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Abstract: This study proposed a novel symbolic computing algorithm based on neural networks
for solving the (3+1)—-dimensional Jimbo-Miwa equation. By constructing a direct neural network
model and integrating neural networks with symbolic computing, activation functions were assigned
to the neurons in the hidden layer of the neural network. After deriving the trial function, symbolic
computing using Maple was employed to obtain the exact analytical solution of the equation. Our
innovative method effectively avoids the reliance on large datasets and low computational efficiency
of traditional methods. Based on this improved method, we have constructed single-hidden-layer and
double-hidden-layer neural network models to solve the equation’s exact solutions, and successfully
obtained breather solutions, shock wave solutions, and lump solutions. The successful solution of the
equation in this study fully demonstrates the efficiency of the constructed framework and indicates its
promising application prospects in other important nonlinear partial differential equation fields.
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1. Introduction

Nonlinear partial differential equations (NLPDEs) provide indispensable mathematical
frameworks for modeling complex phenomena across diverse scientific and engineering domains,
including biology [1], quantum mechanics [2], financial mathematics [3], fluid mechanics [4],
optics [5, 6], and plasma physics [7]. Their capacity to accurately capture intricate system behaviors
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underpins critical applications, exemplified by the Navier-Stokes equations in aerospace
engineering [8] and meteorological forecasting [9].

Among integrable NLPDEs of significant theoretical and applied interest is the Jimbo—Miwa
equation, originally introduced by Jimbo and Miwa [10]. This equation finds broad relevance within
mathematical and theoretical physics. Its (3+1)—dimensional variant, defined across three spatial
dimensions and one temporal dimension, offers a powerful model for investigating complex wave
propagation and interaction dynamics in higher dimensions. The equation reads:

Uyyxy + 3yl + Sttty + 2uy — 3u,, = 0, (1.1)

where u(x, vy, z, t) represents a potential function, often interpreted physically as the amplitude or field
evolution potential of a high—dimensional nonlinear wave. The structure of Eq (1.1) reveals key
dynamical components: The terms 3u,u,, + 3u,u,, constitute the nonlinearity and driving waveform
distortion through self-modulation. The fourth-order mixed derivative u,,,, acts as a higher-order
dispersion term, counteracting nonlinear effects to enable stable structures like solitons. The
cross-derivative terms 2u, — 3u,, introduce multidimensional coupling, constraining the wave
evolution across space-time and enabling the existence of localized lumps, oblique waves, and
genuine (3+1)—dimensional solitons. Consequently, the (3+1)-dimensional Jimbo—-Miwa equation
serves as a cornerstone model for exploring intricate three—dimensional nonlinear wave phenomena,
particularly in plasma physics [11-13].

The quest for exact solutions to the Jimbo—Miwa equation solitons [14, 15], breathers [16, 17],
rogue waves [18, 19] and lumps and their interactions [20] remains a vibrant area of research. Such
solutions provide profound insights into nonlinear wave dynamics and underpin theoretical advances
in NLPDEs, while also offering mathematical foundations for understanding complex physical
systems [21]. Numerous analytical techniques have been deployed to tackle this equation. These
include: Hirota’s bilinear method, used to systematically derive lump and lump-like solutions via Bell
polynomials [22]; the (G’/G)-expansion method and its variants, yielding traveling wave solutions
expressed through hyperbolic, trigonometric, and rational functions [23, 24]; Bell polynomial
schemes combined with Bicklund transformations, Lax pairs, and the three-wave method for
constructing bilinear forms and periodic waves [25]; and test function approaches aided by symbolic
computation for finding solitary wave solutions [26,27].

Nevertheless, significant challenges persist. The efficacy of these methods often depends heavily
on the specific equation structure or the anticipated solution form (e.g., traveling vs. non-traveling
waves, solutions with arbitrary functions) [28]. Crucially, transforming a given NLPDE into the
Hirota bilinear form—a powerful route to exact solutions—is not always feasible, limiting
applicability. Even when successful, the resulting bilinear system for high—dimensional or complex
NLPDEs can involve intricate symbolic computations, especially when constructing solutions with
numerous parameters (e.g., ensuring analyticity for a 15-parameter lump solution [29]). This
computational burden underscores the need for more robust and efficient methods for deriving exact
solutions.
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Neural networks have evolved from domain-specific models into a foundational infrastructure
supporting cross-disciplinary research. This progression is evident across several dimensions:
processing of complex multimodal data, realization of intelligent control and optimization, and
development of efficient distributed computing frameworks. In multimodal learning,
transformer-based architectures with cross-attention mechanisms have markedly improved
performance on tasks such as load forecasting [30]. In systems control and robotics, neural networks
have driven advances in controllability analysis of fractional-order impulsive switched systems [31],
fuzzy actor-critic learning control [32], hovering control of unmanned aerial vehicles [33], and motion
planning for robots under energy constraints [34]. For large-scale artificial intelligence (Al)
infrastructure, evaluation frameworks [35], energy-efliciency optimization [36], and resource pricing
mechanisms [37] have been established, thereby ensuring sustainable development. In distributed
computing paradigms, federated learning frameworks have been effectively applied to Synthetic
Aperture Radar (SAR) image generation [38] and target recognition [39]. Further breakthroughs have
been achieved in visual and spatiotemporal sequence tasks, including video deblurring [40],
event-based camera representation [41], and traffic conflict identification [42]. Training efficiency of
deep networks has been enhanced from an optimization perspective through gradient-system-focused
methods [43]. Collectively, these developments demonstrate the profound expansion of neural
networks as a core tool across theoretical foundations, methodological innovations, and application
breadth.

