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1. Introduction

Many scientific and engineering fields rely on nonlinear equations; for further background, see
[1–3]. Such equations take the general form

E(x) = 0, x ∈ P, (1.1)

where the set P ⊆ Rn is nonempty, closed, and convex and E : P → Rn is a nonlinear mapping. Here,
Rn denotes the n-dimensional real space equipped with the Euclidean norm ∥ · ∥. To solve (1.1), several
researchers have developed iterative methods; see [4–7] for broad discussions of available techniques.
Traditional approaches include Newton, quasi-Newton, Gauss-Newton, Levenberg-Marquardt, and
trust-region methods. Among these, the Newton method and its variants are widely appreciated for
their fast convergence and ease of implementation.

However, these methods are not suitable for large-scale nonlinear problems because computing the
search direction requires the Jacobian matrix, that is, dk = −(JE(xk))−1E(xk), where JE(xk) denotes
the Jacobian of E(xk) at xk; see [8, 9]. A major weakness of these methods is the need to compute or
invert the Jacobian matrix at each iteration, which can be computationally expensive or infeasible in
large-scale settings.

These limitations have motivated many researchers to address the weaknesses of the Newton
method. For instance, Stanimirović et al. [10] proposed an accelerated gradient-descent method that
simplifies Hessian computations by approximating the Hessian with a diagonal matrix. This approach
transforms the classical Newton framework into a gradient-based scheme for large-scale unconstrained
optimization. In addition, Petrović et al. [11], building on [12], proposed a double step-length method
for large-scale unconstrained optimization. Their method employs an inexact line-search strategy and
a suitably designed diagonal approximation of the Hessian matrix. Inspired by [11], Halilu et al. [13]
introduced a double step-length method for systems of nonlinear equations. Their method uses an
acceleration parameter to approximate the Jacobian matrix and applies an inexact line search to
compute the step length. Global convergence of the proposed method was established under certain
assumptions.

Moreover, improving numerical performance and global convergence in iterative approaches often
requires hybridizing two or more techniques to obtain a more robust method. Such hybridization is
used to enhance both convergence behavior and overall computational efficiency. For example, inspired
by [11], Petrović [14] proposed a hybrid acceleration technique with two step-length parameters for
large-scale unconstrained optimization. In that work, the double step-length strategy guides a Picard-
Mann-type hybrid iterative scheme, and convergence was demonstrated for both strictly convex and
uniformly convex cases. Similarly, Petrović et al. [15] proposed a transformed double step-length
method by hybridizing it with a three-term technique for unconstrained optimization. Their process
incorporates an adaptive backtracking line search with an optimally computed initial value to improve
efficiency, and the method was shown to perform well for both strictly convex and uniformly convex
quadratic functions. In addition, Abbass et al. [16] proposed a double step-length method for convex-
constrained nonlinear equations. Their approach combines the Picard-Krasnoselskii iterative process
with double step-length techniques, and the resulting algorithm satisfies global convergence under
mild assumptions; it was later applied to signal-processing problems. More recently, Halilu et al. [17]
proposed a hybrid two-step method for systems of nonlinear equations with applications in motion
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control. Their method incorporates the Picard-Mann hybrid procedure in [18] with two correction
terms during iteration. The motivation is to stabilize the process when one correction parameter fails,
thereby preventing divergence of the search direction.

To the best of our knowledge, the only existing double step-length method for solving (1.1)
is the one presented in [16]. Although pioneering, that approach relies on a traditional Taylor-
series expansion to derive the acceleration parameter for the second step. For additional related
works, see [16, 17, 19–21]. While effective, this strategy inherits local-convergence assumptions and
sensitivity to Jacobian approximations that are typical of series-expansion techniques. Moreover, most
other double step-length methods in the literature are designed either for unconstrained optimization
problems or for general systems of nonlinear equations. Motivated by the favorable properties of
Jacobian approximation via the Frobenius norm, the hybrid iterative framework in [18], and the
projection technique in [22], we propose a hybrid of the double step-length method and the Picard-
Mann iterative technique for solving large-scale convex-constrained monotone nonlinear equations,
with applications in signal processing. These results highlight the ability of the hybrid approach to
improve both global and numerical convergence of the iterative scheme and also provide a basis for
further developments in this area. The primary contributions of this study are summarized as follows:

• This study introduces a new hybrid iterative procedure for solving large-scale convex-constrained
monotone nonlinear equations using the Picard-Mann iterative technique.
• The acceleration parameter in the proposed method is derived using the Frobenius norm to

minimize the difference between the Broyden update and its diagonal approximation.
• The proposed search direction satisfies sufficient descent without additional conditions and

guarantees global convergence with a Q-linear convergence rate.
• Numerical simulations confirm that the correction parameter derived from the Picard-Mann

iterative scheme is effective, thereby improving both numerical performance and overall
convergence of the proposed method.
• The proposed method is further applied to signal-processing problems, where it demonstrates

accurate recovery of degraded signals and practical relevance in scientific applications.

The paper is structured as follows: Section 2 provides an overview of the proposed algorithm, its
motivation, and preliminaries. Section 3 presents the convergence analysis of the proposed algorithm.
Section 4 reports numerical simulations. Section 5 presents signal-processing applications. Section 6
concludes the paper.

2. Motivation and algorithm description

The hybrid framework, viewed as a relational iterative procedure, was first introduced by Picard [23]
and later developed by Mann [24]. This approach generalizes the classical Picard iteration by
introducing a sequence of weighting parameters that form convex combinations of successive iterates.
In addition, Ishikawa [25] proposed another iterative scheme by extending the method of Mann [24].
Subsequently, Khan [18] proposed a hybrid of the methods in [23] and [24]; see also [18] for further
details. Motivated by the iterative procedures in [18, 23–25], we propose another double step-length
iterative technique for solving large-scale convex-constrained nonlinear equations.
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Next, we define another hybrid version of the accelerated double step-size as follows:

T (xk) = xk − β(k)ϕ
−1
k E(xk) − η(k)E(xk), (2.1)

where xk is the current iterate and β(k) and η(k) are the two respective step sizes computed using a suitable
line-search procedure, while ϕk is the acceleration parameter to be obtained later. By combining the
Picard-Mann hybridization process proposed by Khan [18] with the expression in (2.1), we obtain the
following relations:

x0 = x ∈ P,

xk+1 = T (yk) = yk − β(k)ϕ
−1
k E(xk) − η(k)E(xk),

yk = (1 − γ(k))xk + γ(k)(xk − β(k)ϕ
−1
k E(xk) − η(k)E(xk)), k ≥ 0,

= xk − γ(k)(β(k)ϕ
−1
k + η(k))E(xk),

(2.2)

where the parameter γ(k) ∈ (0, 1) is the correction parameter serving as the means to modify the iterative
procedure.

