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equations arising in applied mathematics and fluid dynamics.

Keywords: nonlinear fifth-order model; trilinear form; breather-wave solutions; two-soliton
solutions; modulation instability
Mathematics Subject Classification: 35Q51, 35Q92, 35R11



https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026449

10937

1. Introduction

The increasing demand for marine structures, ships, and wave energy devices to operate under
high sea states and other energetic conditions underscores the importance of ocean wave theory. It is
therefore essential to model and simulate nonlinear ocean wave fields in large-scale wave basins. Ocean
waves significantly influence processes that govern fluxes across the air—sea interface and mixing in
the upper ocean.

Various types of wave structures have been reported, including traveling waves, lump waves,
kink waves, lump-kink waves, one-soliton waves, two-soliton waves, rogue waves, and many others.
Numerous studies have significantly contributed to the fields of oceanography and related areas.

For instance, solitary wave solutions of a higher-dimensional wave model with gas bubbles were
obtained using the modified Kudryashov method in [1]. In [2], novel wave solutions of the coupled
Drinfel’d—Sokolov—Wilson model were derived using a new auxiliary equation scheme. Moreover,
periodic, exponential, and soliton-type solutions of two coupled nonlinear Schrodinger equations were
obtained using the generalized Kudryashov scheme, the modified Kudryashov technique, and the
exponential rational function method in [3]. In addition, kink-type multisoliton solutions of the (1+1)-
dimensional Mikhailov—Novikov—Wang equation were derived using the simplified Hirota method
in [4].

There are also numerous analytical methods available in the literature, including the extended
(G’ /G)-expansion method [5, 6], the particle swarm optimization method [7], the extended Fan
subequation technique [8], the simplest equation method [9], the new auxiliary equation scheme [10],
the unified solver technique [11], the generalized exponential rational function technique [12],
the (G'/(G" + G + A))-expansion technique [13], the modified simplest equation method [14],
the Bicklund transformation method [15], the Bernoulli (G’/G)-expansion technique [16], the
generalized exponential rational function (GERF) method [17], Lie symmetry analysis [18], the
extended hyperbolic function method [19], the Hirota bilinear technique [20], the Sardar subequation
method [21], the separation of variables method [22], the (1/G, G’ /G)-expansion method [23], the exp,
function method [24], the (G’/G?)-expansion method [25], the Riccati subequation neural networks
method [26], the Kudryashov method [27], and more.

There is a method known as the Hirota trilinear scheme, which is used to obtain different types of
wave solutions. For instance, lump-, breather-wave-, breather—kink-, and lump—kink-type solutions of
the (2+1)-dimensional Bogoyavlensky—Konopelchenko model were obtained using the Hirota trilinear
scheme in [28]. The N-soliton solutions of the Bogoyavlensky—Schiff model were derived using the
Hirota trilinear method in [29]. One-soliton and two-soliton solutions of the new (2+1)-dimensional
Korteweg-de Vries (KdV) equation were obtained in [30]. Furthermore, breather-wave, rogue-wave,
and solitary-wave solutions of the coupled nonlinear Schrodinger equation were obtained in [31].
Lump, breather-wave, and breather—kink wave solutions of the p~-gKP equation were derived using
Hirota trilinear analysis in [32]. Lump-type and breather—lump—kink interaction solutions of the (3+1)-
dimensional generalized Bogoyavlensky-Konopelchenko (gBK) model were obtained using Hirota
trilinear analysis in [33]. In addition, lump, breather-wave, and interaction-wave solutions were
reported in [34,35].

The model considered in this study is an integrable (3+1)-dimensional fifth-order nonlinear oceanic
wave equation. Lump and kink-soliton solutions of the considered equation were obtained using the
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Hirota trilinear and bilinear schemes in [36]. Multisoliton solutions were derived using the simplified
Hirota technique [37,38].

The main purpose of this work is to obtain breather-wave and two-soliton solutions of an
integrable (3+1)-dimensional fifth-order nonlinear oceanic wave equation using the Hirota trilinear
scheme. Furthermore, dynamical analysis is performed to investigate the behavior of the obtained
solutions.

The motivation of this paper is that, to the best of our knowledge, the Hirota trilinear scheme is
applied for the first time to the nonlinear (3+1)-dimensional fifth-order oceanic wave equation. This
model is important in the fields of ocean engineering and other related areas, particularly in weather
forecasting and coastal studies. The Hirota trilinear scheme provides various types of analytical
solutions for nonlinear evolution equations. In this work, we determine breather-wave and two-soliton
solutions of the considered model. Breather waves are pulsating localized structures that are often used
to describe extreme wave phenomena in nonlinear dispersive media. The two-soliton solution exhibits
an interaction structure similar to the superposition of two solitary waves. The Hirota trilinear scheme
possesses several advantages. For example, it employs a convenient ansatz to transform the nonlinear
equation into a bilinear or trilinear form, and the resulting equations can be solved perturbatively to
obtain multisoliton solutions. Moreover, the Hirota method is not limited to soliton solutions; it can
also be used to derive other nonlinear wave structures, including complexitons, positons, negatons, and
lump solutions. The simplified Hirota method is particularly effective for constructing soliton solutions,
which are highly regular wave structures with stable propagation properties. Additionally, we perform
a modulation instability analysis to obtain the stable steady-state solutions for the concerned model.

This paper consists of several sections: Section 2 presents the description of the methodology,
Section 3 introduces the model and its trilinear form, Section 4 discusses the breather-wave and two-
soliton solutions, Section 5 provides graphical illustrations, Section 6 analyzes modulation instability,
Section 7 presents the results and discussion, and Section 8 concludes the paper.