Recent advances in neural networks (NNs) offer promising new paradigms for solving NLPDE:s.
The theoretical foundation, established by the universal approximation theorem [44], guarantees that
NN can approximate complex continuous functions. Physics-informed neural networks (PINNs) [45]
embed PDE residuals directly into the loss function, enabling solution discovery even with sparse data.
Building on this, the bilinear neural network method (BNNM) [46] represents a significant innovation.
The BNNM synergizes the expressive power of neural networks with the analytical structure of Hirota’s
bilinear form, efficiently generating exact analytical solutions—such as solitons, breathers, and rogue
waves—critical to fields like optics and fluid mechanics.

Recent extensions and enhancements of the BNNM have further demonstrated its versatility and
effectiveness. These include a new neural-symbolic framework integrating symbolic computation for
the (2+1)-dimensional Boussinesq equation [47], a bilinear feature-enhanced symbolic computation
neural network approach for the (1+1)-dimensional Caudrey—Dodd-Gibbon equation [48], bilinear
neural network computations yielding lump interactions and rogue waves in the (2+1)-dimensional
Kairat-II-X-type model [49], and investigations of inelastic lump-breather interactions together with
periodic wave dynamics in the generalized Calogero—-Bogoyavlenskii—Schiff equation [50]. The
BNNM has also shown notable success in solving various other NLPDEs, yielding breathers and
interacting solitons for the (2+1)D Hirota—Satsuma—Ito equation [51], novel test functions and rogue
waves for generalized breaking wave equations [52], periodic solitons for the (3+1)-dimensional
Boiti-Leon—Manna—Pempinelli (BLMP) equation [53], lump and bright-dark soliton solutions for the
(3+1)-dimensional Geng equation [54], and M-lump and lump-breather solutions for the KP-BBM
equation [55].
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Although the BNNM is well-established for constructing exact solutions to nonlinear partial
differential equations (PDEs), two significant limitations are identified. First, a heavy reliance on the
bilinear form of the equations is required. The transformation of a general nonlinear equation into its
bilinear counterpart often demands extensive mathematical intuition and experience. Consequently, a
high entry barrier is created for researchers in engineering fields. This complexity hinders the direct
application of the method to practical engineering problems, where the revelation of nonlinear
physical mechanisms is essential. Second, the scale of symbolic computation involved in the BNNM
increases dramatically when high-dimensional or multi-parameter equations are encountered. This
leads to reduced computational efficiency. The ability of the method to handle a broader range of
equation types is therefore restricted. These two constraints limit the further adoption of the BNNM
in engineering computations. To address these challenges, a more direct and universal algorithm, the
neural network symbolic computation algorithm (NNSCA), is developed in this study. Dependence
on bilinear forms is eliminated. The original equations are processed directly. Neural network trial
functions with explicit mathematical expressions are constructed. Constraint equations are then
automatically derived through symbolic computation. By using this framework, various types of exact
solutions are systematically obtained. The requirement for complex mathematical transformations is
reduced by this approach. Furthermore, a scalable computational framework for high-dimensional
nonlinear problems is provided. Wider applications in engineering sciences are anticipated for this
method.

The (3+1)—dimensional Jimbo—Miwa equation is investigated using the NNSCA method. For the
first time, the automated discovery of diverse analytical solutions is achieved. These solutions include
solitons, lump waves, and periodic waves. Key dynamical features are clearly revealed through
three-dimensional surfaces and space-time slices. Furthermore, high-dimensional projections are
utilized to illustrate wave localization, periodicity, and complex inter-dimensional coupling
mechanisms. The advantages of NNSCA over existing methodologies are significant. Unlike the
BNNM, the requirement for complex manual transformations is eliminated. Superior precision is
maintained compared to PINNs. Additionally, computational costs are minimized as hardware
requirements are substantially reduced. The effectiveness of this framework for high-dimensional
nonlinear systems is thoroughly validated.

The remainder of this paper is structured as follows: Section 2 details the foundational principles
and procedural steps of the NNSCA for solving NLPDEs. Section 3 demonstrates the method’s
application to the (3+1)—dimensional Jimbo—Miwa equation using single-hidden-layer neural network
models, presenting analytical solutions derived from two distinct coefficient sets alongside
visualizations. Section 4 enhances model complexity with a two-hidden-layer architecture, solving
the same equation and illustrating results using two further coefficient sets. Finally, Section 5
concludes the study.

2. Principles of the NNSCA
This study mainly uses the NNSCA to solve the analytical solution of the (3+1)—dimensional

Jimbo-Miwa equation and visualize its analytical solution. The specific solution structure of the
NNSCA is shown in Figure 1.
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Figure 1. NNSCA method flowchart.