Lemma 2.1. Suppose the hybrid iterative process can be generated by the iterative technique (2.2),
then, the iterative scheme is defined as follows:

xk+1 = xk − (γ(k) + 1)(β(k)ϕ
−1
k + η(k))E(xk). (2.3)

Note that the iterative scheme in (2.3) is derived through Picard-Mann hybridization together with
a newly defined function in (2.1). The parameters β(k) and η(k) adapt the step length by combining
curvature information with stabilization. In addition, the acceleration parameter γ(k) controls the
extent of hybridization to enforce sufficient descent, providing a structural advantage over existing
double step-length methods. This decomposition of steps is designed to improve both convergence and
stability.

2.1. Derivation of acceleration parameter via Frobenius norm

In this subsection, we focus on deriving the acceleration parameter using the Frobenius norm. The
acceleration parameter ϕk is motivated by a scalar quasi-Newton philosophy. We approximate the
Broyden matrix Bk by a diagonal matrix ϕkI through Frobenius-norm minimization, where I is the
identity matrix. This is equivalent to asking: Which scaling factor ϕk best captures the action of the
Jacobian-like matrix Bk across all directions? For this purpose, we consider the following Broyden
update.

Let sk−1 = xk − xk−1 and yk−1 = E(xk)− E(xk−1)+ γsk−1, with γ > 0, and assume Bk−1 ≈ ϕk−1I. Then,
the Broyden update Bk is given by

Bk = Bk−1 +
(yk−1 − Bk−1sk−1)sT

k−1

sT
k−1sk−1

, (2.4)

where Bk is an n × n matrix.
This scalar approximation is motivated by computational efficiency. To obtain an efficient

acceleration parameter ϕk, we formulate the following Frobenius-norm minimization problem:

min
ϕk∈R
∥Bk − ϕkI∥2F = min

ϕk
trace

(
(Bk − ϕkI)⊤(Bk − ϕkI)

)
. (2.5)
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Substituting the approximation into the Broyden update in (2.4), we obtain Bk = ϕk−1I +
(yk−1 − ϕk−1sk−1)s⊤k−1

s⊤k−1sk−1
. Further simplification of (2.5) implies

∥Bk − ϕkI∥2F =

∥∥∥∥∥∥(ϕk−1 − ϕk)I +
(yk−1 − ϕk−1sk−1)s⊤k−1

s⊤k−1sk−1

∥∥∥∥∥∥2

F

. (2.6)

From (2.6), we define

ϑ(ϕk) = trace
((ϕk−1 − ϕk)I +

(yk−1 − ϕk−1sk−1)s⊤k−1

s⊤k−1sk−1

)⊤ (
(ϕk−1 − ϕk)I +

(yk−1 − ϕk−1sk−1)s⊤k−1

s⊤k−1sk−1

) . (2.7)

Let κ1 = ϕk−1 − ϕk and κ2 =
yk−1 − ϕk−1sk−1

s⊤k−1sk−1
. Then, (2.7) transforms to

ϑ(ϕk) = trace
(
(κ1I + κ2s⊤k−1)⊤(κ1I + κ2s⊤k−1)

)
. (2.8)

Expanding (2.8) further, we obtain

ϑ(ϕk) = trace
(
κ2

1I + κ1κ2s⊤k−1 + κ1sk−1κ
⊤
2 + κ2s⊤k−1sk−1κ

⊤
2

)
. (2.9)

Using linearity and standard properties of the trace operator, we simplify each term as follows:

trace(κ2
1I) = nκ2

1, trace(κ1κ2s⊤k−1) = κ1s⊤k−1κ2, trace(κ1sk−1κ
⊤
2 ) = κ1κ

⊤
2 sk−1 = κ1s⊤k−1κ2,

trace(κ2s⊤k−1sk−1κ
⊤
2 ) = (s⊤k−1sk−1)(κ⊤2 κ2).

Substituting these terms into (2.9), we obtain

ϑ(ϕk) = κ2
1n + 2κ1(s⊤k−1κ2) + (s⊤k−1sk−1)(κ⊤2 κ2). (2.10)

Substituting κ1 = ϕk−1 − ϕk and κ2 =
yk−1 − ϕk−1sk−1

s⊤k−1sk−1
into (2.10) yields

ϑ(ϕk) =
(
n(ϕk−1 − ϕk)2 + 2(ϕk−1 − ϕk)

s⊤k−1(yk−1 − ϕk−1sk−1)
s⊤k−1sk−1

+
∥yk−1 − ϕk−1sk−1∥

2

s⊤k−1sk−1

)
. (2.11)

Finding the minimum of (2.5) is equivalent to differentiating (2.11) with respect to ϕk and setting
the derivative to zero, which gives

ϑ′(ϕk) =
(
2n(ϕk−1 − ϕk)(−1) + 2(−1)

s⊤k−1(yk−1 − ϕk−1sk−1)
s⊤k−1sk−1

)
= 0. (2.12)

Further simplification of (2.12) gives

−2n(ϕk−1 − ϕk) − 2
s⊤k−1(yk−1 − ϕk−1sk−1)

s⊤k−1sk−1
= 0. (2.13)
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Remark 2.2. To ensure ϕk > 0 for all k when initialized with ϕ0 = 1, we examine the update as follows.

Let ρk =
s⊤k−1yk−1

s⊤k−1sk−1
. Then, (2.13) can be rewritten as

ϕk = ϕk−1 +
1
n

(ρk − ϕk−1) =
n − 1

n
ϕk−1 +

1
n
ρk.