2. The Hirota trilinear scheme

Consider ¢ = {(xy, x2, ..., X,,) as a C* function given as in [39],

Tnlxl ..... anj(g) = Tnl ..... nj(éslxl ...... \y ij) = e_gazi"azje(’ (2’1)

Loxtosiy = 00008, Loy =40 51 =0,0my358,= 0,15,
and we have
1) =do T2 = Gx+ & T30 = G+ 30:lnc + &y &= L(0,0),
Vi) = Leo + &l Caxi) = Lo + Gl + 2Lslc + 3 oo (2.2)
The multidimensional BBPs can be shown as

' 2.3
‘ Agxivsixs ST+ S2+ .+ 55, 1s odd; (2.3)
S8 X] e s j“"j: 3

.....
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The rule depends on the total order of differentiation
S=s1+s+--+35;
Then, the parity rule can be written as

A51x1 ..... sjxj — GS|x1 ,,,,, 5jxjo if § is odd;
é‘slxl ...... sjxj = (24)

lexl ...... sjxj — Hxlxl ..... 5jxj if § is even
according to the conditions
ZX(G) = Gxa Z:2)5((;9 H) = Hy, + Gi» Z:x I(G H) xt +G Gt’ (25)

Here, G and H are the wave functions.

Proposition 2.1. Suppose
=1n(®/A), H =1In(BA). (2.6)

Here, G describes the difference structure between the two tau-functions (® and A), and H describes
the combined amplitude structure of the two tau-functions (® and A).
Then, the connection between the BBPs and Hirota D-operator may be written in the form

Ty = (0A)'D}..DOA (2.7)

..... w5 G D] orm). momion)

with Hirota formula

. L(a )"
= —— O(xq, ..., x DA(X,, ..., X 2.8
[ | Drs-n= H(axi ax{) (X1 s £)ACK e 3)) 28)
i=1 i=1 l X=X e X=X
The Hirota trilinear D-operator is given as in [33]:
3 3 n;
0 ;0 o\
71 —_ o _ . / / ’ 17 ’7 ’’
UDq,’X[g.n./l. = l—[(Ap, o + Api o + Api —a)({,) g, y, On(x", ¥y, tHAX",y",t") s 2.9)
i=1 i=1 ! ! = )= 1)

where the vectors x,x’,x" are arbitrary nonnegative integers. Also, q; = (g, q;., q;'), (1 <i<3)are
natural numbers, the powers of AI' = (=1, (m > 1), where n == Qrmodm, 0 < QF <m,n>0. The
powers Q) have the following signs:

m=2k(ke N):1,-1,1,-1, ...,
m=1:1,1,1,1, ...,
m=3:1,-1,1,-1, ..,
m=5:1,-1,1,-1, ..,

AIMS Mathematics Volume 11, Issue 4, 10936-10962.



10940

Proposition 2.2. Take

.....

E(G) = Z 5B a1 = 0,G = In(@/A), H =1In(@A) (2.10)

so that we have

Zi 51iTn1x1 ..... njxj(G’ H) = 07
{ ZiéliTslxl ..... ijj(G’ H) = O (211)
along conditions
RN, R) =RN)-RN)=RH+G)-RH-G)=0. (2.12)

.....

= 2y (G G+ 7)|G:1n(®/A), y=In(®A)

ni njoJ
n;
= Z Z 1—[ ( k );qu)q ..... ijj(y)T(nl—kl)xl ..... (nj—kj)xj(A)~ (213)

i K i=1

The resulting Cole—Hopf transformation is given as

fnx ..... njXxj
Thyxr,odpn, (A = In(f)) = T (2.14)
n nj j
—1 n; - n
(©A) le}...ij®A|A:eXp(y/2)’ oy = IZZ ]_[( k;’ )%km ,,,,, kaxd V) fon—k0xna—karxg (2.15)
ki k; d=1
it f f A
X Yox y YX,y X 2x,y
T(G) =2, ToG,B) = yox + =, Taxy(G, H) = + il (2.16)
’ o T f f f

The Hirota trilinear scheme uses a rational form for the solution so that the convergence of the
solution can be obtained easily. However, this aspect will not be discussed here. We will apply
an appropriate dependent variable transformation, introduce a t function ansatz, employ the Bell
polynomial framework and trilinear D-operator to obtain the corresponding trilinear form and then
perform coefficient matching to derive the required parameter constraints.

3. Model description and its trilinear form

Consider the nonlinear fifth-order integrable (3+1)-dimensional nonlinear oceanic wave equation
proposed by A. M. Wazwaz, given as [36]

8t — rxxxx — lzgxtgxx - 8gxgxxt - 4gtgxxx + (/lgx + ng + Mgz)xx = 0, (31)

which is an integrable equation applicable to problems such as the diurnal cycle in sea surface
temperature. In the oceanic context, the dependent variable g(x,y,z,t) represents the wave profile
(e.g., free surface elevation or wave amplitude) of the propagating nonlinear ocean wave field. The
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parameters A, Q, and y are nonzero constant coefficients that represent the linear dispersion or
propagation effects of the wave in the spatial directions x, y, and z. A characterizes the strength of
the nonlinear interaction; € is associated with dispersion effects governing wave propagation; and u
accounts for higher-order dispersive or dissipative contributions, depending on the specific physical
setting.

Consider the following logarithmic transformation:

8(x,y,2,0) = (log(U(x, y, 2, 1))z, (3.2)

where U(x,y, z, t) is the unknown wave function to be found for constructing the solution of Eq (3.1).

We adopt the convention that log(.) denotes the natural logarithm. Moreover, we assume that
U(x,y,z,t) > 0 and is sufficiently smooth to ensure that log(U) and its spatial derivatives, including
g(x,y,z,1) = (log(U(x,y,z,1)))x, are well-defined.

Theorem 3.1. The Hirota trilinear form of Eq (3.1) is obtained by using Eq (3.2).

Proof. Substituting Eq (3.2) into Eq (3.1), we obtain the following trilinear form:

U2 (Uttt + /lUxxx - Uxxxxt + QUxxy + ,L[Uxxz) + Ut (U (Uxxxx - 3Utt) + 2 (U)%X - 2Uxexx))
+2U; +2U, (U, (AW, = 2Uq + QU, + pU.) + 2Uy Uy
— U (U (34U = 4Ue + 2QUyy + 2uUs,) + Uy (2U + QU, + uU.)) = 0. (3.3)

The functions g, n, and A appearing in the operator definition are all identified with the same 7 function
U(x,y,z,t) used throughout the analysis. That is, the trilinear expressions are evaluated by setting
g = n = A = U so that the operator acts repeatedly on a single function rather than on distinct
functions. This convention is consistent with the subsequent derivations, where the bilinear/trilinear
forms are expressed entirely in terms of U and its derivatives. O

4. Mathematical analysis

4.1. Breather-wave solutions

Theorem 4.1. Breather-wave solutions of Eq (3.1) are obtained using Eq (3.3).

