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1. Introduction
For the sake of simplicity, we specify the following parameters throughout the article:
u>0,n7>00<a1<1,

and
k>1,keN,|zl=rre(,1].

Let Hi(a)(k > 1,a € R) be the class of analytic functions p defined on the unit disk D = {z €

C: |zl < 1} and have the form

(1.1)

Let Ay(k > 1) denote the class of analytic functions ¢ in D = {z € C : |z| < 1} having the expansion

¢(z) = z+ i a,?".

n=k+1

(1.2)
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The set of univalent functions in A is denoted by S;.
Definition 1.1. (analytic Bazilevi€ function [1]) A function ¢(z) € A, belongs to the class L, (u, A) if it

satisfies the geometric condition 1
.
Re{d)’(z)(@) } > A,
where the powers are taken as principal values and u > 0,0 < 1 < 1.

It is known that £,(u, 1) € S (see [1]). For research results on the class £;(u, 1), the reader may
refer to the following works. Singh [2] established fundamental properties of Bazilevi¢ functions.
Deng [3] provided estimates for adjacent coefficients. An overview of univalent function theory,
including Bazilevic¢-type classes, is given by Thomas et. al [4]. Niu and Li [5] investigated Milin
coeflicient estimation for Bazilevi¢ function. Additionally, Marjono et al. [6] computed the fifth and
sixth coefficients for a subclass of Bazilevi¢ functions.

In 1977, Chichra [7] introduced the class G(n;r) for n > 0, consisting of regular functions ¢(z)
satisfying
$()

Z

Re {(1 -n— + 77¢'(z)} >0,

for|zl < rwithO<r<1.
Let ¢(z) € Ay be given by (1.2). Then, ¢(z) € L&x(u, 0) if and only if

u
Z(@) cGtin. (1.3)
z u

Definition 1.2. Let ¢(z) € A, be given by (1.2). Then, ¢(z) € ﬂ,‘((n, A) if and only if

(% (29 )

<

wheren > 0and 0 < A < 1.
It is straightforward to verify that ¢(z) € Lx(u, A) (u > 0) if and only if

M
z(@) € 2,1(1,1),
4 M

where the powers are taken as principal values. The function (@)ﬂ can be expressed as
‘u (o)
Z -
(@) =1+ )y, (14)
< =k
n=k+1
where v, 1= v,-1(aps1, Graas - - - 5 an; ) represents a Faber polynomial of degree n—1 (see [8]). Clearly,

for u = 1, we have y,_; = a,.
The class H consists of all complex-valued harmonic functions f in D that possess a unique
representation f(z) = ¢(z) + ¥(z), where ¢ and ¢ are analytic in D satisfying

$(0) = 0,¢'(0) = 1,y(0) = 0.
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The subclass Sy € H consists of those functions that are univalent and sense-preserving in . Such
functions can be expressed in the series form

Q=2+ ) ad + ) bz (bl < D).

For k > 1, we define the subclass Hj consisting of harmonic functions whose analytic and co-
analytic parts vanish to order at the origin:

HS={f=¢+¥eH:¢"0) =y"(0)=0forl <v<kl.

Each f € H’g can be expressed as

f@=0@+¥@ =2+ ) ad'+ ) b k2L (15)
1

n=k+ n=k+1

As established in [9, 10], a harmonic function f(z) = ¢(z) + m is locally univalent and sense-
preserving in P precisely when |¢'(2)| > [¥/(2)].
In 2019, Liu and Yang [11] introduced the subclass G, (17; ) C HE, consisting of functions f = d+y

satisfying
(2 (-2 ()

wheren > 0,k > 1,r € (0, 1].
Forp > 0and f = ¢ + ¢ as in (1.5), we define

@()—z(‘b@) £ e W - (W)) S 62 (1.6)

n=k+1 n=k+1

2l <,

where y,_; and ¢,_; are determined via binomial expansion (taking principal values). Clearly, for
u =1, wehavey,_; =a, and 6,1 = b,.