This is a convex combination of ϕk−1 and ρk, provided n > 1.
If ρk > 0 for all k, then ϕk remains positive because it is a weighted average of positive quantities.

The condition ρk > 0 is equivalent to s⊤k−1yk−1 > 0, which is the curvature condition commonly satisfied
in quasi-Newton methods for strictly convex functions. Thus, under this mild and standard condition,
ϕk > 0 for all k when ϕ0 = 1.

Therefore, the derived acceleration parameter is given by

ϕk = ϕk−1 +
s⊤k−1(yk−1 − ϕk−1sk−1)

ns⊤k−1sk−1
. (2.14)

We further simplify the inverse of the acceleration parameter defined in (2.14) as follows:

ϕ−1
k =

ns⊤k−1sk−1

ϕk−1(n − 1)s⊤k−1sk−1 + s⊤k−1yk−1
. (2.15)

Remark 2.3. We consider the following remark:

• (i) From (2.3), for k ≥ 1, the proposed search direction is given by

dk = −(γ(k) + 1)ϕ−1
k E(xk),

and the general iterative scheme is

xk+1 = xk + α(k)dk,

where α(k) = (β(k) + η(k)ϕk). For k = 0, we initialize with d0 = −E(x0) as stated in Algorithm 2
below.
• (ii) The correction parameters satisfy (γ(k) + 1) ∈ (1, 2), where γ(k) ∈ (0, 1) for all k > 0, ensuring

the efficiency and stability of the proposed iterative procedure.

Before presenting the steps of the proposed method, we first define the line-search procedure used
to compute the step-length in the algorithm. The computation of the step-lengths β(k) and η(k) is
summarized in Algorithm 1 as follows.

Algorithm 1: Inexact line search for obtaining β(k) and η(k).
Input: Given the function E(xk), the search direction dk, ρ ∈ (0, 1), ϖ ∈ (0, 1), ξ > 0, ζ > 0 and
σ > 0.

1. For η = β = 1.
2. While

−E(xk + α(k)dk)⊤dk ≥ σα(k)∥dk∥
2. (2.16)

Let α(k) = (β(k) + η(k)ϕk), where β(k) := ζϖ jk and η(k) := ξρ jk , with jk being the smallest
non-negative integer j such that (2.16) holds.

3. Return β(k) = ζϖ
jk and η(k) = ξρ

jk .
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Remark 2.4. Note that the line search defined in (2.16) differs from the classical Armijo line search
in two main respects, despite its restrictive nature: (i) It simultaneously backtracks the two parameters
β(k) and η(k) using independent factors ω and ρ, which reflect their respective roles in curvature scaling;
and (ii) it directly enforces contraction of the residual norm ∥E(x)∥, which is the natural merit function
for nonlinear problems.

The proposed method is summarized in Algorithm 2. The algorithm steps are used to conduct the
numerical simulation.

Algorithm 2: Accelerated method for solving monotone nonlinear equations with application.
Input. Given x0 ∈ P, ψ ∈ (0, 2), c > 0, tol > 0, ϕ0 = 1, and set k := 0.
Step A: Evaluate E(xk). If ∥E(xk)∥ ≤ tol, then stop; else, go to Step B.
Step B. Compute the search direction as follows:

dk =

−E(x0), if k = 0,
−(γ(k) + 1)ϕ−1

k E(xk), if k ≥ 1.
(2.17)

Step C. Compute β(k) and η(k) using Algorithm 1 above.
Step D. Set zk = xk + α(k)dk, where α(k) = (β(k) + η(k)ϕk). If ∥E(zk)∥ = 0 or ∥E(zk)∥ ≤ tol, stop;
else, go to Step E.

Step E. Evaluate next iteration by

xk+1 = PP[xk − ψδkE(zk)], (2.18)

where

δk =
E(zk)⊤(xk − zk)
∥E(zk)∥2

, ∥E(zk)∥ , 0. (2.19)

Step F. Compute the acceleration parameter ϕk+1 using (2.14).
Step G. Let k = k + 1 and restart from Step B.

Remark 2.5. (Algorithm interpretation) The proposed Algorithm 2 can be seen in complementary
theoretical lenses:

• Connection to projected gradient methods: The projected gradient method [22] solves
constrained optimization problems via updates of the form xk+1 = PP[xk−αk∇ f (xk)]. Step E of the
proposed Algorithm 2 adopts this same fundamental structure through xk+1 = PP[xk − ψδkE(zk)].
The key distinction is that the operator E is evaluated at the auxiliary point zk rather than at xk.
• Adaptive projected gradient interpretation: The update xk+1 = PP[xk − ψδkE(zk)] follows the

projected gradient paradigm, with the additional feature that the operator is evaluated at an
extrapolated point zk rather than at the current iterate.

This viewpoint shows that the proposed Algorithm 2 combines the feasibility guarantees of projected
gradient schemes while incorporating adaptive mechanisms through γ(k), η(k), and ϕk.
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3. Analysis of convergence

The global convergence of the proposed Algorithm 2 is established in this section. We begin by
stating some important assumptions and definitions.

Assumption 3.1. The following assumptions are sufficient to guarantee that the sequence {xk}

generated by Algorithm 2 converges to a solution x of problem (1.1):

(R1) The solution set of (1.1) is nonempty and is denoted by P×.
(R2) The function E is Lipschitz continuous; that is, there exists a positive constant θ > 0 such that

∥E(x) − E(y)∥ ≤ θ∥x − y∥, ∀x, y ∈ Rn. (3.1)

(R3) The function E is monotone; that is,

(E(x) − E(y))⊤(x − y) ≥ 0, ∀x, y ∈ Rn. (3.2)

Suppose P ⊆ Rn is a nonempty set that is both closed and convex. For any point x ∈ Rn, the
orthogonal projection of x onto P, which is denoted as PP[x], is defined in the following manner:

PP[x] := arg min{∥x − y∥ : y ∈ P}. (3.3)

Let x, y ∈ Rn. The mapping PP : Rn → P is called the projection operator and satisfies the non-
expansive property:

∥PP[x] − PP[y]∥ ≤ ∥x − y∥, ∀x, y ∈ Rn.