Step 1: Building a high-dimensional neural network architecture. We construct a multi-layer
perceptron architecture adapted to (3+1)—spatial-temporal dimensions, with the input layer connected
to independent variables {x, y, z, t} to capture four-dimensional coupling effects. The hidden layer uses
a customized family of activation functions that combine hyperbolic, trigonometric, and exponential
functions to adapt to the local and periodic characteristics of high-dimensional waves, breaking through
the traditional symbolic method’s assumption of solution forms and adaptively exploring the complex
solution space containing solitons, lumps, and periodic waves. The output layer directly defines the
probe function f(x,y,z,t), leveraging the degrees of freedom of network weights and biases to pre-
construct the expression form of high-dimensional solutions.

Step 2: Symbolic derivation of partial derivatives of all orders. Using the Maple symbolic
computation engine, we perform a full-order partial derivative expansion of the output u*, covering all
derivative terms involved in the (3+1)—dimensional Jimbo—Miwa equation. We recursively process
composite operations using the chain rule to strictly ensure the mathematical rigor of the differential
derivation, avoiding numerical differentiation truncation errors, and providing accurate derivative
support for subsequent equation substitution.

Step 3: Symbolic mapping of the target PDE. We substitute the partial derivatives of u* into the
(3+1)—dimensional Jimbo—Miwa equation. Through algebraic operations such as rationalization and
combining like terms, we gradually eliminate terms directly associated with the unknown solution,
transforming it into an equation containing only «* and its partial derivatives, neural network weights,
and biases. This process achieves a dimensionality reduction mapping from partial differential
constraints to algebraic constraints, transforming the infinite-dimensional function constraints of the
high-dimensional PDE into finite-dimensional algebraic constraints on the network parameters.

Step 4: Construction of the parameter constraint equation system. For the transformed
equations, we group terms by spatial-temporal variable powers and neural network parameters, and
use the "like-term collection” feature of symbolic computation to extract the coefficient functions for
each group of terms. We force all coefficients to zero to ensure the validity of the PDE, generating an
algebraic constraint equation system for neural network weights and biases. We compress the
parameter space through sparsification processing, constraining the range of free parameters in the
neural network to the subspace satisfying the PDE solution.

Step 5: Symbolic solution and constraint screening. We call the Maple symbolic solver to
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analyze the constraint system of equations and address the challenge of nonlinear multi-solution: we
combine the physical constraints and mathematical constraints of the (3+1)—dimensional
Jimbo—Miwa equation to screen for valid solutions, obtain parameter analytical relationships or
specific parameter values, and establish a mapping between network parameters and
high-dimensional wave physical quantities.

Step 6: Constraint back-substitution and closed-loop verification. We substitute the obtained
parameters back into the initial probe function u* to reconstruct the exact probe function u* that satisfies
the PDE constraints. We conduct symbolic verification by substituting into the (3+1)—dimensional
Jimbo—-Miwa equation, i.e., we use Maple to recalculate the derivatives and verify the validity of the
equation, forming a closed-loop process from neural network pre-exploration to symbolic constraint
derivation, parameter solution, and final back-substitution verification, ultimately outputting a (3+1)—
dimensional analytical solution that strictly satisfies the equation.

3. Single layer

3.1. Model [4-3-1]-1

To solve the (3+1)—dimensional Jimbo—Miwa equation (1.1), we designed a single-layer neural
network model diagram based on the characteristics of the equation, as shown in Figure 2(a). This
single-layer neural network model diagram is Model [4-3-1], where the input layer has four neurons,
namely, x, y, z, and #, the hidden layer has three neurons F;(&)), F»(&), and F53(&3), and the output layer
is the output probe function f(x,y, z, 7).

Input Layer Output Layer Input Layer Output Layer Input Layer Output Layer

(a) (b) (©)
Figure 2. Single-hidden-layer neural network model diagram: (a) network structure; (b)
Model [4-3-1]-1; (¢) Model [4-3-1]-2.

Now, based on the single-layer neural network model diagram (Figure 2), we construct the activation
functions. We set the activation functions F(&;) = sechz(fl), F>(&) = sin(&,), and F3(&3) = cos(&s),
resulting in the model shown in Figure 2(b), [4-3-1]-1. By outputting the neural network model, we
obtain the test function (3.1):

U =by+wyy,- sechQ(t Wil X W F YWy 2w + bz)
+ Wy, - Sin (t Wi F X Wep Y Wyo + 2w+ b3) 3.1

+w3,u-cos(t~wt,3+x-wx,3 +y-wy,3+z-wz,3+b5).
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We differentiate the test function (3.1) and substitute it back into (1.1) to obtain a more complex
equation. We collect the coeflicients of each term to obtain the corresponding underdetermined
nonlinear algebraic equation system. We then use Maple to solve this equation system and obtain two
sets of coefficient solutions, Case 1 and Case 2, as shown in (3.2) and (3.3), respectively.

