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Abstract:  Alice-Bob systems offer a powerful framework for describing nonlocal correlations
between spatially separated physical events. In this paper, we investigate nonlinear wave structures
of the second-order Alice-Bob Benjamin-Ono system, an integrable nonlocal model for two-place
correlated phenomena. Using the Kadomtsev-Petviashvili hierarchy reduction method, we derive
explicit Gram-determinant breather solutions and construct higher-order breather and breather-soliton
interactions. By combining block-determinant formulations with long-wave limits, we obtain semi-
rational solutions that describe interactions among breathers, solitons, and lump waves. In addition,
through bilinear theory and Schur polynomial techniques, we derive general higher-order rogue wave
solutions in compact determinant form. These solutions exhibit rich geometric patterns, including
triangular and polygonal rogue wave configurations, whose orientations are controlled by free complex
parameters while preserving peak amplitudes. The results reveal diverse interaction dynamics and
complex localized wave structures in the second-order system. This unified determinant framework
significantly enriches the family of exact solutions and provides new insights into nonlinear wave
dynamics in nonlocal integrable systems.
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1. Introduction

In nature, many physical events occurring at different locations and different times are not
independent; instead, they are closely correlated or even entangled. Large-scale climate phenomena
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provide striking examples: Variations in Arctic sea ice can influence extreme weather in distant
regions [1,2], and long-period ocean-atmosphere interactions can trigger abnormal rainfall or drought
thousands of kilometers away [3]. In astrophysics, the detection of gravitational waves has been linked
to black hole mergers that occurred billions of light-years from Earth [4]. In quantum mechanics,
measurements performed on one particle may instantaneously affect the state of another spatially
separated particle [5]. Even in secure communications, information sent by “Alice” can only be
decoded by “Bob” through a specific key that correlates the two sides [6].

Despite these ubiquitous long-range correlations, most classical physical models are constructed
locally, describing the evolution of a field around a single space-time point (x, ). Traditional nonlinear
evolution equations, such as the Korteweg-de Vries (KdV), modified KdV (mKdV), nonlinear
Schrédinger (NLS), sine-Gordon, and Kadomtsev-Petviashvili (KP) equations, are built on this locality
principle. However, when two correlated or entangled events occur at different space-time points,
local models may not be sufficient to capture the underlying mechanism. This observation motivates
the search for new mathematical frameworks capable of describing intrinsically two-place physical
phenomena.

A major step toward this direction was made when Ablowitz and Musslimani introduced integrable
nonlocal nonlinear Schrodinger equations through parity-time (PT) symmetric reductions [7]. In these
models, the field at position x is directly coupled with its complex conjugate evaluated at the reflected
position —x. Their discovery demonstrated that nonlocality and integrability can coexist, triggering
extensive research on nonlocal nonlinear systems, including nonlocal KdV [8], nonlocal mKdV [9],
and nonlocal KP [10] equations.

Inspired by these developments, Lou proposed the concept of Alice-Bob (AB) systems, which
provides a systematic way to describe two correlated events occurring at distinct space-time points [11,
12]. In this framework, the event at (x, ¢) is called the Alice event and is denoted by A(x, ¢), while the
correlated event at (x',¢) is called the Bob event, denoted by B(x’,t"). The two events are linked
through a specific operator f, such that

B = fA.
For one-dimensional systems, the operator f typically involves a combination of shifted parity and
delayed time-reversal transformations,

X ==x+xy, ' =-t+1,

possibly accompanied by charge conjugation. Because the transformed point (x’,#’) is generally far
from (x, ), the resulting AB systems are inherently nonlocal. The evolution at one location depends
directly on the state of the system at another distant location.

An important feature of AB systems is that they naturally admit both symmetry-invariant and
symmetry-breaking solutions. Some solutions remain invariant under the combined shifted parity and
delayed time-reversal transformation. These correspond, in a sense, to symmetric correlations between
the two events. More intriguingly, however, there also exist symmetry-breaking solutions, for which
the transformation of a solution does not coincide with the solution itself. Such solutions lead to
new types of wave phenomena, including nonlocal solitons, kink structures, rogue waves, and novel
interaction behaviors that have no counterparts in purely local models.

Since their introduction, AB systems have been constructed for a variety of integrable equations.
These studies reveal that nonlocal correlations can significantly enrich the dynamical structure of
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nonlinear wave equations, providing new perspectives on integrability, symmetry, and long-range
interactions. Therefore, AB systems offer not only a mathematically appealing generalization of
classical integrable models but also a conceptually meaningful framework for describing two-place
correlated physical processes. Their study continues to deepen our understanding of nonlocal nonlinear
dynamics and correlated wave phenomena.

The Benjamin-Ono (BO) equation is a nonlinear, integrable partial integro-differential equation that
models one-dimensional internal waves in deep, stratified fluids. In contrast, the KdV equation is more
appropriate for shallow-water dynamics. The standard BO equation is

u; + Hluy, ] + uu, = 0, (1.1)

where u(x, t) is a real-valued function and H denotes the Hilbert transform,

—00

H[f](x) = %P.V. (1.2)
with P.V. indicating the Cauchy principal value. The nonlinear advection term uu, and the nonlocal
dispersive effect introduced by the Hilbert transform together produce rich wave phenomena. The
BO equation is completely integrable, possesses the Painlevé property, and admits soliton solutions
which, unlike the exponentially decaying KdV solitons, decay algebraically. Foundational studies
include [13-16].

Motivated by the need to capture higher-order nonlinear and dispersive effects, a second-order form
of the BO equation was introduced in [17, 18]. The second-order (1+1)-dimensional integrable BO
equation takes the form

Uy + a’(uz)xx + Bitrex = 0, (1.3)

where a and 8 are nonzero constants characterizing the strength of the nonlinearity and the effective
depth-induced dispersion, respectively. Here, u(x,?) represents the fluid surface displacement.
Analogous in structure to the Boussinesq equation [19], this higher-order BO model combines
weak quadratic nonlinearity with dispersive regularization. This second-order BO equation retains
several key integrability features: It has the Painlevé property [20], admits N-soliton solutions [21],
and supports reductions derived from conservation laws. Additional studies have established a
hierarchy via Lenard recursion relations [22] and constructed explicit algebro-geometric solutions
using theta functions [23]. Moreover, rogue wave, periodic breather, and lump-type solutions have
been generated through methods including Hirota’s bilinear approach, homoclinic/heteroclinic breather
limits, homoclinic tests, and parameter perturbations, with their spatiotemporal dynamics examined
through extreme value theory [24,25].

