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Abstract: This paper investigates the dynamics of high-order Hopfield neural networks incorporating
fractional-order derivatives, stochastic disturbances, and time-varying delays. To address the more
realistic scenario of discontinuous or weakly regular time-varying parameters, the analysis is conducted
within the framework of Stepanov almost-periodicity. First, sufficient criteria for the existence and
uniqueness of a Stepanov almost periodic solution in distribution for the considered network are
established using Banach’s fixed point theorem and inequality techniques. Subsequently, by treating
the studied network as a drive system, a corresponding response system is constructed. Effective
control strategies are designed to achieve finite-time synchronization between these two systems.
Finally, a numerical example is provided to illustrate the validity of the theoretical results. This
study offers new theoretical insights for analyzing almost periodic oscillations in complex fractional-
order stochastic systems with delays and has potential applications in fields requiring precise temporal
coordination, such as secure communication and cooperative control.
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1. Introduction

The study of neural network dynamics, serving as the theoretical core connecting model
architecture with functional realization, has evolved from traditional integer-order ordinary
differential equation frameworks toward more complex and physically realistic directions. The
introduction of fractional-order calculus marks a critical advancement in this field [1–3]. Through
nonlocal memory kernel functions, it endows neural network models with inherent advantages in
characterizing phenomena such as long-range dependence, hereditary properties, and anomalous
diffusion [4–6]. This provides a more precise mathematical language for describing non-Markovian

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026432


10479

processes and complex spatiotemporal dynamics in biological neural systems, while significantly
enhancing modeling capabilities in fields such as system control and signal processing. Investigating
neural networks as dynamic systems aims to transcend static parameter analysis and delve into the
mechanisms underlying their internal state evolution, stability, bifurcations, and other nonlinear
behaviors. This not only provides theoretical foundations for optimizing algorithm design and
interpreting training dynamics but also deepens our understanding of the computational principles
underlying biological intelligence.

However, a gap between theory and practice is reflected in the discrepancies between the
operational environments of real neural networks and idealized models. Time delays represent an
inherent physical constraint [7, 8], whether in the chemical processes of biological synaptic
transmission or signal propagation in hardware circuits [9–11]. Simultaneously, inherent random
disturbances from both internal and external environments (e.g., thermal noise, channel interference)
are ubiquitous. These two non–ideal factors are not merely minor perturbations; they can
fundamentally reshape a system’s dynamics [12–14], inducing oscillations, altering stability patterns,
or triggering stochastic resonance [15–17]. Consequently, studies of neural network dynamics that
neglect time delays and stochasticity often yield conclusions that deviate from real-world behavior.
This necessitates an investigation of the true dynamics of neural networks within a complex
framework that couples fractional-order derivatives, stochastic disturbances, and time delays [18, 19].

Furthermore, when neural network parameters, such as connection weights or external inputs, vary
with time–articularly exhibiting periodic [20] or nearly periodic fluctuations–the study of their
dynamics naturally focuses on the existence and stability of periodic and almost periodic
solutions [21–23]; in this regard, the same holds true for ecological systems [24, 25]. Such solutions
characterize the system’s ability to dynamically adapt to and lock onto externally imposed regular or
quasi-regular time-varying environments, which is crucial for understanding biological rhythms and
designing adaptive information processing systems. Among these, almost periodic solutions,
particularly the more generalized Stepanov-type almost periodic solutions, provide powerful
analytical tools for handling discontinuous or weakly regular time-varying parameters. Recently, Huo
and Li [4] investigated the S p almost periodic dynamics of deterministic fractional-order neural
networks, while others [26–28] studied the S p almost periodic dynamics of integer-order stochastic
neural networks. However, to date, research on the Stepanov almost periodic dynamics of neural
networks that simultaneously incorporate fractional-order derivatives, stochastic disturbances, and
time-varying delays remains largely unexplored and urgently requires in-depth investigation.

Regarding model selection, high-order Hopfield neural networks [29–31], owing to their richer
interconnection structures and stronger function approximation capabilities, demonstrate superior
performance compared with traditional first-order models in domains such as associative memory,
optimization computation, image encryption, and data security, as well as in protecting sensitive
image data in scenarios like the internet of vehicles and telemedicine [32, 33]. Analyzing their
complex dynamics thus holds significant application value [34–36]. Given the above mentioned
considerations, this paper aims to investigate a class of high-order Hopfield neural networks that
simultaneously incorporate time-varying delays, stochastic disturbances, and fractional-order
derivatives as follows:

c
t0 Dα

t xi(t) = − aixi(t) +
n∑

j=1

ai j(t) f j(x j(t − τi j(t))) +
n∑

j=1

n∑
k=1

bi jk(t)g j(x j(t − σi jk(t)))
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× gk(xk(t − νi jk(t))) + Ii(t) +
n∑

j=1

δi j(x j(t − γi j(t)))
dω j(t)

dt
, t > t0, (1.1)

where α ∈ (1
2 , 1), i = 1, 2, · · · , n, where n denotes the number of units in the network; xi(t) is the state of

the ith unit at time t; ai > 0 is the self feedback connection weight; ai j(t) and bi jk(t) are the connection
weights of the network; τi j(t) ≥ 0, σi jk(t) ≥ 0, νi jk(t) ≥ 0, γi j(t) ≥ 0 are the transmission delays at
time t; Ii(t) represents the external inputs at time t; f j, g j : R → R are the activation functions of
signal transmission; δi j : R → R is a Borel measurable function; and ω(t) = (ω1(t), ω2(t), · · · , ωn(t))T

indicates the n-dimensional two-sided Brownian motion defined on a complete probability space.
Let (Ω,F , {Ft}t∈R, P) be a complete probability space with a natural filtration {Ft}t∈R satisfying the

usual conditions. Let BCF0([t0 − ρ, t0],Rn) denote the collection of all bounded, F0-measurable, and
C([t0 − ρ, t0],Rn)-valued random variables.

The initial condition of the system (1.1) is given by

xi(s) = ψi(s), s ∈ [t0 − ρ, t0], (1.2)

where i = 1, 2, . . . , n, ψi ∈ BCF0([t0 − ρ, t0],Rn), and

ρ = max
1≤i, j,k≤n

{
sup
t∈R
{τi j(t)}, sup

t∈R
{σi jk(t)}, sup

t∈R
{νi jk(t)}, sup

t∈R
{γi j(t)}

}
.

The specific research contents are as follows. First, within the more general framework of
Stepanov almost-periodicity, sufficient criteria for the existence and uniqueness of almost periodic
solutions for this network will be established. Second, treating the studied network as a drive system,
a corresponding response system will be constructed, and effective control strategies will be designed
to achieve finite-time synchronization between the two systems. This study is expected to provide,
theoretically, new ideas and methods for the analysis of almost periodic oscillations in complex
time-varying fractional-order stochastic systems. In application, it aims to offer a theoretical basis for
problems requiring strict time constraints, such as neural computing, secure communication, and
multi-agent cooperative control.

The arrangement of the remaining sections of this paper is as follows: In Section 2, we review
some related concepts, introduce several fundamental lemmas that will be used in the proofs of the
main results, and state the basic assumptions of this paper. In Section 3, we establish the existence
and uniqueness of a Stepanov almost periodic solution in the distribution sense for the system (1.1)
by employing Banach’s fixed point theorem and inequality techniques. In Section 4, we construct
a corresponding response system with System (1.1) as the drive system to investigate the finite-time
synchronization problem. In Section 5, we provide a numerical example to illustrate the effectiveness
of the theoretical results presented in this paper. In Section 6, we offer a brief conclusion.

2. Preliminaries

Let Γ be the classical gamma function defined by

Γ(α) =
∫ ∞

0
tα−1e−t dt,

where α > 0.
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Definition 2.1. [37] The Mittag–Leffler function with two parameters is defined as

Eα,β(z) =
+∞∑
k=0

zk

Γ(kα + β)
,

where α > 0, β > 0, and z ∈ C. When β = 1, we have Eα,β(z) = Eα(z); furthermore, E1,1(z) = ez.

Definition 2.2. [37] The fractional integral of order α for a function f ∈ L1([a, b],R) is defined as

Iαa+ f (t) =
1
Γ(α)

∫ t

a
(t − s)α−1 f (s) ds, t ∈ [a, b],

where α > 0, and a and b may take −∞ and +∞ as their values.

Definition 2.3. [37] The Caputo derivative of order α for a function f ∈ Cn−1([a, b],R) with f (n) ∈

L1([a, b],R) is defined by

CDα
a+ f (t) =

1
Γ(n − α)

∫ t

a

f (n)(s)
(t − s)α+1−n ds, t ∈ [a, b],

where n is a natural number such that n − 1 < α < n, and a, b may take −∞ or +∞ as their values.

Let (Y, ∥.∥Y) be a separable Banach space. For a random variable X : (Ω,F , P) → Y, we use
µ(X) = P ◦ X−1 to denote its law and EX as its expectation. Let Lp(Ω,Y) be the space of all Y-valued
random variables X such that E∥X∥pY =

∫
Ω
∥X∥pYdP < ∞. Let C(R,Y) be the set of continuous functions

from R to Y. We use L∞(R,Y) to denote the set of all functions f : R → Y which are measurable
and essentially bounded. The space L∞(R,Y) is a Banach space when it is endowed with the norm
∥ f ∥L∞ := ess supt∈R ∥ f (t)∥Y.

Definition 2.4. [38] A function f ∈ C(R,Y) is called almost periodic if, for every ε > 0, a positive
number l = l(ε) exists such that in every interval of length l, there is a τ satisfying

∥ f (t + τ) − f (t)∥Y < ε for all t ∈ R.

The space of all such functions is denoted AP(R,Y).

For 1 < p < ∞, we use Lp
loc(R,Y) to denote the space of all functions from R to Y which are locally

p-integrable. For g ∈ Lp
loc(R,Y), we consider the following Stepanov norm:

∥g∥S p = sup
t∈R

( ∫ t+1

t
∥g(s)∥pYds

) 1
p

.

Definition 2.5. [39] A function g ∈ Lp
loc(R,Y) is called p-th Stepanov almost periodic if, for any

ε > 0, l > 0 exists such that every interval of length l has a number τ such that

∥g(· + τ) − g(·)∥S p < ε.

The space of all such functions is denoted S pAP(R,Y).

Remark 2.1. From Definitions 2.4 and 2.5, one can easily see that AP(R,Y) ⊂ S pAP(R,Y).
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Definition 2.6. [27] A stochastic process X ∈ Lp
loc(R,L

p(Ω,Y)) is called S p-bounded if

∥X∥S p
s

:= sup
t∈R

( ∫ t+1

t
E∥X(s)∥pY ds

) 1
p

< ∞ for all t ∈ R.

The space of all such stochastic processes will be denoted BS p
s (R,Lp(Ω,Y)).

Definition 2.7. [27] A stochastic process X ∈ Lp
loc(R,L

p(Ω,Y)) is said to be S p-continuous if, for
every h ∈ R

lim
h→0

sup
a∈R

∫ a+1

a
E∥X(t + h) − X(t)∥pYdt = 0.

Definition 2.8. [27] A stochastic process Z ∈ Lp
loc(R,L

p(Ω,Y)) is said to be p-th mean Stepanov
almost periodic if for every ε > 0, there is a positive number l > 0 such that every interval of length l
contains a number τ such that

∥Z(· + τ) − Z(·)∥S p
s
< ε.

Let (E, d) be a separable and complete metric space. We useP(E) to denote the set of all probability
measures defined on the σ-algebra of the Borel sets of E. Let BC(E) be the space of all bounded and
continuous functions f : E → R with ∥ f ∥∞ := supx∈E | f (x)| < ∞.

For any f ∈ BC(E) and µ, ν ∈ P(E), define

∥ f ∥L = sup
a,b

| f (a) − f (b)|
d(a, b)

, ∥ f ∥BL = max{∥ f ∥∞, ∥ f ∥L}, dBL(µ, ν) = sup
∥ f ∥BL≤1

∣∣∣∣∣ ∫
E

f d(µ − ν)
∣∣∣∣∣.

Then, the space (P(E), dBL) is a separable, complete metric space.

Definition 2.9. [27] A stochastic process Z : R → Lp(Ω,Y) is called p-th Stepanov almost periodic
in the distribution sense if, for every ε > 0, a positive number l exists such that every interval of length
l contains a number τ such that

sup
a∈R

( ∫ a+1

a
dp

BL
(
P ◦ [Z(t + τ)]−1, P ◦ [Z(t)]−1) dt

) 1
p

< ε.

Lemma 2.1. [39] Each function f ∈ S pAP(R,Y) is continuous with respect to the Stepanov norm.

Lemma 2.2. [40](Burkholder–Davis–Gundy inequality) Let f ∈ L2([t0,T ],R), p > 2, and let ω(t) be
a Brownian motion. Then

E
[

sup
t∈[t0,T ]

∣∣∣∣∣ ∫ t

t0
f (s) dω(s)

∣∣∣∣∣p] ≤ CpE
[ ∫ T

t0
| f (s)|2 ds

]p/2
,

where the optimal constant is given by Cp =

(
pp+1

2(p−1)p−1

)p/2
.

Lemma 2.3. [41] Let u, v be two non-negative integrable functions defined on the interval [a, b],
where v(t) is a nondecreasing function. Assume that ψ ∈ C1[a, b] is an increasing function such that
ψ′(t) , 0 for all t ∈ [a, b]. If

u(t) ≤ v(t) +
2∑

i=1

gi(t)
∫ t

a
ψ′(τ)(ψ(t) − ψ(τ))ρi−1u(τ)dτ,
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where the functions g1 and g2 are the bounded and monotonic functions on [a, b], and the constants
ρi > 0 (i = 1, 2). Then, the following holds:

u(t) ≤ v(t)
[
Eρ1 (g1(t)Γ(ρ1)(ψ(t) − ψ(a))ρ1) + Eρ2 (g2(t)Γ(ρ2)(ψ(t) − ψ(a))ρ2) − 1

]
.

For convenience, we use the following notations:

a+i j = ess sup
t∈R
{|ai j(t)|}, b+i jk = ess sup

t∈R
{|bi jk(t)|}, c+i j = ess sup

t∈R
{|ci j(t)|}, τ+i j = sup

t∈R
{τi j(t)},

σ+i jk = sup
t∈R
{σi jk(t)}, ν+i jk = sup

t∈R
{νi jk(t)}, γ+i j = sup

t∈R
{γi j(t)}, τ̇+i j = sup

t∈R
{|τ̇i j(t)|},

σ̇+i jk = sup
t∈R
{|σ̇i jk(t)|}, ν̇+i jk = sup

t∈R
{|ν̇i jk(t)|}, γ̇+i j = sup

t∈R
{|γ̇i j(t)|}.

To obtain the main results of this paper, we need the following assumptions:

(H1) For i, j, k = 1, 2, · · · , n, τi j, σi jk, νi jk, γi j ∈ AP(R,R+) ∩ C1(R,R) satisfying 1 − τ̇+i j > 0, 1 − σ̇+i jk >

0, 1 − ν̇+i jk > 0, 1 − γ̇+i j > 0; ai j, bi jk ∈ L
p
loc(R,R) ∩ L∞(R,R), and Ii ∈ L

p
loc(R,R) are p-th Stepanov

almost periodic.
(H2) For i, j = 1, 2, · · · , n, f j, g j, δi j ∈ C(R,R) satisfying the Lipschitz condition, that is, the constants

L f
j , L

g
j , L

δ
i j,M

f
j ,M

g
j > 0 exist such that for all x, y ∈ R,

| f j(x) − f j(y)| ≤ L f
j |x − y|, |g j(x) − g j(y)| ≤ Lg

j |x − y|,

|δi j(x) − δi j(y)| ≤ Lδi j|x − y|, | f j(x)| ≤ M f
j , |g j(x)| ≤ Mg

j .

Furthermore, f j(0) = g j(0) = δi j(0) = 0.
(H3) For p > 2, 1

p +
1
q = 1, we have

π1 :=11p−1 max
1≤i≤n

{ 1
ap

i

[( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

+

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]

×

( n∑
j=1

(Mg
j )

q
) p

q 1
1 − σ̇+i jk

+

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p

×
1

1 − ν̇+i jk

]
+Cpn

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2 1

1 − γ̇+i j

}
< 1,

and for p = q = 2, we have

π2 :=11 max
1≤i≤n

{ 1
a2

i

[ n∑
j=1

(a+i j)
2

n∑
j=1

(L f
j )

2 1
1 − τ̇+i j

+

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Lg
j)

2
) n∑

j=1

(Mg
j )

2

×
1

1 − σ̇+i jk

+

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Mg
j )

2
) n∑

j=1

(Lg
j)

2 1
1 − ν̇+i jk

]
+

n∑
j=1

(Lδi j)
2 1
1 − γ̇+i j

nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

}
< 1.
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3. Stepanov almost periodic solution in the distribution sense

In this section, we use Banach’s fixed point theorem and inequality techniques to establish the
existence and uniqueness of a Stepanov almost periodic solution in the distribution sense for
system (1.1), and prove that the solution is synchronized in finite time.

Definition 3.1. An Ft-progressively measurable stochastic process x(t) is called a mild solution of
System (1.1) if x(t) satisfies the following stochastic integral equation:

xi(t) =Ui(t − t0)x0 +

∫ t

t0
(t − s)α−1φi(t − s)[Θi(s, x) + Ii(s)]ds

+

∫ t

t0
(t − s)α−1φi(t − s)

n∑
j=1

δi j(x j(s − γi j(s)))dω j(s), t > t0, i = 1, 2, · · · , n,
(3.1)

where

Θi(s, x) =
n∑

j=1

ai j(s) f j(x j(s − τi j(s))) +
n∑

j=1

n∑
k=1

bi jk(s)g j(x j(s − σi jk(s)))gk(xk(s − νi jk(s))),

xi(t0) = ψi(t0) = x0, ϱα(r) =
1
α

r−1− 1
αϑα(r

−1
α ),Ui(t) =

∫ +∞

0
ϱα(r)e−aitαrdr,

φi(t) = α
∫ +∞

0
rϱα(r)e−aitαrdr, ϑα(r) =

1
π

∞∑
n=1

(−1)n−1r−nα−1Γ(nα + 1)
n!

sin(nπα), r ∈ (0,+∞).

By [42], we have

ϱα(r) ≥ 0, r ∈ (0,+∞),
∫ +∞

0
ϱα(r)dr = 1,

∫ +∞

0
rϱα(r)dr =

1
Γ(α + 1)

,∫ +∞

0
rηϱα(r)dr =

Γ(1 + η)
Γ(1 + αη)

, η ∈ [0, 1].

Letting t0 → −∞, from (3.1), we obtain

xi(t) =
∫ t

−∞

(t − s)α−1φi(t − s)[Θi(s, x) + Ii(s)]ds

+

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(x j(s − γi j(s)))dω j(s), (3.2)

which is also a solution of System (1.1).
Let w = t − s. Invoking Lemma 2.2 in [43], we get∫ t

−∞

(t − s)α−1φi(t − s) ds =
∫ +∞

0
wα−1φi(w) dw =

1
ai
, i = 1, 2, . . . , n.

For x = (x1, x2, . . . , xn) ∈ Rn, we write ∥x∥0 = max1≤i≤n{|xi|}. Let X be the space of all S p-bounded
and S p-continuous functions from R to Lp(Ω,Rn). For ϕ ∈ X, we define
∥ϕ∥X = supa∈R

( ∫ a+1

a
E∥ϕ(t)∥p0dt

) 1
p . Then the space (X, ∥ · ∥X) is a Banach space.

AIMS Mathematics Volume 11, Issue 4, 10478–10517.
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Set ϕ0(t) = (ϕ0
1(t), ϕ0

2(t), . . . , ϕ0
n(t))T , where ϕ0

i (t) =
∫ t

−∞
(t− s)α−1φi(t− s)Ii(s) ds, t ∈ R, i = 1, 2, . . . , n,

and then ϕ0 is well defined. Indeed, since Ii is S p-bounded, the positive constants Mi exist such that
∥Ii∥S p ≤ Mi, i = 1, 2, . . . , n. Consequently, according to the Hölder inequality, we can take a constant κ
such that ∥ϕ0∥X ≤ κ.

Theorem 3.1. Assume that (H1) − (H3) hold. Then System (1.1) has a unique p-th Stepanov almost
periodic solution in the distribution sense in X∗ = {ϕ ∈ X : ∥ϕ − ϕ0∥X ≤ κ}.

Proof. Define a mapping Φ : X∗ → X∗ by

(Φϕ)(t) = ((Φ1ϕ)(t), (Φ2ϕ)(t), . . . , (Φnϕ)(t))T ,

where (ϕ1, ϕ2, . . . , ϕn)T ∈ X∗, t ∈ R and

(Φiϕ)(t)

=

∫ t

−∞

(t − s)α−1φi(t − s)
[ n∑

j=1

ai j(s) f j(ϕ j(s − τi j(s))) +
n∑

j=1

n∑
k=1

bi jk(s)g j(ϕ j(s − σi jk(s)))

× gk(ϕk(s − νi jk(s))) + Ii(s)
]
ds +

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(ϕ j(s − γi j(s)))dω j(s). (3.3)

To start with, we will prove that Φ is well defined. Noting the fact that for any ϕ ∈ X∗, it holds that
∥ϕ∥X ≤ ∥ϕ

0∥X + ∥ϕ − ϕ
0∥X ≤ 2κ. We can then deduce that∫ a+1

a
E∥(Φϕ)(t) − ϕ0(t)∥p0dt

≤3p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

ai j(s) f j(ϕ j(s − τi j(s))) ds
∣∣∣∣∣pdt
}

+ 3p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s)

× g j(ϕ j(s − σi jk(s)))gk(ϕk(s − νi jk(s)))ds
∣∣∣∣∣pdt
}

+ 3p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(ϕ j(s − γi j(s)))dω j(s)
∣∣∣∣∣pdt
}

:=A1 + A2 + A3. (3.4)

By the Hölder inequality, we have

A1 ≤3p−1 max
1≤i≤n

{ ∫ a+1

a

[( ∫ t

−∞

(t − s)α−1φi(t − s)ds
) p

q

×

∫ t

−∞

(t − s)α−1φi(t − s)E
∣∣∣∣∣ n∑

j=1

ai j(s) f j(ϕ j(s − τi j(s)))
∣∣∣∣∣pds
]
dt
}

≤3p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
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×

∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)E|ϕ j(s − τi j(s))|pdsdt
}
.

Let u = s − τi j(s). We get

A1 ≤3p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ a+1

a

∫ t−τi j(s)

−∞

(t − u − τi j(s))α−1φi(t − u − τi j(s))E∥ϕ(u)∥p0dudt
}
.

Further, by a change of variables and the Fubini theorem, we infer that

A1 ≤3p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ 0

−∞

∫ a+1

a
(−u)α−1φi(−u)E∥ϕ(u + t − τi j(s))∥p0dtdu

}
=3p−1 max

1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ 0

−∞

∫ a+u−τi j(s)+1

a+u−τi j(s)
(−u)α−1φi(−u)E∥ϕ(t)∥p0dtdu

}
=3p−1 max

1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ a−τi j(s)

−∞

∫ u+1

u
(a − u − τi j(s))α−1φi(a − u − τi j(s))E∥ϕ(t)∥p0dtdu

}
≤3p−1 max

1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ a−τi j(s)

−∞

(a − u − τi j(s))α−1φi(a − u − τi j(s))du sup
u∈R

∫ u+1

u
E∥ϕ(t)∥p0dt

}
≤3p−1 max

1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

}
∥ϕ∥

p
X. (3.5)

Similarly, we can get

A2 ≤3p−1 max
1≤i≤n

{ 1
ap

i

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p 1
1 − ν̇+i jk

}
∥ϕ∥

p
X. (3.6)

When p > 2, by virtue of Lemma 2.2, the Hölder inequality, a change of variables, and the Fubini
theorem, we deduce that

A3 ≤3p−1Cp max
1≤i≤n

{ ∫ a+1

a
E
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

∣∣∣∣∣ n∑
j=1

δi j(ϕ j(s − γi j(s)))
∣∣∣∣∣2ds
] p

2

dt
}
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≤3p−1Cp max
1≤i≤n

{ ∫ a+1

a

[( ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)ds

) p−2
2
( ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

× E

∣∣∣∣∣ n∑
j=1

δi j
(
ϕ j(s − γi j(s))

)∣∣∣∣∣pds
)]

dt
}

≤3p−1Cp max
1≤i≤n

{
n

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2 1

1 − γ̇+i j

}
∥ϕ∥

p
X. (3.7)

When p = 2, by the Itô isometry, the Cauchy–Schwarz inequality, a change of variables and the
Fubini theorem, we have

A3 ≤3 max
1≤i≤n

{ ∫ a+1

a
E
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

∣∣∣∣∣ n∑
j=1

δi j(ϕ j(s − γi j(s)))
∣∣∣∣∣2ds
]
dt
}

≤3 max
1≤i≤n

{ nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2 1
1 − γ̇+i j

}
∥ϕ∥2X. (3.8)

Therefore, when p > 2, putting (3.5)–(3.7) into (3.4), we can see that∫ a+1

a
E∥Φϕ(t) − ϕ0(t)∥p0dt

≤3p−1 max
1≤i≤n

{ 1
ap

i

[( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

+

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q

n∑
j=1

(Lg
j)

p 1
1 − ν̇+i jk

]
+Cpn

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2 1

1 − γ̇+i j

}
∥ϕ∥

p
X ≤ κ

p, (3.9)

when p = 2, putting (3.5), (3.6), and (3.8) into (3.4), we can get∫ a+1

a
E∥Φϕ(t) − ϕ0(t)∥20dt

≤3 max
1≤i≤n

{ 1
a2

i

[ n∑
j=1

(a+i j)
2

n∑
j=1

(L f
j )

2 1
1 − τ̇+i j

+

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Mg
j )

2
) n∑

j=1

(Lg
j)

2 1
1 − ν̇+i jk

]
+

nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2 1
1 − γ̇+i j

}
∥ϕ∥2X ≤ κ

2. (3.10)

Consequently, from (3.9), (3.10), and (H3), it follows that ∥Φϕ − ϕ0∥X ≤ κ.
Next, we will show that Φϕ is S p-continuous. Noting that for any ϕ ∈ X∗ and h ∈ R, without loss of

generality, we can assume that h > 0, δ(ε) exists, and when |h| < δ, we have supa∈R

∫ a+1

a
E∥ϕ(t + h) −

ϕ(t)∥p0dt < ε. In view of Lemma 2.1 and (H1), when |h| < δ, we have

sup
a∈R

∫ a+1

a
|ai j(t + h) − ai j(t)|pdt < ε, sup

a∈R

∫ a+1

a
|bi jk(t + h) − bi jk(t)|pdt < ε,
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sup
a∈R

∫ a+1

a
|Ii(t + h) − Ii(t)|pdt < ε, |τi j(t + h) − τi j(t)| < ε = δ,

|σi jk(t + h) − σi jk(t)| < ε = δ, |νi jk(t + h) − νi jk(t)| < ε = δ, |γi j(t + h) − γi j(t)| < ε = δ.

We then get

sup
a∈R

∫ a+1

a
E∥ϕ(t + h − τi j(t + h)) − ϕ(t + h − τi j(t))∥

p
0dt < ε,

sup
a∈R

∫ a+1

a
E∥ϕ(t + h − σi jk(t + h)) − ϕ(t + h − σi jk(t))∥

p
0dt < ε,

sup
a∈R

∫ a+1

a
E∥ϕ(t + h − νi jk(t + h)) − ϕ(t + h − νi jk(t))∥

p
0dt < ε,

sup
a∈R

∫ a+1

a
E∥ϕ(t + h − γi j(t + h)) − ϕ(t + h − γi j(t))∥

p
0dt < ε.

By (3.3), we have

(Φiϕ)(t + h) =
∫ t

−∞

(t − s)α−1φi(t − s)
[ n∑

j=1

ai j(s + h) f j(ϕ j(s + h − τi j(s + h)))

+

n∑
j=1

n∑
k=1

bi jk(s + h)g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s + h − νi jk(s + h)))

+ Ii(s + h)
]
ds +

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(ϕ j(s + h − γi j(s + h)))dω̃ j(s),

where ω̃ j(s) = ω j(s + h) − ω j(s) is a Brownian motion with the same distribution as ω j(s).
Consider the process

(Φiϕ)(t + h) =
∫ t

−∞

(t − s)α−1φi(t − s)
[ n∑

j=1

ai j(s + h) f j(ϕ j(s + h − τi j(s + h)))

+

n∑
j=1

n∑
k=1

bi jk(s + h)g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s + h − νi jk(s + h)))

+ Ii(s + h)
]
ds +

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(ϕ j(s + h − γi j(s + h)))dω j(s). (3.11)

Then, from (3.11) and (3.3), it follows that∫ a+1

a
E∥(Φϕ)(t + h) − (Φϕ)(t)∥p0dt

≤11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

ai j(s + h)

×
[
f j(ϕ j(s + h − τi j(s + h))) − f j(ϕ j(s + h − τi j(s)))

]
ds
∣∣∣∣∣pdt
}
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+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

ai j(s + h)

×
[
f j
(
ϕ j(s + h − τi j(s))) − f j(ϕ j(s − τi j(s)))

]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[ai j(s + h) − ai j(s)]

× f j(ϕ j(s − τi j(s)))ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + h)

×
[
g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s + h − νi jk(s + h)))

− g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s + h − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + h)

×
[
g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s + h − νi jk(s)))

− g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + h)

×
[
g j(ϕ j(s + h − σi jk(s + h)))gk(ϕk(s − νi jk(s)))

− g j(ϕ j(s + h − σi jk(s)))gk(ϕk(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + h)

×
[
g j(ϕ j(s + h − σi jk(s)))gk(ϕk(s − νi jk(s))) − g j(ϕ j(s − σi jk(s)))

× gk(ϕk(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

[bi jk(s + h) − bi jk(s)]

× g j(ϕ j(s − σi jk(s)))gk(ϕk(s − νi jk(s)))ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)[Ii(s + h) − Ii(s)]ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[
δi j(ϕ j(s + h − γi j(s + h)))
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− δi j(ϕ j(s + h − γi j(s)))
]
dω j(s)

∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[
δi j(ϕ j(s + h − γi j(s)))

− δi j(ϕ j(s − γi j(s)))
]
dω j(s)

∣∣∣∣∣pdt
}

:=
11∑
i=1

Ji. (3.12)

By the Hölder inequality, a change of variables, and the Fubini theorem, we deduce that

J1 ≤11p−1 max
1≤i≤n

{ ∫ a+1

a
E
[( ∫ t

−∞

(t − s)α−1φi(t − s)ds
) p

q

×

∫ t

−∞

(t − s)α−1φi(t − s)
∣∣∣∣∣ n∑

j=1

ai j(s + h)
[
f j(ϕ j(s + h − τi j(s + h)))

− f j(ϕ j(s + h − τi j(s)))
]∣∣∣∣∣pds
]
dt
}

≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)

× E∥ϕ(s + h − τi j(s + h)) − ϕ(s + h − τi j(s))∥p0dsdt
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ 0

−∞

∫ a+1

a
(−s)α−1φi(−s)

× E∥ϕ(s + t + h − τi j(s + t + h)) − ϕ(s + t + h − τi j(s + t))∥p0dtds
}

≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
}

× sup
s∈R

∫ s+1

s
E∥ϕ(t + h − τi j(t + h)) − ϕ(t + h − τi j(t))∥

p
0dt

≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
}
ε := ∆1ε. (3.13)

Similarly, we find

J4 ≤11p−1 max
1≤i≤n

{ 1
ap

i

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p
}
ε := ∆4ε, (3.14)

J6 ≤11p−1 max
1≤i≤n

{ 1
ap

i

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q
}
ε := ∆6ε, (3.15)
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J9 ≤11p−1 max
1≤i≤n

{ 1
ap

i

}
ε := ∆9ε. (3.16)

By the Hölder inequality, we have

J2 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)

× E∥ϕ(s + h − τi j(s)) − ϕ(s − τi j(s))∥p0dsdt
}
.

Moreover, via the same method used to estimate (3.5), we can get

J2 ≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

}
ε := ∆2ε. (3.17)

Likewise, we have

J5 ≤11p−1 max
1≤i≤n

{ 1
ap

i

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p 1
1 − ν̇+i jk

}
ε := ∆5ε, (3.18)

J7 ≤11p−1 max
1≤i≤n

{ 1
ap

i

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q 1
1 − σ̇+i jk

}
ε := ∆7ε. (3.19)

For J3, by the Hölder inequality, a change of variables, and the Fubini theorem, we have

J3 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(M f
j )q
) p

q
∫ a+1

a

∫ t

−∞

(t − s)α−1

× φi(t − s)
n∑

j=1

|ai j(s + h) − ai j(s)|pdsdt
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(M f
j )q
) p

q
∫ a

−∞

∫ s+1

s
(a − s)α−1

× φi(a − s)
n∑

j=1

|ai j(t + h) − ai j(t)|pdtds
}

≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(M f
j )q
) p

q

n
}
ε := ∆3ε. (3.20)

Similarly, we can get

J8 ≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(Mg
j )

q
) p

q
n∑

j=1

( n∑
k=1

(Mg
j )

q
) p

q

n2
}
ε := ∆8ε. (3.21)
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When p > 2, according to Lemma 2.2, the Hölder inequality, and a change of variables, we can
infer that

J10 ≤11p−1Cp max
1≤i≤n

{ ∫ a+1

a
E
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

×

∣∣∣∣∣ n∑
j=1

[
δi j(ϕ j(s + h − γi j(s + h))) − δi j(ϕ j(s + h − γi j(s)))

]∣∣∣∣∣2ds
] p

2

dt
}

≤11p−1Cp max
1≤i≤n

{ ∫ a+1

a

[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)ds

] p−2
2

×

[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)E

∣∣∣∣∣ n∑
j=1

[
δi j(ϕ j(s + h − γi j(s + h)))

− δi j(ϕ j(s + h − γi j(s)))
]∣∣∣∣∣pds
]
dt
}

≤11p−1Cp max
1≤i≤n

{[ Γ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p−2
2

n
p
q

n∑
j=1

(Lδi j)
p
∫ a+1

a

∫ t

−∞

(t − s)2(α−1)

× φ2
i (t − s)E∥ϕ(s + h − γi j(s + h)) − ϕ(s + h − γi j(s))∥p0dsdt

}
.

By a change of variables and the Fubini theorem, one can find that

J10 ≤11p−1Cp max
1≤i≤n

{
n

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2
}
ε := ∆1

10ε. (3.22)

With the same method used to estimate (3.7), we can get

J11 ≤11p−1Cp max
1≤i≤n

{
n

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2 1

1 − γ̇+i j

}
ε := ∆1

11ε. (3.23)

When p = 2, by the Itô isometry, the Cauchy–Schwarz inequality and a change of variables, we
have

J10 ≤11 max
1≤i≤n

{ ∫ a+1

a
E
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

×

∣∣∣∣∣ n∑
j=1

[
δi j(ϕ j(s + h − γi j(s + h))) − δi j(ϕ j(s − γi j(s)))

]∣∣∣∣∣2ds
]
dt
}

≤11 max
1≤i≤n

{ nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2
}
ε := ∆2

10ε. (3.24)

Using the same method applied to estimate (3.8), we obtain

J11 ≤11 max
1≤i≤n

{ nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2 1
1 − γ̇+i j

}
ε := ