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Abstract: Soft set theory, originated by Molodtsov in 1999, is a general mathematical technique
for modeling uncertainties via parameterization tools. A fundamental branch of this theory, soft
probability, serves as an immediate measurement on a statistical base that takes a parameterized
family of subintervals of the unit interval as its value. It can handle any stochastic events, including
non-stable ones. To ensure soft probabilities accurately capture the statistical characteristics of
stochastic information, the minimum sample size for their construction is determined using two
statistical regularity hypotheses. Moreover, soft dependency guides attribute selection to enhance
decision robustness against parameter perturbations. Hence, a novel Bayesian decision-making model
integrating soft probabilities under statistical regularity hypotheses is proposed. Key steps of the
method include: First, verifying these hypotheses on the initial database to determine the minimum
sample size for soft probability construction; second, designing a soft dependency-based attribute
selection procedure; third, calculating each decision alternative’s soft posterior risk and identifying
the optimal one by comparing interval-valued possibility degrees; and finally a medical diagnosis case
study, combined with critical parameter sensitivity analysis and comparisons with Naive Bayes, logistic
regressions (without regularization, L1 regularization and L2 regularization), decision tree, and support
vector machine, demonstrates the method’s feasibility and effectiveness.
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1. Introduction

The types of uncertainties that exist in complicated problems in economics, engineering, and the
environment have been tackled for a long time by philosophers, logicians, and mathematicians. In
recent years, it has also become a crucial issue to address in the domain of decision making, especially
when dealing with a small sample size. There are many mathematical tools such as probability theory,
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fuzzy sets [1], intuitionistic fuzzy sets [2], rough sets [3], and grey sets [4] for understanding and
manipulating such uncertainties. The concept of soft set initiated by Molodtsov [5], offers a significant
departure from conventional tools for quantifying uncertainties. Molodtsov argued that, without going
into mathematical details, the aforementioned concepts are inadequate for handling uncertainties due
to inadequate parametrization tools and practical challenges in precise modeling for exact solutions.
Soft set theory differs from classical math in that it adopts an approximate description for the initial
objects using any parametrization tool (like words, sentences, real numbers, functions, or mappings)
and thus requires approximate solutions instead of exact ones. The absence of any restrictions on the
approximate description makes soft set theory highly convenient to implement in practical applications.
The author concluded several major potential applications, such as game theory, operations research,
and soft analysis. Subsequently, the same author published a monograph on soft set theory [6].
This foundational work has led to significant theoretical adavances, as summarized in [7], and
widespread practical applications, such as decision making [8,9], data filling [10], clustering [11], fault
diagnosis [12], business failure prediction [13], rule mining [14], optimization [15], and assessment
methods [16].

Soft probability [6], as a key component of soft set theory, takes the form of parameterized interval
values rather than a single real number in the unit interval. Unlike the axiomatic definition in classical
probability theory, soft probability relies entirely on statistical information and is defined through
immediate measurements based on statistical data. Thus, it offers a dynamic description of stochastic
phenomena in a computationally straightforward manner, as it changes with the addition of new
statistical data. This adaptability makes it highly effective in practical applications under uncertain
scenarios, particularly for those small samples involving non-stochastically stable information, arising
in financial portfolio control [17], credit scoring [18], and Bayesian decision making [19]. However,
these studies inadequately incorporate the statistical regularity of sample data in their soft probability
computations, consequently making it difficult to accurately reflect the statistical characteristics of the
database.

The Bayesian model provides an elegant approach to many data science and decision making
problems, offering a general framework for integrating prior knowledge with new data to optimize
choices under uncertainty. Based on Bayes’ rule, which describes the updating of probabilities with
new evidence, this approach helps decision makers quantify risks, evaluate alternatives, and determine
optimal strategies in fields like economic behavior [20], risk management [21], classification [22],
machine learning [23], medical diagnosis [24], and environmental science [25]. Note that practical
decision making often relies on time series data, requiring the extraction of statistical regularities
from samples of decision alternatives and their attributes. Such assessments involve uncertainty
inherent in incomplete data. The classical Bayesian decision model is widely recognized for its logical
approach to handling uncertainty but has two key limitations: First, it takes into account the framework
of traditional point probabilities that require large samples under a universal statistical stability
hypothesis, and thus cannot adequately characterize non-stochastically stable scenarios, potentially
leading to inaccurate decisions. Second, the model assumes conditional independence and uses all
attributes without selection, thereby increasing decision risk in a noisy database. The researchers
in [26] and [27] suggested using interval probabilities instead of point probabilities to describe
significant uncertainties and instabilities in stochastic information, and thus developed decision making
techniques with interval probabilities. However, a critical unresolved issue lies in how to obtain the
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values of interval probabilities from stochastic information, especially from small sample sizes and
non-stationary data. Fuzzy probability [28] can quantify random phenomena with fuzziness, but a
widely discussed limitation of fuzzy probability is that the selection of membership functions for fuzzy
sets 1s often subjective and non-data-driven, which may lead to instability of fuzzy probabilities and
further influence the consistency of decision outcomes. A feasible Bayesian decision model with soft
probabilities was proposed in [19], marking the first attempt to integrate Bayesian decision making
within the framework of soft probabilities. However, the model employed subjective assignment
to determine the sample size for calculating soft probabilities, neglecting the statistical regularity
of specific samples. Additionally, it failed to consider reducing redundant attributes as a means to
mitigate interference with decision outcomes. To make up for these deficiencies, we establish new
theoretical connections between statistical regularity hypotheses and the Bayesian decision framework
with soft probabilities, and implement attribute selection to enhance decision robustness. Thus, we
propose a novel Bayesian model based on soft probability under statistical regularity hypotheses.
The proposed model can capture stochastically stable information from large samples and non-
stochastically stable information from small samples, while maintaining decision consistency across
parameter perturbations.
Therefore, the major highlights of this work can be summarized as follows:

(1) A novel Bayes risk model in the framework of soft probabilities is developed.

(2) A criterion for minimum sample size determination in soft probability computation under the
statistical regularity hypotheses is proposed.

(3) A soft dependency-based attribute selection procedure is designed.

(4) A combination strategy for multi-attribute decision making with ordered samples integrating
Bayes risk minimization and possibility-based interval ranking is raised.

The remainder of the paper is structured as follows: In Section 2, we review some relevant
background knowledge. In Section 3, we propose the Bayesian decision model with soft probabilities
under statistical regularity hypotheses, as well as the corresponding implementation algorithm.
In Section 4, a medical diagnosis case study validates the proposed algorithm’s feasibility and
effectiveness, with sensitivity analysis of critical parameter variations and comparisons with Naive
Bayes, logistic regressions (without regularization, L1 regularization, and L2 regularization), a
decision tree, and a support vector machine. Finally, conclusions and future work are summarized
in Section 5.

2. Preliminaries

In this section, we provide a concise overview of foundational concepts, including soft probability,
its associated statistical regularity hypotheses for determining minimum sample size, and Bayesian
decision theory, to establish the theoretical basis for subsequent research.

2.1. Soft probabilities

The concept of soft set initiated by Russian mathematician Molodtsov, which serves as an adequate
parametrization tool to deal with various types of uncertainties, is a starting point for constructing soft
probability.
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Definition 2.1. /5] Let U be an initial universe of discourse, E be a set of parameters that can have
an arbitrary nature (numbers, functions, sets of words, etc.), and 2Y represent the power set of U. A
pair (F,E) is called a soft set over U if F is a mapping from the set E to the power set of U, i.e.,
F:E —2Y.

