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Abstract: Aquaculture is a vital component in meeting the increasing demand for food by providing
a sustainable alternative to traditional sources that are no longer sufficient to cover future needs. In
this paper, we focused on studying the fundamental factors influencing the performance of aquaculture
systems, where the accumulation of unionized ammonia (UIA) represents one of the most critical
challenges directly affecting fish health, growth, and population density within ponds. In this work, a
bioenergetic mathematical model for fish growth was developed to accurately represent the system
dynamics through the integration of UIA effects and their relationship with total fish biomass (&)
and fish population (P). The model was analyzed using qualitative mathematical tools to verify
the positivity and boundedness of the state variables, determine equilibrium points, and assess their
stability. Moreover, numerical simulations were performed to capture the growth dynamics under
different conditions. In addition, the modulating function method was applied to estimate the UIA
concentration.
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1. Introduction

Aquaculture is the farming of aquatic organisms such as fish, crustaceans, mollusks, and aquatic
plants. It is similar to agriculture, but with fish instead of plants or livestock. Fisheries are vital to
the global food supply and are becoming critical components of countries’ economies. The Food and
Agriculture Organization stated that the fishery products deficit will reach 29 million tons in 2030 [1].
According to the UN, by 2050, there will be 9.7 billion people on the planet, which cannot be covered
by wild capture. Therefore, the fishery market is turning toward aquaculture production, which has
become a key provider of seafood and a crucial element for sustainable food production.
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Fish growth is a complex process driven by biological interactions and is a key determinant of fish
life history. In aquaculture, growth is a critical trait, alongside environmental and management factors,
that influences production outcomes [2]. The growth and health of fish are affected by feeding and
water quality factors. The feeding factors involve feeding time, rate, and frequency. Water quality is
important for the success of fish farming [3]; however, it is the hardest to control. High water quality
means more profit, less mortality, and increased productivity in fish ponds. Thus, the key to the success
or failure of the fish farming process is the quality of the water in the fish farm. This is because water
is the medium (environment) in which fish live and carry out all their vital processes, such as feeding,
breathing, excretion, and reproduction. The major factors affecting water quality are temperature,
dissolved oxygen (DO), potential of hydrogen (pH), and unionized ammonia (UIA) [3]. In aquaculture
systems, monitoring ammonia concentration in water is of critical importance due to its direct impact
on aquatic animal health and the sustainability of production environments.

Several researchers have analyzed parameters such as DO, ammonia concentration, pH, and
temperature regulation. Darmawan et al. showed that aeration systems play a vital role in maintaining
DO at optimal levels while reducing stress and mortality in fish [4]. Similarly, Satanwat highlighted
the effects of ammonia on fish growth and immune response, stressing the importance of biofiltration
and regular monitoring of water [S]. Batir et al. emphasized the role of land-based integrated
multi-trophic aquaculture systems in cycling nutrients and promoting balanced ecosystems [6].
Tabrett et al. demonstrated the benefits of aquatic plants in nutrient removal and pond health
improvement [7]. Flores-Iwasaki et al. showed that improved water monitoring increases growth rates
and reduces culture mortality [8].

A bioenergetic model has been developed to describe the growth rate of fish depending on the
nutrition, temperature, and weight of the fish [9]. Then the concept of fish growth evolved into the
processes of anabolism and catabolism [10].

In 2000, a bioenergetic model was developed by involving DO [11]. This shows that the DO
concentration affects the food consumption, metabolic rate, and energy; hence, it affects the fish’s
weight. In 2010, the fish stocking density was added to the model, which gave a better understanding
of fish growth and feed efficiency [12]. In 2023, Aljehani et al. developed the bioenergetic models
by considering the density population dynamics [13]. The fish population dynamic model includes the
fish stocking density and mortality rate. Then, the same authors proposed a new version of the fish
population growth model, which includes the fish population and dissolved oxygen dynamics [14].