Proof. We consider the following relation to obtain the breather-wave solutions [34]:
U(x,y,z,1) = kpeP' @t Ly cos (p (any + baz + et + X)) + e Prl@vthizrarn 4.1)

We substitute Eq (4.1) into Eq (3.3) and collect coefficients of each power of ePt@y+bizteii+n,
cos (p (ary + brz + cot + X)), e Pr@y+hizraity) “and others, taking each equal to 0. Evaluating them,
we find that a;, a,, p, and p, are the free parameters, and the values of derived constraints are given as
follows.

Set 1: .
—-a1Q+4cip;—c; — A
{P =%£pi,b = l 2 ! K1 = 0}- 4.2)
u
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By using Eq (4.2) in Eq (4.1) and applying Eq (3.2), we obtain

72(—a1 Q2 + 4clp% - c? )

81(x,y,z,1) =(kap1 exp(pi( + a1y +cit + x))

=1 Q+4ept —ci — )

— prexp(—pi( P +aiy +cit + x)))
(—aQ+4deip? -3 -2
Jkz exp(pr (2 ;pl Dy ar+ )
2(—a1Q+4ept—cl =)
+ exp(—pi( p + a1y + ¢t + x))), u# 0. “4.3)
Set 2:
—2byu + 4clp% + c? — 3c§cl 24
{p=%pi,ar = ,
2Q
B —2a,Q — 4czpf + cg - 3c?cz -2
1 — 2/1 D)

2K (—cf + 2001 — €3 — 4pf) (—cf + 2001 — 3 + 4p%)
K1 =

4.4)

b

2 2 2
¢y —2cc1 +¢; +4p;

72(-2a;Q - 4czp% + cg — 3C%C2 -24)
+ay+cit+ X))

8(x,y,z,1) =(kap1 exp(pi(

2
2(=2a,Q — 4cyp? + 3 — 3c%c, — 24)
+ p1(—exp(—p;( lzﬂ 2 ! + a1y + cit + x)))
, Y(=2byu + 4c p? + ¢ — 3c32c; —2)
— k1 p1 sin(pi( 129 L~ 2 + byz + ot + X))
m exp(pl(Z(_zaIQ — 4c2p% + cg — 3c?c2 -2
2u
2(=2a:Q — 4crpt + ¢ = 3cier — 24)
+ a1y + cit + x)) + exp(—pi( 3 +a,y +cit+ x))
u
Y(=2bop + 4\ p* + ¢ — 3c2c; — 24)
+ k1 cos(pi( = 1 129 ! Al + baz + ot + X)),
u+0,Q+0, 4.5
where «; is given in Eq (4.4).
Set 3:
(0= pr.ay = —2bou +4c1p% +c? - 3C§C1 —-24
P ==xp1,a 0 ,
_ 2a,Q - 4erpt + ¢ = 3cier — 24
1 — 2# 1)
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2 \/K (—cf + 20001 — €3 — 4p%) (—cf + 2001 — 3 + 4pf)

1 (4.6)

K| = —
2 2 2
¢y —2cc1 + ¢ +4p]

2(=2a;Q — 4copt + 3 — 3cier — 22)

83(x,y,2,1) =(k2p1 exp(pi( +ay + cit + x))

2u
2(=2a;Q — 4c,p? + 3 — 3c%c, — 21)
+ p1(—exp(—pi( lzﬂ o +ayy + cit + X))
—2bou + 4cyp? + &3 = 3¢2c; - 24
— K1 P1 sin(pl(y( 2 1p129 ! 271 ) + brz + ot + X)))
2(=2a1Q — dcop? + ¢ = 3c%c, — 24
oy exp(py (L2 A2 DT )
72(=2a;Q — 4czp% + cg - 3c?c2 —-24)
+ a1y + cit + x)) + exp(—pi( 7 +ayy +cit + x))
u
(=2bot + 4c1p? + ¢ —3c2c; - 22)
+ & cos(py (22 lplm 1~ 76a T oz + ot + X)),
u#0,Q+#0, 4.7)
where «; is given in Eq (4.6).
Set 4: ) 5
—a;Q + 4c |
{b1= 1 Sl ,Klzo}, (4.8)
u
2(—a1QQ + 401p2 3=
84(x, 3,2, 1) =(kap1 exp(pi( p L +ayy + cit + X))
(—a;Q+4cip?—c3 - Q)
— p1exp(=pi( p L~ tay+et+a)
2(=a1Q +4c p?—c3 - Q)
/ (k2 exp(pi( L by +et+ )
W(=a\Q + dep? = =)
+ exp(—pi (= ;p O Y haytar+n), u#0. (49
Set 5:
1 —bott + 3 +3coc? +3¢2c; + - A
{P:J—“E \=3¢i = 6eacr,an = G 2;2 Sk R
—a1Q + 4cyct + 4cke; - A 2 ( V3 +eik, ey + Cz)) ci
1= , K1 = ,P1=——= — 2}, (4.10)
M 3C1 2
g5(x’ Y, %, t)

2(—a1QQ + 4020% + 4c§cl -

:«—C—z‘ — &)k eXp((—% — o) +ayy + it + X))
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2(—a;Q + 402C% + 4c§cl -
u

1 1 —bopt + 3 +3¢,% + 3¢k + -2
) \ -3¢t = 6cac1k sin(i \ -3¢l - 6czcl(y( #HT G 291 A ) + bz + ot + X))

2(—a1Q + 4exet + 4eser — )

+ (62—1 + ) exp((% + o) Lay+ et + X))

/(K> exp((—% — o) Fay + o+ X))

2=a1Q + deret +4cse — Q)

