we conclude that the finite variation part of {Mﬁ’*(t)} must be 0.
Consequently, we obtain the following result:

(. (' _FomGs.d
_fo F(s)o(s)ai(s)ds = f(; fRO T+ O, Z)( v¢) (ds,dz)

g . . " F(s)yi(s,2)m"(s)
+£F(s) [,u(s)—r(S)—o-Z(s)n (8)+pa(s)q(s)k (s)] ds—ﬁLo 1+7r*1(s)y1(s, =

(3.15)
vi(dz)ds.

Similarly, we can write the following:

My (1) = - f F(s)pq(s)dW; - f F(s)N1-p2q(s)dW; - f f M(Nz—vé) (ds, dz)
0 0 JRg

1=k*(5)y2(s,2)

F(s)y2(s,2) = N :
f f — KS(Z;YZS(SZ 55—V )ds, o)+ fo FSP$)~p(s)+po(8)g()n"(s) () ()ds  (3.16)

F(s)K"(8)y3(s.2)
) L *fRo 1 = k*(8)y2(s,2) va(dz)ds.

MY (f) can be decomposed into a continuous part {"Mg*(t)} and a discontinuous part{dMg*(t)}, is
given by

MY (1) = - fo Fs)pg(s)dW! - fo F(s)pg(shar(s)ds
— f F(s)\1 - p2q(s)dW? - f F(s)\1 = p2q(s)as(s)ds,
0 0

dagut oy ! F(S)')/Z(s, ) 2 2

where {a,(s)} is also a G,-adapted process. By the uniqueness of the semimartingale decomposition of
the G,-semimartingale {Mg*(t)}, we deduce that the finite variation part of {Mg*(t)} must be 0, that is,

0:fF(s)pq(s)a/l(s)ds+fF(s)\/1—pzq(s)az(s)ds+ffM(v;—vé) (ds,dz)
0 0 0

Rol —K*(8)y2(5,2)

t t » 2 *
+ f F(s) [/1(5) — p(s) + po(s)g(s)m*(s) — qz(S)K*(S)] ds - f f F(S)yf(s’ )
0 0 JRg I = k*(s)y2(s,2)

(3.17)

(3.19)
vo(dz)ds,

where vf,(ds, dz) = vo(dz)ds with s € [0, T]. Suppose that u* € Ag is an optimal strategy for problem
(2.9). Then, u* = (n*,«*) solves Eqgs (3.15) and (3.19), where {@(s)} and {a,(s)} are G,-adapted
processes, vlg and vé are the G,-compensators of N! and N2, respectively, and Vi(ds, dz) = vi(dz)ds,
i=1,2.

Corollary 3.1. Suppose G, = F,, that is, the insurer has no inside information. Then, the necessary
conditions for u* = (n*, k") to be optimal are as follows:

t t ” 2 *
[Flur-ro-com e elas- [ [ D, a0, @20
0 0 Jz, L+ (8)y1(5,2)
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! t ” * 2
[ [-perrorouon ©-¢onoa- [ [ TEEEED, Gas=0. @2n
0

0Jr, 1=k*(s)y2(s,2)
Proof. Since G, = ,, vg = v#. Then, Eqgs (3.15) and (3.19) become (3.20) and (3.21). ]

Different from the results in Section 2, if the insurer has no inside information in a mixed market,
then, the random exit time will affect the optimal strategy. However, we still can’t provide explicit
results. In the next section, we will present the explicit expression of the optimal investment and risk
control strategies in a particular case.

Proposition 3.1. Assume that there exists an optimal strategy u* = (", k") for our problem (2.9).
t ~ 1 ~
Then, the processes Uo fRo y1(s,2)N'(ds, dz)} ’{fo ﬁRo y2(s, 2)N*(ds, dz)} ,{Wl(t)} , and

0<t<T 0<t<T
{Wz(t)}o<z<r are all G,-semimartingales.

0<t<T

Proof. Suppose u* = (", k") is an optimal strategy for problem (2.9). From item (4) in Definition 2.1,

we have that { fot fRO Y1(s,2) (vlg - v(}t) (ds, dz)} and { fot fRo Ya(s,2) (Vé - v;) (ds, dz)} are of a finite
variation.