Apparently, a soft set is not the Cantor set in the ordinary sense but rather a parameterized family
of subsets of the set U. For each parameter e € E, the subset F(e) can be viewed as the set of e-
elements or e-approximate elements of the soft set (F, E). In other words, it provides an approximate
description of the concerned objects by using the parameterized family. To define soft probability,
Molodtsov generalizes soft sets to soft mappings and thereby proposes soft random functions via this
generalization.

Definition 2.2. [17] Let X be a given set. A pair (F,E) is called a soft mapping over U if F is a
mapping from the Cartesian product X X E to the power set of U, i.e., F : X X E — 2V,

Definition 2.3. [17] Let Q denote the set of possible outcomes, without restrictions regarding its
properties or structure. Let R represent the set of real numbers. A soft random function is defined as
any bounded real-valued function defined over Q; thus, the set of soft random functions can be written
in the form

F:{flf:QﬁR,suplf(w)l<+oo}. 2.1
weQ

Subsequently, based on soft random functions, Molodtsov proposed the concept of soft probability,
which can handle any stochastic events, including those that are non-stochastically stable. This differs
from classical probability, which can deal with only stochastically stable phenomena. A series of
specific repeated experiments leads to a sequence of outcomes called the statistical base, which refers
to an ordered set denoted as Base = (wy, wa, ..., w,), each Base; = w; €  and Base € Q". The size of
Base is denoted by |Base| = n. Some operators on Base are defined as follows.

Definition 2.4. [6] Let Q) be a base outcome space, and let Base = {w1, w,, ..., w,} denote an ordered
database.

(1) The (i, j)-truncation operator retains only elements with indices from i to j, denoted as Basey; j,
and takes the form
Base(i,j) = ((J)l‘, ey U)j), (22)
if j > |Base| and i < |Basel|, then Base j) = (w;, . . ., Wipase)- If 1 > |Basel, then Base j, = 0.
(2) The k-sequence operator consists of a series of k consecutive elements from Base without
omissions or order changes, denoted as Base®, and takes the form

Base(k) = (((1)1, ceey a)k)’ (wZa B wk+l)’ ceey ((L)n_k+1, ey (l)n)) B (23)

if j > |Base|, then Base"’ = Base™.
(3) Applying the (i, j)-truncation operator and the k-sequence operator on Base jointly produce

Base(k)(i,j) = ((wi, s Wigk—1)s e e (a)j, cees wj+k—1)) ’ (2.4)

Base )" = ((wi, s Wigk—1)s -5 (Wggs - - -,wj))- (2.5)

AIMS Mathematics Volume 11, Issue 4, 10883-10907.



10887

Example 2.1. Let Q = {w;,w;, w3} be an initial base outcome space, and let Base =
(w3, W, Wy, W, W1, wr) be an ordered database.

(1) Basess) = (w1, w, wy, wy),
(2) Base® = (w3, w1, w1, w1), (W1, w1, W1, W), (W, W1, W1, W),
(3) 3056(4)(1,2) = (w3, W1, W1, W), (W1, Wi, W1, WY)),

Base(z,ﬁ)(4) = (w1, W1, W1, W), (W1, W1, W1, W2)).

Let f be a soft random function, and Base;x-1y = (w;, ..., wiwx—1) be a series of order k for the
database Base. Then, the average (f, Base .r-1y) of a soft random function f over Base ik-1) 18
defined as the arithmetic mean, taking the form

i+k—1

1
(f.Baseqin-n) = 7 ) f(@). (2.6)
J=i
For any natural numbers m and k such that [Base(; ;)| > k, define two functionals
W (Baseqm, f) = 1sis|Bc{gg},,)|—k+l<f’ Baseq m) i), (2.7)
i'(Baseqm, f)=  max  {f, Baseq " i), (2.8)

1<i<|Base(q m)l—k+1

where Base(,,®i indicates the i-th element in Base(;,,®. The pair of functionals (u*, ) defines the
boundary for the average values of a soft random function over the statistical base Bche(l,m) for a given
sample size k. In essence, this pair plays a role analogous to the expectation in classical probability
theory. For a soft random function y that is an indicator function of an event A (A C Q), i.e.,

1, w; € A,
xa(wy) = { 0. w ¢A. (2.9)

The pair of functionals can be considered as the soft probability of event A over Base(j .

Definition 2.5. [6] Let N denote the set of natural numbers. A soft mapping (u, E) over the set of real
numbers R is called soft probability of event A if u is a mapping u : F X Base X E — 2%, where y, € F,
the set of parameters E consists of pairs of (k,m), k,m € N, |Base( | > k, and the mapping u is given
by

[lik(Base(l,m),)(A),l_lk(Base(l,m),)(A)] » |Baseqml > k,

2.10
, otherwise. ( )

u(Base, xa,k,m) = {

Intuitively, soft probability is a mapping that associates each random function, database size, and
series size (not exceeding the database size) with an interval whose endpoints are the minimum and
maximum average values obtained by the random function over any series of the given length. It is
worth noting that soft probability is a parametric family of sub-intervals within [0, 1], with interval
values depending on the sample size and the size of the statistical base, as well as providing a detailed
description of average values. Moreover, it is defined directly through statistical data, eliminating
the need for axiomatic foundations and exhibiting dynamic changes as new statistical data emerge.
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For stochastically stable events given sufficiently large samples, soft probability refers to a narrow
interval with a high confidence level. Conversely, it exhibits a wide interval for non-stochastically
stable events. These features enable it to be applied to any types of events, including non-stochastically
stable scenarios.

Example 2.2. Consider the Example 2.1. Let k = 3 and m = 5. For the random event A = {w;} C Q.
One can compute

E3(BGS€(1,5),)(A) =min; <3 ((XA, Base(l,S)(3)i>)

=min ((ya, (w3, w1, W1)), (¥, (W1, W1, W1)), {¥a, (W1, Wi, W1)))
=min((0+1+1)/3,1+1+1)/3,(1+1+1)/3)=2/3,

—3 3).
W (Base( 5y, x4) = MaXxj<;<3 ((XA, Base; 5 )l>)

=max ({4, (w3, W1, W1)), ¥4, (W1, W1, W1)), {Xa, (W1, W1, W1)))
=max(0+1+1)/3,d+1+1)/3,(1+1+1)/3)=1.

Then the soft probability of event A = {w;} over Base is u(ya, Base,3,5) = [2/3,1].

Let “BaselA” denote the ordered collection of sample elements in Base given the occurrence of
a random event A. The soft conditional probability describes statistical averages over Base, under
the condition that outcomes belonging to only a certain set of outcomes A C Q are considered. A
natural way to formalize this description is to remove all elements not belonging to A from Base and
then calculate the soft probability over the resulting database Base N A. The formal concept of soft
conditional probability is defined as follows:

Definition 2.6. [6] Let Y be another base outcome space, and let Y C VY, f be a mapping from Q to
Y. The soft conditional probability of an event Y given A C Q is defined as a soft mapping (u, E), in
which j1 : yy X Base|A x E — 2%, and the set of parameters E is composed of pairs of natural numbers
(k, m) such that |Base( q) N A| > k. The mapping u is given by

"B NA,xy), 2 (B NA B NA|>
Ly, BaselA. k,m) = { [g (Basem N A, xy), & (Base ) ,Xy)], | aseq.m | > k, 2.1
; otherwise.
Note that the symbol yy denotes an indicator function of Y. For Yw; € Baseq ) N A, satisfying
I, flw)e€y,
Xy(w) = { 0 ]fc(w.) ¢y (2.12)

Example 2.3. Reconsider Example 2.2. Suppose that another base outcome space ¥ = {1, y,} and the
random event Y = {y,} € W. Let a statistical database Base = (Y1, Y1, Y, Y1, ¥, 1), in which each
trial is associated with an element of Y. Two statistical databases, Base and Base', are represented in
Table 1.