+ exp(—(—% —c)( +ay+cit+x))

u
1 —bopt + ¢ + 3¢, + 3¢+ 2 - A
+ K1 005(5 /=363 - bcrc (LT PR ) 4 byz+ st + 1)),
u+0,Q+0, 4.11)
where «; 1s given in Eq (4.10).
Set 6:
1 —bopt + €3+ 3c,0? + 3¢ + ¢ - A
{p= ii \/—3C%—6C2C1,az = : ;2 2 2 )
—a1Q + 4cyct + 4cke; - A 2 ( V3 ek, 2y + Cz)) ci
1= »Ki = — ,P1 = —7 — 4.12)
M 3C] 2
86(X, y,2, 1)

2(—a1Q + 4deret +4c5e — Q)

u
2(—a;Q + 4czc% + 4c§c1 -

:<(—% — o)k exp((—% — o) Fay + oyt + X))

+ (% +¢y) exp((% + ¢o)( + a1y +cit+ x))

1 1 —bopt + 3 +3cy¢* +3c2c+ 2 - A
) N3¢t = 6cac1k sin(i \ -3¢l - 6czc1(y( TG 25 A L) + byz + ot + X))

2(—a1Q + 4crct + 4cse) — )

/(&2 exp((—% —)( +ayy+cit+ x))

u
2(—a1Q + 4crc? + 4c2c; — A
+exp(—(—% — ) (Ca ad 21 ) +ay + cit + x))
U
1 —bott + 3+ 3cac? +3c2c;+ 2 - A
+ K Cos(iﬂ/—3cf—6czcl(y (Chaptt ¢ 43 0 AT e D)),
u+0,Q+0, 4.13)

where «; is given in Eq (4.12).

Set 7:
1 —bot + 3 + 3¢+ 3c2ci+ 2 - A
{Pzii \/‘30%_6C2C1702: il 252 Sl ,

—a1Q + 4czc% + 4c§cl -A 2 ( V3 Veika (2¢1 + Cz)) ci
1= K1 = ,P1 = — + C2}, (414)
M 3C1 2
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g7(x7 Y, 2, t)

2(—a\Q + 4cyc? +4cke - A
=((% + C2)Ka exp((%1 + 0 (—a 24 5¢1 = A) ay
u

2(—a;Q + 4C2C% + 4C§C1 -

Cq1 C1
+at+x)+ (-7 —c)exp((-7 — ) r

1 —bopt + €3 + 3c¢? +3c3c; + 3 - A
- (-3¢ 6eser Veraer T anysin(h |73 — e, (AT AT I TIG0 TG D

2(—a1Q + 4eret + 4cser — A)
u

+a)y +cit+ x))

+ oz + ot + 0))/(V3c1) /(K eX]D((C—z1 +c2)( +ayy +cit + X))

2(—a1Q + 4eret + 4cser — )

+ exp(—(% + co)( +ay+cit+x))

U
1 —bopt + 3 +3cy¢? +3c2c+ 2 - A
+ (V3 erkaer + ex)) cos(5 =3¢} - beser( (Chat+ ¢, 43¢ A )
+ bz + ot + x)))/(3cy)), u#0,Q % 0. 4.15)
Set 8:
1 ~byu + 3 +3¢,¢? + 3¢ + ¢ - A
{p= ii \/_36‘% —6cc1,a0 = : ;2 2 2 ,
—a1Q + 4cyc? + 4c2c — A 2(V3 e (2c; +
o Tetrdaarica sl AVVARAEGR) L a0 g
u 3¢y 2
gs(x,y,2,1)

2(—a;Q + 4c2c% + 4C§C1 -

C C
:«31 + )k exp((;1 + ) +ayy + cit + X))

u
c c (=1 Q + 4cyc? + 4cic, - D)
(-5 —e)exp((— ) ﬂl > +ayy + it + x))
3 b 6 .1 2 y(—bz,u+c?+3czc%+3c§c1+cg—/1)
=3¢ — 6¢act Ver(2er + cp)ka sin(5 /=3¢y — 6¢2¢1( 5 + byz + ot + X))
+ )
‘/561
c 2(—a1Q + dcrc? + 4ce; — )
[z exp(( + e2)( ﬂ‘ - +ayy +cit + x))
2(—a1Q + 4crc? + 4c2c, - A
+exp(—(c—21 + c)( (Ca 2,u] 21 ) +ay +cit + x))
1 —bott + 3 + 3¢crc? + 3c2c; + 2 - A
~ (V3 er2e1 + e)ka)) cos(5(= =3¢} - beren (LKt e i
+ byz+ oot + %))/ (3cy)), u#0,Q+#0,c; #0. 4.17)
Set 9:
N e T R T2 T L ek

c1 +2c¢ u
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c1(=2byu + 16czp% - 603 —2A) —4cy(byu — czp% +A)+ c%(4p% - 3c§) + c‘l1 + 2020?

“= 2(c1 + 262)Q ’
2( Vg\/clkz(cf + 4cocq + 4c§ + 4p%)(4clpf + 8c2pf + 3c§ + 1202c% + 126501))
K = > > > 1 (4.18)
3ci(cy +4cyey +4c; +4p;
V3 V=erler + 20k py sin(A R e bz
go(x,y,2,1) =(—
c1+2c,
2(—a1Q+4cip;—cl - )
+ ka1 exp(pi( p +ay + it +x))
(—a;Q+4cip?—c3 - Q)
+ pi(—exp(—pi( p L
V-3 +2 + bz + ot +
Fay+ et + )/ cos(( ci(cy + 2¢c)pi)(azy + baz + 3 X))
c1 + 2cs
(=1 Q+4ept—c] - )
+ ko exp(p;( + a1y +cit+ x))
u
2(—a1Q + 4c1pf - c? -A)
+ exp(—pi( +ay+cit+x)), u#0,ci+2c, #0, (4.19)
u
where a, and k; are given in Eq (4.18).
Set 10:
V-3ci(c1 + 2¢2)py -a;Q + 4C1P% - C? -4
{p == abl = 5
c1 +2c u
c1(—2byu + 16c2p% - 6C§ —2A) —4cr(bou — czp% +A) + c%(4p% — 3c§) + c? + 2czc?
@ = 2c; + 26,)Q :
2( Vg\/clkz(c% + 4crcq + 403 + 4p%)(4clp% + 8c2p% + 3cf + 1202c% + 120%01))} (420)
K1 = — ) .