Since [} [ 71(s,2N'(ds,dz) equals [ [ y1(s,2)(N' =v})(ds,d2) + [ [ (v = v})(ds,dz) and
{fot fRo Y1(s,2) (Nl - vlg) (ds, dz)} is a G,— martingale, we conclude that {fot fRo yi(s,2)N'(ds, dz)} is a
G.-semimartingale. Similarly, we have that { fot fRo v2(s, 2)N*(ds, dz)} is also a G,-semimartingale.

Furthermore, we have that M{‘* (t) and Mg’*(t) as G,-martingales. By (3.13) and (3.17), we have the

following:
t l . t
lef_—ch”t—f ds,
t o E(5)o(s) 1 (@) a;(s)ds

f 1 d°My (5) 29O 4 s

_ . §) — a,(s)ds,

o VI=BFE(s)q(s) \/1 — 0 VI— Al

with ¢ € [0, T]. Therefore, {W} }0<t<T and {sz}o<,<T are G,-semimartingale. o

4. Optimal strategies in some particular cases

In this section, we assume that the insurer has access to future information regarding the financial
and actuarial markets. This information flow is driven by the stochastic processes Wi (Ty), W (T)),
m (Ty),n2 (Ty) at a future time Ty > T, which implies that the inside information can be described as
follows:

G2{G =F: VoW (Ty),Wo(To),m (To),m (Ty)) : t € [0, T]}. 4.1)

The insurer who owns inside information makes decisions at time ¢ based on the filtration G,, where
ni(t) = fot fRO zN(dt,dz),i = 1,2. Referring to Property 5.1 from Peng and Wang [21], it follows that
Proposition 4.1 holds.

Proposition 4.1. Let G, denote an inside filtration of the form given in Eq (4.1). Then, we have that

W) — Wi (To) - Wi(s)ds, 4.2)
0 T() - S
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ni(t) — f 1:(To) = ni(s) o ni(t) — f f f Ni(dr, dz)ds, (4.3)
0 To—s To—s

i=1,2, are (G,,P)-martingales.

and

Proposition 4.1 means that in the present situation of the enlargement of filtration, the processes

{a1(s)} and {a»(s)} in (3.13) and (3.17) are of the form {—%} and {—%}, respectively.

Proposition 4.2. The compensating measure v’é of the jump measure N' is given by the following:

. 1 To .
vg(ds, dz) = vi(dz)ds + T N'(dr,dz)ds 4.4)
(VI K
1 To
= N'(dr,dz)ds, i=1,2. 4.5)
T() - S

Proof. 1t is sufficient to show that if vig is the right hand side of (4.4), then

ft f@ (Ni — v’g) (ds,dz)
0 Jry

is a G,-martingale for all f € G. Here, G is a set of bounded deterministic functions on R, zero around
zero, which determines a measure on R whose mass at the origin is zero. The same argument holds
if we take G to be the set of invertible functions f(z) that are integrable w.r.t. v . Let f(z) be such a
function, and consider the Lévy processes W(t) + 7i(¢) for i = 1,2, whose O'-algebra is denoted by,
and where 7i(t) := [ [ f(2)N(ds, dz).

Since f(z) is invertible, we have ¥, = ¥ and G, = G, where G, = F V
o (W, (Ty), W, (Ty) ,n1 (Ty) ,n2 (Ty)). From Proposition 4.1, we can obtain the following:

To
M) = f f f(@N'(ds,dz) - f f f © Ni(dr,dz)ds
is a G,-martingale.

Under the measure in (4.4), the optimal portfolio condition specified by (3.19) and (3.15) transforms
into the following:

f F()lu(s) = r(s) = (9" (s) + p(s)g(s)k”(s))ds + f F(s)a(s)Wl(TTO)_?ll(s)ds
0 0 0 —

O Fomesd f f F(s)y2(s, 9" (s)
N'(dr, dz)ds - d2)ds =0,
+fo fRf T+ To -y U | ) Trrome @0

b g W, (To) - W
fOF () [A(5) = p(s) + po()g(s)m'(s) — ()" (5)] ds fo F(s)pg(s) ‘(TOO)_S ()

; f To 2
‘f F<s>Jl——p2q<s>W2(;0)_EVZ(S)ds‘f f f SINDNrardods (4.7)
0 0— 0 Ro s

(1=k*(8)y2(s,2)) (To = 5)

L OF(s)ya(s, K"
_f f (8)y5(s, 2)k (S)vz(dz)ds = 0, respectively.
R, 1 — K*(8)y2(s,2)

(4.6)

AIMS Mathematics Volume 11, Issue 4, 10986-11011.