Wiu = Wi Wou =Wou, W3y = W3y,
Wi = 3WZ’1—(2WM));1’:WZ’]), Wi = Wi2, Wiz = 3WZ‘3(2W;::—WZ’3),
Casel: {w,, =0, Weo =0, w3 =0, (3.2)
Wyl = Wy, Wyo = 0, Wy3 = Wy3,
Wz1 = Wz, Wzo = 0’ Wz3 = Wz 3.
Wiu = Wi, Wou = Wou, W3, = W3y,
Wy = 3WZ‘1(2W;::—WM), Wio = 3wz,2(2wvi;2;wz,z), W3 = 3w3,3(2vvm}}vj:wz)3)’
Case 2: wyep =0, wyo =0, w3 =0, (3.3)
Wyl = Wy, Wy = Wyo, Wy3 = Wy3,
Wz1 = Wi, Wzo = Wz, Wz3 = W;3.

For Case 1, we substitute Eq (3.2) into (3.1). Simplifying the result yields the analytical solution
for the (3+1)—dimensional Jimbo—Miwa equation, as shown in Eq (3.4).

, hz(zywil + (Bt + 22)w, 1 + 2by) wy ) + 3tw§’l]
U=0b4+ W, Sec

Wy (3.4)
3th,3 (Wy,3 + Wz,3)

+ wo, - sin (tw,p + b3) + w3, - cos + YWy + 2w, 3 + b5) .

2Wy,3

To confirm the accuracy of the solution in Eq (3.4), we insert the analytical solution into the
left-hand side of the (3+1)—dimensional Jimbo—Miwa equation (1.1) and employ Maple software to
streamline the outcome. The process reveals that the left-hand side of Eq (1.1) consistently equals
zero. This demonstrates that the analytical solution (3.4) is both precise and error-free, while also
underscoring the superiority of this approach compared to traditional numerical techniques. This
exact solution describes a bright soliton steadily propagating on a periodic wave background.
Mathematically, it is expressed as a linear superposition of a hyperbolic secant-squared (sech?)
profile—representing the localized soliton—together with sinusoidal and cosine terms that constitute
the periodic background, plus a constant offset. Physically, the solution captures a coherent structure
that maintains its shape and amplitude while traveling through an oscillatory medium, illustrating the
nonlinear balance between dispersion and periodic modulation, as observed in systems such as
nonlinear optics, fluid dynamics, and plasma waves. To briefly analyze its dynamic characteristics, we
now visualize the analytical solution obtained. The spatiotemporal dynamical visualization of the
analytical solution of the (3+1)—dimensional Jimbo—-Miwa equation is shown in Figure 3.
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Figure 3. Plots of the solution equation (3.4) with y = x%,z = 1: (a) Three-dimensional
graphs; (b) contour diagrams; (¢) thermal maps; (d) evolution plot.

Figure 3 presents a multi-faceted visualization of the exact solution given by Eq (3.4). The
three-dimensional surface plot reveals the quasi-periodic oscillatory structure of the wave and its
bidirectional propagation along the x-axis. Contour lines and a corresponding heatmap detail the
localized energy distribution, showing high-amplitude wave packets superimposed on a periodic
background—a hallmark of nonlinear localization. Cross-sectional profiles at different time instants
further confirm the stable propagation and shape-preserving nature of the waveform. Collectively,
these graphical representations illustrate the key dynamical features of the solution, including its
spatiotemporal periodicity, strong localization induced by the sech® term, and the sustained wave
structure resulting from the balance between dispersion and nonlinearity.

For Case 2, we substitute Eq (3.3) into (3.1). Simplifying the result yields the analytical solution
for the (3+1)—dimensional Jimbo—Miwa equation, as shown in Eq (3.5).

bt h2 2yW§’1 + ((3t + 2Z)WZ’1 + 2b2) wy1 + 3tW§’1
U=04+ Wy, Sec zwy’l

3twor(wyo +w;2)

+woy - sin( +YWyo + W + b3) (3.5)

2Wy72
3th,3 (Wy,3 + Wz,3)

+ w3y cos( +ywy3 + 7w, 3 + b5) .

2Wy’3

AIMS Mathematics Volume 11, Issue 4, 10566-10588.



10574

Likewise, to assess the dependability of the result in Eq (3.5), we input the analytical solution
of (3.5) into the left-hand side of the (3+1)—dimensional Jimbo—Miwa equation (1.1) and utilize
Maple software to refine the outcome. The analysis confirms that the left-hand side of Eq (1.1)
consistently equals zero, suggesting that the analytical solution (3.5) is dependable. This solution
corresponds to a breather soliton on a periodic background. Mathematically, it takes the form of a
linear superposition comprising a hyperbolic-secant-squared (bright soliton) term, sinusoidal and
cosine terms representing the periodic carrier waves, and a constant offset. Dynamically, the soliton
propagates steadily through the periodic background while its amplitude undergoes periodic
oscillations—a characteristic breathing behavior. In contrast to the first solution (5), which describes a
steady bright soliton with constant amplitude, the present solution incorporates pronounced
spatiotemporal modulation that transforms the solitary wave into a dynamically breathing structure.
The resulting spatiotemporal dynamical visualization of the analytical solution to the
(3+1)—dimensional Jimbo—Miwa equation is shown in Figure 4.