Ammonia accumulation remains a critical factor limiting fish growth, survival rates, and farm
profitability. Fish waste and uneaten food generate significant amounts of ammonia, which is highly
toxic to aquatic species; this leads to physiological stress, increased mortality, and reduced feed
efficiency. Biological filtration methods, while traditional, can be highly effective at reducing
ammonia shock toxicity, depending on system design, species selection, and environmental
conditions. However, the direct influence of ammonia concentration on metabolic processes is
overlooked in current bioenergetic models commonly used for fish growth prediction. Most models
focus on food efficiency, temperature regulation, and DO levels, while not integrating ammonia as a
dynamic variable in the fish growth in a fully interdependent manner. Given the rapid development of
aquaculture technology, it is essential to design an improved mathematical model that treats ammonia
concentration as the primary determinant of fish growth. In this research, a dynamic bioenergetic
model is developed to bridge this gap by taking into account environmental conditions, particularly
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the ammonia concentration, and optimizing the efficiency of fish farming. More specifically, we
extend the bioenergetic model in [13] by incorporating UIA dynamics into the dynamical system,
thereby providing deeper insight into the relationships among ammonia concentration, fish weight,
and population density. Having such a model enables managers to simulate growth outcomes under
varying conditions without the risks of real-world trial and error. In addition, the model helps
aquaculture managers in, e.g., optimizing feeding regimes, determining the maximum sustainable
carrying capacity of the system, and the required filtration capacity.

In addition, the modulating function method (MFM) is used to estimate the UIA concentration
(see [15—17]). Estimating UIA can serve as a robust soft sensor for automated water-quality control.

The MFM relies directly on the original mathematical model, enabling accurate estimation without
simplifications or approximations. Moreover, it does not require prior knowledge of the system’s initial
conditions, making it particularly suitable for problems where these conditions are unknown or difficult
to determine precisely. One of its key strengths is that it avoids numerical differentiation of noisy data,
thereby significantly reducing the impact of noise and measurement errors on the results [18].

The contributions of this paper are:

1) Develop a comprehensive bioenergetic model to understand fish behavior, movement patterns,
and population dynamics under varying environmental conditions. The model integrates essential
biological and environmental factors, particularly the effects of UIA, temperature, and DO, to
accurately represent the metabolic processes that govern fish growth and mortality.

ii) Provide a qualitative and stability analysis to examine the relationship between UIA
concentration, fish biomass, and population density. The analysis verifies the positivity, boundedness,
and local asymptotic stability of the system, ensuring that the model remains biologically realistic and
mathematically consistent.

iii) Apply the MFM to estimate UIA in noise-free and noisy data cases.

The paper is organized as follows: In Section 2, we develop a bioenergetic model by integrating
ammonia dynamics. In Section 3, we qualitatively analyze the model, identifying the positive and
bounded region of state variables, determining steady-state solutions, and examining their stability.
Numerical simulations are conducted, and parameter sensitivity analysis is performed in Section 4.
In Section 5, we discuss the application of the MFM to estimate the UIA concentration. Then, the
robustness of the method is demonstrated numerically in Section 6, where noise-free and noisy cases
are considered. Finally, the key findings of this paper and the directions for future work are presented
in Section 7.

2. Mathematical model

The dynamics of fish population growth in ponds can be described using the bioenergetic model.
This model considers the fish’s metabolism and environmental factors that can affect the growth and
survival of the fish population. The proposed model is divided into three state variables: The total fish
biomass (£(¢)), the total fish number (P(#)), and the concentration of unionized ammonia (U(¢)). These
variables change over time and are influenced by different factors, which we will describe in detail.

To understand the dynamics of the system, we need to make some assumptions. First, we assume
that the fish pond is stocked with a certain number of fish (p;), each with an individual biomass (¢;). The
amount of fish food available in the pond is a crucial factor affecting fish anabolism. The anabolism
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rate is expressed by the term b'¥W(f, T, DO)(1 — U), where b is the anabolism rate. Y(f, T, DO) is a
function of the amount of fish food (f), water temperature (7), and dissolved oxygen (DO) in the pond.
The presence of unionized ammonia (U) in the pond affects the percentage of fish anabolism. When
the concentration of unionized ammonia is high, the percentage of fish anabolism decreases, leading
to slower growth and reproduction rates [19]. The term (1 — U) represents a first-order inhibitory
effect, providing a mathematically tractable and transparent way to model the reduction in metabolic
efficiency without introducing additional parameters.

In addition, we assume that some water temperature levels and the percentage of unionized ammonia
due to the fish population are factors in fish catabolism that lead to mortality [20]. Fish biomass decays
due to catabolism function k(T'), at a rate of d;, and due to population unionized ammonia, at a rate of
d,. We also assume that the fish population decays due to unionized ammonia at a rate of d;. When the
concentration of unionized ammonia in the pond is high, fish mortality increases, leading to a decline
in the fish population.

The concentration of unionized ammonia in the pond increases due to the fish population at a rate
of ¢; and due to the catabolism function k(7") at a rate of ¢,. Furthermore, the pond filtering systems
reduce the concentration of unionized ammonia at a rate of r. The filtering systems play a crucial
role in maintaining the pond’s water quality, which directly impacts the survival and growth of the fish
population.