11004

Substituting Eq (4.4) into Eqgs (4.6) and (4.7) leads to the following results:

fo F(s) [u<s> — 1(5) = P5) (5) + PO () + () (7;3 — SWI(S)] ds

) (4.8)
C o F(syyi(s,2) 1 o )
¥ fo fR f T+ (5)y1(s,2) (Tg =g rdeds = fo fR Flomis, on(dads =0

o ! W, (Ty) - W
[ F(S)[/l(s) P(5)+ o9 ) = 5 0) =~ [ paty THEE—EE

f (1 _ ( )W2 (TO) WZ(S)]d _f f f (1 — F(S)YZ(Ss Z) N2(dr, dZ)dS (49)

*(8)y2(5,2)) (To — )
+f f F(s)y»(s,2)va(dz)ds = 0
0 Jry

The theorem below establishes that, under certain additional assumptions, Conditions (4.8) and
(4.9) are also sufficient for the optimality of the strategy (7%, k™). O

Proposition 4.3. Let fRo lyi(s,2)|vi(dz) < oo,i = 1,2 be the strategy (n*, k") that is optimal for the
insurer if and only if (7", k") € Ag, and for a.s. (w, s), (1", k"), it satisfies the following equations:

Wi (To) — Wi(s)
TQ — S

F(s) [,U(S) = 1(s) = () (5) + p(s)g()K*(s) + T (s)

Ty 1(5.2) (4.10)
1 k 1 _ —
¥ fkof T+ G(s ) To—s) " @40 fR s, Z)Vl(dZ)] 0
_ W, (Ty) - W
F(s) [A(s) = pls) + pr (a5 (5) — P (5) — pals) 790) — 1)
W, (To) - Wz(S) f To v2($,2) )
1 - N-(dr,d 4.11
VL= p%4(s) ) TG @ = ) ¢-11)

+ f Vz(s,z)Vz(dz)] =
Ro

Proof. From Propositions 4.1 and 4.2, the optimization problem is equivalent to the following:
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T
sup E [ f S(t)J (H)dt + F(T)J”(T)]
0

ueAg
T
2 1
=E { fo F(s){ [(,u(S) = FED(S) + (A(S) = PEDK(s) = 50 (IT(5) + por(s)g(T(IK(S)

L
S (SK)

ds + (o()n(s) — pg()k(5)) (AW} + a1 (5)ds)
~ V1= p%()K(s) (AW + aa(s)ds) = ((5)a(s) = pa(s)e(sDe (s)ds

+ V1 = p2g(s)k(s)ay(s)ds + f log (1 + 7(s)y:(s,2)) (N1 - vlg) (ds,dz)
Ro

* f log (1 = k(5)y2(5,.2)) (N* = v ) (ds, d2) + f log (1 + 7(s)y1(s, 2)) vi,(ds, d2)
Ro %o
2 (4.12)
+f log (1 — k(s)y2(s, 2)) vg(ds, dz) + f n(s)yi(s, 2vi(dz)ds + f
Ro Ro Ry
T
2 1
=E {f(; F(S){ [(.U(S) = r(s)n(s) + (A(s) — p(s)k(s) — EO'Z(S)TI'Z(S) + po(s)q(s)m(s)k(s)

W, (Ty) - Wl(S)d
s
TO )

To
— V1 = p*q(s)x(s) W2 (TTO) — :VZ(S)ds + f f log (1 + mls)n(s, Z))Nl(a’r, dz)ds
0~ Ro Vs

T() - S
. f fTO log (1 = (1205 D) vy yas
Ry Js T() - S ,

K(5)7a(s, Z)Vz(dz)dS} }

ds + (o (s)m(s) — pq(s)k(s))

_l 2 2
X ()K" (s)

_f n(s)yl(s,z)vl(dz)ds+f K(s)yz(s,z)vz(dz)ds}}.