() (b)

Figure 4. Plots of the solution equation (3.5) with y = x%,z = 1: (a) Three-dimensional
graphs; (b) contour diagrams; (¢) thermal maps; (d) evolution plot.

Figure 4 visualizes the exact solution from Eq (3.5), a breather-soliton superposed on a periodic
background. Panel (a) shows the solution’s amplitude surface in the x— plane. The surface displays
helical folding, indicating strong nonlinear—dispersive coupling. Wave crests extend along a
composite direction, corresponding to non-uniform propagation in the high-dimensional space. In
panel (b), contours reveal fragmented, open regions of high amplitude. This pattern differs from
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regular localized wave packets and suggests dynamic reorganization of the wave structure. The
low-amplitude background shows disordered striations, reflecting enhanced multi-directional
interference in the (3+1)D system. The corresponding heatmap in panel (c) highlights an asymmetric
periodic arrangement of amplitude. This breaks the spatiotemporal symmetry seen in previous
solutions, confirming a symmetry-broken state.  Panel (d) plots cross-sectional profiles at
t = -20,-10,0, 10, 20. The wave propagates bidirectionally with strong amplitude modulation. The
central peak is highest at + = 0, and the asymmetry between the wave flanks grows over time,
underscoring nonlinear energy localization. Variations in oscillation frequency further indicate
dynamic dispersion changes during propagation. Together, these panels characterize a dynamic,
symmetry-broken waveform, illustrating the rich solution space of the (3+1)-dimensional
Jimbo-Miwa equation.

3.2. Model [4-3-1]-2

To obtain different analytical solutions for neural network models with the same number of layers,
we changed the activation functions in the hidden layers without changing the number of layers in the
network model. We set the activation functions as F(&)) = tanh2(§-‘1), Fy(&) = (&), F3(&) = (&),
resulting in the model shown in Figure 2(c), [4-3-1]-2. By applying the output of the neural network
model, we obtain the test function (3.6).

u' =by+wyy- tanhZ(lwt,l + XWy YWy + 2w, + bz)
+woy, (tw,’z + XWyo + YWyo +ZW 0 + b3) + w3, (twt’3 + XWy3 + yWy3 + 2w 3 + b5) .

We differentiate the test function (3.6) and substitute it back into (1.1) to obtain a more complex
equation. We collect the coeflicients of each term to obtain the corresponding underdetermined
nonlinear algebraic equation system. We then use Maple to solve this equation system and obtain two
sets of coefficient solutions, Case 1 and Case 2, as shown in (3.7) and (3.8), respectively.

bz = bs, bs = bs,

Wiu = Wius Wou = Wy,

W3 = W3y,

Wil = Wi, Wio = W2,

Wi3 = W3,

Wyl = =Wz,

Case 1: , , (3.7)

_ W2,uWZ.2+W34,L¢W.x,SWz,3+W3,uWZ,3

Wx’z - W2uWz2 ’

Wy3 = W3,

Wy,l = 0, Wy’z = 0,

Wy’3 = 0,

Wzl = Wz, Wzo = Wz,

W,3 = W;3.
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by = b3, bs = bs,

_ _ WS,MW)ZC’:; _
Wl,u - Wl,ua W2,u - - wz2 ) W3,u - W3,ua

X,
3wz 1(wy,1+w, 1)
Wl‘,l = 2 ’ Wt,2 = WI,Z’ Wt,3 = Wt,3’
Case 2: e (3.8)

Wxi1 = 0, Wx2 = Wx2, Wx3 = W3,
Wy,l = Wy,l» Wy,z = O, Wy73 = 0,

_ _ Wx2Wz3 _
Wzl = Wei, Weo = == > W3 = Wg3.

x,3

For Case 1, we substitute (3.7) into (3.6) and simplify to obtain the analytical solution of the (3+1)-
dimensional Jimbo—Miwa equation as shown in (3.9).

3w? 3¢ :
u=>by+ Wi,u . [ 22 Wy (— + z) Wz + Wyo (ywy,z + b3) . (3.9)
Wi, 2 2

To verify the accuracy of the results, the analytical solution (3.9) was substituted back into the
left-hand side of the (3+1)-dimensional Jimbo-Miwa equation (1.1). Using Maple for symbolic
computation, the expression was simplified to identically zero. This confirms that (3.9) is an exact
solution, demonstrating its reliability and precision. The spatiotemporal evolution and dynamical
characteristics of this analytical solution are visualized in Figures 5(a—d).
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(a)
Figure 5. Plots of solution (3.9) with(3.9)with y = x%,z = x: (a) Three-dimensional graphs;
(b) contour diagrams; (c¢) thermal maps; (d) evolution plot.
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Figure 5 visualizes the parabolic-type solution given by Eq (3.9). Figure 5(a) shows a sharp, ridge-
like surface aligned with the #-axis, indicating strong line-localization of the wave energy near x = 0.
The surface decays rapidly away from the ridge, highlighting the confinement of energy. In Figure 5(b),
dense contours near x = 0 fan out along the 7-axis, confirming the one-dimensional energy distribution.
The corresponding heatmap in Figure 5(c) shows a bright strip along x = 0, with symmetric and steep
decay on both sides, illustrating spatial inversion symmetry and dominant nonlinear self-focusing.
Figure 5(d) plots the cross-sectional profiles at ¢t = —20, —10, 0, 10, 20. A sharp peak remains fixed
at x = O for all times, demonstrating clear spatiotemporal locking. The amplitude varies only slightly,
and the waveform shape is preserved, confirming a stable, strongly localized structure that propagates
within a low-dimensional subspace.