The dynamics of the model are governed by the following nonlinear system of ordinary differential
equations (ODEs) (2.1), which describes how the state variables change over time and how they are
influenced by the factors we have discussed:

dé

i ps&i + bY(f,T,DO)(1 — U)¢é — dik(T)¢é — dr, PUE, (2.1a)
dpP

— = p, —d;PU, 2.1b
P (2.1b)
d

d_lt] =c1PU + ck(THU - rU. (2.1¢)

The variables and parameters used in the model are summarized in Table 1. The values of model-
specific rate parameters, b, dy, d, ds, c1, c2, and r, are between 0 and 1.

3. Qualitative analysis

We study model (2.1) qualitatively. First, we determine the positive and bounded region for the state
variables, and then we obtain the steady-state solutions of the model and examine their stability [21].
The major results are given in the following theorems:

Theorem 1. If£(0) > 0, P(0) > 0 and U(0) > 0, then the set
I={&PU)ERY0<ESLL,0<P<L,0< U<Ls)

>0°
is positively invariant where

b¥Y

whereas 71,22,23 € [0, H], and H is any number.

Ll:(f(o“ )ew“’ Ly = PO) + pyza, and Ly = U(O)exp (i Ly + c2k(T)) 23).
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Table 1. Nomenclature and major parameters of the growth model [9].

Symbol Description Unit

t Time day

& Total fish biomass kcal/pond
P Total fish number fish/pond
U Unionized ammonia mg/l (UIA)
T Temperature °C

DO Dissolved oxygen mg/1

Ds Stocking fish number fish/day/pond
& Individual fish biomass during fish stocking kcal/fish

¥ Anabolism function -

k Catabolism function -

f Relative feeding rate day~!

b Anabolism rate day™!

d, Catabolism rate due to temperature day™!

d, Catabolism rate due to UIA day~!

d; Mortality rate of population due to UTA day~!

1 Rate of UIA due to population day™!

C2 Rate of UIA due to temperature day™!

r Rate of filtering UIA day™!

Proof. From Eq (2.1a), we conclude the inequality

where

Thus,

Integration over [0, ¢] gives

dé

—= > —d|K(T)é — dyPUE = vi(P,U)é,

dr

vi(P,U) = -d\k(T) — d,PU.

&

? = V](P, U)dt

!
@l > f vidt.
0

Substituting for the limits of integration, we get

AIMS Mathematics

In&(t) — Iné&(0) > f vidt,
0

ln(é%)>fo‘v]dt.
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By taking the exponential function of both sides, we have

&) = E0)exp (ftvldt) > 0,
0

since £(0) > 0 and the exponential function is always positive.

From Eq (2.1b), we note that

dP
E P —d3PU = PVz(U).

Then by separating the variables, we obtain
— > wdt,
p "
where
Vz(U ) = —d3 U.
Integration over [0, 7] gives

P(t) > P(0)exp (f vzdt) >0,
0

since P(0) > 0 and the exponential function is always positive.
Similarly, from Eq (2.1c), we can write the following inequality

U
= k(TYU = rU = (c2k(T) —r) U.

Hence,
dU

T > (k(T) — r)dt.
Integration over [0, 7] gives
U@t) > UO)exp ((c2k(T) —r)t) > 0.

Additionally, since U(0) > 0, we have U(f) > 0. Hence, the solution (£(t), P(t), U(t)) is nonnegative for
nonnegative initial data. Next, we prove that all solutions will remain bounded. We start by rewriting
the first Eq (2.1a) as follows:

d¢
= < p&i + bYE,
i Psé '3
d¢
= — pYE L puéa.
i &< ps€

The integrating factor to the previous inequality is

U= o= JP¥d _ 0¥t

Multiplying the inequality by the integrating factor, we obtain

d

d_t ( e—b‘lftf) < e_b%psfi-
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Integration over [0, 7] gives

!
- t -
e b‘ift§|0 < f ey £t
0

" —b¥Pr\!
TTHE®) — €(0) < si(—)
e D - 60) < pti| g |
e—b‘Pt 1
—Psfz‘(_b\}, b_‘P)
Pséi

Then,

b¥Y bY¥Y’

psé:i bWz _
&) < (f(o) + b_‘I’)e =L,

() < E(0)e"™ +

where z; € [0, H], and H is any number.
Rewrite the second Eq (2.1b) as follows:

N

dr S P

Integration over [0, ¢] gives

t
P(f)|6<fpsdt,
0

P(r) - P(0)
P(t)

Dst,

<
< P(0) + pszp = Lo,

where z, € [0, H], and H is any number.
Again, rewriting the third Eq (2.1c) as

du
E < (C1P + Cgk(T)) U.