Ro Ro

Let

_ 1
H(r, k) =F (S)[(,u(S) — () + (A(s) — p(s))k = EGZ(S)ﬂ2 + po(s)q(s)mk

Wi (To) — Wi(s) W, (To) — Wa(s)
o s - V1= pq(s)x T s

+ f fTO log (1 + 7y, (s, Z))Nl(dr dz) + f fTO SR Z))Nz(dr dz)
Ro s To—s ’ Ry Js To—s ’

1
_ qu(s),(z + (o (s)m — pg(s)K)

_ f 71 (5. 2vi(d2) + f (s, a2
Ro Ro

Based on the first-order optimality conditions, it follows that:

(Z—H = F(S)[,U(S) — 1(s) — ()" (5) + pa(s)q(s)K*(s) + o°(s) Wi (To) = Wi(s)
7/ - To—s

T

’ YI(Sa Z) 1 _f _
e, f T+ om0 To— s @~ f 1 mda)] =0,
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oH _ W, (Ty) — W
= Foas - po) + prtsiam ) - g (9) - pyis) L=
K u=u To—s

Wz(To) Wz(S) f f“ ¥2(s,2) N2 (dr.d
VI=p%(s) W) Toe oo Ty
+f 72(s,z)v2(dz)]:O
Ry

The above equations satisfy (4.10) and (4.11). Moreover, we have the following:

62[—] B To ,YZ(S, Z)
—— =-F(s)|o’ f f 1 N'(dr,dz)| <0,
e = O Wl Teromeido-s & 9] <
82H » To 72(5’ Z)
- = —F©)|¢ f f 2 N(dr.d?)| < 0,
K2 (S)[CI (s) + s Um0 T (dr. z)] <
and
0’H 0°H 0’H 2_ —> N 2 ) 5 To )’%(S, 2) )
Py _(87r(')/<) =F (s)[(l—p )0' (g (s)+o (S)LJ; 1 .0) (To—s)N (dr,d?)
T 2
2 0 71 (S7 Z) 1
N (dr,d
A fRo s (L+7a(s)yi(s,2)* (T = 5) (dr, )

To 2 To 3
Rs (1+7*(s)y1(s,2))" (Th—s) rels  (1=k(8)y2(s,2))" (To =)

Consequently, the optimal strategy u* = (7", k*) is as specified in (4.10) and (4.11). O

Remark 4.1. From (4.10) and (4.11), it follows that if F(s) # 0, then, the expression simplifies to

() = H(5) = (I (5) + por(s)g(s)e () + o) ) = g

Ty —

" ¥1(5.2) 1 L 4.13)

’ fRo f A+ 7 O(52) Ty =) rdeds = fR F(s)yi(s, 2)vi(dz)ds = 0,

and
W, (To) - W
2(5) = pls) + po(s)g(s) (5) — () () — pa(s) L 7?3 ~s =
N W, (To) — Wa(s) f fT° ¥2(5,2) >

A - N(dr,d _

pae) To—s Ro Js (1 = k*(8)y2(s,2)) (T — ) (dr, dz) (4.14)

+ f Y2(s,2)v2(dz) =0

Ro

Our results extend Proposition 5.3 in Peng and Wang [21], and thus their conclusion is a special
case of ours.
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Proposition 4.4. Suppose that vi(dz) = vo(dz) = 0, yi(s,2) = ¥2(s,2) = 0. Then, the optimal
investment and risk control strategy (n*, k*) for the insurer is expressed by the following:

u(s)—r(s) pA(s)—p(s) Wi (To)=Wils) o Wy (To)—Wa(s)

*(8) = , 4.15
TS0 U= a0 T To-90)  igro  To—s (1)

d
“ oy o PO =) M) = pls) W (Ty) = Wal) w6

(-0 as)0(s)  1=p) () (Ty— s) V1 =p2q(s)
which coincides with Proposition 5.4 in Peng and Wang [21].

5. Numerical analysis

In this section, we conduct stochastic simulations based on the explicit solution of the optimal
investment and risk control strategy derived from Proposition 4.4, to further analyze the impacts of the
correlation coefficient p and inside information on the optimal strategies *(s) and k*(s). For simplicity
and without a loss of generality, we make the following assumptions: the investment horizon 7 = 1,
and the moment of inside information awareness 7y = 1.2 (with T, > T), the risk-free interest rate
r = 0.03, the expected return of risky assets ¢ = 0.08, and the volatility of risky assets oo = 0.2, the
insurance premium rate 4 = 0.05, the payout rate p = 0.03, and the insurance risk volatility g = 0.15.
In Figures 3 and 4, we fix p = 0.1. The number of paths simulated by Monte Carlo is N = 10, 000.