Table 1. The tabular representation of Base and Base .
1 2 3 4 5 6

Base w; w; w w; w; W

Base' Y Y1 Yo Y1 Yo Y
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It is straightforward to compute

/13(3056(1,5) NA, xy) =minjc<« ((XY, (Baseq s N A)(3)i>)
=min|<;< ((Xy, (Base,, Bases, Basey, Bases)@)i))
=min; ;<> ({xy, (Base,, Bases, Base,)),{xy,(Bases, Base, Bases)))
=min((1+0+1)/3,0+1+0)/3)=1/3,

17’ (Bases) N A, xy) = max, i< ((XY, (Base( 5 N A)(3)i>)
=maX << ((Xy, (Base,, Bases, Basey, Bases)@)i))

=max <2 ((xv, (Bases, Bases, Bases)), {xy, (Bases, Base,, Bases)))
=max((1+0+1)/3,(0+1+0)/3) =2/3.

Then the soft conditional probability of Y = {y;} given A = {ws3} over Base is u(yy, BaselA, 3,5) =
[1/3,2/3].

2.2. Statistical regularity hypotheses on soft probability

All phenomena can be categorized into three types: The first type is characterized by deterministic
regularity, meaning identical conditions always produce the same outcome. Phenomena of the second
and third types exhibit non-deterministic regularity. The second type comprises statistically regular
phenomena characterized by the statistical stability of outcome frequencies in large samples, while the
third type includes all remaining phenomena that cannot be described by classical probability theory. It
should be noted that the statistical database comprises outcomes of events that have occurred. Thus, the
only significant aspect of statistical regularity lies in its role as a hypothesis about the future behavior of
trial outcomes. Therefore, verification of the statistical regularity hypotheses for a statistical database
of finite size is of paramount importance for constructing soft probability.

Definition 2.7. [29] A random function f is called to be statistically (k, €)-regular on a database
Base(, ) if for all samples I = Base(lym)(k)i, J= Base(lym)(k) je Base(l,m)(k) such that

KD =<f, Dl < e (2.13)

where € is a positive real number that represents a predetermined bias threshold for f on Base( .
Clearly, a low bias is associated with high stability, and vice versa.

For clarity, an equivalent formulation of statistical regularity for a random function is presented as
follows: Let

2a= max (f,I)+ min (f,I), (2.14)
IEBaSE(Lm)U") IeBase(l,m)(k)

2b= max (f,I)— min (f,I). (2.15)
IEBase(lvm)(k) IeBase(l,m)(k)

The statistical regularity of f holds if and only if 2b < €. For any sample I € Baseglﬂm), this implies

I(f,I) — a| < b < €/2. This inequality is also equivalent to u(Base, f,k,m) C [a — €/2,a + €/2].
Soft probability, as parameterized families, depends on the selection of parameter pairs (k, m). The
base size m is typically quantified as the total cardinality of the initial Base; alternatively, it can be
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flexibly specified based on needs. The natural number k satisfies 1 < k < m. Note that k cannot be
too small, such as k = 1, the soft probability of event A in Example 2.2 is the unit interval [0, 1],
indicating complete uncertainty about A. Conversely, if k is too large, for instance k = m, the soft
probability is a single point, i.e., W, 5] = [‘5—‘, %] which matches classical probability calculations but
ignores the future possibility of trial outcome. By employing the statistical regularity hypothesis on
soft probability, one can determine an appropriate value for k as the minimal positive integer such that
for all kK" > k, taking the form

k' = 1r<r}<1<1}n {klu(Base, f,k',m) C [a—€/2,a + €/2],Yk' = k,k+1,...,m}, (2.16)
where u(Base, f,k',m)= [,uk' (Base( ), f),ﬁk' (Base( m), f)] denotes the k’-approximate mean value of
f on Base(l,m). B

Example 2.4. Continue to consider the Example 2.2. Given € = 1/4. It is straightforward to compute

p(Base, xu,,1,5) = [0, 1] £ [3/8,5/8], u(Base, xw,>2,5) = [1/2, 11 £ [5/8,7/8],
u(Base, x.,,,3,5) =[2/3,1]1 £ [17/24,23/24], u(Base, x.,,,4,5) =[3/4,1]1 € [3/4,1],
u(Base, x.,,5,5) = [4/5,4/5] € [27/40,37/40].

Then k* = 4, and it is concluded that y ,, is statistically (4, 1/4)-regular on the database Base s).

It can be readily seen that the statistical regularity hypothesis of a random function depends on
parameters and therefore requires dynamic verification and adjustment when new statistical data arise.
This idea differs significantly from the hypothesis of classical probability theory, which is accepted
universally for all possible events and are consequently neither adjusted nor re-verified. As a result, it
can be widely applied in diverse scenarios, including cases where some events are statistically regular
and others are not.

Using the statistical regularity of a random function, two types of hypotheses about its future values
are proposed. These hypotheses focus on the future values of the statistical database.

Definition 2.8. [29] A database Base is called to be statistically (k, €)-regular with respect to a random
function f if for all samples I = Baseg "1, J = Baseq * j € Baseq " such that

IKf D) —(f, DI < e (2.17)

Definition 2.9. [29] A database Base is called to be statistically significantly (k, €, a)-regular with
respect to a random function f if for all samples I = Base(l,m)(k)i, J = Base(l,m)(k) j € Base(l,m)(k) such
that

IKf, ) —al < e, (2.18)
where a is a real number that represents the analogue of the mean value of f over the database Base.

Note that the difference between Definitions 2.8 and 2.9 is that the former specifies only the length
of an interval containing the approximate mean, while the latter determines the exact range boundaries
for the approximate mean with a given accuracy. Once a type of hypothesis is selected, then it must be
verified or adjusted as new statistical data appear.

Assume that the statistical regularity hypothesis universally holds in Base. Then, one can compute
the minimum sample size required to satisfy this hypothesis for constructing soft probability. Parameter
k, i.e., the minimum sample size, can be formally determined using the following criteria:
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(1) If Base is statistically (k*, €)-regular with respect to f, then the parameter k* is quantified as the
minimal positive integer such that
k' = 1 1£n|i3n |{klu(Base, f.k',|Base|) C [a—€/2,a+ €/2],Yk' = k,k+1,...,|Basel}, (2.19)
<k<|Base
where a = (max,¢p,,,®{f> I) + min;g, .0 {f, 1)) /2.
(2) If Base is statistically significantly (k*, €, a)-regular with respect to f, then the parameter k* is
quantified as the minimal positive integer such that
k* = min {klu(Base, f,k’,|Base|) C [a —€,a+ €],Yk' = k,k+1,...,|Basel}. (2.20)