3ci(c? + 4eaey +4cs + 4ph)

V3 V=eiler + 260k py sin(A Az
c1 +2c
2(—a1Q + 4c1p% - c? -A)

go(x,y,2,1) =(—

+ay+ct+ X))

+ kap1 exp(pi(
2(—a1QQ + 4clp% - c? -

u
( V—3C1(C1 + 262)p1)(a2y + sz + cot + X))

c1+2¢;

+ p1(—exp(—pi(

+ a1y + cit + x))))/(ky cos(

2(—a1Q+4eipt—cl =)

+ k7 exp(pi( +a)y +cit+ x))
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2(—a\Q+4epP—c -2
(Ca 1P~ )+a1y+clt+X))),ﬂ¢0,61+202¢0’ 4.21)

+ exp(—pi(
u
where a, and k; are given in Eq (4.20).
Set 11:
- V=3¢, 2ci + cr)pi Y —3bop + (8¢y +4¢2) pT —3¢; — 34
P - 3C2 s U2 3Q )
- &) (—6a1§2 + 16¢,p? — 6/1) +c5 (4p% - 90%) +4ctp? + 3¢5
L 6 (c20) ’
2 ( \/g\/(}zkz (402p% + 8c1pf + 903 + 18616'%) (30% + 6c1c, + 4p%))
Ki = , 4.22
1 4erp? + 8cipt +9c3 + 18¢c3 } (4.22)
g (x,y,2,1)
2(c2(=6a,Q + 16¢, p? — 61) + c2(4p? — 9¢?) + 42 p* + 3¢)
=(kop1 exp(p1( 1 6o qu ! ! 171 2 +ay+ cit + x))
2
2(c2(—=6a1Q + 16¢1 p? — 64) + c3(4p7 — 9¢?) + 4cip? + 3¢5)
+ pi(=exp(=pi(
1 1 7
- )'(—3h2;1+(8c1+402)p%—3c3—3/l) oty
) Yrere e sind Lo e v d >>)
+a1y+ct+x)))—
\/502
2(ca(=6a;Q + 16, p? — 61) + 2(4p? — 9¢?) + 42 p* + 3¢)
(k2 exp(p1( : 6(c #2) : . 1 2+ aiy+cit+ x)
2
Z(Cz(—6611Q + 16C1p% — 6/1) + C§(4p% — 9C%) + 4c%p% + 3C3
+ exp(—pi( o) + a1y + cit + x))
2
s cog Y cyp) (MBI 3G 2 4ot + ) )
K b
: 3C2
u# 0,00 #0, (4.23)
where «; is given in Eq (4.22).
Set 12:
V=36 @ei+)pr —3bop+ (Bei +4er) pi =3¢ -34
{p == ,dy = 5
3¢ 3Q
- o (—6a1Q + 16¢,p} — 6/1) +¢5 (4pf - 9cf) +4cipt + 3¢5
1 6 (ca) ’
2 ( \/5\/02/(2 (4czp% +8ci1pt +9¢; + 180103) (3c§ +6c1cy + 4p%))
K| = — PRI 3 > }, (4.24)
2pi + 8cipi +9¢; + 18cic;
g12(x, y,2,1)
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7(cr(—6a,Q + 16clp% —-61) + c§(4p% - 96%) + 4c%p% + 36‘2‘)
6cou

7(cr(—6a,L + 16clp% —-61) + c§(4p% - 96‘%) + 4c%p% + 36‘2‘)
6cou

=(k2p1 exp(pi( +apy + cit + x))

+ pi(—exp(=pi(

Y(=3bop+(8ey +4cp)p-3¢3-30)

. V—c22c1+c2)pi( +byz+cot+x)
V=c2(2¢1 + c2)ki py sin( —— T )

‘/502
2(cr(—6a,L2 + 16clp% —61) + c%(4p% - 9(:%) + 4c%p% + 30‘2‘)

+a)y+cit+x))) —

)

/ (k2 exp(p1( +ayy +cit + x))
6(cout)
2(c2(=6a1Q + 16¢1 p7 — 64) + c3(4pT — 9¢) + 4cipt +3¢3)
+ exp(—pi( + a1y + cit + x))
6(cop)
- c1+4cy)p?-3c3—
(V-=3c2(2c; + Cz)pl)(y( Sop® 1;;‘22)‘01 35730 + byz+ ot + X)
+ k1 cos( 3 ),
(&)
1 #0,¢ %0, 4.25)
where «; is given in Eq (4.24).
Set 13:
3
(@ _2p2pf(—b2,u +(c1—2)p*+ 2 -3+ 33 - D)
i (p? + P10
.\ pl(=bopt + (4cy + c2)p* + 2¢} = 3cact — A) = pH(bopt + cop* + 3 + D) + (2¢1 + ¢2)p°
(P? + p})*Q ’
, PPpi(=2a1Q + (ci — 2c2)pT + ¢} — 6¢2¢] + 3c5¢1 — 24)
1 =

u(p* + pr)?
.\ p(=a1Q + (—c; — 4cr)pt +2¢3 = 3c165 = D) + pl(—a1Q + ¢ p? = ¢ = ) + (—¢1 = 2¢2)p°
u(p* + p)>?

b

(4.26)

k1 =(2(p \/Kz(—(c%p? +c3pt = 2c1capt + pt+2pip? + pD)(=cip? — 3 p? + 2c1e2p? + pt + 2pip? + pD)

[(p(ct P} + &3pt = 2c1e2pt + p* + 2pTp* + PO, (4.27)

e (a1y+b1z+ct+x)

g13(x,y,z2, 1) =(kapy — kip sin(p(azy + brz + ot + x))
+ py (=l Clarhizrattnyy [ P aFbizrattn 4y cos(p(ayy + baz + cot + X))