As can be seen from Figures 1 and 2, with the increase of the correlation between the financial
market and the insurance market, the insurers with inside information will simultaneously increase
their holdings of risky assets and risky liabilities. This implies that when the positive correlation
between the financial market and the insurance market increases, the insurers tend to pursue higher
returns by increasing the proportion of risky investments and raising the liability ratio level. From this
point, the investment type of insurers belongs to “aggressive”. Meanwhile, Figures 1 and 2 show that
under the same correlation degree between the two markets, the investment strategies of insurers are
relatively stable overall, but the volatility increases in the middle and late stages. This further shows
that as the inside information gradually becomes clear, insurers with inside information still tend to be
aggressive in investment decisions.

Impact of Insider Information on n*(t)

35 | = o1

— 03
—_—07

00 [¥) 04 06 08 10
Time t (year)

Figure 1. Impact of p on 7*(¢).
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Impact of Insider Information on k*(t)

—_—

R [ "zﬂa__ﬂw
—_— 007

oo 02 04 06 08 10
Time t fyear)

Figure 2. Impact of p on «*(¢).

It can be seen from Figures 3 and 4, compared with insurers without inside information, insurers
with inside information can dynamically adjust their investment strategies to obtain excess returns.
Meanwhile, Figures 3 and 4 show that although some insurers have inside information, they remain
cautious in the initial stage of investment (e.g., during the period of 0-0.4), which is closely related
to the small fluctuation of investment strategies in this stage. As the investment enters the middle
and late stages, the inside information held by insurers gradually becomes clear. It can be seen from
the significant increase in strategy volatility during this period that they are more inclined to pursue
higher returns by adjusting significantly risky assets and the liability ratio. During this period, both
the risky assets and the liability ratio held by insurers with inside information are higher than those
without inside information. Meanwhile, it can be observed from Figure 3 that the risky assets held
by insurers with inside information show an overall upward trend. This indicates that their investment
strategies are more aggressive, and also reflects that insurers obtain higher excess returns by using
inside information.

Impact of Insider Information on m*(t)

= With Insider Information
== Without Insider Information

350

33

00 02 04 06 0’8 10
Time t (year)

Figure 3. Impact of inside information on 7*.
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Impact of Insider Information on k™ (t)

—— With Insider Information

1.050

1.025

1.000

E 0975

0.950

0.925

0.900

0.875

0o 02 04 0s 0s 10
Time t (year)

Figure 4. Impact of inside information on «*(¢).

6. Conclusions

Compared with existing works, this paper constructs a more analytical framework that incorporates
important factors in real financial markets, such as random time, inside information, and jump
processes. Under the criterion of maximizing the expected logarithmic utility of the terminal wealth,
we employed Malliavin calculus and the variational method to derive the characterization of the optimal
investment and risk control strategies in both pure jump markets and mixed markets. These results
revealed that random time is a key factor for the optimal strategies. Furthermore, we conducted an
analysis through several concrete examples. The insurer with inside information was described by
G =F Vo (W, (Ty),W,(Ty),n (Ty),n (Ty)) : t € [0, T]. We obtained an alternative characterization
of the optimal strategy, which was independent of the diffusion termW;, where i = 1, 2. The conclusions
of this paper not only generalize the results in [21], but also demonstrate that Property 5.3 proposed
in [21] is a special case of our conclusions if the tail distribution of the random time satisfies F(s) # 0;
simultaneously, the random time horizon does not impose any impact on the optimal strategy under
the condition thatF(s) # 0. As can be seen from Figures 1 and 2, when the financial market and
the insurance market are strongly correlated, insurers with inside information adopt more aggressive
investment strategies. Meanwhile, Figure 3 showed that such insurance companies also pursue
aggressive investments in the middle and late stages. This indicates that insurers seek higher excess
returns by utilizing inside information. Our study was restricted to the logarithmic utility function
and a set of restrictive assumptions based on Malliavin calculus techniques. A natural extension of
our framework is to generalize the analysis to alternative utility forms, such as power utility (constant
relative risk aversion, CRRA) or exponential utility (constant absolute risk aversion, CARA). However,
it remains challenging to solve the optimization problems associated with such utility functions, which
require more sophisticated mathematical tools. Furthermore, we can represent inside information in a
more concrete form, such as G, = 7, U o(Y), where Y = yW(T) + (1 — y)e. Under this framework,
we can provide richer economic interpretations for inside information, and the derived optimal strategy
also admits clear and reasonable economic intuition. These will be an important direction for our future
research.
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