Since P < L,, we have

U

— < (C1L2 + Czk(T)) U.
dt

Integration over [0, ¢] gives

du
7 < (C1L2 + Czk(T)) dt,

U() < U0)exp ((c1 Ly + c2k(T)) z3) = L3,

where z3 € [0, H], and H is any number.
Hence, the state variables (&(t), P(t), U(t)) are bounded for all ¢.

AIMS Mathematics
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Theorem 2. The model has a unique equilibrium point
E* =, PU)
if Ry > 1 and R, > 1, where

— ps{.:i
dlk(T) + dzP*U* - b‘P(l — U*),

1

P* = —(r-ck(T)),
C1

C1Ps

£

U=—"———,
ds (r — c2k(T))
r
R = —
YT k(T
and
_ dlk(T) + d, P*U*
2T - U

Proof. The equilibrium points of the system are the steady-state solutions obtained by setting the rates

of the equations in (2.1) to zero:

ps&i + VY (f, T, DO)(1 - U)¢ — d\k(T)¢ — dr,PUE =0,
Ps — d3PU = 0,
c1PU + c,k(TYU — rU = 0.

From Eq (3.3), U # 0; hence,
1P+ ck(T)—r=0.

g (r 1):;(1%1—1),

Thus,

c10k(T) \ eok(T) c10ok(T)

where P* is positive if Ry > 1.
From Eq (3.2), one can write
ps 1
U=—-—.
d; P
By substituting Eq (3.4) into Eq (3.5), we have
} C1Ds
U= —————,
ds (r — c2k(T))
where U™ is positive if Ry > 1.
By solving Eq (3.1) for ¢ and using P*, U™, we get

psé‘i psé:i

&= GKD) + &P U b¥(1-U)(Ro—1)

bY (1 - U*)( iy

b¥ (1 -U*)
where £ is positive if R, > 1.
Hence, a unique equilibrium point exists under the given conditions.

(3.1)
(3.2)
(3.3)

(3.4)

(3.5)

O
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The next theorem will prove the stability of the equilibrium point of model (2.1) by using the
linearization method [21].

Theorem 3. The equilibrium point E* is locally asymptotically stable if it exists.

Proof. The Jacobian matrix of model (2.1) at E* is given by

DY (1 = U*) = dik(T) = doP*U*  —dyU*E*  —bWE" — dyP'E*
J(E") = 0 -d;U* —-d;P* . (3.6)
0 ClU* C]P*+Czk(T)—l’

Solving the characteristic equation
|J(E*) = Al =0,
we get
OGY (1 -U")-dik(T)—drPU = D) (-d:U" = ) (c1P* + c2k(T) —r — ) + c1dsUP*] = 0.

Then,
bW -U)-dkT)-—d,PPU —21=0

or
(—d3U* —/1) (C]P* +C2k(T) - I"—/l) + C'1d3l]*P>'< =0.

From the first equation, we have
A =b¥Y(1-U")-dkKT)-d,P°U".

For 4, to be negative
d\k(T)+ d,PPU" >b¥Y (1 -U"),

that is, R, > 1, this is satisfied since this condition is a condition for the existence of E*.
From the second equation, we obtain

al’> +bAl+c =0,

where
a=1, (3.7
b:d3U*—C]P*—C2k(T)+I’, (38)
C:—d3U* (Clp*+Czk(T)—l")+C1d3U*P*. 3.9

Clearly, we can see that a > 0. Now, in Eq (3.8), we will substitute U* and P* with their values to

obtain
C1Ds

r— ck(T)
Since the equilibrium point exists if R; > 1, that is, r > ¢,k(T'), this means that b > 0.

b= +2(r — c2k(T)).
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Additionally, from Eq (3.9), we have
c=0+ C1d3U*P*,

since
(ciP* + ck(T)—r) =0.

Therefore,
c=cdsUP" > 0.

Because a, b, c > 0, all eigenvalues are negative. Therefore, E* is locally asymptotically stable if it
exists. O

4. Numerical analysis

We solve system (2.1) numerically and illustrate simulations of the model using ode45, a solver
in MATLAB for ODEs. Then we conduct numerical experiments to show the agreement with the
qualitative results. We explore the sensitivity of the parameters to gain more insight into those critical
parameters that may lead to improving the aquaculture process. The values of the parameters are taken
from Table 2, where they have been selected such that the conditions of Theorems 2 and 3 are satisfied.
Thus, equilibrium E* exists and exhibits local asymptotic stability.