Pty 2.0,Q % 0,(p" + p7) # 0, (4.28)
where a,, by, and «; are given in Eq (4.26).
Set 14:
C3
@ :2p2p%(—b2,u +(c1 — )PP+ 2 -3c163 + 3 - D)

(P* + p)*Q
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. Pl(=bop + (4t + c2)p* + 2¢3 = 3cact = D) = pH(bapt + cop* + ¢ + ) + (2¢1 + c2)p§
(p* + p)*Q
_pzp%(—Zalﬁ +(c; — 2c2)p% + c? - 6626‘% + 3c§cl -2
B u(p* + p)?
N pH(=a1Q + (—c; — 4cz)p% + 202 - 3c1c§ - A+ p?(—alﬂ + clp? - c:f — )+ (=c; = 2c)p°
H(p? + pp)>?

b

b

b

(4.29)

k1 =—Q2(p \/Kz(—(c%p% +c3pt = 2c102pt + pt +2pip? + pD)=cIp? — 3p? + 2c1c2p? + pt + 2pip? + p)))

[(p(cipt + c3pi — 2c1cp + p* + 2pip” + P}, (4.30)

814()6, v, 2, t) :(szlep1(a1y+b1z+c1t+x) —Kip Sin(p(azy + brz + Cof + x)) + p](_epl(—(a1y+b1z+cn+x))))
/(Kzepl(a1y+b1z+01t+x) + K Cos(p(azy + byz + cot + X)) + e—pl(a1y+b1z+01t+x)),

u#0,Q+0,(p>+p}) #0, (4.31)

where a,, by, and «; are given in Eq (4.29). O

4.2. Two-soliton solutions

Theorem 4.2. The two-soliton solutions of Eq (3.1) are produced by utilizing Eq (3.3).

Proof. To determine the two-soliton solutions, we assume the relation given as in [40],

U(x,y,z,t) =Apexp(ky (@i x + b1y + c1z2+ dit) + ky (ayx + by + 22 + dot) + 01 + 03)
+ ekl(a1x+b1y+clz+d1t)+§1 + eKz(a2x+b2y+sz+d2t)+52 + 1 (432)

By applying Eq (4.32) to Eq (3.3) and collecting coefficients of every order of

exp (K] (Cl]x + bly +ci1z+ d]l) + Ky (Clzx + bzy + Ccrz + dzf) + 07 + (52) ,

ekl(a1x+b1y+clz+d11)+61
)

ekz(a2x+bzy+czz+d2t)+62
s

and setting them equal to 0, We achieve the following solution sets by solving the system with the help

of the Maple tool.
Set 1:
b a%cl,u - a‘lldlkf + a';’/l + d? b a%cz,u - a§d2/<§ + ag/l + dg
1 = a%Q s U2 — a%Q )
2(,4,2 . 12 202, 2 4.0 3.3
a; (ajk; + dy) = 2ayaxd\ds + ajd; + ajask; — 2ajask 1 k;
Ap = ( ) b (4.33)

2(,4.2 . 2 20, 2 4.0 33
a; (alk1 + d1) = 2ayaxddy + ajd;5 + ajazks + 2ajayk k;
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y(a%cly — a‘l‘dlkf + a?/l + d?)
2
a2

815(x,y,2,1) =(An(aik; + azky) exp(k;(— +a;x+ciz+dt)

yaseop — aydoks + a3 + d3)
20
y(aiein — ajdiki + ald + d3)
a:Q
y(a%cz,u - a‘z‘dzkg + ag/l + d;)
a>Q
—y(a%cl,u — a‘l‘dlkf + a?/l + d?)
2Q
—y(a3cop — aydoks + a3 + d3)
a%Q
—y(ajeiu — aldiki + aid + d3)
2Q
—y(azczu Clzdez + az/l + d3)
20
a; #0,a, #0,Q # 0, (4.34)

+ Kz(—

+ ayx + 7+ dot) + 81 + 67)

+ a1k exp(Kl(— +(11X+C1Z+dlt)+61)

+ ayk; exp(ky(— + ar X + ¢z + dot)

+02)) /(A2 exp(k;( +aix+ciz+d)

+ Kz(

+ ayx + 7+ dat) + 81 + 6)

+eXp(K1( +(11.X+C1Z+d1f)+51)

+ exp(ka( + arx + o7+ dot) + 87) + 1),

where A, is given in Eq (4.33).
Set 2:

{ _ ard; b = 4a§c1d§,u a2d3 +2a§d1d2/1+16d1d‘2‘
“= 2,7 4a3d5Q

~ _azcz,u — dydoi; + a3 + d; asdic; + 4aydsk; — 4asd daki Ky + 4d,

by = 12 =
2 ’ 472, 472, 4 4
aQ) azd1 s 4a2d2 5 +daydidokiky + 4dy

b

| (4.35)

ard Kk
2d,
y(4a§c1d§,u - a2d3 + 2a§d1d2/l + 16d1d4) azd1x
4a§d29 2d,
y(@dasc\dap+ay(—d i3 +2a3d  dr A+16d, d3) + azdlx
4a3d2Q

2d,
y(a%cz,u a’zk2 + a3/1 + d%)
a%Q
[(Ap exp(ka(arx + bry + c2z + dot)
—y(4aje\dsu — a3di; + 2a3dydaA + 16d,d3)
120

816(X,¥,2,1) =(A12( + axky) exp(ka(axx + bry + ¢z + dat)

+K1(— +C12+d1t)+61+62)

Clzd]Kl CXp(Kl(— +ci1z+ dlt) + 51)

—+

+ ayky exp(ky(— + arx + 22 + dot) + 6))

+K1(

ard, —y(4ase\dsu — a3dik; + 2a3dydrA + 16d,dy)
+ —x+ciz+dit)+ 6, +0) +
Zdz o iz ! ) ! 2) eXP(Kl( 4a§d§£2
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ard, —y(agcz,u — a;‘dzkg + ag/l + d;)
+ —x+ciz+dit)+06,)+
2 X+ ciz+dit) +6;) + exp(ka( 20

+0)+ 1), a #0,d, #0,Q # 0, (4.36)

+ arx + crZ + dzt)

where A, is given in Eq (4.35).
Substituting solution Eq (4.36) into Eq (3.1) yields an identically vanishing residual under the
constraint Eq (4.35), optionally reported that this was verified symbolically in Maple. O

5. Modulation instability (MI)

Consider the steady-state result for the (3+1)-dimensional dynamical oceanic wave model as
presented in [41-44].