For Case 2, if we substitute (3.8) into (3.6) and simplify, we obtain another analytical solution for
the (3+1)—dimensional Jimbo—Miwa equation, as shown in (3.10).

2ywi |+ (Bt + 22wy + 2by) wy 1 + 3w

u=>by+ Wiy tanh2 o
y,1
Wi (3.10)
2
x,2
To confirm the validity of the analytical solution (3.10), it is substituted into the (3+1)—dimensional
Jimbo—Miwa equation (1.1). The equation is satisfied identically, verifying that the solution is exact.
Visualizing the obtained analytical solution, we take the corresponding parameters resulting in the

analytical solution’s spatiotemporal dynamics visualization diagram shown in Figure 6.

((twin + XWea + D) Wos + 2weaw.3)” + Wiy - (twis + Xwy s+ 2w,3 + bs) .

_ -2 0 2 4

[—i=—20—t=—10 —t=0 — r=10 — r=20]

(©) (a)
Figure 6. Plots of solution (3.10) with y = x?,z = x: (a) Three-dimensional graphs; (b)
contour diagrams; (c) thermal maps; (d) evolution plot.
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From a top-down view, the three-dimensional surface in Figure 6(a) displays sawtooth-like wrinkles
along the edges of the plateau, deviating from a perfectly flat top. This indicates that quasi-periodic
amplitude modulation persists even within the highly localized region, reflecting the interplay between
nonlinearity-driven energy confinement and dispersion-induced weak oscillations in high-dimensional
systems. The red closed contours in Figure 6(b) outline arched localized regions, with jagged edges
matching the surface wrinkles and confirming quasi-periodic modulation inside the localized area.
The contours extend along the negative t-axis up to t ~ —10, suggesting a unidirectional propagation
preference. In the heatmap of Figure 6(c), red arched bands follow an arched trajectory with rapid
intensity decay away from the center. The vertices lie near # =~ 0 and x = 0. As ¢ decreases, the
bands spread symmetrically along the x-axis, highlighting the non-trivial arched propagation path in
the negative ¢-direction. Figure 6(d) shows cross-sectional profiles at ¢+ = —20, —10, 0, 10, and 20.
At ¢t = 0, sharp minima appear at x ~ +2 while the central amplitude remains high and stable. As |¢|
increases, the valleys become shallower and the central amplitude decays slightly, revealing that strict
localization occurs only near ¢ = 0 and gradually weakens during propagation.

4. Double layer

4.1. Model [4-4-3-1]

To extract more solution sets from underdetermined systems of equations and reveal the rich
dynamical properties of high-dimensional equations, we now increase the complexity of the model by
constructing a neural network with two hidden layers to solve the (3+1)—dimensional Jimbo—Miwa
equation as shown in Figure 7(a), which depicts the [4-4-3-1] two-layer hidden neural network model
we have constructed. The input layer consists of four neurons, denoted as x, y, z, and #. The first
hidden layer contains four neurons, denoted as F(&1), F2(&;), F3(&3) and F4(€4), the second hidden
layer contains three neurons, represented as F5(&5), Fe(&), and F7(£7), and the final output layer is the
output probe function f(x,y,z,t). Now, we construct the activation function based on Figure 7(a),
Fi(&) = cos(&)), Fa(&) = sin(&), F3(&) = tanh(&3), F4(&s) = sech(&y), Fs(&s) = (é5)%, Fe(&s) = (£6)%
Fs5(&7) = (&)?, resulting in the model shown in Figure 7(b), [4-3-1]-1. By applying the output of the
neural network model, we obtain the probe function (4.1).

I
q é} Fi&) ) b“{
) @
\ g/
Tnput Layer v Output Layer

Hidden Layers

(@) (b)
Figure 7. Double-hidden-layer neural network model diagram: (a) Network structure; (b)
Model [4-4-3-1]-1.
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u' = bg + ws, (wl,s cos (tw,,l +xWy +ywyg + 2w + bl)

+ W5 sin ([Wt,z + XWyp + YWyo + W0 + bz)

+ W35 tanh (twt,g + XWy3 + yWwys + 7w,z + b3)

+ Wy s sech (l‘Wt’4 + XWyg + YWyg + Wy g + b4)

+bs)?

+ Weu (w1,6 cos (tw,,l +XWyr F YWy 2w, + bl)

+ Wae sin ([Wt,z + XWyp + YWyo + W0 + bz)

+ W36 tanh (twt,g + XWy3 + yWwys + 7w,z + b3)

4.1

+ Wae sech (IW,’4 + XWyg + YWyg + Wy + b4)

+bg)?

