
https://www.aimspress.com/journal/Math

AIMS Mathematics, 11(4): 10518–10532.
DOI:10.3934/math.2026433
Received: 16 February 2026
Revised: 28 March 2026
Accepted: 02 April 2026
Published: 17 April 2026

Research article

On geometric properties of a class of generalized Bazilevič harmonic
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1. Introduction

For the sake of simplicity, we specify the following parameters throughout the article:

µ > 0, η ≥ 0, 0 ≤ λ < 1,

and
k ≥ 1, k ∈ N, |z| = r, r ∈ (0, 1].

Let Hk(a)(k ≥ 1, a ∈ R) be the class of analytic functions p defined on the unit disk D = {z ∈
C : |z| < 1} and have the form

p(z) = a +
∞∑

n=k+1

pnzn. (1.1)

LetAk(k ≥ 1) denote the class of analytic functions ϕ inD = {z ∈ C : |z| < 1} having the expansion

ϕ(z) = z +
∞∑

n=k+1

anzn. (1.2)
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The set of univalent functions inAk is denoted by Sk.
Definition 1.1. (analytic Bazilevič function [1]) A function ϕ(z) ∈ Ak belongs to the class Lk(µ, λ) if it
satisfies the geometric condition

Re
{
ϕ′(z)

(
ϕ(z)

z

)µ−1 }
> λ,

where the powers are taken as principal values and µ > 0, 0 ≤ λ < 1.
It is known that Lk(µ, λ) ⊂ Sk (see [1]). For research results on the class Lk(µ, λ), the reader may

refer to the following works. Singh [2] established fundamental properties of Bazilevič functions.
Deng [3] provided estimates for adjacent coefficients. An overview of univalent function theory,
including Bazilevič-type classes, is given by Thomas et. al [4]. Niu and Li [5] investigated Milin
coefficient estimation for Bazilevič function. Additionally, Marjono et al. [6] computed the fifth and
sixth coefficients for a subclass of Bazilevič functions.

In 1977, Chichra [7] introduced the class G(η; r) for η ≥ 0, consisting of regular functions ϕ(z)
satisfying

Re
{

(1 − η)
ϕ(z)

z
+ ηϕ′(z)

}
> 0,

for |z| < r with 0 < r ≤ 1.
Let ϕ(z) ∈ Ak be given by (1.2). Then, ϕ(z) ∈ Lk(µ, 0) if and only if

z
(
ϕ(z)

z

)µ
∈ G(

1
µ

; r). (1.3)

Definition 1.2. Let ϕ(z) ∈ Ak be given by (1.2). Then, ϕ(z) ∈ L1
k(η, λ) if and only if

Re
{
ϕ(z)

z
+ ηz

(
ϕ(z)

z

)′}
> λ,

where η > 0 and 0 ≤ λ < 1.
It is straightforward to verify that ϕ(z) ∈ Lk(µ, λ) (µ > 0) if and only if

z
(
ϕ(z)

z

)µ
∈ L1

k(
1
µ
, λ),

where the powers are taken as principal values. The function
(
ϕ(z)

z

)µ
can be expressed as(

ϕ(z)
z

)µ
= 1 +

∞∑
n=k+1

γn−1zn−1, (1.4)

where γn−1 := γn−1(ak+1, ak+2, . . . , an; µ) represents a Faber polynomial of degree n−1 (see [8]). Clearly,
for µ = 1, we have γn−1 = an.

The class H consists of all complex-valued harmonic functions f in D that possess a unique
representation f (z) = ϕ(z) + ψ(z), where ϕ and ψ are analytic inD satisfying

ϕ(0) = 0, ϕ′(0) = 1, ψ(0) = 0.
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The subclass SH ⊂ H consists of those functions that are univalent and sense-preserving inD. Such
functions can be expressed in the series form

f (z) = z +
∞∑

n=2

anzn +

∞∑
n=2

bnzn (|b2| < 1).

For k ≥ 1, we define the subclass Hk
0 consisting of harmonic functions whose analytic and co-

analytic parts vanish to order at the origin:

Hk
0 =

{
f = ϕ + ψ ∈ H : ϕ(ν)(0) = ψ(ν)(0) = 0 for 1 ≤ ν ≤ k

}
.