In physical applications, the higher-order terms in the second-order BO equation become relevant
when the weakly nonlinear and weakly dispersive assumptions of the classical BO model are no longer
sufficient. In stratified fluids, the standard BO equation describes long internal waves propagating
along a density interface in deep water. When the wave amplitude increases or strong density gradients
are present, higher-order nonlinear corrections become important. In this regime, the term a(u?),,
represents enhanced quadratic nonlinearity associated with stronger wave steepening. The fourth-
order dispersive term fSu,,., accounts for higher-order dispersion that may arise when the wavelength
becomes comparable to the thickness of the stratified layer. Similar corrections also appear in nonlinear
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optical media for ultrashort pulse propagation, where 5 corresponds to higher-order group-velocity
dispersion. Thus, the second-order BO equation becomes relevant when moderate-amplitude internal
waves or strongly dispersive media require corrections beyond the standard BO approximation.

In [26], the authors demonstrated that, based on the principle of the AB system, by introducing the
transformation

u=3(4+B), (1.4)
into Eq (1.3), one can derive the corresponding nonlocal AB-BO system in the form
Ay + By + (A, + B)? + (A + B) Ay, + By) + B(A ey + Brrxx) = 0. (1.5)
Furthermore, Eq (1.5) can be decomposed into the following coupled system:

Ay + %(Ax + B)(3A, - B) + %(3/4 + B) Ay + %(A — B)B.y + Ay =0,
(1.6)
By - %(Ax + By)(A — 3B,) + %(A +3B)B,, — %(A — B)A,y + BBy, =0.

It is evident that systems (1.6) are integrable and support a Lax pair. In addition, symmetry-breaking
soliton, breather, and lump solutions for these systems have been derived using the Hirota bilinear
form [26].

By applying the logarithmic transformations

6
A :ﬁ[lng]xx + {1[11’1 g]”x + {z[lng]m + ugp,
6023 (1.7)
B :;[ln g]xx — {1[ln g]xxx - {2[111 g]m + ugp,
the AB-BO system (1.6) is converted into the following bilinear equation:
[BD} + 2upa D + D?]g.g = 0, (1.8)

where {; and {, are arbitrary constants, i, is an arbitrary constant seed solution, and g = g(x,?) is a
real-valued function of the independent variables x and ¢. Here, Di, Di, and th denote Hirota’s bilinear
differential operators.

It is useful to note that, in order to obtain the bilinear equation using the Bell polynomial
approach [27], we proceed as follows. First, we substitute the following expressions into the main
AB-BO system (1.6):

6 6
A= Ug + gqxx + §IQXxx + gZQth’ B =uy + ;ﬁQXx - §IQXxx - §2QXXI’ (19)

where g = g(x, ). Adding the resulting equations yields the following:
128

_(12ﬁ Qxxxexx + 12ﬁ q)zcxx +ﬁ(IXxxxxx + 2QMOQxxxx + qxxtt) = 0 (1 10)
04

Integrating twice with respect to x (while ignoring the integration constants) gives
B (una + 642,) + 20110, + g = 0. (1.11)
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The above equation can be written in terms of the P-polynomials as

BP4,(q) + 2auyP>,(q) + Py(q) = 0. (1.12)

This equation is equivalent to the bilinear form in Eq (1.8) when the dependent variable transformation
g = In(g) is considered. When ¢, = & = 0, Eq (1.8) reduces to the standard Cole-Hopf-type
transformation associated with the classical BO Eq (1.1). Exact wave solutions reveal the rich
dynamics of nonlinear systems. Solitons are localized waves that maintain their shape; breathers are
oscillatory, localized structures; and rogue waves are large, transient waves that appear unpredictably.
Analytical methods such as Hirota’s bilinear method [28], Wronskian approach [29], Darboux
transformations [30], inverse scattering [31], modify (%)—expansion method [32], improved Sardar
sub-equation method [33], and KP-reduction [34] provide systematic tools to construct these solutions
for integrable systems.

In this paper, we develop a systematic and unified framework for constructing exact determinant-
type solutions to the second-order AB-BO system (1.6). By employing a KP-hierarchy reduction
approach, we derive explicit breather solutions in Gram-determinant form and further extend the
construction to semi-rational solutions describing interactions between breathers, solitons, and lumps.
Moreover, by combining bilinear techniques with Schur polynomial expansions, we obtain general
higher-order rogue wave solutions and analyze their dynamical structures, including asymmetric
deformations induced by higher-order dispersive parameters. Compared with previous studies, our
work provides the first comprehensive treatment of breather, semi-rational, and higher-order rogue
wave solutions for the second-order AB-BO equation within a unified determinant framework,
revealing rich multi-structure interactions and novel geometric patterns such as triangular and
polygonal rogue wave configurations. These results significantly enrich the solution space and deepen
the understanding of nonlocal integrable dynamics in AB systems.

The remainder of this paper is organized as follows. In Section 2, we employ the KP-hierarchy
reduction method to derive determinant representations of breather-type solutions for the second-
order AB-BO system (1.6). Moreover, the section is devoted to the construction of semi-rational
solutions, describing the interactions between breathers, solitons, and lump waves through a block-
determinant formulation and long-wave limit procedures. In Section 3, by means of Schur polynomial
techniques and bilinear theory, we obtain general higher-order rogue wave solutions and investigate
their spatiotemporal structures, including the formation of multi-peak and polygonal rogue wave
patterns. Finally, we summarize the main results in Section 4.