+ Wi (wu cos (tw,,l +XWyr F YWy 2w, + bl)

+Wa7 sin ([Wt,z + XWyp + YWyo + W0 + bz)

+ W3z tanh (th’g + XWy3 + ywys + 7w,z + b3)

+ Wuzq sech (IW,’4 + XWyg + YWyg + Wy g + b4)

+b7).

Following the single-hidden-layer approach, the expressions are differentiated and substituted into
Eq (4.1). Applying the NNSCA method yields two coefficient solutions: Case 1 (4.2) and Case 2 (4.3).

Case 1:

AIMS Mathematics

bs = bs,
Wis = Wis,
W25 = W25,
W3s = W3s,
W45 = Was,
wi =0,
Wy,1 = 0,
wy1 =0,
Wzl = O,
Wsu = W5y,

2

bs = bs,
Wie = Wies
Wie = Woe,
W36 = W36,
W46 = Wae,
Wio = 0,
Wxp = O,
Wy,2 - Oa
Wz,2 - 0,
W6,u = Wé6,us

by = by,

w3 =0, “4.2)
Wy3 =Y, Wia = 0,

Wy3 = O, Wy4 = Wya,

w3 =0, Woa = Wed,

Wiu = Wiy
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bs = bs, bs = b, b7 = by,
Wis = Wis, wig =0,
Was5 = Was, W6 = W2,
W35 = W35, w3 =0,
W45 = 0, Wae6 = Wae,
Case2: {w; =0, wio =0, (4.3)

3wz3(wy3+wz3)

Wi3 = s Wra = Wea,

2wy 3
Wx1 = 07 Wx2 = 0, Wx3 = 0, Wx4q = 09
Wyl = 0, Wy = 0, Wy3 = Wy3, Wyq = O,
W1 = 0, W;2 = 0, W;3 =W;3, Wzq = 0,
WS,u = W5,u7 Weu = W6,ua Wiu = W7,u-

For Case 1 (4.2), substituting the coefficients into Eq (4.1) and simplifying directly yields the
analytical solution of the (3+1)-dimensional Jimbo-Miwa equation (Eq (4.4)).

u = bg + Wsy - (W1,5 cos(by) + W) s sin(b,) + W35 tanh(b3)

2wy + (31 + 22)Weq + 2b4) Wy + 3w 4) X )2
5

+ wyssech
2Wy4

+ Wey (Wl,(, COS(b]) +Woge Sil’l(bz) + Wig tanh(b3)
4.4)

2w§’4y + (Bt + 22)w_ 4 + 2bg) wyu + 3tw§’4) o )2
6

+ wygsech
2Wy,4

+ Wiy (W1,7 COS(b]) + W) 7 Sin(bz) + w37 tanh(b3)

(2w§’4y + (Bt + 22)w_ 4 + 2bg) wyu + 3th2’4) )2
+ wyqsech + b7 .
’ 2Wy,4

This solution describes a peaked traveling wave formed by multi-mode coupling. It is constructed
by squaring and summing three function terms of similar form but with distinct weights. Each term
combines trigonometric functions (cos, sin, tanh) with a propagating hyperbolic-secant soliton profile,
and the expression contains multiple free parameters. We visualize the analytical solution obtained
by setting the corresponding parameters, resulting in the analytical solution’s spatiotemporal dynamics
visualization diagram shown in Figure 8.
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Figure 8. Plots of solution (4.4) with y = x, z = x: (a) Three-dimensional graphs; (b) contour
diagrams; (¢) thermal maps; (d) evolution plot.

The graph in Figure 8(a) confirms the wave’s strong preference for directional propagation. The
dual-hidden-layer model captures this regular trajectory with high precision. Deeper feature
abstraction reveals the underlying diagonal conservation law of the (3+1)—dimensional Jimbo—Miwa
solution. In the contour diagram (Figure 8(b)), red closed vortices arrange periodically along the
diagonal. Each vortex shows an amplitude difference exceeding 30 between the center and edge. This
highlights strong energy concentration in localized pulses. The wavy extension of blue outer lines
resonates with the vortex period. It suggests a cyclic mechanism of pulse generation and annihilation.
The pseudo-color thermal map (Figure 8(c)) displays red high-amplitude spots distributed at equal
intervals along the diagonal. Strong contrast with the green background emphasizes the periodicity
and isolation of the pulse trains. The narrow color scale indicates stable energy levels. Through
complex feature transformations, the double-hidden-layer model reveals the periodic pulse flow
pattern. This offers a fresh perspective on dynamic transport in high-dimensional systems. The
evolution plots (Figure 8(d)) show x-profile curves at t = —-5,-1,0,1,5. Sharp peaks move linearly
along the x-axis with time. Propagation occurs strictly along the x + ¢ direction. Peak amplitudes
remain stable. Half-widths stay narrow. These features indicate motion-invariant solitons. The
dual-hidden-layer architecture successfully extracts this directional periodic soliton solution from an
underdetermined equation system. It demonstrates the model’s ability to reveal intricate dynamics in
high-dimensional integrable equations.