Each f ∈ Hk
0 can be expressed as

f (z) = ϕ(z) + ψ(z) = z +
∞∑

n=k+1

anzn +

∞∑
n=k+1

bnzn, k ≥ 1. (1.5)

As established in [9, 10], a harmonic function f (z) = ϕ(z) + ψ(z) is locally univalent and sense-
preserving inD precisely when |ϕ′(z)| > |ψ′(z)|.

In 2019, Liu and Yang [11] introduced the subclass Gk
H(η; r) ⊂ Hk

0, consisting of functions f = ϕ+ψ
satisfying

Re
(
ϕ(z)

z
+ ηz

(
ϕ(z)

z

)′)
>

∣∣∣∣∣∣ψ(z)
z
+ ηz

(
ψ(z)

z

)′∣∣∣∣∣∣ , |z| < r,

where η ≥ 0, k ≥ 1, r ∈ (0, 1].
For µ > 0 and f = ϕ + ψ as in (1.5), we define

Φ(z) = z
(
ϕ(z)

z

)µ
= z +

∞∑
n=k+1

γn−1zn, Ψ(z) = z
(
ψ(z)

z

)µ
=

∞∑
n=k+1

δn−1zn, (1.6)

where γn−1 and δn−1 are determined via binomial expansion (taking principal values). Clearly, for
µ = 1, we have γn−1 = an and δn−1 = bn.

Inspired by the above, and in conjunction with Definitions 1.1 and 1.2, we will now proceed to
construct a class of generalized Bazilevič harmonic functions.
Definition 1.3. (generalized Bazilevič harmonic functions) A function f = ϕ + ψ ∈ Hk

0 belongs to the
class Lk

H(µ, η, λ; r) if and only if

Re
{
Φ(z)

z
+ ηz

(
Φ(z)

z

)′}
>

∣∣∣∣∣∣Ψ(z)
z
+ ηz

(
Ψ(z)

z

)′∣∣∣∣∣∣ + λ (1.7)

for all z ∈ D with |z| = r, where Φ(z) and Ψ(z) are given by (1.6), and all powers are taken as principal
values.

According to the above definition, we can deduce special cases and relations as follows.
Remark 1.1. Let η = 1

µ
in Definition 1.3. We have f = ϕ + ψ ∈ Lk

H(µ, 1
µ
, λ; r) if and only if

Re

ϕ′(z)
(
ϕ(z)

z

)µ−1
 >

∣∣∣∣∣∣∣ψ′(z)
(
ψ(z)

z

)µ−1
∣∣∣∣∣∣∣ + λ. (1.8)
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Especially, note

L
k
H(µ,

1
µ
, λ; r) := Lk

H(µ, λ; r).

For ψ(z) = 0, we note Lk
H(µ, λ; r) = Lk(µ, λ).

Remark 1.2. Let µ = 1 in Definition 1.3. We have f = ϕ + ψ ∈ Lk
H(1, η, λ; r) if and only if

Re
{
ϕ(z)

z
+ ηz

(
ϕ(z)

z

)′}
>

∣∣∣∣∣∣ψ(z)
z
+ ηz

(
ψ(z)

z

)′∣∣∣∣∣∣ + λ.
For η = 1, Lk

H(1, 1, λ; r) = P0
H(λ), introduced by Li and Ponnusamy [12] in 2013.

For η = 0, Lk
H(1, 0, λ; r) = g0

H(λ), introduced by Li and Ponnusamy [13] in 2016.
For λ = 0, Lk

H(1, η, 0; r) = Gk
H(η; r), introduced by Liu and Yang [11] in 2019.

Especially, for ψ(z) = 0, Lk
H(1, η, λ; r) := Qη(λ), introduced by Ding et al. [14] in 1995, and we note

L
k
H(1,

1
µ
, λ; r) = L1

k(
1
µ
, λ).

2. Preliminary lemmas

In this section, we collect several lemmas that will be used in the proof of our main results.
Lemma 2.1. For f (z) = ϕ(z) + ψ(z), a necessary and sufficient condition for f to be in Hk

0 is that
F(z) = Φ(z) + Ψ(z) ∈ Hk

0, with Φ(z) and Ψ(z) given by (1.6) (taking principal values).

Proof. Hk
0 consists of functions f (z) = ϕ(z) + ψ(z) with expansions

ϕ(z) = z +
∞∑

n=k+1

anzn, ψ(z) =
∞∑

n=k+1

bnzn.

i.e., ϕ(0) = 0, ϕ′(0) = 1, ψ(0) = 0, and ϕ(ν)(0) = ψ(ν)(0) = 0 for 1 ≤ ν ≤ k.
(⇒) If f ∈ Hk

0, then by the binomial series,

(ϕ(z)
z

)µ
= 1 +

∞∑
n=k+1

γn−1zn−1,
(ψ(z)

z

)µ
=

∞∑
n=k+1

δn−1zn−1,

so, Φ(z) = z +
∞∑

n=k+1
γn−1zn and Ψ(z) =

∞∑
n=k+1

δn−1zn. Hence, F ∈ Hk
0.

(⇐) If F ∈ Hk
0, then

ϕ(z)
z
=

(Φ(z)
z

)1/µ
= 1 +

∞∑
n=k+1

αnzn−1,
ψ(z)

z
=

(Ψ(z)
z

)1/µ
=

∞∑
n=k+1

βnzn−1

by the binomial series. Thus, ϕ(z) = z +
∞∑

n=k+1
αnzn and ψ(z) =

∞∑
n=k+1

βnzn, so f ∈ Hk
0. □
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The following lemmas are immediate consequences.
Lemma 2.2. Let f = ϕ + ψ ∈ Hk

0. Then, f ∈ Lk
H(µ, η, λ; r) if and only if F = Φ + Ψ ∈ Lk

H(1, η, λ; r),
where all powers are taken as principal values.
Lemma 2.3. [15] Suppose that χ is convex in D, satisfying χ(0) = a, ν , 0, and Re(ν) ≥ 0. If
φ(z) ∈ Hk(a) and

φ(z) +
1
ν

zφ′(z) ≺ χ(z),

then
φ(z) ≺ ϖ(z) ≺ χ(z),

where

ϖ(z) =
ν

kz
ν
k

∫ z

0
χ(t)t

ν
k−1dt.

Lemma 2.4. [16] A sufficient condition for a harmonic mapping f = ϕ + ψ to be close-to-convex and
univalent inD is that |ψ′(0)| < |ϕ′(0)|, and the analytic function fε(z) = ϕ(z) + εψ(z) is close-to-convex
for every complex number ε (|ε| = 1).

The following coefficient conditions for harmonic mappings are established in [17].
Lemma 2.5. [17] Let f (z) = ϕ(z) + ψ(z) be of the form (1.5).

(i) f (z) is starlike inD if
∑∞

n=k+1 n(|an| + |bn|) ≤ 1;
(ii) f (z) is convex inD if

∑∞
n=k+1 n2(|an| + |bn|) ≤ 1.

Lemma 2.6. [11] If a function p is analytic inD satisfying Reh(z) > 0 inD with the series expansion
p(z) = 1 + pkzk + pk+1zk+1 + · · · , then for all z ∈ D,

Re p(z) ≥
1 − |z|k

1 + |z|k
.

3. Main results

In this section, we present the main results of this paper, including coefficient estimates, growth
estimates, and convex combination properties for the class Lk

H(µ, λ; r).
Theorem 3.1. Let f (z) = ϕ(z)+ψ(z) ∈ Hk

0, and letΦ,Ψ be defined as in (1.6). Then, f (z) ∈ Lk
H(µ, λ; r) if

and only if for every complex number ε (|ε| = 1), the rotated analytic combination Fε(z) = Φ(z)+εΨ(z)
belongs to L1

k( 1
µ
, λ).

Proof. Assume that f ∈ Lk
H(µ, λ; r), by Lemma 2.2, which is equivalent to

F(z) = Φ(z) + Ψ(z) ∈ Lk
H(1,

1
µ
, λ; r).

In turn, we only need to show

Fε(z) = Φ(z) + εΨ(z) ∈ L1
k(

1
µ
, λ),

for every complex number ε(|ε| = 1).
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According to Definitions 1.2 and 1.3, a direct computation confirms that for such ε,

Re
{

Fε(z)
z
+

z
µ

(
Fε(z)

z

)′}
= Re

{(
Φ(z) + εΨ(z)

z

)
+

z
µ

(
Φ(z) + εΨ(z)

z

)′}
> Re

{
Φ(z)

z
+

z
µ

(
Φ(z)

z

)′}
−

∣∣∣∣∣∣Ψ(z)
z
+

z
µ

(
Ψ(z)

z

)′∣∣∣∣∣∣
> λ (z ∈ D).

Thus, Fε(z) ∈ L1
k( 1
µ
, λ).

Conversely, suppose Fε(z) ∈ L1
k( 1
µ
, λ) for each |ε| = 1. Then for any z ∈ D,

Re
{
Φ(z)

z
+

z
µ

(
Φ(z)

z

)′}
> Re

[
−ε

(
Ψ(z)

z
+

z
µ

(
Ψ(z)

z

)′)]
+ λ.

Since ε can be chosen with arbitrary argument, we obtain

Re
{
Φ(z)

z
+

z
µ

(
Φ(z)

z

)′}
>

∣∣∣∣∣∣Ψ(z)
z
+

z
µ

(
Ψ(z)

z

)′∣∣∣∣∣∣ + λ (z ∈ D),

which is exactly the condition for F(z) = Φ(z)+Ψ(z) ∈ Lk
H(1, 1

µ
, λ; r). Applying Lemma 2.2 once more

gives f ∈ Lk
H(µ, λ; r). Therefore, the proof is completed. □

Theorem 3.2. Let f (z) = ϕ(z) + ψ(z) ∈ Lk
H(µ, λ; r). Then,(

ϕ(z)
z

)µ
+ ε

(
ψ(z)

z

)µ
≺ ϖ(z) ≺

1 + (1 − 2λ)z
1 − z

,

where

ϖ(z) =
µ

kz
µ
k

∫ z

0

1 + (1 − 2λ)t
1 − t

t
µ
k−1dt.

Proof. Suppose f (z) = ϕ(z) + ψ(z) ∈ Lk
H(µ, λ; r). By Theorem 3.1, for z ∈ D, it yields

Re
{

Fε(z)
z
+

z
µ

(
Fε(z)

z

)′}
> λ,

where

Fε(z) = z
(
ϕ(z)

z

)µ
+ εz

(
ψ(z)

z

)µ
.

Applying Lemma 2.3, we can deduce the desired subordination, so the proof is completed. □

The following theorem provides a sharp coefficient bound for functions in the class Lk
H(µ, λ; r).

Theorem 3.3. For any f ∈ Lk
H(µ, λ; r), the coefficient δn−1 appearing in (1.6) satisfies

|δn−1| ≤
µ(1 − λ)
µ + (n − 1)

, n ≥ k + 1. (3.1)
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The estimate is sharp, and equality holds exactly for the function

f (z) =
(
zµ + µ(1 − λ)

∫ z

0

tk+µ−1

1 − t
dt

) 1
µ

(3.2)

and its rotations.

Proof. Suppose f ∈ Lk
H(µ, λ; r). By Theorem 3.1, Fε(z) = Φ(z) + εΨ(z) ∈ L1

k( 1
µ
, λ) for all |ε| = 1.

From (1.5), we have

Ψ(z)
z
+

1
µ

z
(
Ψ(z)

z

)′
=

∞∑
n=k+1

(
1 +

n − 1
µ

)
δn−1zn−1. (3.3)

Using Cauchy’s integral formula, we deduce(
1 +

n − 1
µ

)
|δn−1| =

∣∣∣∣∣∣ 1
2πi

∫
|z|=r

(
Ψ(z)

z
+

z
µ

(
Ψ(z)

z

)′) dz
zn

∣∣∣∣∣∣
≤

1
2πrn−1

∫ 2π

0

∣∣∣∣∣∣Ψ(reiθ)
reiθ +

reiθ

µ

(
Ψ(reiθ)

reiθ

)′∣∣∣∣∣∣ dθ.
Since f ∈ Lk

H(µ, λ; r), we have

Re
{
Φ(z)

z
+

z
µ

(
Φ(z)

z

)′}
>

∣∣∣∣∣∣Ψ(z)
z
+

z
µ

(
Ψ(z)

z

)′∣∣∣∣∣∣ + λ, z ∈ D.

For z = reiθ, ∣∣∣∣∣∣Ψ(reiθ)
reiθ +

reiθ

µ

(
Ψ(reiθ)

reiθ

)′∣∣∣∣∣∣ < Re
{
Φ(reiθ)

reiθ +
reiθ

µ

(
Φ(reiθ)

reiθ

)′}
− λ.

Integrating over θ ∈ [0, 2π] and using the fact that

1
2π

∫ 2π

0
Re

{
Φ(reiθ)

reiθ +
reiθ

µ

(
Φ(reiθ)

reiθ

)′}
dθ = 1,

we get
(µ + n − 1)

µ
|δn−1| ≤ (1 − λ)r1−n.

Since this inequality holds for every r ∈ (0, 1), we may let r → 1−. Taking the limit yields

(µ + n − 1)
µ

|δn−1| ≤ 1 − λ.

Consequently,

|δn−1| ≤
µ(1 − λ)
n + µ − 1

.
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Thus, the desired coefficient estimate for f ∈ Lk
H(µ, λ; r) is established. Equality holds when the

coefficients satisfy

|δn−1( f )| := |δn−1(bk+1, bk+2, . . . , bn; µ)( f )| =
µ(1 − λ)
n + µ − 1

.

Let (
f (z)
z

)µ
= 1 +

∞∑
n=k+1

µ(1 − λ)
n + µ − 1

zn−1.

After computation, it is not difficult to obtain the extremal function in (3.2). This completes the
proof. □

Theorem 3.4. For f (z) ∈ Lk
H(µ, λ; r), the coefficients defined in (1.6) obey

(i) |γn−1| + |δn−1| ≤
2µ(1 − λ)
n + µ − 1

;

(ii) |γn−1| − |δn−1| ≤
2µ(1 − λ)
n + µ − 1

;

(iii) |γn−1| ≤
2µ(1 − λ)
n + µ − 1

.

The bounds are sharp, and equalities occur precisely for the function

f (z) =
(
zµ + 2µ(1 − λ)

∫ z

0

tk+µ−1

1 − t
dt

) 1
µ

, (3.4)

and its rotations.

Proof. Since f ∈ Lk
H(µ, λ; r), by Theorem 3.1, for all |ε| = 1,

Re
{

Fε(z)
z
+

z
µ

(
Fε(z)

z

)′}
> λ (z ∈ D),

that is,
Fε(z)

z
+

z
µ

(
Fε(z)

z

)′
≺

1 + (1 − 2λ)z
1 − z

. (3.5)

Thus, an analytic function p(z) = 1 +
∑∞

n=k+1 pn−1zn−1 can be constructed with |pn−1| ≤ 2(1 − λ) for
n ≥ k + 1, satisfying

Fε(z)
z
+

z
µ

(
Fε(z)

z

)′
= p(z). (3.6)

Comparing coefficients in (3.6) yields

γn−1 + εδn−1 =
µ

n + µ − 1
pn−1, n ≥ k + 1.

Take the absolute values and use the triangle inequalities

|γn−1| + |δn−1| ≤
µ

n + µ − 1
|pn−1| ≤

2µ(1 − λ)
n + µ − 1

,

|γn−1| − |δn−1| ≤
µ

n + µ − 1
|pn−1| ≤

2µ(1 − λ)
n + µ − 1

.

Therefore, from the above two inequalities, we can easily derive inequality (iii). This completes the
proof. □
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Especially, in Theorem 3.4, for µ = 1 and k = 1, we obtain the following results.
Corollary 3.1. Let f (z) of the form (1.5) be in L1

H(1, λ; r). Then,
(i) |γn| + |δn| ≤

2(1−λ)
n ;

(ii) |γn| − |δn| ≤
2(1−λ)

n ;
(iii) |γn| ≤

2(1−λ)
n .

The bounds are sharp, and equalities occur precisely for the function

f (z) = z − 2(1 − λ)(z + log(1 − z))

and its rotations.
Growth estimates for the class Lk

H(µ, λ; r) are established in the next theorem.
Theorem 3.5. Let f (z) = ϕ(z) + ψ(z) ∈ Lk

H(µ, λ; r), and let F(z) = Φ(z) + Ψ(z) be given by (1.6). Then
for z ∈ D,

|z| − 2µ(1 − λ)|z|1−µ
∫ |z|

0

ςk+µ−1

1 + ςk dς ≤ |F(z)| ≤ |z| + 2µ(1 − λ)|z|1−µ
∫ |z|

0

ςk+µ−1

1 − ςk dς. (3.7)

The bounds are sharp, and equalities occur precisely for the function

F(z) = z + 2µ(1 − λ)z1−µ
∫ z

0

ςk+µ−1

1 + ςk dς

and its rotations.

Proof. Let f ∈ Lk
H(µ, λ; r). By Theorem 3.1, for every ε(|ε| = 1), we have Fε(z) = Φ(z) + εΨ(z) ∈

L1
k( 1
µ
, λ)(|ε| = 1), which means

Re
{

Fε(z)
z
+

z
µ

(
Fε(z)

z

)′}
> λ (z ∈ D).

Suppose that
Fε(z)

z
+

z
µ

(
Fε(z)

z

)′
= (1 − λ)p(z) + λ,

where p is analytic in D, satisfies Rep(z) > 0, p(0) = 1, and p( j)(0) = 0 for 1 ≤ j ≤ k − 1. From the
representation, such a function p can be expressed in terms of a Schwarz function ν in D satisfying
|ν(z)| < 1 and ν( j)(0) = 0 for j = 0, 1, . . . , k − 1. Specifically,

p(z) =
1 + (1 − 2λ)ν(z)

1 − ν(z)
.

Thus,
Fε(z)

z
+

z
µ

(
Fε(z)

z

)′
=

1 + (1 − 2λ)ν(z)
1 − ν(z)

.

This implies that

(1 −
1
µ

)
Fε(z)

z
+

1
µ

F′ε(z) =
1 + (1 − 2λ)ν(z)

1 − ν(z)
.
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Multiplying by zµ−1 yields

(1 −
1
µ

)zµ−2Fε(z) +
1
µ

zµ−1F′ε(z) = zµ−1 1 + (1 − 2λ)ν(z)
1 − ν(z)

,

that is, (
1
µ

zµ−1Fε(z)
)′
= zµ−1 1 + (1 − 2λ)ν(z)

1 − ν(z)
.

By integrating both sides above, it is straightforward to obtain

1
µ

zµ−1Fε(z) =
∫ z

0
ζµ−1 1 + (1 − 2λ)ν(ζ)

1 − ν(ζ)
dζ.

Taking moduli and applying the elementary bounds∣∣∣∣∣1 + (1 − 2λ)t
1 − t

∣∣∣∣∣ ≤ 1 + (1 − 2λ)|t|
1 − |t|

and Re
1 + (1 − 2λ)t

1 − t
≥

1 − (1 − 2λ)|t|
1 + |t|

,

the latter via Lemma 2.6 together with the vanishing derivative conditions on ν, we arrive at

∣∣∣zµ−1Fε(z)
∣∣∣ = ∣∣∣∣∣∣µ

∫ |z|

0

1 + (1 − 2λ)ν(teiθ)
1 − ν(teiθ)

(
teiθ

)µ−1
eiθdt

∣∣∣∣∣∣
≤ µ

∫ |z|

0

1 + (1 − 2λ)tk

1 − tk tµ−1dt

= |z|µ + 2µ(1 − λ)
∞∑
j=1

1
jk + µ

|z| jk+µ

= |z|µ + 2µ(1 − λ)
∫ |z|

0

ςk+µ−1

1 − ςk dς,

and consequently,

|Fε(z)| ≤ |z| + 2µ(1 − λ)|z|1−µ
∫ |z|

0

ςk+µ−1

1 − ςk dς.

In the same way, using the lower bound on the real part,

∣∣∣zµ−1Fε(z)
∣∣∣ = ∣∣∣∣∣∣µ

∫ |z|

0

1 + (1 − 2λ)ν(teiθ)
1 − ν(teiθ)

(
teiθ

)µ−1
eiθdt

∣∣∣∣∣∣
≥ µ

∫ |z|

0
Re

1 + (1 − 2λ)ν(teiθ)
1 − ν(teiθ)

tµ−1dt

≥ µ

∫ |z|

0

1 − (1 − 2λ)tk

1 + tk tµ−1dt

= |z|µ + 2µ(1 − λ)
∞∑
j=1

(−1) j

jk + µ
|z| jk+µ

= |z|µ − 2µ(1 − λ)
∫ |z|

0

ςk+µ−1

1 + ςk dς,
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hence

|Fε(z)| ≥ |z| − 2µ(1 − λ)|z|1−µ
∫ |z|

0

ςk+µ−1

1 + ςk dς.

Because ε is arbitrary, these estimates hold for F(z) = Φ(z) + Ψ(z) as well. Therefore, for every
µ > 0,

|z| − 2µ(1 − λ)|z|1−µ
∫ |z|

0

ςk+µ−1

1 + ςk dς ≤ |F(z)| ≤ |z| + 2µ(1 − λ)|z|1−µ
∫ |z|

0

ςk+µ−1

1 − ςk dς.

Sharpness is demonstrated by the extremal function

F(z) = z + 2µ(1 − λ)z1−µ
∫ z

0

ςk+µ−1

1 + ςk dς

and its rotations. This completes the proof. □

Theorem 3.6. Let f (z) = ϕ(z)+ψ(z) ∈ Hk
0, and let F(z) = Φ(z)+Ψ(z) be given by (1.6). Let 0 < µ ≤ 1,

and denote
ϑn =

µ + (n − 1)
µ

, n ≥ k + 1. (3.8)

If
∞∑

n=k+1

ϑn(|γn−1| + |δn−1|) ≤ 1 − λ, (3.9)

then
(i) F is harmonic univalent and sense-preserving in D with F ∈ Lk

H(1, 1
µ
, λ; r). Moreover, F is

close-to-convex inD.
(ii) f is harmonic univalent and sense-preserving in D with f ∈ Lk

H(µ, λ; r). Moreover, f is close-
to-convex inD.

Proof. (i) For 0 < |z1| ≤ |z2| < 1, we get

|F(z1) − F(z2)| ≥ |Φ(z1) − Φ(z2)| − |Ψ(z1) − Ψ(z2)|

> |z1 − z2|

1 − ∞∑
n=k+1

n(|γn−1| + |δn−1|)


≥ |z1 − z2|

1 − ∞∑
n=k+1

ϑn(|γn−1| + |δn−1|)


≥ 0.

Note that ϑn ≥ n for µ ≤ 1. Therefore, F(z) is univalent inD.
In addition, F(z) is sense-preserving inD because

|Φ′(z)| ≥ 1 −
∞∑

n=k+1

n|γn−1||z|n−1

> 1 −
∞∑

n=k+1

ϑn|γn−1|
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≥

∞∑
n=k+1

ϑn|δn−1|

>

∞∑
n=k+1

n|δn−1||z|n−1

≥ |Ψ′(z)|.

Next, we prove that F(z) ∈ Lk
H(1, 1

µ
, λ; r). According to (3.9), we get

Re
{
ϕ(z)

z
+

z
µ

(
ϕ(z)

z

)′ }
= 1 + Re

{ ∞∑
n=k+1

n − 1 + µ
µ

γn−1zn−1
}

≥ 1 −
∣∣∣∣∣ ∞∑

n=k+1

n − 1 + µ
µ

γn−1zn−1
∣∣∣∣∣

>

∣∣∣∣∣ ∞∑
n=k+1

n − 1 + µ
µ

δn−1zn−1
∣∣∣∣∣ + λ

=

∣∣∣∣∣ψ(z)
z
+

z
µ

(
ψ(z)

z

)′ ∣∣∣∣∣ + λ.
Thus, we obtain F ∈ Lk

H(1, 1
µ
, λ; r).

To establish that F(z) = Φ(z)+Ψ(z) is close-to-convex, Lemma 2.4 reduces the problem to showing
that Fε = Φ(z)+εΨ(z) is close-to-convex for every |ε| = 1. This follows if we can verify |F′ε(z)−1| < 1
for z ∈ D:

∣∣∣F′ε − 1
∣∣∣ = ∣∣∣∣∣∣∣

∞∑
n=k+1

n(γn−1 + εδn−1)zn−1

∣∣∣∣∣∣∣ <
∞∑

n=k+1

n(|γn−1| + |δn−1|) ≤
∞∑

n=k+1

ϑn(|γn−1| + |δn−1|) ≤ 1.

This leads to the conclusion that F(z) = Φ(z) + Ψ(z) is close-to-convex inD.
(ii) For f (z) = ϕ(z) + ψ(z) ∈ Lk

H(µ, λ; r), we define an operator I by

I( f ) = z
(
ϕ(z)

z

)µ
+ z

(
ψ(z)

z

)µ
= Φ(z) + Ψ(z),

where all powers are taken as principal values. Clearly, the operator I is a one-to-one mapping from
Lk

H(µ, λ; r) to Lk
H(1, 1

µ
, λ; r).

Indeed, take any two distinct functions f1(z), f2(z) ∈ Lk
H(µ, λ; r) with f1(z) , f2(z) for z ∈ D. Then,

F1(z) = I( f1)(z) = Φ1(z) + Ψ1(z) ∈ Lk
H(1,

1
µ
, λ; r),

F2(z) = I( f2)(z) = Φ2(z) + Ψ2(z) ∈ Lk
H(1,

1
µ
, λ; r),

and, because the principal value mapping is injective, we have F1(z) , F2(z).
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Furthermore, if f (z) = ϕ(z) + ψ(z) is close-to-convex in D, then I( f (z)) = Φ(z) + Ψ(z) is close-to-
convex inD.

Combining this observation with Lemma 2.1, we see that f (z) = ϕ(z)+ψ(z) is close-to-convex inD
if and only if F(z) = Φ(z)+Ψ(z) is close-to-convex inD. Hence, conclusion (ii) holds. This completes
the proof of Theorem 3.6. □

Theorem 3.7. The classes Lk
H(1, 1

µ
, λ; r) and Lk

H(µ, λ; r) are closed under convex combinations.

Proof. (i) Let Fm(z) = Φm(z) + Ψm(z) ∈ Lk
H(1, 1

µ
, λ; r) for m = 1, 2, · · · , where

Φm(z) = z +
∞∑

n=k+1

γ(m)
n−1zn, Ψm(z) =

∞∑
n=k+1

δ(m)
n−1zn.

Let tm ≥ 0 satisfy
∑∞

m=1 tm = 1. Define the convex combination

F(z) =
∞∑

m=1

tmFm(z) = Φ(z) + Ψ(z),

where

Φ(z) =
∞∑

m=1

tmΦm(z), Ψ(z) =
∞∑

m=1

tmΨm(z).

Then,

Re
{
Φ(z)

z
+

z
µ

(
Φ(z)

z

)′}
= 1 + Re

 ∞∑
m=1

∞∑
n=k+1

tmγ
(m)
n−1zn−1


≥ 1 −

∞∑
m=1

∞∑
n=k+1

tm|γ
(m)
n−1|

≥

∞∑
m=1

∞∑
n=k+1

tm|δ
(m)
n−1| + λ

≥

∣∣∣∣∣∣∣
∞∑

m=1

∞∑
n=k+1

tmδ
(m)
n−1zn−1

∣∣∣∣∣∣∣ + λ
=

∣∣∣∣∣∣Ψ(z)
z
+

z
µ

(
Ψ(z)

z

)′∣∣∣∣∣∣ + λ.
Thus, F ∈ Lk

H(1, 1
µ
, λ; r).

(ii) Let fm(z) = ϕm(z)+ψm(z) ∈ Lk
H(µ, λ; r) for m = 1, 2, . . . , and let tm ≥ 0 with

∑∞
m=1 tm = 1. Define

f (z) =
∞∑

m=1

tm fm(z) = ϕ(z) + ψ(z).

By Lemma 2.2, I( fm) ∈ Lk
H(1, 1

µ
, λ; r). Since Lk

H(1, 1
µ
, λ; r) is closed under convex combinations,

∞∑
m=1

tmI( fm) ∈ Lk
H(1,

1
µ
, λ; r).
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As I is a bijection between Lk
H(µ, λ; r) and Lk

H(1, 1
µ
, λ; r), we conclude

f (z) =
∞∑

m=1

tm fm(z) ∈ Lk
H(µ, λ; r).

Therefore, both classes are convex.
This completes the proof of Theorem 3.7. □

4. Conclusions

In this paper, we introduced and investigated a new class Lk
H(µ, η, λ; r) of generalized harmonic

functions associated with the Bazilevič function. We established necessary and sufficient coefficient
conditions, sharp coefficient bounds, growth estimates, and convex combination properties for this
class. The results extend several classical results from analytic functions to the harmonic setting.
Future work may include investigating extreme points, partial sums, and radius problems for this class.
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