Inspired by the above, and in conjunction with Definitions 1.1 and 1.2, we will now proceed to
construct a class of generalized Bazilevi¢ harmonic functions.
Definition 1.3. (generalized Bazilevi¢ harmonic functions) A function f = ¢ + ¢ € H’(j belongs to the
class €% (u,n, A; r) if and only if

Re{% + nz(q)(z)) } > ‘\P(Z) + 1z (@)
Z Z Z Z

for all z € D with |z| = r, where ®(z) and ¥(z) are given by (1.6), and all powers are taken as principal
values.

According to the above definition, we can deduce special cases and relations as follows.
Remark 1.1. Letp = - 1n Definition 1.3. We have f = ¢ + ¢ € & (/J ,A;r) if and only if

pu-1 p—1
{¢< )("’(Z)) } e )(‘”(Z))
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Especially, note
53’;,(;1, LA r) = 8k (u, A5 7).

For y(z) = 0, we note €5 (i, ;1) = L4(u, ).
Remark 1.2. Let 4 = 1 in Definition 1.3. We have f = ¢ + ¢ € ek(1,n, A; r) if and only if

Re{@ + nz(¢(Z)) } >
Z Z

Forn =1, €4(1,1, 4;r) = PY,(2), introduced by Li and Ponnusamy [12] in 2013.
Fornp = 0, gk 71,0, ;1) = gH(/l) introduced by Li and Ponnusamy [13] in 2016.

For 1 =0, Qk %(1,n,0;r) = G5 (n; r), introduced by Liu and Yang [11] in 2019.
Especially, for ¥(z) = 0, 2’;1(1, n, A;r) := Qy(4), introduced by Ding et al. [14] in 1995, and we note

¥ + UZ(M) + A4
Z Z

1
2"(1 LA r) = L=, ).
o “u
2. Preliminary lemmas

In this section, we collect severalemmas that will be used in the proof of our main results.
Lemma 2.1. For f(z) = ¢(z) + ¥(2), a necessary and sufficient condition for f to be in H’g is that
F(2) = ®(2) + ¥(z) € HX, with ®(z) and P(z) given by (1.6) (taking principal values).

Proof. H’g consists of functions f(z) = ¢(z) + ¥(z) with expansions
bR =2+ ) a @)= ), b
n=k+1 n=k+1

i.e., $(0) = 0,¢'(0) = 1,¥(0) = 0, and ¢*(0) = y(0) =0 for 1 <v <k.
=)If fe HF, then by the binomial series,

&24+Z TW=§%¢%

n=k+1 n=k+1

s0, D(z) =z + Z Yn1Z"and W(z) = Y, 6,-12". Hence, F € H}.

n=k+1 n=k+1

(<) If F € HY, then

@:<%)W:1+iaz”‘l, A ‘P(Z)”ﬂ Zﬁnl

z z n=k+1 z n=k+1
by the binomial series. Thus, ¢(z) = z+ >, @,z"andy(z) = ), B.,7".so f € Hg. O
n=k+1 n=k+1
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The following lemmas are immediate consequences.
Lemma 2.2. Let f = ¢ + ¢ € HX. Then, f € €, (u,n, A;7) if and only if F = ® + ¥ € £5(1,1,4;7),
where all powers are taken as principal values.
Lemma 2.3. [15] Suppose that y is convex in D, satisfying (0) = a,v # 0, and Re(v) > 0. If
¢(z) € H(a) and

1
©(z) + ;ZQD'(Z) < x(2),

then
@(2) < @(z) < x(2),

where

o) = — f Wi,
kzx Jo

Zk

Lemma 2.4. [16] A sufficient condition for a harmonic mapping f = ¢ + i to be close-to-convex and
univalent in D is that |’(0)| < |¢’(0)], and the analytic function f.(z) = ¢(z) + ¥(z) is close-to-convex
for every complex number € (lg| = 1).

The following coefficient conditions for harmonic mappings are established in [17].
Lemma 2.5. [17] Let f(z) = ¢(z) + ¥(z) be of the form (1.5).

(i) f(z) is starlike in D if Y7, . n(la,| + b)) < 1;

(i) f(z) is convex in D if 3'°°, ., n*(|la,| + |b,]) < 1.
Lemma 2.6. [11] If a function p is analytic in D satisfying Reh(z) > 0 in O with the series expansion
p(@) =1+ pd + prodt + -, thenforall z € D,

1 —zf
R > — =
ep@) 2 1o oL

3. Main results

In this section, we present the main results of this paper, including coefficient estimates, growth
estimates, and convex combination properties for the class )3’;1(;1, A;r).
Theorem 3.1. Let f(z) = ¢(2)+¢(z) € H¥, and let @, ¥ be defined as in (1.6). Then, f(z) € Q’,‘,(,u, A;r)if

and only if for every complex number € (|g| = 1), the rotated analytic combination F.(z) = ®(z)+&¥(z)
belongs to 8,1((/%, Q).

Proof. Assume that f € Q'I;_I(/J, A;r), by Lemma 2.2, which is equivalent to
— 1
F(z) = ®(z2) + ¥(z) € L1, ;,/1; r).
In turn, we only need to show
1
Fo(2) = ®(z) + e¥(2) € Qk(ﬁ’ A),
for every complex number &(lg| = 1).
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According to Definitions 1.2 and 1.3, a direct computation confirms that for such &,

Re{Fg(z) Lz (Fg(z)) } _Re {(CD(Z) + S‘P(z)) Lz (CD(Z) + S‘P(Z)) }

z u\ z z M Z
01 2
. M\ z . p\ z
>A(ze D).

Thus, Fe(2) € (5, D).
Conversely, suppose F(z) € 2,1(%‘, A) for each |g| = 1. Then for any z € D,

e £ (9]} e o[22 (1))
Z u\ z Z u\ z

Since € can be chosen with arbitrary argument, we obtain
) o(z)\) _|¥ Y)Y\
Re{ © + E( (Z)) } > ) + E(—(Z)) ‘ +1(ze D),
Z u\ z Z

z U
which is exactly the condition for F(z) = ®(z) + ¥(z) € Q’;I(l, ﬁ, A;r). Applying Lemma 2.2 once more

gives f € € (u, A; r). Therefore, the proof is completed. O

Theorem 3.2. Let f(z) = ¢(z) + ¥(2) € L5 (u, ;7). Then,

(9] o[ 12 < L2022
Z

Z 1-z2

2

where

o | 1 =20t &«
w(z) = 'u,, f T+d -2 i ldr.
kZE 0 l—t

Proof. Suppose f(z) = ¢(z) + Y(2) € 2’;1(;1, A;r). By Theorem 3.1, for z € D, it yields

Re{FgZ(z) N g(Fs(Z)) } Y

u\ z
where p p
Fu2) =z (@) ez (@) ,
Z Z
Applying Lemma 2.3, we can deduce the desired subordination, so the proof is completed. O

The following theorem provides a sharp coefficient bound for functions in the class 25 (u, A; r).
Theorem 3.3. For any f € B’;{(u, A; 1), the coefficient 6, appearing in (1.6) satisfies

ud -2

Opitl £ ———,
16711 it D)

n>k+1. 3.1
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The estimate is sharp, and equality holds exactly for the function

4 tk+/1—l n
f(z)=(z“ =4 | l—tdt) (3.2)

and its rotations.

Proof. Suppose f € Q';I(,u, A;r). By Theorem 3.1, F.(z) = () + e¥(2) € 2,1(}11, A) forall |g| = 1.
From (1.5), we have

¥@ | lz(@) = (1 -1 1)6n_1z”‘]. (33)

z H 2 n=k+1

Using Cauchy’s integral formula, we deduce

(1 0o l)lén-ll = Lf (lP(Z) + E(T(Z)))%
u 2mi Jy=r \ 2 u\ z 7"

1 2 \Ij 6 0 i0\\’
< f (re?) | re” (FreD) | e,
2=t ret? u re’
Since f € € (u, A;r), we have
O O(2)\
Re{ (Z)+§( (z))}>
z u\ z

Y(re') N &"9 (‘P(reig))" - Re{CD(re"G) N z’y ((D(reig))'} Y

re' u re' ret? u re'

+A, z€D.

Yo, < (vo)

Z M Z

— il
For z = re,

Integrating over 6 € [0, 2] and using the fact that

2 i0 i0 i0y\’
1 Re{(D(re )+£(d)(re ))}dez L

21 Jo re’ u ret?

we get

-1
wwn_” <(1- /1),/1—"‘
7

Since this inequality holds for every r € (0, 1), we may let r — 17. Taking the limit yields

+n-1
Wz D, <1-a
Consequently,
(1-2
ol < 2D
n+u—1
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Thus, the desired coeflicient estimate for f € )3’;1(;1, A;r) is established. Equality holds when the
coefficients satisfy

(1-2)
601 (] = 8ot (Brots brsas - s bs (] = 22
n+u—1
Let .
(o) 1 _
(0.5 208
Z A ntu - 1

After computation, it is not difficult to obtain the extremal function in (3.2). This completes the
proof. O

Theorem 3.4. For f(z) € 8’;1(;1, A; 1), the coefficients defined in (1.6) obey

) 2u(l — )
@) [ynor| + 16,1] < 22—,
n+u—1
.. 2u(1 =)
n—11 7= 6n— < —_—
) sl = 0111 < 27—
2u(l = Q)
< —
(i) | < 25—

The bounds are sharp, and equalities occur precisely for the function

Z tk+;1—1 "
f(@= (Z” +2u(l - /l)f 7 tdt) , (3.4
o 1-
and its rotations.

Proof. Since f € 53’;1(;1, A;r), by Theorem 3.1, for all |g] = 1,

Re{FS(Z) +2 (F‘”’(Z)) } >A(zeD),

Z u\ z

that is,
F
) 2
z H
Thus, an analytic function p(z) = 1 + Yoo, ., po12”' can be constructed with |p,_| < 2(1 — Q) for
n >k + 1, satisfying

(Fs(z)) . 1+(1 —2/1)2‘ (3.5)

Z 1-z2

F)  z (Fe(z)
2 H
Comparing coeflicients in (3.6) yields

) = p(2). (3.6)

wel + E0p ) = ————Pu-1, >k+1.
Vn-1 1 E0pn-1 P lp 1, N
Take the absolute values and use the triangle inequalities
M 2u1 -4
n-t1| + 0n-1] £ ———Ipp1|l £ ——,
V-1l + 1001 n+#_1|P 1] P
MU 2ud -2
n—=11— 6n7 S ———Ppil £ ——.
V-1 = 1001 n+u—1|p 1] P
Therefore, from the above two inequalities, we can easily derive inequality (ii1). This completes the
proof. O
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Especially, in Theorem 3.4, for u = 1 and k = 1, we obtain the following results.

Corollary 3.1. Let f(z) of the form (1.5) be in €},(1, 2; r). Then,
@) byl + 16,] < 222

‘s 2(1-1
(i) byl = 16, < 2=

2(1-1
(iii) ly,| < 22,

The bounds are sharp, and equalities occur precisely for the function

f@) =2-2(1 - Dz +log(l —2))

and its rotations.

Growth estimates for the class Q’;I(,u, A; r) are established in the next theorem.
Theorem 3.5. Let f(z) = ¢(2) + m € 2’;1(;1, A;r), and let F(z) = @(z) + Y(z) be given by (1.6). Then
forz € D,

k+u—1

Izl SJ<+;1—1

1 —¢k

|z
1] = 24(1 = D" f S <P < [+ 21— D f d. ()
0 0

+ ¢k

The bounds are sharp, and equalities occur precisely for the function

F(z) = 2+ 2u(1 — D)z -dg

4 +u—1
1+¢
and its rotations.

Proof. Let f € B’I‘J(,u,/l; r). By Theorem 3.1, for every &(le|] = 1), we have F.(z) = ®(z) + e¥(z) €
Qli(lll,/l)(lgl = 1), which means

Re{FS(Z) + 2 (FS(Z)) } > A(ze D).
Z u\ z

Suppose that
F,
@, z
Z H
where p is analytic in D, satisfies Rep(z) > 0, p(0) = 1, and p’(0) = 0 for 1 < j < k — 1. From the
representation, such a function p can be expressed in terms of a Schwarz function v in D satisfying
v(z)| < 1 and vV(0) = 0 for j = 0,1,...,k — 1. Specifically,

(FSZ(Z) ) (1= () + 4

1+ (1-220()
B 1 -v(2) ’

p(2)

Thus,

Fo(2) N (FS(Z))/ 1+ (1 =-20v(2)
z u\ z | 1-v(z)

This implies that

(1 _ /%)FS(Z) + lF;(Z) — 1+ (1 - 2/l)V(Z)

Z u I -v(z)
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Multiplying by z#7! yields

1+(1-2Dv(2)
1 -v(2) ’

1 1
(1= =)2F) + —2"'Fi(z) = 2
H H
that is,
1 +(1-=20v(2)
1 -v(2)
By integrating both sides above, it is straightforward to obtain

1 C a1+ =20)v()
Ltp - [ “
R N 7

(lz’HFg(z)) = 7!
u

Taking moduli and applying the elementary bounds

andRel+(1—2/1)1f S 1 -(1-=-22)l|
1 -t -1 I+t

9

‘l+(1—2/l)t‘< 1+ =2l
1—-1 a

the latter via Lemma 2.6 together with the vanishing derivative conditions on v, we arrive at

D1+ = 20v(te?) [ -t
-1 _ i0 i0
|z# Fg(z)| = ',ufo = ve?) (te ) evdr

1+ =20
S/Jf ?lﬂ ldr
0

(&) 1 )
=let +2u(1 =) ) ——— e
; Jk+p

k+p—1

|2l ¢
= [z + 2u(1 = 1) f ~——ds,
0o 1-¢

and consequently,

k+u—1
S H

1-¢Fk

Iz]
|Fe(2)] <zl +2u(1 - /l)lzll—#f dc.
0

In the same way, using the lower bound on the real part,

Izl _ i0 _
[ Fo2)| = |,u f "1+ U - 2hviee )(teig)ﬂ L edr
0

1 — v(tei?)
1 4 (1= 22)v(te™)
> R . ldr
=H fo T e
-1 -20)¢
> — 7 #ldr
=H fo 1+ ¢k

N (_1)j ik
= [zl +2u(1 =) Y ———[z"
FZI Jk +p

Izl SJ<+/1—1
=zl = 2u(l - A —d
2" = 2p( )fo T+ ks
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hence

k+p—1
S H

1+¢k

2|
(] > 12— 2(1 — Dlel! f d.
0

Because ¢ is arbitrary, these estimates hold for F(z) = ®(z) + WY(z) as well. Therefore, for every

u >0,
Izl g‘k+”_1 Izl sJc+y—1
l2l = 2u(1 = Dl f ds < |F(2)| < Izl + 2u(1 = Dl f dg.
o l+¢*k o 1—¢t
Sharpness is demonstrated by the extremal function
| Z §k+“_l
F(2)=z+2u(1-2)z ™" d
(2) =z +2u(l - )z fo T+ s
and its rotations. This completes the proof. O

Theorem 3.6. Let f(2) = ¢(z) + y(z) € HX, and let F(z) = ®(z) + P(z) be given by (1.6). Let 0 < u < 1,

and denote
_utm-1)

Yy =—, n=xk+1. (3.8)
M
If .
D Byl +16,D < 1= 2, (3.9)
n=k+1
then

(i) F is harmonic univalent and sense-preserving in 9 with F € 2’1‘1(1, ,lu/l; r). Moreover, F is
close-to-convex in D.

(i1) f is harmonic univalent and sense-preserving in O with f € 8’;1(/1, A; r). Moreover, f is close-
to-convex in D.

Proof. (1) For 0 < |z1] < |z2] < 1, we get
|F(z1) — F(22)| 2 |®(21) — ©(22)| — [W(z1) — ¥(22)I

>l - 2l [1 - > nllyaal + |6n_1|>]

n=k+1

2 |Zl - Z2| [1 - Z ﬂn(b’n—l' + |6n—l|)}
n=k+1

> 0.

Note that ¢, > n for u < 1. Therefore, F(z) is univalent in D.
In addition, F(z) is sense-preserving in D because

(o8]

D@ = 1= > nlyulld™!

n=k+1

1= S

n=k+1

AIMS Mathematics Volume 11, Issue 4, 10518-10532.
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> 37 46

n=k+1

(o)
> > Sl

n=k+1

> V' (2)l.

Next, we prove that F(z) € 2’,‘{(1, i A; 7). According to (3.9), we get

Re{@ - (@)l} =1+ Re{ i _f _/11+'u7n1z"‘1}

< H\ Z

n=k+1
N n—1+
> 1 —‘ Z o A !
n=k+1 H
o on—1+
> T Hs 2+
n=k+1 H
_|¥@ +g(w(z))"+/l
7 u\ z ’

Thus, we obtain F € X (1, i, ;7).

To establish that F(z) = ®(z) + ¥(z) is close-to-convex, Lemma 2.4 reduces the problem to showing
that F, = @(z) + €'¥(2) is close-to-convex for every |g| = 1. This follows if we can verify |F.(z) - 1] < 1
forz € D:

F;: - 1| = Zkll n()/n—l + Sdn—l)zn_l < Zk:I n(b’n—ll + |5n—1|) < Zkll ﬁn(b’n—ll + |5n—1|) < 1.
n=k+ n=k+ n=k+

This leads to the conc&on that F(z) = ®(z) + Y(z) is close-to-convex in D.
(i1) For f(z) = ¢(2) + ¥(2) € 2’1‘1(;1, A; r), we define an operator I by

% u
I(f) :z(?) +Z(M) = <D(z)+%,

4

where all powers are taken as principal values. Clearly, the operator I is a one-to-one mapping from
(1, ;1) to (1, 2, 45 7).
Indeed, take any two distinct functions fi(z), f>(z) € 8’;1(;1, A; r) with f1(2) # f>(2) for z € D. Then,

— 1
Fi(2) = I(f)@) = 1(2) + W1 (2) € Ly(1, ;,/l; r),

_ 1
F2(2) = I(£2)(2) = ©2(2) + Pa(2) € L5(1, ’L—l,/l; r),

and, because the principal value mapping is injective, we have F(z) # F»(z2).

AIMS Mathematics Volume 11, Issue 4, 10518—-10532.
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Furthermore, if f(z) = ¢(2) + m is close-to-convex in D, then I(f(z)) = ®(z) + % is close-to-
convex in D.

Combining this observation with Lemma 2.1, we see that f(z) = ¢(z) + ¥(2) is close-to-convex in D
if and only if F(z) = ®(z) + ¥(z) is close-to-convex in D. Hence, conclusion (ii) holds. This completes
the proof of Theorem 3.6. O

Theorem 3.7. The classes 2’,‘{(1 ,A;r) and & 7 (u, A; r) are closed under convex combinations.

Proof. (i) Let F,,(2) = ©,,(2) + ‘I’m(z) e gk (1 ,A;r)form =1,2,---, where

(o)

V) =2+ Y YL W= ) e

n=k+1 n=k+1
Let 1, > O satisfy },-_, t,, = 1. Define the convex combination

F@) = ) tnFu(@) = () + ¥(2),

where

D@) = D 1@, V@) = ) 1y ¥l2).
m=1 m=1

Then,

@) E@,_ N (m) n-1
Re{z +,U(z)}_ C{ZZM"IZ}

Thus, F € €51, 1,/1- r).
(ii) Let £,,(2) = ¢u(2) + ¥m(2) € €, A;7) form = 1,2,..., and let £,, > O with ¥, 1,, = 1. Define

F@ =) tuful@) = ¢() + ().
m=1

By Lemma 2.2, I(f,,) € 2’,‘{( L 2 7). Since £F (1 , A; r) 1s closed under convex combinations,
|
Z tul (fi) € (1, =, A7),
- H
m=1
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As I is a bijection between 2’1‘1(;1, A;r) and Q’;I(l, i, A; r), we conclude

F@ =D tnfu(@) € Ly, ;).

m=1

Therefore, both classes are convex.
This completes the proof of Theorem 3.7. O

4. Conclusions

In this paper, we introduced and investigated a new class €% (u, 1, 4;r) of generalized harmonic
functions associated with the Bazilevi¢ function. We established necessary and sufficient coefficient
conditions, sharp coeflicient bounds, growth estimates, and convex combination properties for this
class. The results extend several classical results from analytic functions to the harmonic setting.
Future work may include investigating extreme points, partial sums, and radius problems for this class.
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