1<k<|Base|

2.3. Bayesian decision theory

Bayesian decision theory is widely regarded as a powerful technique for handling uncertainty in
a logical and consistent manner, which aims to achieve optimal decision(s) based on the principle
of Bayes risk minimization. Its fundamental assumption is that prior knowledge follows a specific
prior distribution, derived from subjective experience or historical data. By utilizing observed samples
and Bayes’ rule, it updates prior distribution to obtain posterior distribution, thereby identifying the
decision option with the minimum Bayes risk as the optimal choice. The Bayesian decision process
can be formalized as follows: Let D = {d,,d,,...,d.} denote the space of all possible decisions that
can be chosen by the decision maker (DM), called the decision space, and ® = {6,,6,, ..., 05} denote
the space of all possible states of nature. A probability mass function P(6) on 8 € O denotes the
probabilities of the different states of nature 6 based on prior knowledge, called the prior distribution.
Note that if the spaces O and O are finite with respective dimensions L and S, then P(6) is a vector of
S probabilities. A loss function A(d;,6;) = A4, (I = 1,2,...,L,s = 1,2,...,S5), which quantifies the
consequences of choosing each decision d; € D for each possible outcome 6 € ©, can be expressed as
an L X § decision-loss matrix, all of whose components are real numbers, as shown below:

0, 6, --- 6
dl /111 /112 /llS
[A(d},0)] =|d2 A1 A -+ dos ], 2.21)
dL /lLl /1L2 /lLS

The Bayesian decision strategy establishes that an optimal decision should be selected by minimizing
the posterior expected loss for the DM. Let X denote a set of I'-dimensional attribute vectors X =
(X1, X5,...,Xr), where each component X, denotes an observed attribute value that is conditionally
generated given the state § € ®. During an experimental trial, the DM acquires a specific realization
X = x. Given the prior probability of each state 6,, denoted as P(6;), and the likelihood function P(x|6,)
quantifying the probability of observation x under state 6,, under the Naive Bayes assumption (i.e.,
attribute conditional independence assumption), the posterior probability of state 8, given a specific
observation x can be derived using Bayes’ rule

PO)P(xI6,)  POIIT_ P(x,6,)

P(B,lx) = - .
b w1 POIP(XI6,) X3, POIT_ P(x,16,)

(2.22)
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Given an observed attribute vector X, the posterior risk R(d)|x) associated with decision d; is formally
defined as the expected value of the loss function A(d), 6;) taking all 6, € ®, given by

S
R(diIX) = )" A(dy, 0,)P(0,/x). (2.23)
s=1

The Bayes risk adopting d;, denoted as R(d;(x)) and defined as the posterior risk over all observations
X, is expressed as

R(d)(x)) = Ex [R(d|(X)[X)] . (2.24)
For each observation x, if d* minimizes the posterior risk R(d;|x), then the Bayes risk R(d;(x)) is also
minimized. Thus, the Bayes decision d; € D is defined as the minimizer of posterior risk

d*(x) = arg min R(d|x). (2.25)
d/ED
If the loss function A(d, 6,) is the commonly used “O — 1”” model y, defined as
0, ifd =6,
x(d, 65) = . (2.26)
1, otherwise.

Therefore, the posterior risk simplifies to R(6,|x) = 1 — P(6,/x). In this case, the minimization of Bayes
risk reduces to maximum a posteriori (MAP) estimation

0" (x) = arg max P(6,|x). (2.27)
0,e0

The basic process of the Bayesian decision making model is illustrated in Figure 1. One can
consult [30] for further details on Bayesian decision theory.

Prior Knowledge

Prior Distribution Likelihood Functions
v v
Prior Probabilities Conditional Probabilities

_

Bayes' Rule

!

Posterior Probabilities Loss Function

Posterior Risk

}

Bayes Risk Minimization

}

Optimal Decision(s)

Figure 1. The schematic flowchart of Bayesian decision making.

AIMS Mathematics Volume 11, Issue 4, 10883-10907.



10893

3. Bayesian decision model based on soft probabilities under statistical regularity

In this section, we develop a Bayesian decision model that integrates soft probability theory with
the Bayesian decision framework under statistical regularity hypotheses, addressing the challenges of
multi-attribute decision making under a finite sequence of observations. The proposed methodology
rigorously incorporates soft probability with Bayes risk minimization under statistical regularity to
enhance decision robustness, thus being formally named the Bayesian decision model with soft
probabilities under statistical regularity hypotheses (BDM-SP-SR).

A typical formulation of Bayesian decision making with soft probabilities involves a set of L discrete
decision alternatives D = {d|,d,,...,d;} and a set of S mutually exclusive states of nature ® =
{0/,65,...,05}. Let X = {X|,X,,...,Xr} be a set of attributes, and define a I'-dimensional attribute
vector X as a complete assignment of attributes values to characterize each state, i.e., X = x, where
X = (X; = x1,...,Xr = xr). Specifically, each vector x uniquely corresponds to a specific state 6.
Alternatives are evaluated using a decision-loss matrix 4 = [A(d}, 85)], where A(d,, 0,) represents the
loss incurred by adopting alternative d; when the actual state is 6;. The prior probability P(6;) and the
conditional probability P(x|6;) are taken into account as soft probabilities that are represented as real
sub-intervals of the unit interval [0, 1]. The primary objective is to select the optimal decision(s) that
minimizes the Bayes risk. The detailed procedure of the proposed method is outlined in the following
four major steps.

3.1. Ascertaining the minimum sample size and constructing prior soft probabilities

The prior probabilities are generally assumed to be precise point values in Bayesian decision
making. However, in reality, prior information often exhibits inherent imprecision, subjectivity, or
incompleteness, while sample data may not satisfy the stochastic stability assumption required for
traditional probability theory. A more appropriate tool is to employ soft probabilities, which are
interval-valued measures directly dependent on stochastic information. Thus, by modeling Bayesian
decision making problems within soft probability frameworks, it becomes feasible to construct prior
soft probabilities using available historical sample data.

Suppose a certain set of trial outcomes leads to an ordered database. For each attribute X, there
exists a sequence of attribute values {xj.}( j=1,2,...,n). Correspondingly, there also exists a sequence
of states {6;}(j = 1,2,...,n) taking values in the state space ®. Thus, an ordered database denoted
by Base, = (Base;,Base,,...,Base,) contains n records Base;, each of which is expressed as
Base; = ((x}, x?, e x?), Hj).

Given a state 6; € O, an indicator function y is defined as

1, 6,=6,
s = 3.1
Xi {0, 9; + 6. G-

By adopting the aforementioned strategy, multi-class classification for the state space can be simplified
into multiple binary classifications.

As aresult, the j-th record of Base(; , containing attribute values and specific state is obtained and
denoted as Base; = (x;,x}) = ((xj., x?, . ,x]r.),)(j.), where j € {1,2,...,n}). Let E = {(k,m)} be a set
of parameters. Note that m denotes the size of the sub-database Base(, ,, of the initial Base(, ,. Thus,
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m < n. However, typically, m is taken as the total size of Base(; »), 1.e., m = n [29]. Given € > 0 defined
as the predefined bias threshold, the value of & is calculated according to the criterion for determining
the parameter k based on statistical regularity proposed above. In accordance with Definition 2.5, a
soft mapping (u, E) is formulated as u(yy,, Base( »), k, m), where u : g, X Base , X E — 2% Then the
prior soft probability of each 6, € ® is denoted as [,uk(Base( Lm)s ng),l_lk (Base(i m), )(gs)], abbreviated as

[,1_1" (H‘Y),ﬁfn(es)]. Similarly, by Definition 2.6, the soft conditional probability of X, = x, given 6, € ®
is denoted as [/i"(Base(l,m) N Oy, x0)s 1 (Base m N 6y, )(xy)], abbreviated as [/ik (x, | 05,115, (x, | 95)].