The modulation instability study is carried out by perturbing a continuous wave (CW) steady-state
solution of the governing equation, which takes the form

g(x,y,2,0) = G(x,y,z,1) . (5.1)

This state represents a uniform background of constant intensity over which small disturbances are
introduced.

To make the steady background explicit and ensure consistency, we have revised the formulation by
introducing the transformation

g(x,y,2,1) = (€G(x,y,2,1) + Va) e, (5.2)

where a is a real constant associated with the carrier phase (or intrinsic temporal frequency)
of the background wave, and G(x,y,z,t) denotes a small complex-valued perturbation (envelope)
superimposed on the steady-state +/a.

In this formulation, € is a small bookkeeping parameter. This representation clearly separates
the constant background +/a from the perturbation G. Subsequently, we substitute this form into
the governing equation and retain terms up to first order in €, neglecting higher-order contributions.
This modification removes the earlier ambiguity and provides a consistent perturbation framework
throughout the analysis.

Substituting Eq (5.2) into Eq (3.1), after linearizing, we obtain

- 3a°G, + 3aiGy — @Gy + AGoy + UGy + QGoy + Gy — Gy — @G = 0. (5.3)
Assume the solution of Eq (5.3) is given by
G(x,y,z,1) = A ! CaHB1x By +B32) Aze—t(—qt+ﬁ1x+ﬁzy+ﬁsz)’ (5.4)

where £, 5>, and S5 are the perturbation wave-numbers, ¢ is the corresponding temporal frequency,
and A, and A, are small amplitudes. Substituting Eq (5.4) into Eq (5.3), collecting the coefficients of
e APy hs) and e {-arthixebayBsd) and setting the determinant of the resulting coefficient matrix to
zero, we obtain

a® +24'B] - 3a'q* + @’B} + 3a’q* + 6478 Aq + 64 BB uq + 6a°Bo1qQ — AT — 28383 A
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= 2BoBAQ — BB — 2B — BB — ¢° — 2814 + 28127 + 2B:Biug’
+2B:814°Q - Biq” + 2B]Aq + 2B385uq + 2,859 = 0. (5.5)

Finding the dispersion result of Eq (5.5) yields

3iq— PP+ ¢ +Blg N 2B+ 6 + @B+ 9! + 6aplg?
w = + )

5 i (5.6)
The solution will be unstable if
a® +2a'Bl + 6a*q* + azﬁf +9a’q" + 6a°B1q* < 0. (5.7)
The modulation instability gain spectrum G(p) is obtained as
G(g) =2Im(w) = + \/a6 +2a*B} + 6a*q* + a®BS + 9aq* + 6a*B1q. (5.8)

6. Results and discussion

Here, we compare the solutions obtained in this work with those reported previously for the
governing equation. In [36], lump and kink-soliton solutions of the governing equation were obtained
using the Hirota trilinear and bilinear schemes. In [37,38], multisoliton solutions were derived using
the simplified Hirota technique. In [45], solitary wave solutions were obtained by using the modified
extended tanh-function method. In our research, we obtained breather-wave and two-soliton solutions
of the considered model. For a specified range of parameter values, various forms of exact soliton
solutions including anti-kink soliton, double peaked soliton, solitary wave, kink soliton, breather-wave,
and singular soliton solutions are illustrated in Figures 1-15. Singularities are frequently present in
the mathematical models used in physics and can appear in many contexts. To better understand the
behavior of the solutions, we also provide 2D, 3D, and contour plots of the obtained results. These
solutions are expected to contribute to further studies of this equation and may have applications in
ocean engineering and other related fields.

Figures 2 and 10 demonstrate the anti-kink soliton g;(x,y,z,¢) and gio(x,y,z,¢t) for a; = 1, ay =
2,c1=1,6=0,0=2,1=2, u=2,pr=1,t=1,Q=3,z=2anda, =1, b, =2, ¢; =
-, =3, k=2, 1=2,u=2 Q=3 p =11t =1, z =2, respectively. while Figure 3

visualizes the double—peaked soliton structure g(x,y,z,1) for a; =2, c; =2, c; = -1, o =1, 1 =
2, u=2,Q=3, pp =-05, t =1, z =2, whereas Figure 4 displays the solitary wave g;(x,y, z, )
for Lll:1,b2:1,6'1:2,C2:—1,K2:1,/1:2,[122,Q:3,p1:—l,tzl,ZZZ.

Figures 5 and 6 represent the kink soliton g4(x,y,z,¢) and gs(x,y,z,t) for ay = 4, a = 2, ¢; =
3, 6k =0, o =2, A=-1, u=2, Q=1 p=1t=1,z=2anda; =1, b, =1, ¢ =
2,c=05K=3,1=2u=1 Q=05 pp = -5 —c, t =1, z = 2, respectively. Figure 7
depicts the breather-wave structure ge¢(x,y,z,¢) for ay =1, b, =1, ¢y =2, ¢ =05, kp =2, 1 =
2, u=1,Q=0.5, pp =051t =1, z =2, and Figure 8 demonstrates the solitary wave gg(x,y,z,t)
for ay =1, bpb =2, ci=-1,o=1LK=21=1u=2 Q=05 p =3 +c,t=
1, z = 2. Figures 9 and 14 visualize the interaction between solitons gy(x,y, z,t) and g;5(x,y, z, t) for
ag=1,b=2,ci=-1, =3, =2, 1=2,, u=2, Q=3 p=1,1t=1,z=2and
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ag=3, =2, c1=2,0=4x=1L k=2, 1=4u=1, Q=3,t=1, z =2, respectively.
Figure 11 demonstrates the kink soliton g(x,y,z,7) for ay =1, b, =2, c; =3, c, =1, K, =3, 1 =
4, u=2,Q=1, pp =05, t =1, z=2; Figures 12 and 15 represent antikink waves g,»(x, y, z, ) and
gis(x,y,z,t)for ay =4, b, =3, c1=2,c,=-3, k=2, 1=2, u=2,Q=3, p=05,¢r=1,z=2
and 611:2, Cq :2, C2:4, d]:2,d2:3, /<1:1,K2:2,/l:4,,u:1,9:3,t:1,1:2,
respectively. Figure 13 displays singular soliton gi4(x,y,z,¢) for ay =2, b, =1, ¢c1 =1, ca =2, ko =
-1, A=1,u=2, Q=3 p=4,1t=1,z=2.