For Case 2, we substitute Eq (4.3) into Eq (4.1) and simplify. This yields another analytical solution
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of the (3+1)-dimensional Jimbo—Miwa equation, given by Eq (4.5).

u= bg + Wsy, (W[»S COS(bl) + W5 Sin(bz) (45)

2w2 3y + (3t + 22)w 5 + 2b3) wy 5 + 3wl 5t )
+ ws s tanh 5 ‘b
Wy 3

2 2
+ Weu (Wz,ﬁ sin(b,) + w4,6sech(tw,,4 + b4) + b6) + Wy, (W2’7 sin(b,) + Wy 7 sech(tw,,4 + b4) + by

For Case 2, we substitute Eq (4.3) into Eq (4.1) and simplify. This yields another analytical
solution of the (3+1)—dimensional Jimbo-Miwa equation, given by Eq (4.5). This solution constitutes
a composite wave pattern that combines multiple solitons and kink-type structures. Mathematically, it
is expressed as a weighted sum of three squared terms, each coupling trigonometric and hyperbolic
functions, representing an exact superposition of distinct nonlinear modes. Dynamically, the solution
describes several well-localized wave peaks that propagate independently while preserving their
multi-peaked shape without dispersion—a hallmark of integrable systems in which coherent
structures can coexist and evolve in parallel without interaction. Visualizing the obtained analytical
solution, we take the corresponding parameters, resulting in the spatiotemporal dynamical
visualization diagrams of the analytical solutions shown in Figure 9.

-10 -5 0 5 10
(1] X

X [—i=—5—i=—1—i=0 — =1 —1=5]
(© (a)
Figure 9. Plots of solution (4.5) with y = x, z = x: (a) Three-dimensional graphs; (b) contour
diagrams; (¢) thermal maps; (d) evolution plot.
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Figure 9 illustrates the spatiotemporal bifurcation structure of solutions to the (3+1)—dimensional
Jimbo—Miwa equation, captured through a dual-hidden-layer model. In the three-dimensional graph
(Figure 9(a)), the surface exhibits a sharp bifurcation near x ~ 0 and ¢t ~ 0. The amplitude jumps
abruptly from a low-energy state on the left to a high-energy state on the right. This forms a steep
interface. The model’s dual hidden layers enable it to represent nonlinear bifurcation behavior.
Solutions undergo essential transformations under specific spatiotemporal thresholds. This reflects
phase transition-like evolution in nonlinear systems. The contour diagrams (Figure 9(b)) show blue
lines intersecting red high-amplitude regions at the bifurcation interface. Complex interference
patterns emerge. High-amplitude regions remain confined near the interface. This indicates energy
localization. Nonlinear waves propagate along the boundary, similar to waveguides in
high-dimensional systems. The dual hidden layers abstract deep features. They overcome limitations
of simpler models in characterizing linear interfaces. Thermal maps (Figure 9(c)) display stable red
and blue blocks in upper and lower regions. A diagonal transition zone marks the critical area for
state changes. This reveals bistable and multistable characteristics. The system maintains two energy
states. Transitions occur only in critical spacetime regions. The dual layers’ expressive power extracts
threshold-driven transitions from underdetermined equations. It highlights complex dynamics in
high-dimensional systems. Evolution plots (Figure 9(d)) examine x cross-sections at t = -5, —1, 0, 1,
and 5. At ¢t = -5, amplitude stays extremely low. At ¢ = —1, it jumps rapidly near x ~ 0. For r > 0, it
stabilizes in a high-energy state. This confirms a threshold excitation mechanism. Nonlinear effects
trigger and sustain wave excitation beyond critical values. The dual hidden layers facilitate analysis of
this trigger-to-sustain dynamics.

5. Conclusions

This study presents the NNSCA, a novel framework that merges symbolic computation with neural
networks. The NNSCA derives exact analytical solutions for high-dimensional nonlinear PDEs
without requiring specialized equation transformations, such as a conversion to bilinear form. We
demonstrate the method on the (3+1)-dimensional Jimbo-Miwa equation using both
single-hidden-layer and double-hidden-layer network architectures. These models enforce exact
differential constraints symbolically, eliminating the need to presuppose a solution’s functional form.
Using the NNSCA, we obtained multiple classes of exact solutions, including solitons, breathers,
shock waves, and lumps. Single-hidden-layer networks captured fundamental wave structures, while
a double-hidden-layer architecture revealed more complex, spatiotemporally coupled
dynamics—highlighting the importance of network depth. The solutions correspond to physical wave
phenomena in fluids, optics, and plasmas. Detailed visualizations illustrate their four-dimensional
evolution, showcasing wave interference, propagation, and modulation, and thereby confirming their
physical consistency.

Compared to traditional numerical schemes and the Hirota bilinear method, the NNSCA offers
greater automation, broader applicability, and access to a wider variety of solution types. The
successful application of the NNSCA underscores the potential of tightly integrating symbolic and
neural frameworks. It opens a systematic, algebraically grounded pathway for analyzing the rich
solution landscape of high-dimensional nonlinear systems. Several challenges remain, such as scaling
the method to larger parameter systems and avoiding trivial parameter reductions during constraint
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solving. Addressing these will be the focus of future work.
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