Table 2. Parameter values.

Parameter Ds & b d; d d3 o) cy r
Value 2 30 0.5 0.03 0.05 0.05 0.08 0.09 1

4.1. Numerical experiments

We solve model (2.1) numerically with the following different initial values:

(IC1) £0) =60, P(0)=30, U©)=0.1;
(IC2) £0) = 120, P(0) =60, U(0) =0.2;
(IC3) £(0) = 180, P(0) =90, U(0) =0.3;
(IC4) £(0) = 240, P(0) = 120, U(0) = 0.4.

We set the parameters as in Table 2, taking into account the conditions in Theorem 2. Figure 1
demonstrates how the state variables change over time. We find that they fluctuate but reach
equilibrium, where the equilibrium values are & = 18.2501, P = 11.3750, and U = 3.5165. The figure
also shows that these equilibrium values are the same no matter how the initial conditions change. By
qualitatively calculating the equilibrium point from Theorem 2 with the same parameters, we obtain
equilibrium point E*=(18.8065, 11.9375, 3.3508). Therefore, the qualitative results are consistent
with the numerical results.
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Figure 1. Time variation in the total fish biomass, the fish population, and UIA of the model
with initial values (IC1)—(IC4). The parameter values are given in Table 2.

Next, we change some parameter values and compare the numerical and qualitative results. In
Figure 2, we change the catabolism rate due to temperature to d; = 0.09, the mortality rate of the
population due to UIA to d3 = 0.08, and the rate of UIA due to temperature to ¢, = 0.02. We find
that the equilibrium values reach the following values: & = 32.2534, P = 12.2500, and U = 2.0408.
This equilibrium point is very close to the equilibrium point in the qualitative calculations, that is,
E*=(33.239, 12.3750, 2.0202).
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Figure 2. Time variation in the total fish biomass, the fish population, and UIA of the model
with initial values (IC1)—(IC4). The parameter values are: b = 0.5, a = 0.5, d; = 0.09,
dr» =0.05,d; =0.08, c; =0.08, c; =0.02,and r = 1.
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Similarly, in Figure 3, we change the catabolism rate due to temperature to d; = 0.02, the catabolism
rate due to UIA to d, = 0.04, the mortality rate of the population due to UIA to d; = 0.03, the rate
of UIA due to population to ¢; = 0.05, and the rate of UIA due to temperature to ¢, = 0.02. We
find that the equilibrium values reach the following values: & = 15.0147, P = 18.4004, and U =
3.6230. This equilibrium point is very close to the equilibrium point in the qualitative calculations,
that is, E*=(15.3344, 19.2000,3.4722). Hence, we can say that the numerical and qualitative results
are in good agreement. Figures 1-3 numerically demonstrate that the equilibrium point is globally
asymptotically stable.

200 300
—t £
150 P P
u 200 u
100
100
50 0
h o L"‘:}
0 50 100 150 200 0 50 100 150 200
Time (day) Time (day)
(@) (b)
800 1000
= e
600 P g00 P
U u
600
400
400
200 h‘ 200
0¥ e 0% et
0 50 100 150 200 0 50 100 150 200
Time (day) Time (day)
(© (d)

Figure 3. Time variation in the total fish biomass, the fish population, and UIA of the model
with initial values (IC1)—(IC4). The parameter values are: b = 0.5, a = 0.5, d; = 0.02,
d, =0.04,d; =0.03,c; =0.05,¢c, =0.08, and r = 1.

If we repeat the last experiment with » = 0.03, so that the first condition (R; > 1) of Theorem 2 is
not satisfied, Figure 4 shows that the system loses stability. The fish-biomass and fish-number solutions
decay to zero, while the UIA solution diverges. This behavior is expected: A sharp decline in the UIA-
filtering rate r produces a marked increase in U, which in turn causes a pronounced decline in fish
biomass &, leading to mortality.
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Figure 4. Time variation in the total fish biomass, the fish population, and UIA of the model
with initial values (IC1)—(IC4). The parameter values are: b = 0.5, a = 0.5, d; = 0.02,
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P
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Time (day)
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dr, =0.04,d; =0.03, ¢; =0.05, ¢; = 0.08, and r = 0.03.

4.2. Parameter analysis

We set four values for each parameter presented in Table 2 and study their effect on the fish biomass,
the fish population, and the concentration of UIA. In all figures, we use the initial condition (IC1).