3.2. Reduction of conditional attributes using soft dependency

It is widely recognized that an excessive number of attributes in Bayesian decision making
significantly increases computational complexity. Additionally, the states exhibit low dependency on
some attributes, and thus removing these attributes does not substantially affect decision consistency.
Thus, attribute selection is needed to remove low-dependency attributes. As such, this dependency is
not a fixed value but varies with the parameter pair (m, k); and thus, within the theoretical framework
of soft probability, it is essential to use Molodtsov’s soft dependency concept [6] to accurately measure
the association between states and individual attributes, as well as propose a concrete implementation
procedure.

For each attribute X, (y = 1,2,...,I), one can consider a set Px = {p&y(@))} of real numbers, which
are the results of dependency denoting that ® depends in degree p&y(@) 0 < péfy (®) < 1)onX,. Based

on partitioning the initial universe of discourse by parameters, the degree of dependency p&y(@) can be
defined as

'{(Xj,)(;) € Base(i,i+k—1)|[x§]xy c [X;]@}‘

|B¢1S€(i,i+k—1)|

P, (@) = d=1,2,....m—k+1, (3.2)

where [x/]y, ={tlx] = 7, jt=ii+1,....i+k—1}and [yfle = {fy; = xS jit =i+ 1,..i+k—1].

The soft dependency of the dependency set @y, is defined by intervals of minimum length that
contain almost all values from @y, . Formally, let r € [0, 1] be a parameter called risk. Define the set of
admissible intervals Seg as

Seg(@x,, ) = {[ 81 € [0, 11[IS (o BN 1> (1 = )iy I}, (3.3)
where | - | denotes the cardinality of a set - and
S([a,B]) = {i Ipé(y(@) €la,plC[0,1],i=1,2,...,m—k+ 1}. (3.4

Note that for intervals [a, §], intuitively, the number of points in the set @x and within the interval
[, B] is greater than or equal to (1 — r)|®y, | (Where |Dx | = (m — k + 1)).
Thus, [a,B] is formulated as the solution to the following optimization problem:

min - ). 3.5
[a,ﬁJeSeg(%,r)(’B ) (3-5)

The interval achieving this minimum constitutes the soft dependency of @y .
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In what follows, given a dependency threshold p, one can compare the midpoint of the soft
dependency interval [a, 5], i.e., (@ + B)/2, with p. If (@ + B)/2 < p, this indicates that the dependency
degree of the states on the attribute X, is below the threshold value, and X, is removed; otherwise, X,
is retained. Applying this procedure to all attributes in X produces a reduced attribute set denoted
as Red(X), completing the attribute selection. This operation greatly reduces the computational
complexity of the Bayes risk model, enhancing the practicality of the proposed method.

3.3. Calculating joints and soft posterior probabilities

Under the Naive Bayes assumption, i.e., given the state § = 6, the attributes in Red(X)
are assumed mutually independent, and the joint soft conditional probabilities of attributes
{Xkedx) = Xreax) | 6 = 6,} (6, € ©) are formulated as

K Krea) = Xreaty 1 0= 00 = [ | #% = x,10=0)),
X, €Red(X)

e X reax) = Xreaix) | 0 = 6;) = H (X, =x,16=6,).
X, €Red(X)

(3.6)

Thus, the prior soft probabilities and the joint soft conditional probabilities can be regarded as special
cases of interval probabilities [19]. By applying Bayes’ rule for interval probabilities [31], the soft
posterior probabilities are calculated as

K (Xreay | 0) - 1 (0)

k
K (O = 05 | Xreax) = XRed(X)) = = o
o HE (Reaiy |165) - 115 (0) + T, o (Kreaty | 60) - i, (6) a7

ﬁﬁz(xRed(X) | 05) ~/7]fn(05)
FinXrea) | 65) * Fip(85) + Tz, 1 (Rreaxy | 6) -t (6)

/7];1(9 = O | XreaX) = XRed(x)) =

3.4. Optimal decision making via Bayes risk minimization

Bayesian decision making employs a loss function A(d,, 8;) to quantify the cost of making the
decision d; when the actual state is 6,. Given an attribute vector X = x and the loss function A(d,, 6;),
the Bayes risk of making decision d; given x is defined as

R(dXreax)) = Bo e, [A(d1: 0] = | R(dXreay): RdXreay) | (3.8)
where
S
R(diIXredc) = ) Alds, 0" (OylXpeaiy): (3.9)
s=1
. S
R(diXreacx) = ) Alds, 0725, (0:lXpeay)- (3.10)

s=1

Since the soft probabilities used in calculating Bayes risk are interval-valued, the resulting Bayes risk
is inherently an interval. To compare interval-valued Bayes risk, a common interval ranking method
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from [32] is adopted to define the possibility degree (pd) for intervals a = [a,a] and b = [b, l;] as

min {(@- @) + (b — b), max(@ - b,0)}

pd(a > b) = —
(@a—a)+((b-b)

(3.11)

where pd(a > b) measures the degree to which a is superior, equivalent, or inferior to b, and higher
values indicate stronger evidence for a > b. Note that pd(a > b) > 1/2 = a > b,pdla > b) =1/2 =
a =b,and pd(a > b) < 1/2 = a < b. This measure satisfies pd(a > b) € [0, 1], with straightforward
properties as follows:

(1) pd(a>=b)+pdb > a) =1; B
(2) If a < b, then pd(a > b) =0, if b < g, then pd(a > b) = 1;
(3) If pd(a > b) > 1/2 and pd(b > ¢) > 1/2, then pd(a > c¢) > 1/2.

The pairwise comparison of soft posterior risks under different decisions yields a judgment matrix
[pd;]ixz, where pd,, = pd (R(d)|[x) > R(d,x)). Without loss of generality, if pd, > 1/2, the alternative
d; dominates d; due to its smaller Bayes risk. Based on the matrix [pd, ];«., all alternatives are ranked
to identify the most desirable one. The optimal decision d;» € D is determined by minimizing the soft
posterior risk, formally expressed as

d[* = {l* € {1929' .. 9L} | I{I;inL}pdll* = pdl*l* = 1/2}’ (3.12)

Ief
where pd;. = pd (R(d)|x) > R(d-|x)) quantifies the likelihood that decision d;- is superior to d; with a
smaller soft posterior risk.

It is worth noting that for the “O-1" loss function (4;; € {0, 1}), choosing d;- equivalently maximizes
the soft posterior probability. Therefore, the implementation algorithm for the Bayesian decision model
with soft probabilities under statistical regularity hypotheses is outlined below.

Step 1. Input the decision space D = {d;,d>, ... ,d.}, the state space ® = {6,,6,, ..., 05}, and the set of
attributes X = {Xj, X5, ..., Xt} for describing each state. As a result of repeated trials, a sequence
of outcomes containing state data and attribute data for each state has been collected, and thus an
ordered database Base, , is established.

Step 2. Given a bias threshold € > 0, determine the parameter pair (m, k) based on the statistically
(k, €)-regular hypothesis on Base(; . Alternatively, given an estimate of the mean of f denoted
by a and the bias threshold €, determine (m, k) based on the statistically significantly (k, €, a)-
regular hypothesis on Basej ).

Step 3. Given a risk level 0 < r < 1, calculate the soft dependency [a,,(,] for each X, € X. Set p €
[0, 1] as the dependency threshold, and reduce the attributes by comparing midpoints @ (y €
{1,2,...,T}) with p to obtain the reduced attribute set Red(X).