Consequently, we have
∥PP[x] − y∥ ≤ ∥x − y∥, ∀y ∈ P. (3.4)

Remark 3.2. Consider the following remark:

(a) Using assumption (R3) and the definition of sk−1, yk−1, γ > 0, we have

s⊤k−1yk−1 = s⊤k−1(E(x) − E(y)) + γs⊤k−1sk−1 ≥ γ∥sk−1∥
2 > 0.

(b) Using assumption (R2) and the Cauchy-Schwarz inequality, we have

s⊤k−1yk−1 ≤ (θ + γ)∥sk−1∥
2.

Lemma 3.3. Let ϕ0 > 0. Then, for n ≥ 1, ϕk > 0 and ϕ−1
k > 0 for all k ≥ 1.

Proof. (a) From the acceleration parameter defined in (2.14) and part (a) of Remark 3.2, we have

ϕk = ϕk−1 +
s⊤k−1(yk−1 − ϕk−1sk−1)

ns⊤k−1sk−1

= ϕk−1 +
s⊤k−1yk−1

ns⊤k−1sk−1
−
ϕk−1s⊤k−1sk−1

ns⊤k−1sk−1

= ϕk−1 −
ϕk−1

n
+

s⊤k−1yk−1

ns⊤k−1sk−1
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> ϕk−1 −
ϕk−1

n
+
γ

n

= ϕk−1

(
1 −

1
n

)
+
γ

n
> 0.

(b) From (2.15) and part (b) of Remark 3.2, we have

ϕ−1
k =

n∥sk−1∥
2

ϕk−1(n − 1)∥sk−1∥
2 + s⊤k−1yk−1

≥
n∥sk−1∥

2

ϕk−1(n − 1)∥sk−1∥
2 + (θ + γ)∥sk−1∥

2

=
n

ϕk−1(n − 1) + (θ + γ)
> 0.

Remark 3.4. Under the conditions of Lemma 3.3, we have the uniform bound

ϕ−1
k ≤

n
γ

for all k ≥ 1.

From Lemma 3.3, we know ϕk > 0. From Remark 3.2 and Eq (2.14),

ϕk = ϕk−1

(
1 −

1
n

)
+

s⊤k−1yk−1

ns⊤k−1sk−1
≥

s⊤k−1yk−1

ns⊤k−1sk−1
(since ϕk−1 > 0)

≥
γ

n
(from Remark 3.2).

Therefore, ϕk ≥
γ

n > 0, which implies ϕ−1
k ≤

n
γ
.

Lemma 3.5. Assume that assumptions (R1)–(R3) hold and that the sequence {xk} is generated by
Algorithm 2. Then, the search direction {dk} satisfies the following descent property:

E(xk)⊤dk ≤ −N∥E(xk)∥2, (3.5)

where N = min
{
1, (γ(k)+1)n

γ

}
.

Proof. For k = 0, from (2.17), we have E(x0)⊤d0 = −∥E(x0)∥2.
For k ≥ 1, from (2.17) and the boundedness of ϕk in Lemma 3.3, we have the following:

E(xk)⊤dk = −(γ(k) + 1)ϕ−1
k ∥E(xk)∥2 ≤ −

(γ(k) + 1)n
γ

∥E(xk)∥2. (3.6)

Therefore, (3.5) holds.

Lemma 3.6. The search direction (2.17) generated by Algorithm 2 is bounded. That is,

∥dk∥ ≤ Mϕ∥E(xk)∥, (3.7)

where Mϕ = max
{
1, (γ(k)+1)n

γ

}
.
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Proof. For k = 0, using Lemma 3.3 and the definition of the search direction in (2.17), we have

∥d0∥ = ∥E(x0)∥.

For k ≥ 1, observe from (2.17), and we have

∥dk∥ = ∥ − (γ(k) + 1)ϕ−1
k E(xk)∥ ≤ (γ(k) + 1)

∣∣∣ϕ−1
k

∣∣∣ ∥E(xk)∥ ≤ (γ(k) + 1)
n
γ
∥E(xk)∥. (3.8)

Hence, (3.7) holds.

Lemma 3.7. Assume that the sequences {xk} and {zk} are generated by Algorithm 2 and that
assumptions (R1)–(R3) hold. Then, there exists α(k) such that the following statements are true:
(i) For any k ≥ 0, there exists β(k) = ζϖ

jk and η(k) = ξρ
jk satisfying (2.16) for some j ∈ N ∪ {0}.

(ii) The step-length α(k) satisfies

α(k) > α := min

ξ, ϱN
(θ + σ)((γ(k) + 1) n

γ
)2

 . (3.9)

Proof. This is proved in two cases as follows:
Case (i). Suppose there exists k0 ≥ 0 such that (2.16) does not hold. Then, for every nonnegative
integer j, we have

−E(xk0 + (ζϖ jk0 + ξρ jk0ϕk)dk0)
⊤dk0 < σ(ζϖ jk0 + ξρ jk0ϕk)∥dk0∥

2.

Using assumption (R3) and setting j→ ∞, we have

−E(xk0)
⊤dk0 ≤ 0. (3.10)

Conversely, from (3.5), we have

−E(xk0)
⊤dk0 ≥ N∥E(xk0)∥

2 > 0,

which contradicts (3.10). Therefore, the step-length is well defined.
Case (ii). Suppose α(k) , ξ, from α(k) = (β(k) + η(k)ϕk), then, α(k)ϱ

−1 does not satisfy (2.16); thus,

−E(xk + α(k)dk)⊤dk < σα(k)∥dk∥
2.

Using (3.5) and assumption (R2), we have

N∥E(xk)∥2 ≤ −E(xk)⊤dk

= (E(xk + α(k)dk) − E(xk)⊤dk − E(xk + α(k)dk)⊤dk

< θα(k)∥dk∥
2 + σα(k)∥dk∥

2

= (θ + σ)α(k)ϱ
−1∥dk∥

2.

The above inequality can be rewritten as follows:

α(k) >
ϱN∥E(xk)∥2

(θ + σ)∥dk∥
2 ≥

ϱN
(θ + σ)((γ(k) + 1) n

γ
)2 , (3.11)

where the last inequality follows from (3.7). Therefore, (3.9) holds, and the proof is complete.
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Lemma 3.8. Assume that assumptions (R1)–(R3) hold, and let the sequences {xk} and {zk} be generated
by Algorithm 2. Then, both {xk} and {zk} are bounded. Additionally,

lim
k→∞
∥xk − zk∥ = 0, (3.12)

and
lim
k→∞
∥xk+1 − xk∥ = 0. (3.13)

Proof. Let x ∈ P× be an arbitrary solution to (1.1). Since E is monotone, it follows that

E(zk)⊤(xk − x) ≥ E(zk)⊤(xk − zk). (3.14)

Using the line-search condition (2.16) and the definition of zk, we obtain

E(zk)⊤(xk − x) ≥ E(zk)⊤(xk − zk) ≥ σα(k)
2
∥dk∥

2 > 0. (3.15)

Using the inexpensive projection formulas (3.4) and (2.18), together with inequality (3.15), we have

∥xk+1 − x∥2 = ∥PP[xk − ψδkE(zk)] − x∥2

≤ ∥xk − ψδkE(zk) − x∥2

= ∥xk − x∥2 − 2ψδkE(zk)⊤(xk − x) + ψ2δ2
k∥E(zk)∥2

= ∥xk − x∥2 − 2ψ
E(zk)⊤(xk − zk)
∥E(zk)∥2

E(zk)⊤(xk − x) + ψ2
(

E(zk)⊤(xk − zk)
∥E(zk)∥

)2

≤ ∥xk − x∥2 − 2ψ
E(zk)⊤(xk − zk)
∥E(zk)∥2

E(zk)⊤(xk − zk) + ψ2
(

E(zk)⊤(xk − zk)
∥E(zk)∥

)2

= ∥xk − x∥2 − σ̂
(
(E(zk)⊤(xk − zk)
∥E(zk)∥

)2

(3.16)

≤ ∥xk − x∥2 − σ̂∥xk − zk∥
4, (3.17)

where σ̂ = ψ(2 − ψ)σ2, and 0 < ψ < 2. Thus, from inequality (3.16), we have

∥xk+1 − x∥2 ≤ ∥xk − x∥2. (3.18)

Thus, ∥xk − x∥ is decreasing for all k. Therefore, the sequence {xk} is bounded; that is,

∥xk∥ ≤ η̂, ∀k ≥ 0. (3.19)

Additionally, using (3.18) and assumption (R1), we have

∥xk+1 − x∥2 ≤ ∥xk − x∥2 ≤ ∥xk−1 − x∥2 ≤ . . . ∥x0 − x∥2.

Again, using assumptions (R1) and (R2), we obtain

∥E(xk)∥ = ∥E(xk) − E(x)∥ ≤ θ∥xk − x∥ ≤ θ∥x0 − x∥. (3.20)
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Set ϑ = θ∥x0 − x∥. Then, from (3.20), it is easy to see that the sequence {E(xk)} is bounded; that is,

∥E(xk)∥ ≤ ϑ, ∀k ≥ 0. (3.21)

Moreover, using assumption (R1), we have the following:

E(xk)⊤(xk − zk) − E(zk)⊤(xk − zk) ≥ 0.

Therefore, this implies that

E(zk)⊤(xk − zk) ≤ E(xk)⊤(xk − zk). (3.22)

From the definition of {zk}, (3.15), (3.22), and the Cauchy-Schwarz inequality, it follows that

σ∥xk − zk∥ =
σ∥xk − zk∥

2

∥xk − zk∥
=
σ∥α(k)dk∥

2

∥xk − zk∥

≤
E(zk)⊤(xk − zk)
∥xk − zk∥

≤
E(xk)⊤(xk − zk)
∥xk − zk∥

≤ ∥E(xk)∥.
(3.23)

Also, from (3.23) and the reverse of the inequality above, we obtain

σ(∥zk∥ − ∥xk∥) ≤ σ∥zk − xk∥ ≤ ∥E(xk)∥.

Thus, from the above inequality together with (3.19) and (3.21), we have

∥zk∥ ≤
1
σ
∥E(xk)∥ + ∥xk∥ ≤

1
σ
ϑ + η̂.

Therefore, the sequence {zk} is bounded. Moreover, for any x ∈ P×, the sequence {zk−x} is bounded;
that is, there exists L̂ > 0 such that

∥zk − x∥ ≤ L̂, ∀k ≥ 0.

Using the above inequality together with assumption (R2), we obtain

∥E(zk)∥ = ∥E(zk) − E(x)∥ ≤ θ∥zk − x∥ ≤ θL̂. (3.24)

Therefore, using the inequality (3.17), we have

ψ(2 − ψ)
σ2

(θL̂)2
∥xk − zk∥

4 ≤ ∥xk − x∥2 − ∥xk+1 − x∥2.

This implies

ψ(2 − ψ)
σ2

(θL̂)2

∞∑
k=0

∥xk − zk∥
4 ≤

∞∑
k=0

(∥xk − x∥2 − ∥xk+1 − x∥2) = ∥x0 − x∥2 < ∞. (3.25)

Hence, inequality (3.25) implies that

lim
k→∞
∥xk − zk∥ = 0. (3.26)
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Thus, (3.12) holds. Additionally, using PP[·] in (3.4), we obtain

∥xk+1 − xk∥ = ∥PP[xk − ψδkE(zk)] − xk∥

= ∥xk − ψδkE(zk) − xk∥

= ∥ψδkE(zk)∥ ≤ ψ∥xk − zk∥, ∀k ≥ 0.

Hence, the above inequality implies that (3.13) holds. Therefore, the proof is complete.

Theorem 3.9. Assume that assumptions (R1)–(R3) hold, and let the sequence {xk} be generated by
Algorithm 2. Then, {xk} converges to a solution of (1.1).

Proof. First, from (3.9) and (3.26), we have 0 ≤ α∥dk∥ ≤ α(k)∥dk∥ → 0. Hence, lim
k→∞
∥dk∥ = 0. Together

with (3.5), this yields
0 ≤ N∥E(xk)∥ ≤ ∥dk∥ → 0,

which implies lim
k→∞
∥E(xk)∥ = 0. Moreover, from (3.26) and the boundedness of {xk}, the sequence {xk}

has at least one accumulation point. Let x be an accumulation point of {xk}, and let S ⊂ {0, 1, 2, . . .} be
an infinite index set such that

lim
k→∞, k∈S

xk = x ∈ P.

Since P is closed using assumptions (R1)–(R3), it implies

0 = lim
k→∞
∥E(xk)∥ = lim

k→∞, k∈S
∥E(xk)∥ = ∥E(x)∥.

This shows x is a solution of (1.1). Also, from Lemma 3.8, we know the sequence {∥xk − x∥} is
convergent. Therefore, by setting x := x̂, we have

lim
k→∞
∥xk − x̂∥ = lim

k→∞, k∈S
∥xk − x̂∥ = 0.

Hence, the sequence {xk} converges to x ∈ P×.

3.1. Convergence rate

To establish the Q-linear convergence rate of the sequence, we require the following additional
assumption on the operator E over the solution set.

Assumption 3.10. For any x̄ ∈ P×, there exist positive constants p andΩ such that the following holds:

p. dist(x, P×) ≤ ∥E(x)∥, ∀x ∈ N(x,Ω), (3.27)

where dist(x, P×) is the distance from x to the solution set P×, and N(x,Ω) = {x ∈ Rn : ∥x − x∥ ≤ Ω}.

Theorem 3.11. Assume that Assumptions 3.10 and (R3) hold. Let the sequences {xk} and {zk} be
generated by Algorithm 2. Then, the sequence {dist(xk, P×)} converges Q-linearly to 0.

Proof. Let yk := argmin{∥xk − y∥ : y ∈ P×}. This means that yk is the nearest solution to xk,

∥xk − yk∥ = dist(xk, P×), ∀k ≥ 0. (3.28)
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Using (3.15) and substituting y for x in (3.16), we have

∥xk+1 − y∥2 = ∥xk − y∥2 −
σ̂σ2α4

(k)∥dk∥
4

∥E(zk)∥2
. (3.29)

By definition of yk, and using assumption (R2) and Eq (3.7), we have

∥E(zk)∥ = ∥E(zk − E(yk)∥ ≤ θ∥zk − yk∥ = θ(∥zk − xk∥ + ∥xk − yk∥)
= θ(α(k)∥dk∥ + ∥xk − yk∥) ≤ θ(∥dk∥ + ∥xk − yk∥)
≤ θ(Mϕ∥E(xk)∥ − ∥E(yk)∥ + ∥xk − yk∥) ≤ θ(θMϕ + 1)∥xk − yk∥

= θ(θMϕ + 1)dist(xk, P×).

Applying the Cauchy-Schwarz in (3.5), we obtain

∥dk∥ ≥ N∥E(xk)∥. (3.30)

From (3.28) and the above inequalities, we have

dist(hk+1, P×) ≤ ∥xk+1 − yk∥
2 ≤ dist(xk, P×)2 −

σ̂σ2α4
k∥dk∥

4

∥E(zk)∥2

≤ dist(xk, P×)2 −
σ̂σ2α4N4∥E(xk)∥4

∥E(zk)∥2

≤ dist(xk, P×)2 −
σ̂σ2α4N4 p2 dist(xk, P×)4

θ2(θMϕ + 1)2 dist(xk, P×)2

=

(
1 −

σ̂σ2α4N4 p2

θ2(θMϕ + 1)2

)
dist(xk, P×)2.

Therefore, since the positive scalars p,N, σ, σ̂, and α are all in (0, 1) with θ > 1, it shows that
{dist(xk, P×)} converges Q-linearly to 0.

4. Numerical simulation

This section presents numerical results to assess the efficiency of the proposed Algorithm 2. We
conduct numerical experiments on large-scale nonlinear problems. Throughout the simulations, we
compare Algorithm 2 with recent methods. The MATLAB code was developed in version 8.3.0
(R2023b) and executed on a system equipped with an Intel(R) Core(TM) i7-10750H CPU, 16GB of
RAM, and 1TB of storage, running Windows 10.

Parameter selection for the proposed algorithms: The proposed Algorithm 2 involves several
parameters, selected according to the following rationale:

• Relaxation parameter: The value was set to λ = 0.4, which gave the best performance for the
proposed Algorithm 2.
• Line-search parameters: These values were chosen to maximize the satisfaction rate of the

adapted line-search conditions across the test set. The line-search parameters for the proposed
algorithm were set as ξ = 1, ζ = 1, ρ = 0.5, ω = 0.39, and σ = 0.0001.
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• Tolerance: A common tolerance, tol = 10−5, was used for all solvers (Algorithm 2, Hybrid
double step length method (HADS), modification of a conjugate gradient approach for convex
constraints with applications (MCHCG), and Algorithm 2.1) to ensure practical convergence
while maintaining reasonable computation time.
• Acceleration parameter: The acceleration parameter in Algorithm 2, (γ(k)+1) = 1.2, was derived

from the theoretical framework to maintain uniform convergence throughout the numerical
experiments.

Parameter selection for comparison algorithms: For a fair comparison, the parameters of each
algorithm were selected individually using a validation set of problems from the original references.
This is standard practice to avoid bias. The parameter settings below are those used in the experiments:

• HADS method [16]: The parameters were set asσ = 10−4, ρ = 0.90, ξ = 1, and t = 1.2, consistent
with the recommendations in the original paper.
• MCHCG method [26]: The parameters were set as τ = 10, ρ = 0.90, ξ = 1, σ = 10−4, and

t = 1.2, which provided a good balance between convergence rate and robustness across the test
problems.
• Algorithm 2.1 method [27]: The parameters were set as v = 1.2, ξ = 1, ρ = 0.55, and σ = 10−6

after extensive testing.

The numerical simulations were conducted on five benchmark problems, presented below. Each
problem was tested in one dimension, with n = 100,000 (denoted by #Dim) and with five different
initial points (denoted by #Int), listed below. The iteration was terminated when any of the following
conditions was satisfied: (i) ∥E(xk)∥ ≤ 10−6, (ii) the iteration count exceeded 1000, or (iii) the symbol ∗
indicated that a method failed to reach a solution.

Throughout the experiment, #Itr denotes the number of iterations, #Fev denotes the number of
function evaluations, #Tm denotes CPU time in seconds (s), and #Nrm denotes the residual norm
at termination. The initial points used in the numerical experiments are: x1 = (10, 10, · · · , 10)⊤,
x2 = (0.1, 0.1, · · · , 0.1)⊤, x3 =

(
0, 1

2 ,
2
3 , . . . , 1 −

1
n

)⊤
, x4 =

(
1 − 1

n , 2 − 2
n , 3 − 3

n , . . . , n − 1
)⊤

, and x5 =

(0.5, 0.5, · · · , 0.5)⊤.
The following is a list of the five benchmark problems used in the numerical experiments:

Problem 1: [28]

Ei(x) = 2xi − sin(xi), i = 1, 2, 3, . . . , n, (4.1)

where P = Rn
+.

Problem 2: [29]

E1(x) = x1 − e
cos(x1+x2)

n+1 , (4.2)

Ei(x) = xi − e
cos(xi−1+xi+xi+1)

n+1 , i = 2, 3, . . . , n − 1,

En(x) = xn − e
cos(xn−1+xn)

n+1 ,

where P = Rn
+.

Problem 3: [28]

E1(x) = 2x1 + sin(x1) − 1, (4.3)
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Ei(x) = 2xi−1 + 2xi + 2 sin(xi) − 1, i = 2, 3, . . . , n − 1,
En(x) = 2xn + sin(xn) − 1,

where P = Rn
+.

Problem 4 : [28]

E1(x) = 2x1 + esin(x1) − 1, (4.4)
Ei(x) = 2xi−1 + esin(xi) + 2xi − 1, i = 2, 3, . . . , n − 1,
En(x) = 2xn + esin(xn) − 1,

where P = Rn
+.

Problem 5: [28]

E1(x) = 2.5x1 − e
cos(x1+x2)

n+1 , (4.5)

Ei(x) = 2.5xi − e
cos(xi−1+xi+xi+1)

n+1 , i = 2, 3, . . . , n − 1,

En(x) = 2.5xn − e
cos(xn−1+xn)

n+1 ,

where P = Rn
+.

Figure 1 presents a new set of numerical experiments designed to evaluate the performance and
robustness of the proposed Algorithm 2 under different choices of the correction parameter. In
particular, we vary (γ(k)+1) over the values 1, 1.5, 2.0, and 2.5. For convenience, these four variants are
denoted by Algorithm 2, Algorithm 2.1, Algorithm 2.2, and Algorithm 2.3, respectively; this naming
convention is used consistently throughout the experimental section.
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Figure 1. Performance profiles comparing Algorithm 2, Algorithm 2.1, Algorithm 2.2, and
Algorithm 2.3 methods with respect to #Itr, #Fev, and #Tm.

From Figure 1, we observe a clear performance hierarchy among the four algorithms. The curve
corresponding to Algorithm 2.3 (i.e., (γ(k) + 1) = 2.5) dominates the others, lying above the curves of
Algorithm 2, Algorithm 2.1, and Algorithm 2.2 over the performance-profile range. In this context,
a higher curve typically indicates that the method is more frequently among the best (or near-best)
solvers across the entire test set. Therefore, this visual evidence strongly suggests that Algorithm 2.3
is the most effective configuration of Algorithm 2 within the tested parameter range.
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This monotonic improvement in performance as (γ(k) + 1) increases from 1 to 2.5 indicates that
the proposed algorithm benefits from larger values of the correction parameter. In other words,
increasing (γ(k) + 1) enhances the algorithm’s ability to adjust its iterates, which in turn leads to better
numerical behavior (e.g., faster convergence or higher robustness) across the benchmark problems. Full
numerical evidence, including detailed tables of iteration counts, error metrics, and other performance
indicators for each test problem and algorithmic variant, is available at https://github.com/
Mash4u/Algorithm/blob/main/Template_New.pdf. On that basis, we conducted an additional
numerical experiment using other existing methods to further evaluate the efficiency of the proposed
approach. We set the acceleration parameter of the proposed Algorithm 2 to (γ(k) + 1) = 2.5, while
the parameters for the comparison algorithms (MCHCG, HADS, and Algorithm 2.1) were adopted as
reported in their original references.

Figure 2 presents the Dolan-Moré performance profiles [30] for Algorithm 2, HADS, MCHCG,
and Algorithm 2.1 with respect to #Itr, #Tm, and #Fev. The horizontal axis represents the performance
ratio, while the vertical axis gives the proportion of problems solved within a given factor of the best
solver. In Figure 2(a), the curve of Algorithm 2 lies above those of the competing methods, indicating
better performance in terms of iterations. In Figure 2(b), Algorithm 2 also performs best in #Fev. In
Figure 2(c), the #Tm profile supports the same conclusion, while the competing methods require longer
solution times.
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Figure 2. Performance profiles comparing Algorithm 2, MCHCG, HADS, and Algorithm 2.1
methods with respect to #Itr, #Fev, and #Tm.

Tables 1–5 report the performance of the proposed Algorithm 2 against HADS, MCHCG, and
Algorithm 2.1 on Problems 1–5. The methods are evaluated using the number of iterations (#Itr), CPU
time in seconds (#Tm), number of function evaluations (#Fev), and residual norm (#Nrm). Compared
with HADS, MCHCG, and Algorithm 2.1, the proposed Algorithm 2 consistently converges with
fewer #Itr, lower #Tm, fewer #Fev, and competitive #Nrm values across the tested problems, as can
be observed in Table 6. In addition, Algorithm 2 solves the problems with the fewest iterations in
most cases. In Tables 3 and 5, the MCHCG method fails to reach a solution for all initial points and
for the initial point x2, respectively. These results indicate that the acceleration-parameter strategy
reduces computational burden. Overall, for large-scale nonlinear equations with convex constraints,
Tables 1–5 show that the hybrid accelerated double step-length method is faster and more reliable. Its
superior performance is mainly reflected in #Itr, #Tm, and #Fev.
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Table 6. Summary of the test results reported in Tables 1–5.

Methods #Itr #Fev #Tm #Nrm
Algorithm 2 13.72 15 0.46731775 3.94311E-07
HADS 258.56 260.12 18.1890909 400
MCHCG 118.24 120.16 10.76984002 1.56203E-05
Algorithm 2.1 31.68 33.08 2.694376234 9.06482E-08

5. Application description

One of the main challenges in statistical inference and signal processing is identifying sparse
solutions of ill-conditioned linear systems. In this setting, underdetermined linear systems of the form
Dx = b are considered, where a signal is represented in an n-dimensional space and recovered from
k observations with k ≪ n. This leads to minimizing an objective that combines a quadratic ℓ2 data-
fidelity term with a sparse ℓ1-regularization term:

min
x∈Rn

f (x) :=
1
2
∥Dx − b∥22 + θ̈∥x∥1, (5.1)

where x ∈ Rn, b ∈ Rk, and D ∈ Rk×n are linear operators, and θ̈ > 0 is a regularization
parameter. Owing to the sparsity of the original signal, compressive sensing leads to the unconstrained
convex optimization problem (5.1), whose solution enables accurate recovery. For additional details,
see [31–34]. Several researchers have proposed effective approaches for solving (5.1). For instance,
the procedure suggested by Figueiredo and Nowak [31] is as follows. If x ∈ Rn, then x can be expressed
as

x = x+ − x−, x+ ≥ 0, x− ≥ 0,

where x+ = max{xi, 0}, x− = max{−xi, 0} for all i = 1, 2, ..., n. Using ∥x∥1 = e⊤n x+ + e⊤n x−, where
en = (1, 1, ..., 1)⊤ ∈ Rn. Thus, using this relation, problem (5.1) can be expressed as

min
x+,x−

θ̈e⊤n x+ + θ̈e⊤n x− +
1
2
∥D(x+ − x−) − b∥22, x+, x− ≥ 0. (5.2)

This is a constrained quadratic program. Nonetheless, problem (5.2) can be further simplified as
follows:

min
u

1
2

u⊤Bu + c⊤u, such that u ≥ 0, (5.3)

where

u =
[
x+
x−

]
, c =

[
θ̈en − D⊤b
θ̈en + D⊤b

]
, B =

[
D⊤D −D⊤D
−D⊤D D⊤D

]
.

It is evident that B is positive semidefinite. Consequently, (5.3) is a convex quadratic program [31].
By the optimality conditions, u is a minimizer of (5.3). Therefore, u satisfies

E(u) = min{ui, (Bu + c)i} = 0, (5.4)

where E is a vector-valued function, and min is interpreted componentwise. According to Lemma 3
in [35] and Lemma 2.2 in [36], the mapping E(x) in (5.4) is Lipschitz continuous and monotone.
Therefore, solving (5.1) is equivalent to solving (5.4), which has the same structure as (1.1).
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5.1. Signal restoration problem

In the first experiment, recovery of a length-n sparse signal from k observations is evaluated using
the mean squared error (MSE). The MSE is defined as follows:

MS E :=
1
n
∥x − x∥2. (5.5)

The original signal is denoted by x, while the recovered signal is denoted by x. The matrix D
in (5.1) is generated using the MATLAB function randn(k, n), and the observed data are defined as
b = Dx + ε, where ε ∼ N(0, σ2) with σ2

= 0.0001. The estimate θ̈ is obtained from [37] for all
comparison methods, and the initial point is set to x0 = D⊤. The proposed Algorithm 2 is compared
with the HADS method [16], using the parameter settings reported in the original article.

Additionally, the following parameters are used in the implementation of the proposed Algorithm 2:
n = 100000, α = 0.8, β = 0.05, (γ(k) + 1) = 1.76, σ = 10−4, ρ = 0.7, and γ = 0.01. The stopping
criterion is set as

| f (xk) − f (xk−1)|
| f (xk−1)|

< 10−5.

The sparse signal recovery results obtained by Algorithm 2 and the HADS method are shown in
Figures 3 and 4. The figures clearly indicate that Algorithm 2 requires fewer #Itr and less #Tm than
the HADS method. With fewer repetitions and lower computational time, Algorithm 2 recovers the
sparse signal with a lower MSE. Consequently, in these respects, Algorithm 2 is superior to the HADS
method.
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Figure 3. Signal processing results using Algorithm 2 and HADS methods.
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Figure 4. From highest to lowest: the initial signal, the measured signal, and the
reconstructed signals by Algorithm 2 and the HADS method.

6. Conclusions, limitation, and future work

This work presents a double step-length approach for solving large-scale nonlinear equations with
convex constraints. By combining the Picard-Mann iterative technique with a newly defined function,
we developed a hybrid iterative procedure that introduces a correction parameter in the search direction
and significantly improves the convergence rate. The acceleration parameter was derived using the
Frobenius norm based on the Broyden update and its diagonal approximation. Under appropriate
assumptions, global convergence and a Q-linear convergence rate of the proposed Algorithm 2 were
established. To assess the effectiveness of Algorithm 2, numerical simulations were conducted against
existing methods. As shown in Figure 2, the proposed algorithm demonstrates high efficiency across
the experiments, achieving low #Itr, #Tm, and #Fev. In addition, signal processing problems were
solved using Algorithm 2. Performance was evaluated using #MSE, #Tm, and #Itr, and the results in
Figures 3 and 4 show that the proposed method solves the problems with low #Itr and #Tm.

For future work, promising directions include extending the proposed algorithms to nonconvex
settings, developing adaptive or self-tuning parameter-selection strategies, and exploring applications
in machine learning and engineering optimization to further improve robustness and practical impact.

Limitations and outlook: We acknowledge that the proposed method’s applicability is bounded
by its theoretical foundations of the monotonicity operator with convex constraints. It is not designed
for general non-monotone or non-convex problems in its current form. Future research will focus
on overcoming these limitations by investigating relaxations of the monotonicity condition (e.g., to
pseudo-monotonicity or co-coercivity) while retaining the double step-length structure. Additionally,
future research will explore operator-splitting or relaxation techniques to handle specific types of non-
convex constraints.
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