The result presented in Figure Sa highlights the effect of the anabolism rate b on fish biomass. The
graph shows that as the rate of anabolism increases, fish biomass initially increases, resulting in more
fish waste. This fish waste leads later to a decrease in biomass as anabolism increases, driven by a rise
in UIA over a specific period, as shown in Figure 5c. The resulting rise in UIA introduces a metabolic
drag on the system. In Figure 5b,c, we also note that UIA and fish number remain relatively invariant

to changes in b.

b0.01
b 0.03

b0.01

0 20 40

(a)

60 80 100 0 20 40
Time (day)

(b)

60

Time (day)

80 100 0 20 40

Time (day)

(c)

100

Figure 5. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with
varying anabolism rate b.
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In Figure 6a, it appears that the catabolism rate due to temperature d; has a noticeable impact on
the fish biomass. As the catabolism rate increases, the fish biomass decreases. For fish, an increase in
catabolism due to higher temperatures means they require more energy to maintain their metabolic
functions. If the energy intake is insufficient to meet the elevated metabolic needs, a reduction in fish
biomass occurs. From Figure 6b,c, it is worth noting that the UIA and the fish numbers do not seem to
be affected by any changes in the catabolism rate. The nitrogenous waste excreted by fish primarily
influences UIA concentrations. Although an increase in catabolism may increase nitrogenous waste
production, the direct impact of changes in catabolism rate on UIA concentration may be minimal or
regulated by other factors in the aquatic environment. The number of fish in a population is influenced
by reproductive rates, mortality rates, and migration patterns rather than individual metabolic rates.
Changes in catabolism might affect individual fish health and growth, but do not directly cause
immediate changes in fish numbers unless increased metabolic demands lead to higher mortality rates
over time.

120

d4,=01
d,=04
100 d,=08
=09

80

40

20 =

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time (day) Time (day) Time (day)

(a) (b) (c)

Figure 6. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with
varying catabolism rate due to temperature d;.

Based on the simulation presented in Figure 7a, the catabolism rate, due to UIA (d,), has a direct
effect on the fish biomass. As the catabolism rate increases, the fish biomass decreases. This is
because of increased metabolic stress and tissue damage. From Figure 7b,c, we note that the
concentration of UIA and fish numbers remain unaffected by changes in the catabolism rate due to
UIA. The concentration of UIA in the water is mostly influenced by factors such as ammonia
excretion rates, water pH, and temperature. Changes in the catabolism rate d, do not directly alter
these factors. Therefore, varying d, does not change the amount of UIA produced. Similarly, it does
not necessarily reduce the fish population immediately because biomass measures the total mass of
live fish, whereas the fish numbers count individual fish. Over time, if an increase in the catabolism
rate causes significant mortality, fish populations can decline, but this is a secondary effect and not an
immediate consequence of changes in d,.
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Figure 7. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with
varying catabolism rate due to UIA d,.

Figure 8a shows that the population mortality rate due to UIA (d3) directly affects the fish biomass.
As the mortality rate increases, the fish biomass increases. This is because a higher mortality rate
leads to a lower fish population, as demonstrated in Figure 8b; hence, density-dependent factors such
as competition for food and space are reduced. Since P directly drives UIA generation, its reduction
significantly lowers ammonia accumulation, as illustrated by the inverse relationship shown in
Figure 8c.
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Figure 8. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with a
varying mortality rate of a population due to UIA dj.
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Figure 9a,b demonstrate that there is a negative correlation between the rate of UIA due to
population (c;) as well as fish biomass and number. This suggests that there is a delicate balance
between the rate of UIA and fish biomass and number that must be maintained to support ecosystem
health. On the other hand, Figure 9c shows a reversal of the trend observed in the previous two
figures; here, ¢; and UIA concentration are positively correlated, which agrees with the expected
real-world scenario.

AIMS Mathematics Volume 11, Issue 4, 10963-10985.



80 T T T T 35 T T 500

70

60

50

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time (day) Time (day) Time (day)

(a) (b) (©
Figure 9. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with
varying rate of UIA due to population c;.

The numerical results in Figure 10 illustrate the system’s sensitivity to the rate of UIA due to
temperature (c;). As shown in Figure 10a, a higher ¢, leads to a marked reduction in fish biomass &.
This agrees with the experiment presented in [22]. Figure 10b,c illustrate the impact of ¢, on biological
and chemical parameters. An increase in ¢, leads to a reduction in the fish population (Figure 10b)
while driving a significant increase in the concentration of UIA (Figure 10c). These observations
are crucial to understanding the impact of the rate of UIA on aquatic ecosystems and for developing
effective strategies to manage UIA concentration.
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Figure 10. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with
varying rates of UIA due to temperature c;.