2. Determinant-based solutions

In this part, we construct breather wave solutions in determinant form for the AB-BO system (1.6)
using a reduction procedure associated with the KP hierarchy. This methodology, originally introduced
by the Kyoto School [35, 36], has proven to be an effective framework for producing exact soliton-
type solutions of nonlinear partial differential equations. The central concept behind the KP hierarchy
reduction is to interpret the bilinear representation of the target equation as a constrained member of
the broader KP hierarchy. Based on this viewpoint, one introduces a tau function that satisfies the
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bilinear equations within the KP hierarchy [40], which is defined as

— pitdq;
7= det |6+ gl OO ¥). 2.1)
with
D; = pizy + p?Zz + p,-3Z3 + O, , ‘Pj =q;21 — 61522 + (]§Z3 + Tj,o- 2.2)

In this expression, p;, g;, ®;ip, and ¥;o denote arbitrary complex parameters, ¢;; represents the
Kronecker delta, and z; are independent variables. The tau function defined above is known to satisfy
a sequence of bilinear relations belonging to the KP hierarchy, one of which is as follows:

|D% +3D2 - 4D, D, |r, -7, = 0. (2.3)

To derive the determinant expression of the tau function, we briefly recall a standard construction
from the KP hierarchy. In the KP framework, solutions of the bilinear equations can be generated
from a set of exponential wave functions that satisfy the linear dispersion relations associated with the
hierarchy. Let ¢; and ¢; denote such eigenfunctions, which can be written in exponential form as

¢i = exp(@;), ;= exp(¥)), (2.4)

where the phases ®; and ¥, are linear combinations of the independent variables z;. By constructing
a Gram-type matrix whose entries are formed from combinations of these eigenfunctions, one obtains
a determinant tau function that satisfies the bilinear KP equations. Following this standard procedure,
the tau function can be written in the Gram-determinant form given in Eq (2.1). For more details on
this construction, we refer the reader to [35-37]. Next, by performing the variable transformation

i

x, zp=31t, z3=0, (2.5)

1

{1 =
(-=B)3
the bilinear Eq (2.3) is converted into the bilinear form Eq (1.8), where the identification 7y = g is

made. Consequently, the determinant expressions obtained above provide explicit solutions to the
bilinear equation. In this framework, since u, is an arbitrary constant solution, we set uy = —‘é—jﬁ

without loss of generality for 5 < 0. Collecting these observations, we conclude that the determinant-
type solutions of the bilinear form Eq (1.8) can be written as follows:

e, Pit 4 ‘ ‘
q= \ﬁl,, g S (@ +¥) o (2.6)
where
2ip D, 2ig? i
CDi=—p’1x+ipi2 3t+ ‘p’1x+<1>,~,o, ¥, = —Lx-igi V3t + qflxmfj,o, (2.7)
(-B)* 2(-p)* (=B 2(-p)*

under the condition |

R
To satisfy the reduction from the KP hierarchy to the AB-BO equation, the parameters p; and g, cannot
be arbitrary; they must satisfy the algebraic constraint Eq (2.8), which ensures that the soliton solutions
obtained from the KP tau function satisfy the bilinear form of AB-BO Eq (1.8). This condition naturally
arises from substituting the N-soliton determinant solution Eq (2.6) into the bilinear equation and
requiring it to be valid.

Pi— Didr + q; = (2.8)
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2.1. Breather waves

We now turn to the derivation of breather wave solutions for Eq (1.8). To this end, we restrict
attention to determinants of even dimension by choosing N = 2M and imposing a specific set of
parameter relations in Eq (2.6), given by

Wy w

Dok = — L + 50 Pu= -Q - 71, ®op-10 = ks Poro =0,
Wy W1 * (29)
o1 = + 50 = Q- 5 Wok-10 = Mhys Y0 = M-

Here, k and M are positive integers, wy are real-valued parameters, and €, denote complex constants,
with the superscript “(*)” indicating complex conjugation. With these constraints, one can show,
following arguments similar to those presented in [38], that the tau function g defined in Eq (2.6)
remains a real-valued and non-vanishing function. As a result of these parameter selections, we obtain
explicit breather wave solutions of order M for the AB-BO Eq (1.6), which can be expressed in the
following form:

6
A=+ g[ln ol.. +a[Ingl. +&[Ing]. . (2.10)

6
B=uo+ Llingl,, - Gl gl - &lngl,,, @.11)

in which the function g is represented explicitly by the determinant given as follows:

G Gip .. Gim
G G2 ... Gom

g=T , (2.12)
Guy Gup -+ Gum
with
1 1 1 1 . . -
Gor - o T oo G = Q-+ Py Q-
kk = 1 1 + 1 > k,j — 1 1 P

—_O* * * @j * * “i

Q= et @ Q-+ - Qk_Qj+w7k+71 (2.13)

(-B)+

M M
r:exp(Z(bk"'(pZ]l—[wi, ¢k:ia)k( al +2\/§th)+@(, Kk:T]ko"'gko,
k=1 k=1

where 8 < 0 and «; are arbitrary complex parameters, with the constraint 12QF + wi = 1. Let Q; =

ay + iby, then € is purely real with a*> < é, or € is purely imaginary with no upper bound (since

1 + 12b% > 0). It is worth mentioning that the breather waves are aligned parallel to the x-axis, that is,

. \/5%(’%) (2.14)

12 by 1207 + 1

where R(k;) denotes the real part of ;. The period of the waves in the x-direction is given by
2n(-p)
(1262 + 1
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If @ > 0, the solution corresponds to dark waves, whereas for @ < 0, it corresponds to bright waves. In
addition, the parameters « and S directly affect the amplitude of the waves. By choosing M = 1 in the
solution sets in Eqs (2.10) and (2.11), one obtains the fundamental (first-order) breather-type solution.
In this case, the corresponding function g takes the form

. w? .
g =1+eh +efi+ (1 - m—lgl)z)e¢l*¢l, (2.16)
where the phase variable ¢, is defined as
¢1:iw1( Al +2\/§er)+;<1, (2.17)
—06)%

where 129% + wf = 1 and B < 0. When the fields A and B are reconstructed through Eqs (2.10) and
(2.11) and interpreted as a wave solution of breather type, the roles of the parameters {; and ¢, can be
understood in terms of spatial and spatiotemporal modulation effects. The leading term Z—ﬁ(ln xx
governs the fundamental balance between nonlinearity and dispersion and is responsible for the
formation of localized structures such as solitons or breathers. The third-order spatial derivative term
proportional to ¢; introduces a higher-order dispersion, which breaks the left-right spatial symmetry
of the solution and induces a directional bias, leading to asymmetric profiles or a drift of the breather
envelope; increasing |{;| enhances this asymmetry and may cause gradual deformation or radiation
from the breather. The mixed derivative term proportional to {, couples spatial location to temporal
evolution and primarily affects the internal oscillatory dynamics of the breather, modifying its breathing
frequency, group velocity, and amplitude modulation without strongly breaking spatial symmetry. For
small values of {,, the breather remains coherent with a shifted oscillation period, whereas larger
values can intensify the breathing motion and eventually destabilize the localized structure. When
both parameters are present, {; mainly controls spatial asymmetry and the propagation direction, while
{, regulates temporal modulation. Their combined effect determines the qualitative features of the
breather wave.

Figure 1 illustrates two different selections of {; and {,. For {; = {, = 0, panel (a) shows a
symmetric and stationary breather profile, which can be regarded as a solution of the classical BO
equation. In contrast, for nonzero values of ;, panels (b) and (c) display pronounced asymmetry and
enhanced temporal modulation, highlighting the significant influence of higher-order dispersive effects
on the breather dynamics. It is worth noting that the breather wave is obtained by choosing € as
a purely imaginary parameter together with § < 0. In contrast, when Q; is taken as a purely real
parameter, the solution in Eq (2.16) describes a mixed interaction of two soliton lines, as illustrated in
Figure 2 for different values of {; and ¢5.
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(a) (b) (0
Figure 1. One-breather solution Eq (2.16) of the second-order AB-BO system with
parameters @ = —3, B= -3, Q; = f,and k| = § + % In panel (a) &, = &> = 0: symmetric

classical breather profile, and panels (b) and (¢) {; = 5, {; = 20: asymmetric and temporally
modulated breather structures induced by higher-order dispersive effects.

() (b) (0
Figure 2. One-soliton solution Eq (2.16) obtained for real €; with parameters @ = —%, B =
—%, Q = %, and x; = 15. In panel (a) {; = & = 0: symmetric soliton, and panels (b) and
(c) {1 = 15,4, = 30: asymmetric deformation and spatiotemporal modulation due to higher-
order terms.

Increasing the parameter M yields higher-order breather solutions for the AB-BO system (1.6). As
a representative example, taking M = 2 leads to explicit two-breather configurations for the model,
which can be written in the following form:

an =1+ e¢1 + e¢2 + e"’T + e¢3 + Cl’le@ﬂ)T + C2,26¢2+¢; + CAI’26¢1+¢2 + él’ze¢l+¢; + CAT’26¢T+¢§
+ C‘ize@”T + CLICALZC‘T’Ze@"’@"’Wf + C2,261’261’23¢1+¢2+¢; + Cl,léizcl’zeqjﬁqﬁﬁﬁ (218)
+ Cz,zéizéizeqjﬁ—qjﬁqb; + Cl,lCZ,ZCI,ZCI,ZCT,QCT,26¢I+¢2+¢T+¢;’

where
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2 2

Cip=lo— _ Cy=1-—2

L1 = @ - 22 = @G- o0
A4 - D) — (w1 —w)* A - Q1) = (w + w))? .

12 12

_4(91 - Q) — (wy + wl)z’ - 4(93 - Q) — (w — wz)z'

Similar to the case M = 1, different selections of the parameters €; lead to different waveforms.
When Q; are chosen as purely imaginary, the solution represents breather waves, whereas for purely
real values of Q; the solution reduces to soliton waves. Figure 3 illustrates a double-breather wave
structure, while Figure 4 depicts the interaction between breather and soliton lines.

(a) (b) (©
Figure 3. Two-breather solution Eq (2.18) with parameters @ = -1, = -1, Q, = %, Q, =
%, k1 = =5, and k; = 10. In panel (a) {; = {, = 0: symmetric breather interaction, and panels
(b) and (c) {; =5, & = 20: distorted and asymmetric breather interaction patterns.

(@) (b) (©)
Figure 4. Breather-soliton interaction solution with parameters @ = —%, B =-1,Q =
5L, =1,k =0,and k, = § + 1. Inpanel (a) {; = & = 0: symmetric interaction, and
panels (b) and (c) {; = 10, = 35: asymmetric and modulated breather-soliton dynamics.

AIMS Mathematics Volume 11, Issue 4, 10611-10637.
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Similarly, for M = 3, third-order breather solutions can be obtained, representing the combined
dynamics of three interacting breathers. In this case, a variety of wave forms can also be generated
by appropriate choices of the parameters €. Figure 5 illustrates the dynamics of these solutions
for the field A, showing different configurations: a mixture of three breather waves, a combination
of two solitons with two breathers, and one breather interacting with four solitons. These examples
demonstrate the flexibility of the determinant approach in producing complex nonlinear wave patterns.

(a) (b) (©
Figure 5. Third-order (M = 3) breather and breather-soliton configurations for different

parameter choices: Panel (a) pure multi-breather interaction with @ = —i, B=-10Q =
%, Q = %, Q; = %i, Q = %i, ki = =10,k = 10, k3 = 5, k4 = =15, {1 = 0, {3 = 0; panel
(b) mixed breather-soliton structure with @ = —3, B=—-1, Q= -5, Qb =32, Q3 =2, Q, =
%, Kk = =20, kK, = 10, k3 = 5, k4, = —15; and panel (c) higher-order interaction pattern with

a=—41B=-1,Q =-1,0=310:=2Q,=3, kK =-20, k, = 10,k3 = 5, k4 = —15
when | = {, = 5, demonstrating increased asymmetry and deformation.

2.2. Semi-rational solutions (Interaction of breather and lump waves)

By decomposing M = N + N’ and applying the long-wave limit [39] to the auxiliary function
Eq (2.12), one can derive Mth-order semi-rational solutions consisting of a superposition of Nth-order
lumps (or rogue waves) and N’th-order breather (or soliton) structures. Specifically, when w; — 0,
(1 < k < N), the exponential term degenerates into a polynomial form,

1
lim —(1 +¢™%) = ——x+2i V3. (2.20)

=0 ey (-B)*

This limiting expression corresponds to the generation of N lump waves. To ensure that the above
limit exists, we set k; = inr. In summary, the function g appearing in Eqs (2.10) and (2.11) can be
expressed as a 2(N + N') x 2(N + N’) determinant, which provides a systematic way to construct a class
of semi-rational solutions.

(2.21)

A B
C DI’

|
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where A is the 2V x 2N matrices given by

9]( _% - 1 %
Ak,k _ (_ | Qek* Q; , Ak,l — le+§21 le+§21 ] (2'22)
o k o0 OO
D is the 2N’ x 2N’ matrices defined by
S S N | 1 !
e® Q,.-QF o A e (O, —OF )y L1
Dk,k — (a);fk | wg X .k 1), Dk,l — | € Qli 7 (Q Ql1)+ . (2.23)
Q-Q; e W Q-+ wk;wl Q-+ wk;w/
B and C are 2N x 2N’ matrices and 2N’ x 2N matrices, respectively, defined by
1 1 1 1
oo T d 7 L 1K
Bk,l — (Q ?l)+ 5 (% 51-2[)‘*' 5 , Ckl — (Q ?I)‘*‘ 7 (Qk+?1)+ > , (224)
Q-Q)+4 @-Qn+4 Q-+ Q-+
with
O = ——x +2i V3, (2.25)
(-B)*
¢k:i( 1 +2\/§th)wk+/<k. (2.26)
(-B)*

By setting N = N’ = 1 in solution Eq (2.21), the fundamental mixed solution can be obtained.
Drawing on the previous analysis of periodic-wave and rational solutions, this mixed solution reveals
the interaction between a lump (or rogue) and a breather (or soliton wave). In this context, the
corresponding auxiliary function g can be simplified and expressed in the following form:

0 1 1 1
1 Qi -Q DH-Q+F Q-0 +%
1 g* 1 1
Q- 1 Q- +%2 Q+Qi+2
9= 1 1 1 1 1 (2.27)
+ — >
Q-Q+F G-+ Z e | w Q-0
1 1 1 1 1
Q-+ -+ Q- we w2

Here, ¢, is defined by Eq (2.26), and the parameters €, and w, are constrained by the relation 12Q3 +
w, = 1. Depending on the choice of €,, the semi-rational solution exhibits different behaviors: When
the real part of €, vanishes, a single rogue wave coexists with a breather; whereas for Q,z # 0, the
rogue wave interacts with a soliton wave. Figures 6 and 7 illustrate these two distinct types of mixed
solutions for the AB-BO system.
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(a) (b) (©
Figure 6. Semi-rational one-breather-one-lump solution with parameters @ = —%, B =

—%, Q, = 312:)/5, and k; = 3. In panel (a) {; = { = 0: symmetric interaction, and panels

(b) and (c) {; = 2, & = 5: asymmetric breather-lump interaction.

(a) (b) (c)

Figure 7. Semi-rational one-soliton-one-lump solution with parameters @ = -2, 8 =
—%, Q, = %, and k;, = 10. In panel (a) {; = & = 0: symmetric interaction and panels
(b) and (c) {; =2, & = 5: asymmetric soliton-lump interaction.

The results presented in this section demonstrate the effectiveness of the determinant framework in
generating a broad class of exact solutions for the second-order AB-BO system. Through appropriate
parameter selections and long-wave limits, we have shown that the model admits pure breather
solutions, multi-breather interactions, and semi-rational structures that describe the coexistence
and interactions of breathers, solitons, and lump waves. The flexibility of the block-determinant
formulation allows for the systematic construction of increasingly complex wave patterns while
preserving integrability. These findings not only reveal rich interaction dynamics inherent in the
nonlocal AB structure but also lay the foundation for the construction of fully rational rogue wave
solutions, which will be developed in the next section.
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3. Higher-order rogue waves

Rogue waves represent one of the most striking manifestations of nonlinear wave dynamics,
characterized by their extreme amplitude, strong localization in space and time, and sudden appearance
from a continuous background. In the context of nonlocal integrable systems, such as the second-
order AB-BO equation, rogue waves exhibit additional structural complexity due to the intrinsic two-
place correlations between the fields. Motivated by the rich breather and semi-rational structures
obtained in the previous section, we now turn to the systematic construction of higher-order rogue
wave solutions. By combining bilinear theory with Schur polynomial techniques, we derive compact
determinant representations that allow us to analyze their detailed spatiotemporal patterns and
geometric configurations.

One of the requirements for constructing algebraic rogue wave solutions is the use of Schur
polynomials. These are defined through the generating function

i Su()A" = exp (i ykﬂk] : (3.1)
k=1

n=0

which generates a sequence of symmetric polynomials S,(y) in the infinite variable set y =
(1, 2, y3, - -+). These functions arise naturally in the study of integrable systems and symmetric
functions. Expanding the exponential leads to an explicit formula

n lj
Vi
so= ) |7 (3.2)
I,lp,>0  j=1 J:
L +2h+=n
where the sum runs over all nonnegative integer sequences (/;, [, ...) such that the weighted sum
equals n. This formula resembles the exponential generating function for complete symmetric
functions. For example,

1 1
So0 =1, S10) =y1, Sa0) = 5371 +32 S:0) = ¥l Va2 +ysee (3.3)

In particular, the given exponential generating function corresponds to the vacuum tau-function of the
KP hierarchy. Through the KP reduction method, more general exact solutions can be obtained by
modifying or composing such generating functions, making S,(y) a fundamental tool in constructing
solutions to the KP equations. With the Schur polynomials and the bilinear form of the AB-BO system
established, we are now equipped to construct explicit rogue wave solutions. The following theorem
summarizes this construction and provides a general formula for the rogue wave solutions.

Theorem 1. Upon choosing the arbitrary seed solution uy = %% for B < 0, the general higher-order
rogue wave solutions in the second-order AB-BO system (1.6) are

= @ - 6—[1nT]xx + {l[ln‘r]xxx + gz[lnT]XXI’
6\6;__ 60, (3.4)
- P _ f[lm’]” = &[Int], —&[InT],

Ay

B, =
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where
T(X7 t) = det (¢2i—1,2j—1), (35)
1<i,j<n

and
min(i, j) ( 1

¢i,j: Z _ﬁ

v=0
Vectors X* = (X7,X5,..)and h = (hy, hy, ...) are defined as

) Si,(X" +vh) S, (X + vh). (3.6)

i

X;r+l = m( _%X+ \/322’+1it)+a2,+1, r=0,1,2,... (37&)
2(2r !
= m - V32 —dy,,,. r=0,12, (3.7b)
5 =0, r=1,2,3,... (3.7¢)
The first few A, values are:
[ h=3V3 h=-35 h=-35%5V3 hi=18G hs=g5l5V3 ] (3-8)

These coeflicients are obtained from the generating function:

i hA" = In lZi V3 tanh(/—l)tanh(é ; @)l (3.9)

— A 6 6 3
Here, a; are arbitrary complex parameters, a: denotes the complex conjugate of a;, and 1 = V-1. The
parameter 8 < 0, while « is an arbitrary nonzero real constant, which guarantees that the rogue wave
solutions remain non-singular. When « < 0, the solution corresponds to a bright rogue wave, whereas
for @ > 0, it corresponds to a dark rogue wave. Moreover, the parameters « and 8 determine the wave
background and directly influence the wave amplitude.

Proof. The proof of this theorem follows a similar approach to that outlined in [40—42], and is therefore
omitted here. O

We emphasize that the condition § < 0 in the general solutions Eq (3.4) is consistent with the

requirement for the existence of rogue waves for the second-order BO equation as reported in [25,43,
44].

Proposition 1. The parameters a; do not influence the amplitudes of the rogue wave peaks for any
choice of {, and {,. Instead, a; only controls the spatiotemporal locations of the rogue wave peaks.

Dynamics of higher-order rogue waves

We analyze the dynamical behavior of the higher-order rational solution 7, by utilizing the matrix
entries given in Eq (3.6). The simplest rogue wave, known as the Peregrine-type rogue wave, can be
obtained by setting n = 1 in Theorem 1. By doing so, we can derive

_6VB 6
B (04

A ;[lnﬁ]xx+§1[lnT1]xxx+§2[1n7’1]xx[, (310)
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6vV-B 6
B = \;_IB +;ﬂ[lnﬁ]xx—fl[lnTl]xxx—§2[lnT1]xx,, (3.11)
in which A
— 1 2 2 38(“1) 2 2 1
T T ) x=4r +2R(@) - lal - -5, (3.12)

where a; is an arbitrary complex parameter and R(z) and J(z) denote the real and imaginary parts of a
complex number z, respectively.

In
-4 PN 4 /‘7"\] " \\
\‘ ————:;i/ (s a— —.I___.EE:/ K‘ ']' \-___?,.:.___1

—4 [IERY 4 ||\.I ~ " [ \ X

//, N x | \W: [’f \/
SR /1 I\ I !

A \_// = \.I L")

(d) (e) ®
Figure 8. First-order (Peregrine-type) rogue wave solution with parameters @ = -5, 8 = —%,

and a; = —11—0 - ﬁ In panel (a) {; = { = 0: symmetric rogue wave profile and time

evolution; panel (b) {; = }‘, &, = 0: spatial asymmetry induced by third-order dispersion; and
panel (c) {; = 0,4 = i: spatiotemporal tilting due to mixed derivative effects. Second row:
corresponding spatial cross-sections at fixed times illustrating temporal evolution, where
panel (d) {; = & = 0 with ¢t = 0.3 (blue), t = 0 (red), t = —0.3 (green); panel (e) {; = i,
{, =0 with # = 0.1 (blue), r = 0 (red), t = —0.1 (green); and panel (f) {; =0, = i with the
same time slices, showing asymmetric growth and decay of the rogue event.

Figure 8 presents the spatiotemporal evolution of the first-order rogue wave solutions A; and B,
for different values of the higher-order parameters {; and ;. These parameters quantify deviations
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from the standard rogue-wave structure via higher-order spatial and spatiotemporal corrections. When
{1 = & = 0, both components reduce to a symmetric rogue wave with identical profiles. In this case,
the solution exhibits a single localized peak, accompanied by two symmetric depressions (holes) on
either side. The maximum amplitude of the rogue wave attains the value

42+
max — ﬁa (3.13)
o'
which occurs at the spatiotemporal location
. R
(3 D = V3 3@ ()}, o). (3.14)
Meanwhile, the two adjacent holes reach their minimum amplitudes
12+/-
Umin = —IB (315)
a
at symmetric spatial positions relative to the peak location, given as follows:
3(-p) R
(% Din = (x@if(al)(—ﬁ)i . LD (2“1)). (3.16)

These critical points confirm that the solution corresponds to a standard Peregrine-type rogue wave,
characterized by maximal amplification over the continuous-wave background, algebraic localization
in both space and time, and complete spatial and temporal symmetry. The wave emerges from
the background, reaches its maximum amplitude at (x, f)n.x, and subsequently decays back to the
background state.

When ¢; # 0 and ¢, = 0, the rogue wave structure becomes spatially asymmetric, as illustrated in
panels (b) and (e) of Figure 8. The inclusion of the third-order spatial derivative term (In 7),,, breaks
the left-right symmetry of the wave profile, leading to unequal side lobes and a skewed peak structure.
This term plays a role analogous to higher-order dispersion or self-steepening effects in nonlinear
dispersive media. Due to the opposite signs of the {; contributions in A; and B, the spatial skewness
manifests in opposite directions for the two components, indicating a redistribution of energy between
them. Despite this deformation, the rogue wave remains strongly localized and retains its extreme-
amplitude character.

In contrast, when £; # 0 and {; = 0, the rogue wave exhibits pronounced spatiotemporal asymmetry,
as shown in panels (c) and (f) of Figure 8. The peak becomes tilted in the x—¢ plane, and the growth
and decay of the wave occur at different rates on either side of the localization center. The mixed
derivative term (In 7),,, introduces a coupling between spatial curvature and temporal evolution, which
may be interpreted as a higher-order dispersive correction inducing temporal acceleration or delay of
the rogue event. As in the previous case, the opposite signs of the {, terms in A, and B, lead to
complementary temporal behaviors in the two components. In general, the parameters {; and {; do
not suppress the formation of rogue waves, but instead modulate their geometric structure and internal
energy exchange. Specifically, {; controls spatial asymmetry associated with higher-order dispersion or
self-steepening effects, whereas ¢, governs spatiotemporal tilting through space—time coupling. Their
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combined influence leads to drifting and distorted vector rogue waves, highlighting the rich dynamics
induced by higher-order effects in multicomponent nonlinear systems.

In addition to the higher-order parameters {; and >, the rogue wave solution contains a free complex
parameter a;, which plays a purely geometrical role in the wave dynamics. Numerical inspection
and analytical evaluation show that variations of a; do not affect the peak amplitude or the depth
of the adjacent holes of the rogue wave. Instead, the parameter a; governs the spatial and temporal
localization of the extreme event. Specifically, varying the real and imaginary parts of a; leads to a
translation of the rogue wave peak in the x—¢ plane without changing its intrinsic profile, even when
the parameters {; and ¢, are nonzero. This effect is illustrated in Figure 9, where different choices of
a, generate rogue waves with identical maximum and minimum amplitudes but with peaks located at
different spatiotemporal positions. This observation also confirms the validity of Proposition 1.

—0.7 -0.7

0.7 0.7
2

X -2 X -

0.7

X -2

@a =-3+% b ay=3+3 ©ar=5V3
Figure 9. Influence of parameter a; on the localization of the first-order rogue wave with
@ =-58=-30 = 5,and &, = ;. Different choices of a; shift the rogue wave peak

position in the (x, f) plane without changing its amplitude.

To construct the second-order rogue wave solution, we set n = 2 in the general solutions Eq (3.4).
In this case, the solution involves two free complex parameters, a; and a;. When a; = a3 = 0, the
corresponding tau-function reduces to the following form:

1665 (11 4x? 16x \, (131 x*
=t §+ 27\/$+ 81(—ﬁ)i)t +(@ + S5
L8 312 5x )tz LB G17)
243(-B)i  486V=B  81(-pB) 186624 291633 '

x 35x* 113 107x? X
+ -+ + -+ + -
7298 116648 2916(-B)i 46656 V-B  1944(-p)3

The resulting second-order rogue wave profile is displayed in the first row of Figure 10. For other
choices of the free parameters, the structure of the rogue wave undergoes significant changes. As an
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illustrative example, by selecting a; = 1 and a; = 3, the tau-function takes the form

. _16t6_16t5+(191+ 4 16x )¢4—(110+ 8 3% )ﬁ
72719 81 27vB  81(-p) 243 " 278 81(-B)!

( 4501  x* 8x? 139x2 29x )2 (6683 x*

- + + -+ + -+ -

3888 818 243(-p)F 486V—B 81(-p)} 11664 815 (3.18)
_ 8 25 433 )t+376375+ ¥ X '
243(-B)i  S4V-B  T729(-p)i) 559872  29168: 729B%
71x* 35x° 8867x° 1429x

+ + + + 19
116648 = 2916(-B)i 46656 V=B  5832(-pB)i

and the corresponding solution is depicted in the second row of Figure 10.

(d) (e) ()

Figure 10. Second-order rogue wave solutions Eqs (3.17) and (3.18) with « = -5 and
B = —%, where panels (a)—(c) a; = a3 = 0: symmetric two-peak configuration; panels (d)—
(f) a; = 1, a3 = 5: triangular three-peak rogue wave pattern. Panels compare symmetric
(&1 = & = 0) and asymmetric (zjl =3, = %) cases.

The second-order rogue wave solutions A, and B,, defined by Eqs (3.10)—(3.11), exhibit a wide
range of spatiotemporal patterns that strongly depend on the free parameters a; and the higher-order
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coefficients {; and {,. Figure 10 compares the wave fields u, A, and B and clearly demonstrates
how variations in these parameters affect the overall shape and structure of the rogue waves. For
the parameter choice a; = a; = 0, shown in the first row of Figure 10, the second-order rogue
wave 1s characterized by two dominant peaks that are symmetrically located in the (x, 7) plane. This
configuration can be regarded as the basic form of the second-order rogue wave, where the wave energy
remains strongly localized and the interaction between the peaks is relatively compact. In this case, the
logarithmic derivative terms in Eqs (3.10)—(3.11) generate a highly concentrated wave profile, while
the absence of additional phase parameters prevents the peaks from separating further.

When the parameters are changed to a; = 1 and a3 = 3, as illustrated in the second row of Figure 10,
the rogue wave structure undergoes a noticeable transformation. The two-peak pattern evolves into a
three-peak configuration, forming a triangular arrangement. This transition indicates that increasing
the parameters a; promotes the separation of the wave components. From a physical perspective, these
parameters control the higher-order solution’s internal degrees of freedom, redistributing energy in
both space and time. As a result, the initially concentrated peaks split and reorganize into a triangular
pattern, which is a well-known signature of higher-order rogue waves. This observation highlights the
role of the parameters ¢; in determining not only the number of peaks but also their spatial geometry.
Figure 10 also reveals the influence of the higher-order coefficients {; and ¢>. The field u, corresponding
to {1 = {, = 0, serves as a reference case in which the rogue wave remains symmetric and is mainly
governed by second-order effects. In contrast, when {; # 0, as in the components A and B, the higher-
order derivative terms [In7,],,, and [In7;],, introduce asymmetry and directional deformation into
the wave profiles. Due to the opposite signs of these terms in Eqs (3.10) and (3.11), the resulting
structures of A and B display complementary behaviors, which is clearly reflected in their mirrored
peak orientations. Setting n = 3 in Theorem 1, one obtains the third-order rogue wave solution. This
solution contains three free complex parameters, denoted by a; with j = 1,3,5. For the particular
choice a; = as = as = 0 the associated tau-function takes the form

. 64112 [ 248 3222 256 ]10 ( 587 4x* 643
3= -

" 54675 164025 ' 54675 =B 164025(—B)* 393660 328058 98415(—B)1
L1662 76x )8_( 4393 4 320 1Bl 3080
98415v=B  32805(-pB)* 4723920 29524583  295245p5/% 2952458 295245(-p)i
2131 713x )6 (21671 8 8x 3545 61x°
+ + r - + + + +
1180980 V=B  393660(—B)* 1813988 ~ 11808082 8853587 70858882  354294p%
230900 1853¢ 76432’ 4519 )4+(_ 60983 x10
5667048 28352(-B)F 113378 V=B  113708(-pB)* 4353564672  35429400835/2
0 4358 29x7 5579 120493 5033x*
265720581 1700611282 265720587 1700611208 17006112087 453496328
28553 36637x> 3113x 5 47569 x12
22674816(=B)F 362797056 V=B 60466176(=B)" )t T 417942208512 25509168003°
x11 251x10 25x° 69078 4283y 30889
15943230087 510183360083  1020366728% 816293376082 204073344087 816293376083
80833 40061 x* 18625 57563x> 353x
163258675257 87071293448 6530347008(—p4)F 52242776064 VB 1088391168(-B)F

(3.19)

Similar to the second-order case, this parameter choice produces three interacting rogue wave peaks
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aligned along the r-axis, as shown in Figure 11. As the magnitudes of the free parameters a; increase,
these interacting waves gradually separate, eventually forming six distinct peaks. Figures 12 and 13
present different rogue wave configurations obtained for various parameter settings. In particular, when
as 1s taken to be relatively large while the remaining parameters remain small, the rogue waves arrange
themselves into a triangular pattern (Figure 12). On the other hand, a dominant value of as leads to
the formation of a pentagonal rogue wave structure (Figure 13). In both scenarios, the peak amplitudes
remain identical and coincide with that of the fundamental Peregrine-type rogue wave.

(@) (b) (0
Figure 11. Third-order rogue wave solution Eq (3.19) with parameters @ = -5, 8 = —%, and
a; = a3 = as = 0. In panel (a) {; = & = 0: symmetric multi-peak structure, and panels (b)
and (¢) {; = %, OH = %: asymmetric deformation of interacting rogue peaks.

(a) (b) (0

Figure 12. Third-order rogue wave exhibiting triangular configuration with @ = -5, 8
—%, a; =0, a3 =1, and as = 60. In panel (a) {; = &, = 0, and panels (b) and (c) {; = %, O
%. The peaks are arranged in a rotated triangular pattern controlled by parameter phases.
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(a) (b) (0

Figure 13. Third-order rogue wave exhibiting pentagonal configuration with parameters
a=-5p6= —%, a; =0, az =20, and as = —1. In panel (a) {; = £, = 0, and panels (b) and
© & = 31—0, OH = %: Higher-order parameters generate polygonal rogue wave geometry while
preserving peak amplitude.

It should be emphasized that the orientation and spatial rotation of the resulting rogue wave patterns,
including triangular, pentagonal, heptagonal, and higher-order polygonal structures, are not fixed.
Instead, they depend sensitively on the arguments (phases) of the complex parameters as, as, as,
and higher-order terms. Variations in these arguments lead to rotations of the entire rogue wave
configuration in the (x, t) plane, while preserving the overall geometric structure and peak amplitudes,
as stated in Proposition 1. This behavior is also illustrated in Figure 9 and can be observed by
comparing Figures 12 and 13. This behavior is closely related to the algebraic properties of the
underlying tau-function and is believed to be connected to the root distributions of the Yablonskii—
Vorob’ev polynomials [45] that arise in the construction of higher-order rogue wave solutions [46,47].
Although our numerical observations clearly indicate a strong correspondence between the rogue wave
patterns and the associated polynomial root structures, a systematic analytical investigation of this
relationship lies beyond the scope of the present work and is therefore left for future study.

By setting {; = &, = 0 in rogue wave solutions Eq (3.4), the resulting expressions coincide with
those reported in [48] for the second-order BO equation. To date, no breather or semi-rational solutions
have been obtained for the classical second-order BO equation. Our results show that, by taking {; =
&, = 0, such solutions can be explicitly recovered. In the particular case when 8 = —1 and 2upe = 1, the
bilinear form of the AB-BO equation reduces to that of the Boussinesq-type equation. In this scenario,
taking {; = ¢ = 0 reproduces all the solutions previously reported in [49]. Moreover, by setting
B = —% and 2upa = 1, for arbitrary {; and ¢, the AB-BO Eq (1.6) reduces to the AB-Boussinesq
equation [50]. This allows us to obtain breather, semi-rational, and rogue wave solutions for the AB-
Boussinesq equation via the KP-reduction method, which have not been reported previously in the
literature. These observations indicate that higher-dimensional systems which can be reduced to the
(1+1)-dimensional bilinear form Eq (1.8) via symmetry or other reductions may also admit solutions
of the type constructed in this work.
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4. Concluding remarks

In this work, we have systematically investigated the nonlinear wave structures of the second-order
AB-BO system. By employing the KP-hierarchy reduction method, we first constructed breather-type
solutions in explicit Gram-determinant form and analyzed their dynamical behaviors. It was shown that
different parameter selections lead to a rich variety of wave patterns, including fundamental and higher-
order breathers as well as mixed breather-soliton interactions. The higher-order correction parameters
{1 and ¢, were demonstrated to play distinct physical roles: ¢; primarily induces spatial asymmetry and
directional deformation, while £, governs spatiotemporal modulation and tilting effects.

Furthermore, by decomposing the determinant structure and applying long-wave limits, we derived
semi-rational solutions describing interactions between lump (rogue wave) and breather or soliton
components. These solutions reveal complex energy exchange mechanisms and hybrid localized
structures that have no counterparts in purely local models. In addition, using Schur polynomial
techniques and bilinear formalism, we obtained general higher-order rogue wave solutions in compact
determinant form. The dynamical analysis showed that free complex parameters control the geometric
arrangement and rotation of rogue wave peaks without altering their maximum amplitude. Depending
on parameter choices, higher-order rogue waves exhibit triangular, pentagonal, and more general
polygonal configurations, highlighting deep connections with the algebraic structure of the underlying
tau-functions.

Overall, our results provide a unified determinant framework for constructing breather, semi-
rational, and rogue wave solutions of the second-order AB-BO system. The findings significantly
enrich the solution space of nonlocal integrable equations and contribute to a deeper understanding
of correlated nonlinear wave phenomena in AB systems. Future work may focus on analytical
investigations of the connection between rogue wave geometry and special polynomial root
distributions, as well as potential physical applications of these nonlocal wave structures.
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