Step 4. Calculate the prior soft probabilities [/ik (GS),,UZ(QS)] for each state 6, € ® and soft conditional
probabilities [ﬁkm (xy | Hs),ﬁ],;()c.y | QS)] for X, € Red(X).
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Step 5. Observe a new attribute vector Xg.qx) and derive the joint soft conditional probabilities of
attributes given 6, denoted by [/J" (XReacx) | HS),EI;(XRM(X) | QS)] under the Naive Bayes assumption.
Apply Bayes’ rule with interval probabilities to compute the soft posterior probabilities

[/i;(gs | XRed(x)) Fin (65 | XRed(X))] (6, € ©).

Step 6. Define the loss associated with each decision d; € D when the true state is 6, € ®, and compute
the soft posterior risk R(d)|Xg.qx)) for each decision d;.

Step 7. Rank all decision alternatives using the interval number ranking principle, and select the
optimal decision(s) by minimizing the soft posterior risk.

The flowchart of the algorithm above is shown in Figure 2.

‘ Decision Space D , State Space ©, Attribute Set X ‘

Trial Outcomes

Ordered Database

Determination of Base ¥ and Sample Size

Bias Threshold e>0

Estimate of the Mean of f

Statistically
Significantly (k,€,a)-
Regular Hypothesis

i

Statistically (k,€)-
Regular Hypothesis

Parameter Pair (k,m)

Attribute w Selection

Degree of Dependency

|

Risk Level Osr<1

Soft Dependency

I

Dependency Threshold
0<ps1

v v

’ Soft Conditional Probabilities

‘ Attribute Reduction

S

Prior Soft Probabilities ‘ Soft Conditional Joint Probabilities

Bayes' Rule

Decision ¥ Making

‘ Soft Posterior Probabilities

~—

‘ Soft Posterior Risk

Loss Function

Interval Numbers Ranking

Bayes Risk Minimization

Optimal Decision(s)

Figure 2. The implementation process of the proposed model.
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3.5. The computational complexity of the proposed algorithm

The computational complexity of the proposed BDM-SP-SR algorithm is evaluated with respect to
the number of instances n and attributes I. The dominant factor is the soft dependency calculation
across W sliding windows, where W = n — k + 1 (assuming m = n). Computing the dependency
degree for each attribute within a window of size k requires O(k) operations, resulting in a total of
O(T'Wk). Subsequently, constructing the admissible intervals requires sorting the dependency sets,
which contributes O(I'W log W). Thus, the overall time complexity is O(I'n(k + log n)), which reduces
to O(I'nlog n) when k is constant. Regarding storage, the space complexity is O(nl"), which is mostly
determined by the database and temporary dependency arrays. Consequently, the proposed method
achieves linear space and near-linear time complexities, demonstrating its suitability for large-scale
applications.

4. Application of the proposed model

To demonstrate the validity and effectiveness of the proposed method, an illustrative case study is
presented as follows:

In medical diagnosis, patients with a disease often exhibit multiple visible symptoms. It is important
to note that some symptoms may appear in more than one disease, while other symptoms have limited
diagnostic value in ruling out specific diseases, thereby creating diagnostic challenges for clinicians.
Thus, prior information is often absent or unavailable due to inconsistency in subjective experience or
lack of homogeneous historical diagnostic data. Doctors commonly analyze sample data to identify the
most probable disease. Additionally, misdiagnosis risks exist in similar cases, and incorrect judgments
can lead to different outcomes or losses. Consequently, this problem can be formulated as a Bayesian
decision making problem, and the proposed approach addresses diagnostic uncertainties when prior
knowledge and sample data are insufficient.

4.1. A numerical case study in medical diagnosis

Consider a typical medical diagnosis problem involving five symptoms, headache, chest pain,
abnormal blood pressure, cough, and fever, and two diseases, flu (F) and pneumonia (P). Define the
attribute set as X = {X, : headache, X, : chest pain, X5 : abnormal blood pressure, X, : cough, Xs :
fever} and the state space as @ = {6, = F,6, = P}. A statistical case database consisting of 20
sequentially diagnosed patients {p,,p,, ..., P} has been established (see Table 2), where the binary
variable x? = 1 indicates that patient p; suffers from X, and O otherwise.

Suppose that a new patient p,, suffers from abnormal blood pressure, cough, and fever. The goal
is to determine how the doctor can identify the patient’s disease using the statistical case base and
the patient’s observed symptoms, distinguishing the two diseases. To achieve this goal, apply the
proposed method to determine which disease is most consistent with the symptoms. The procedures
are described as follows:

Step 1. In the decision making process, the state space is constituted by two diseases, flu (F) and
pneumonia (P), and is formally denoted by ® = {F, P}. Two classes of diagnostic decisions are
considered: Diagnosing the illness as flu (dr) or pneumonia (dp). These categories form a decision
space denoted by D = {dr, dp}, and the attribute set comprising the observed symptoms is denoted
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by X = {X; = headache, X, = chest pain, X5 = abnormal blood pressure, X, = cough,Xs =
fever}.

Step 2. Given a bias threshold e = 0.07, the frequency of pneumonia occurrence in Base( ) 1S
calculated as the mean estimate of y,,, yielding a = 0.4. Based on the statistical regularity
hypotheses, the statistically (k, €)-regular hypothesis and the statistically significantly (k, €, a)-
regular hypothesis, the parameter k is determined to be 15 under the bias threshold € = 0.07.
Thus, the parameter pair is established as (m, k) = (20, 15). Likewise, the statistical regularity
hypotheses established for y,, also apply to yy,.

Step 3. Given a risk level r = 0.2 and a dependency threshold p = 0.1, the soft dependency of states

on each attribute is calculated. By comparing the midpoint of the soft dependency interval with

= 0.1, the reduced attribute set Red(X) = {X|, X, X4, X5} is obtained. Detailed results are
presented in Table 3.

Step 4. The prior soft probabilities of suffering from flu is calculated as

p(Baseq 20, Xop> 15,20) = |1 (0p), i (0r)] (4.1)

where
i+k—1 i+k—1

{a(6r) = min — Z Xor(0)) = 0533, m(6p) = max — Z Xo,(8,) = 0.600.  (4.2)

Moreover, the prior soft probabilities of suffering from pneumonia is calculated as

p(Base 20, xop» 15,20) = [ﬁ_t;f)(Qp),ﬁég(Qp)] ; (4.3)
where
i+k—1 i+k—1
Hoo(@p) = min — Z X0,(6)) = 0400, Fi(6p) = max — Z Yo,(6) = 0467, (4.4)

The results of soft conditional probabilities for suffering from flu or pneumonia are calculated in
a similar manner and presented in Table 4 below.