\
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Figure 1. Gain spectrum of MI for different values of g(¢ = 1,2,3,4), 8 = 0.02, and a
€ (—4,4). The red line is for g = 1, the black line for g = 2, the blue line for g = 3, and the
green line for ¢ = 4. The graph is symmetric about the y-axis. This shows that the concerned
model is stable.

(a) (b) (©)

Figure 2. Graphical interpretations for solution g;(x,y,z,t) using a; = 1, a, = 2, ¢; =
Lk =0,60=2,A=2, u=2, py=1,t=1, Q=3, and z = 2. The figure illustrates
a sharp transition between two asymptotic states, demonstrating the localized steep gradient
and stable propagation profile.
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-02

-0.4

(@) (b) (©)
Figure 3. Graphical interpretations for solution g,(x,y,z,f) using a; = 2, ¢; = 2, ¢; =
-l,ky=1,1=2, u=2 Q=3, pp =-05,1t=1, and z = 2. The graph is showing a
localized wave with an oscillatory envelope.

(@ (b)

Figure 4. Graphical interpretations for solution g3(x,y,z,t) using a; = 1, b, = 1, ¢; =
2, co=-1l,0=1,1=2, u=2 Q=3 p=-1,t=1, and z = 2. The figure
demonstrates a sustained oscillatory profile, highlighting the regular spatial variation and
persistence of the wave pattern.

(@) (b) (©
Figure 5. Graphical interpretations for solution g4(x,y,z,t) using a; = 4, a; = 2, ¢; =
3, ki =0, 0 =2, A=-1, u=2 Q=1, pp =1, t =1, z = 2. The figure illustrates
a sharp transition between two asymptotic states, demonstrating the localized steep gradient
and stable propagation profile.
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S FIEF]S

2121321

212132

/ 212132

2121321

(a) (b) (©)

Figure 6. Graphical interpretations for solution gs(x,y,z,f) using a; = 1, b, = 1, ¢; =
2,6=05K=31=2,u=1 Q=05 p| = —C—zl—cz, t =1, z = 2. The graph is
showing a localized wave with an oscillatory envelope.

212132
212132
212132

\ 212132

212132

(a) (b) (©

Figure 7. Graphical interpretations for solution ge(x,y,z,t) using a; = 1, b, = 1, ¢; =
2,c,=05 k=2, 1=2,u=1,Q2=05, py=05t=1, z=2.

() (b) (©

Figure 8. Graphical interpretations for solution gg(x,y,z,¢t) using a; = 1, b, = 2, ¢| =
~La=1LK=21=1,u=2 Q=05 p =3 +c,t=12=2
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(a) (b) (©

Figure 9. Graphical interpretations for solution go(x,y,z,t) using a; = 1, b, = 2, ¢; =
-1, =3, k=2,1=2,u=2,Q=3,pr=1,1t=1, z=2.

() (b) (©

Figure 10. Graphical interpretations for solution go(x,y,z,t) using a; = 1, b, = 2, ¢ =
-1, 6=3k=2,1=2,u=2, Q=3 py=1,t=1,z=2.

(a) (b) (c)

Figure 11. Graphical interpretations for solution g(x,y,z,t) using a; = 1, b, = 2, ¢ =
3,00=1,K=31=4u=2, Q=1,p;=05,t=1, z=2.

AIMS Mathematics Volume 11, Issue 4, 10936-10962.



10957

(a) (b) (©)

Figure 12. Graphical interpretations for solution gi,(x,y,z,¢) using a; = 4, b, = 3, ¢ =
2, c00="-3, k=2, 1=2, u=2,Q=3,p =05, =1, z=2.

() (b) (©

Figure 13. Graphical interpretations for solution g4(x,y,z,t) using a; = 2, b, = 1, ¢ =
I,co=2,kb==1,2=1, u=2, Q=3 p1=4,t=1, z=2.

(@) (b)

Figure 14. Graphical interpretations for solution gs(x,y,z,t) using a; = 3, a, = 2, ¢ =
2,00=4kK=1,k=2,1=4u=1,Q=3,t=1, z=2.
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(a) (b) (©)

Figure 15. Graphical interpretations for solution gi¢(x,y,z,1) using a; = 2, ¢y = 2, ¢ =
4, di=2,dr, =3, k1 =1, kK =2, /124,/1:1, Q=3,t=1, z=2.

7. Conclusions

We have developed new breather-wave and two-soliton solutions of the integrable (3+1)-
dimensional fifth-order nonlinear oceanic wave equation by utilizing the Hirota trilinear scheme. A
few of these solutions are visualized using two-dimensional, three-dimensional, and contour plots.
The considered model has useful applications in weather forecasting and for coastal communities. The
dynamics of breather-wave and solitons on various spatial backgrounds have been studied using the
higher-dimensional nonlinear wave structure, which describes the development of oceanic waves with
higher-order temporal dispersion. We added the conditions for parameters to avoid degeneracy of the
specific parametric family. Moreover, the modulation instability (MI) of the considered model has been
analyzed to examine the stability and accuracy of the obtained solutions. The results provide deeper
insight into nonlinear ocean wave dynamics and may contribute to applications in ocean engineering,
coastal wave analysis, and related nonlinear physical systems. Overall, the Hirota trilinear scheme is a
reliable, straightforward, and effective tool for handling many dominant nonlinear dynamical models
of the modern era. This study may be useful for further analysis and development of similar nonlinear
wave models.
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