The numerical simulations in Figure 11 illustrate the critical role of the UIA filtration rate r in
maintaining system stability. As shown in Figure 11a, an increase in r facilitates a significant rise
in the fish biomass &. This positive correlation is driven by the rapid reduction of environmental
toxicity; as the filtration efficiency improves, the equilibrium concentration of U decreases sharply
(Figure 11c). Figure 11b illustrates a positive correlation between the UIA filtration rate and fish
population; higher filtration efficiency consistently supports greater fish numbers. Figure 11c shows
that the rate of filtering UIA also affects the concentration of UIA in the water. It is evident that a lower
rate of filtering UIA results in a higher concentration of UIA, which can be detrimental to the aquatic
ecosystem. These findings highlight the need for proper monitoring and management of UIA filtration
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systems to maintain a healthy environment.
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Figure 11. Time variation in (a) total fish biomass, (b) the fish population, and (c) UIA with
varying rate of filtering UIA r.

5. UIA estimation using the MFM

We pose the following estimation problem:

EP1: Given the number of fish P(¢), find U(¢).
The MFM is proposed to solve EP1. First, we need to recall the definition of a modulating function
(MF).

Definition 1. A function ¢(¢) # 0 is considered an MF of order / on [O, tf] if it satisfies the following
conditions:

oty € ¢ (|0.1]).
$P(0) = ¢ (t;)=0, p=0.1,....0-1,

where 7, > 0, and p represents the order of the derivative.

(5.1)

The MFM solution to EP1 is provided in the next theorem.

Theorem 4. Let Zle X i(D); be a basis expansion of the unknown U(t) in Eq (2.1b), where x (t) and

{j, for j=1,...,J, are basis functions and basis coefficients, respectively. Let {pm(O)"=Y be a class of
modulating functions of order | > 1 and M > J. Then the unknown coefficients {;, j = 1,2,...,J, can
be estimated by solving the system
Az=1L, (5.2)
where the components of the M X J matrix A have the form
'y
Amj = _d3f P(t)¢m(t)Xj(t)dt’ (53)
0
form=1,...,Mand j=1,...,J. The components of the vector L € RM*! gre
L Ly
L,=- f ¢, (OP(t)dt — f DsPm(t)dt. (5.4)
0 0
The vector z contains the unknowns {;, j = 1,2,...,J.
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Proof. STEP 1: Multiply Eq (2.1b) by a modulating function ¢,,(¢), which

dpP
E(pm = ps¢m - d3PU¢m (55)
STEP 2: Integrate Eq (5.5) over the time interval [0, #], that is
'r dP 'y 'y
f —¢pdt = f Ps@mdt — f d;PU¢,dt. (5.6)
o dr 0 0

STEP 3: Apply integration by the parts formula to the left-hand side of (5.6) and use the properties
in (5.1), which provides

_ f " P, (1)~ f ' pomdt = — f " POUWG . 5.7)
0 0 0

By expressing U(t) in its basis expansion and considering M MFs, Eq (5.7) can be reformulated as the
linear system presented in (5.2), whose components are specified in (5.3) and (5.4). O

6. Numerical results of UIA estimation

The primary objective is to support the theoretical results given in the previous section with
numerical ones for the estimation of the unionized ammonia concentration UIA and the model
parameter. By applying the developed estimation algorithms and utilizing the generated data, we
demonstrate how the unknown variables and parameters can be accurately identified and analyzed.
The numerical simulations provide valuable insights into the performance of the proposed estimation
approach under different conditions, highlighting noise-free and noisy scenarios to assess the
robustness and reliability of the method. The time discretization, basis functions, modulating
functions, and noisy measurements are chosen as follows:

Time discretization: The time interval is uniformly discretized using a step size At = 10~ and a final
time 7, = 10.

Basis functions: Polynomial basis functions are considered, which have the form
X =t =12,

MFs: There are various types of MFs, including polynomial, sinusoidal, Hermite, and Poisson
functions [15]. We use polynomial MFs of the form:

¢(0) = 1% (1y — )"
where ¢; and g, are positive integers used as tuning parameters.

Exact measurements: We obtain our measurements by solving the model numerically as shown in
Section 4.

Noisy measurement: In practice, measurements are usually noisy (not perfect). To simulate this, we
add a zero-mean white Gaussian noise to the exact measurements. Noise at a level of 5% has been
added to the measurements as follows:

P(t) = P(t) + o w(?) 6.1)
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where P refers to the noisy data, w(?) is a zero-mean white Gaussian random noise, and the coeflicients
o is standard deviations adjusted such that the selected noise level is obtained; that is:

B noise level X ||P||»
B [lw|]> x 100

These noisy measurements are then utilized to assess the method’s capability to perform effectively
in the presence of noise.
Figure 12 shows the exact measurement and the noisy one with 5% noise level.

(6.2)

25

Time (day)

Figure 12. The exact P (blue solid line) and the noisy P (red dashed line) after adding 5%
noise, where oo = 0.6251.

(a) Noise-free data

Figure 13a illustrates the estimated UIA concentration obtained using the MFM in the noise-free
case. As shown in the figure, the estimated values exhibit a very close match with the exact curve
across the simulation period, confirming the high accuracy and reliability of the estimation approach.
Figure 13b presents the absolute error between the exact and estimated values of UIA in noise-free case.
The results show that the estimation error remains very small across the entire simulation period, with
slight increases only at the time boundaries, which confirms the high accuracy of the MFM approach.
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Figure 13. (a) Exact UIA (blue dashed line) and the estimated one (red solid line) for the
noise-free case. The MFM parameters are set asa = 1, M = 22, and J = 10. (b) Absolute
error between exact UIA, U(7), and the estimated one, U(7).
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(b) Noisy data

The exact and estimated UIA are presented in Figure 14a. Figure 14b presents the absolute error
between the exact and estimated UIA under the noisy case. The results demonstrate that the estimation
error remains small throughout the simulation period, with minor increases at the time boundaries,

thereby confirming the high accuracy of the MFM.
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Figure 14. (a) Exact UIA (blue dashed line) and the estimated one (red solid line) with noise
at 5%. The MFM parameters are set as a = 2,M = 22, and J = 10. (b) Absolute error
between exact UIA, U(f), and the estimated one, U(?).

The relative errors in the noisy free and noisy cases are reported in Table 3. The estimation results
confirm the high accuracy of the proposed approach. In the noise-free case, a very low relative error
of 0.53% is recorded. When the noise level is increased to 5%, the relative error rises only slightly
to 1.28%. This minimal change highlights the robustness of the MFM, which consistently delivers
accurate and stable estimates of the concentration UIA, even in the presence of measurement noise.

Table 3. Relative error of UIA estimation under different noise levels.

Noise level Relative error
Noise-free 0.53%
5% 1.28%

7. Conclusions

In this paper, we developed and analyzed a rigorous mathematical framework to study the growth
of fish and the effect of water quality dynamics in aquaculture ponds, with particular attention to the
role of unionized ammonia (UIA) as a critical toxicant. Our central aim was to capture the interactions
between fish biomass (£), fish population (P), and UIA concentration, and to provide a theoretical and
numerical foundation for understanding system behavior under different environmental conditions.

A bioenergetic fish growth model was developed. The model equations described the dynamics of
biomass (£), population (P), and UIA concentration, accounting for anabolic growth, catabolic losses
due to intrinsic biological activity and environmental stress, and mortality induced by ammonia
accumulation. A qualitative analysis of the system was conducted, proving the positivity and
boundedness of the solutions and ensuring biological realism. Equilibrium points were identified, and
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their local stability was analyzed mathematically, shedding light on the long-term dynamics of the
aquaculture system under steady environmental conditions. Numerical simulations were then carried
out to validate the analytical results, showing consistency between theoretical predictions and
computational outcomes. A sensitivity analysis was also performed, revealing the key biological and
environmental parameters that exert the greatest influence on fish growth and water quality. In
particular, the filtration rate parameter (r) was shown to play a central role in regulating UIA
concentration: Higher values of r improved water quality and enhanced biomass and population
levels, while insufficient filtration accelerated ammonia accumulation and increased mortality. This
finding underlines the dual importance of filtration as a model parameter and a practical management
strategy for maintaining pond stability.

In addition, the MFM was applied to estimate the UIA concentration. The proposed estimation
framework successfully avoided the instability usually associated with noisy measurements. The
numerical simulations confirmed that the MFM provides accurate and robust estimates under
noise-free and noisy conditions, thereby offering a reliable soft-sensing tool in scenarios where direct
UIA measurement is costly or unavailable.

In this paper, we provide significant advancements in modeling, estimation, and filtration of
aquaculture systems. These contributions support the development of sustainable fish farming
practices and align with the goals of fostering food security, environmental sustainability, and
innovation in aquaculture management.

In future work, we will use real data to validate and refine the model. Such validation will enable the
proposed MFM for UIA estimation to be employed as a robust soft sensor for automated water-quality
control.
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