Step 5. Given a new patient p,, exhibiting symptoms of abnormal blood pressure, cough, and fever,
the corresponding attribute vector is Xgeqxy = (X3 = 0,X; = 0, Xy = 1,X5 = 1) (where Xj is
removed). Consequently, the joint soft conditional probabilities of attributes given Xg.qx, are
computed as

[H;(S)(XRed(X) | 0F), oy (XRea ) | QF)] = [0.031,0.139], 4.5)

122 (reas | ), Bl Rneacy | 09)] = [0.000,0.072], “46)

Thus, the soft posterior probabilities are calculated using Bayes’ rule with interval probabilities
as follows:

["_1;(5)(91’ | XRed(X))’ﬁé(S)(QF | XRed(X))] =1[0.329, 1], (4.7)

[/_1;3(9,3 | Xpea()> oo (6 | XRed(X))] =[0,0.671]. (4.8)
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Step 6. Define the loss function A(d, 6,) to measure the loss of adopting decision d; when patient p, has
disease 6;. Note that different loss functions yield different decision losses. The “O — 1”” model, a
commonly used loss function, effectively assesses decision correctness. Thus, using the “0 — 17

model, the decision-loss matrix is given by
01 =F 92 =P
[A(d,6)] = |di =dr 0 1 (4.9)
d2 = dp 1 0

Consequently, the soft posterior risks of the two decisions given the observed symptoms are
computed as

R(dr[Xpeaer) = | R(dF|Xpea)), R(drXrea)| = [0,0.671], (4.10)
R(dp|Xpedx)) = |R(dplXreac)s R(dpIXpeaiy)| = [0.329,11. (4.11)

Step 7. Based on the possible degree for interval number ranking, a minimizer of R(dj|Xg.q.x)) With
respect to d; € {dr, dp} is determined as below:
pd(R(dleRed((\’)) > R(dPlxRed(X))) =0.255 < 0.5. (412)

Hence, R(dp|Xgeax)) < R(dp|Xgeax)), implying that the optimal decision dr (diagnosing flu) is
preferable to dp (diagnosing pneumonia) for patient p,,.

Table 2. The tabular representation of an ordered sample database for flu (F) and pneumonia

(P).

Patient X,

P1
p2
P3
P4
Ps
Ps
p7
Ps
P9
Pio
P11
P12
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P15
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Pis
P19
P20
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Table 3. The results of attribute selection using soft dependency with (, p) = (0.2,0.1).

Attribute @y, Soft dependency Midpoint VS p = 0.1 Selection
X; {0.267,0.267,0,0,0, 0} [0,0.267] 0.134 > 0.1 Retained
X5 {0.4,0.467,0.533,0.4,0.333,0.333} [0.333,0.467] 0.400 > 0.1 Retained
X3 {0,0,0,0,0,0} [0,0] 0<0.1 Removed
Xy {0.267,0.333,0.333,0.267,0.333,0.267}  [0.267,0.333] 0.300 > 0.1 Retained
Xs {0.467,0.467,0.467,0.4,0.467,0.467} [0.467,0.467] 0.467 > 0.1 Retained

Table 4. The soft conditional probabilities of attributes with respect to flu (F) or pneumonia

P).
uxy =116, =F) = ux =016, =F) = =116, =F) = uxx =016, =F) =
[0.000, 0.125] [0.875, 1.000] [0.000, 0.250] [0.750, 1.000]
uxy =116, ="P) = ux; =016, =P) = =116, =P) = u(x; =016, =P) =
[0.571,0.714] [0.286, 0.429] [0.833, 1.000] [0.000, 0.167]
uxg =116, =F) = uxy =016, =F) = uxs =116, =F)= uxs =016, =F) =
[0.375,0.556] [0.444,0.625] [0.125,0.250] [0.750,0.875]
uxg=116,="P) = uxy =016, =P) = uxs =116, =P) = uxs =016, =P) =

[1,1] [0, 0] [1,1] [0,0]

4.2. Sensitivity analysis

To assess the robustness of the BDM-SP-SR method, a sensitivity analysis is conducted by varying
three critical parameters: bias threshold e, risk level r, and dependency threshold p.

(1) bias threshold €. Note that € controls the stringency of statistical regularity determination,
establishes a trade-off between “estimation precision” and “minimum sample size requirement”,
and plays a key role in verifying statistical regularity on the dataset and deciding the minimum
sample size. To investigate the effect on the minimum sample size k*, one can choose the threshold
€ from 0.01 to 0.1 in steps of 0.01, as illustrated in Figure 3.

As € increases, k* generally decreases, indicating that relaxed constraints enable smaller minimum
sample size to meet the requirements. When 0 < € < 0.05, k* = 19 consistently holds. This is
because the prior soft probabilities of flu and pneumonia are u(Base( 2, xo,,19,20) = 0.579
and u(Base 20y, xo,p» 19,20) = 0.421, respectively. Both degenerate into exact point probabilities
and thus result in 26 = 0 < € holding constantly. Since point probabilities cannot capture non-
stochastic stable information, one can restrict € to [0.06, 0.1]. The dynamic impact of changes in
€ on decision results is shown in the Table 5.

As we can see, a large € (e.g., € = 0.1 or 0.09) implies high uncertainty in the statistical regularity
hypothesis, resulting in significant uncertainty in decision results that cannot distinguish flu and
pneumonia. By contrast, a smaller € reduces the uncertainty of the hypothesis, leading to more
precise decision results that consistently support the diagnosis of flu for patient p,,. It is worth
emphasizing that € should not be too small (e.g., € < 0.05), as the statistical regularity assumption
will hold constantly, thereby causing biased decision results when dealing with non-stochastically
stable information.
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(2) The parameter pair (r,p). Parameter r determines the coverage proportion for constructing

soft dependency intervals and establishes a trade-off between “interval width” and “coverage
reliability”. As a dependency threshold, p determines if the dependency between attributes and
states 1s strong enough by comparing it to a criterion, establishes a trade-off between “attribute
relevance” and “model complexity” to reduce attributes while keeping key attributes. Let € = 0.07
be fixed; thus, (m, k) = (20, 15). It follows that the set @y contains six elements. Therefore, one
can set the range of r as [0, 1] with a step of 1/6, and select the parameter p that varies from 0
to 0.5 with a 0.1 step to generate the reduced attribute set. The dynamic impact of changes in
(r, p) on decision results is shown in Table 6.
The results in Table 6 show that the patient p,, should be diagnosed as flu under different
parameter pairs (r,p) with p € {0,0.1,0.2,0.3}. It is important to note that the dependency
threshold p should not be set too high. For instance, setting p = 0.4 would eliminate the key
attribute X, (chest pain), which would result in a misdiagnosis of pneumonia. From a practical
perspective, the selection of (7, p) should be guided by domain knowledge and the acceptable level
of risk. A lower r (r < 0.2) ensures high coverage (> 80%) of dependency values, yielding more
reliable intervals. The threshold p should be chosen based on the relative importance of attributes:
If attribute reduction is critical for interpretability or computational efficiency, a moderate p
(o € [0.1,0.2]) can be used; if preserving all potentially relevant attributes is paramount, a low p
(o = 0) 1s advisable. In medical diagnosis, where each symptom may be clinically significant, a
conservative p (p < 0.1) is recommended to avoid discarding important diagnostic indicators.

2 e e e e e e e e e e e e e o]

19 L 4 d g d

size k*

Sample

121 ——- Kkt=m=20

0.02 0.04 0.06 0.08 0.10
Bias threshold

Figure 3. The impact of bias threshold € on the minimum sample size k*.

Table 5. The impact of € on minimum sample size k*, reduced attribute set Red(X), and
decision possibility degree ((r,p) = (0.2,0.1)).

€ k*  Red(X) PA(R(dF|XReacx)) = R(dplXgeacx)))
0.10 12 {X1, X5, X4, X5} 0.5
0.09 12 {X;,X5, X4, X5} 0.5

{ }
0.08 13 {X},X5, X4, X5} 0.282
0.07 15 {X1,X2, X4, X5} 0.255
0.06 17 {X5, X4, X5} 0.248
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4.3.

Table 6. The reduced attribute sets and decision possibility degrees under different (7, p) with
€ =0.07.

(r,p) Red(X) pAd(R(dF[Xgeacx)) = R(dp|Xgeacx)))
(i/6,0), i=1{0,1,2,3,4,5,6} {Xi,X5, X5,X4,X5} 0.214

(i/6,0.1),i = {0, 1} {X1, X5, X4, X5} 0.255

(i/6,0.1),i = {2,3,4,5, 6} (X5, X4, X5} 0.380

(i/6,0.2),i ={0,1,2,3,4,5,6} {X3, X4, X5} 0.380

(i/6,0.3),i = {0, 1,2} {X>, X4, X5} 0.380

(i/6,0.3),i = {3,4,5, 6} {X5, X5} 0.179

(i/6,0.4),i = {0, 1, 3} {X5, X5} 0.179

(i/6,0.4),i = {2,4,5, 6} {Xs} 1

(i/6,0.5),i ={0,1,2,3,4,5,6} 0 -

Comparative analysis

To evaluate the efficiency of the proposed BDM-SP-SR, comparative experiments are conducted
using well-established classification methods as baseline models: Naive Bayes (NB), logistic
regression (LR) without regularization, L1-regularized logistic regression (L1-LR), L2-regularized
logistic regression (L2-LR), decision tree (DT), and support vector machine (SVM). The decision
outcomes for the diagnostic classification of patient p,, using the above-mentioned methods are
summarized in Table 7.

Table 7. Comparison of decision outcomes across methods.

Methods Decision basis Decisions for p,,
NB R(dr|x) ~ 0.266 < 0.734 = R(dp|x) flu (F)

LR (without regularization) P(F|x) = 0.9999 > 0.0001 ~ P(P|x) flu (F)

L1-LR P(F|x) =~ 0.4430 < 0.5570 = P(P|x) pneumonia (P)
L2-LR P(F|x) =~ 0.6565 > 0.3435 ~ P(P|x) flu (F)

DT Decision path: Xs =1 — X, =0 — X; = 0 —» Terminal node: F  flu (F)

SVM X, - X3 <05(F), X, — X3 >0.5(P); X2(0) — X5(1) < 0.5 Sflu (F)
BDM-SP-SR pd(R(dF|Xgeax)) = R(dpXreax))) = 0.255 < 0.5 Slu (F)

(1) Comparison with the NB model. The proposed BDM-SP-SR model contrasts with the NB

model mostly in its treatment of uncertainty and attribute dependency. While NB assumes strict
attribute independence and uses point probabilities, BDM-SP-SR employs interval probabilities
[u, ;1] under statistical regularity hypotheses, explicitly modeling uncertainty through parameters
such as risk level r and dependency threshold p. BDM-SP-SR further incorporates data-driven
attribute reduction based on soft dependency degrees, whereas NB uses all attributes without
selection, which may lead to overfitting when dealing with noisy data. In decision making, BDM-
SP-SR minimizes soft posterior risk with interval arithmetic, adapting to risk preferences, while
NB relies on point-wise maximum posterior probability and is sensitive to inaccuracies in prior
probability specification. As such, BDM-SP-SR can be seen as a generalization of the NB model.
To be precise, NB corresponds to BDM-SP-SR when the parameter triplet (e, r, p) is set to (0, 0, 0).
In this scenario, the posterior risks are quantified as R(dr|x) ~ 0.266 and R(dp|x) ~ 0.734, with
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R(dr) < R(dp). This results in the diagnosis of patient p,, with the flu, illustrating the consistency
of decision outcomes across the models. These advances enable BDM-SP-SR to outperform NB
in domains requiring robust uncertainty handling, particularly with small samples or redundant
attributes.

(2) Comparison with the other models. As illustrated, the remaining baseline models, except
LI1-LR, are consistent with BDM-SP-SR in diagnosing the flu (F), but they exhibit structural
weaknesses in small-sample scenarios. LR without regularization suffers from severe overfitting
and numerical instability, as shown by its extreme probability (P ~ 0.9999). LI-LR is
the only model that predicts pneumonia (P); its attribute selection mechanism may eliminate
critical diagnostic attributes when historical data are sparse, resulting in biased inference.
While L2-LR stabilizes parameter estimation, it does not perform attribute reduction, thereby
retaining redundant features that increase model complexity and may obscure underlying causal
relationships. DT and SVM yield results consistent with the proposed method in this case, and
their limitations are evident: DT relies only on a subset of samples for determining its decision
path, and SVM uses partial features (X, and X3) to construct the classification hyperplane. This
reliance on incomplete information leads to insufficient learning of data patterns and thus may
result in poor generalization and low decision accuracy.

5. Conclusions and future work

To minimize decision risk in the Bayesian model with ordered samples, we propose a novel
Bayesian decision model with soft probabilities under statistical regularity hypotheses (BDM-SP-SR),
addressing non-stochastic stability in soft probability computation and attribute selection for small
sample scenarios. Note that soft probability, as a special case of interval probability, is defined by
immediate measurements on a statistical base and changes dynamically with new data. It offers a more
straightforward representation to reflect stochastic and non-stochastic stability, which widely exists
in practical problems. Thus, BDM-SP-SR can be regarded as a practical version of the Bayesian
decision model with interval probabilities. By assuming that the statistical regularity hypothesis
holds universally across the initial database under a given bias threshold, the minimum sample size
for constructing soft probabilities is correspondingly quantified. This adaptability is data-driven and
enhances decision reliability, especially when statistical regularities in data change over time. A soft
dependency-based procedure is designed for attribute reduction, and a decision making strategy with
ordered samples is proposed based on the principle of Bayes risk minimization in the soft probability
framework. Finally, a numerical case study regarding medical diagnosis is conducted to verify the
reasonableness and effectiveness of the proposed methodology.

The major contributions are summarized as follows:

(1) The minimum sample size for constructing soft probabilities is determined with the aid of
statistical regularity hypotheses, which directly determines the balance between uncertainty
(wider intervals) and precision (narrower intervals) in soft probabilities.

(2) A soft dependency-based procedure for attribute selection reduces the impact of redundant
attributes on decisions, which can guarantee the optimality of results.

(3) The BDM-SP-SR model extends the classic NB model by reducing redundant attributes and
handling changes in statistical regularities as new data appear, rather than merely using all

AIMS Mathematics Volume 11, Issue 4, 10883-10907.



10905

attributes and handling stochastic stability under large sample conditions.

At first glance the proposed method, as an integration of soft probabilities and the Bayesian decision
model, involves a relatively complex computational process. However, it is primarily data-driven
and easy to design implementation procedures, to obtain optimal results automatically. It can be
applied to various domains such as supplier selection, rule extraction in information systems, and
investment management. Despite its advantages, this study has several limitations. The selection of
the bias threshold € remains partially subjective, and the assumption of conditional independence may
oversimplify complex attribute interdependencies. Additionally, while the model is computationally
efficient, its reliance on discretization for continuous variables potentially induces information loss.
In future research, one could focus on integrating more sophisticated dependency structures, such
as Bayesian networks, into the soft probability framework to relax independence assumptions.
Furthermore, developing data-driven, adaptive mechanisms for parameter selection remains a priority.
From an empirical perspective, extending the BDM-SP-SR model to continuous domains and diverse
applications, such as credit scoring and investment management with different dataset sizes, will further
validate its robustness in non-stochastically stable environments.
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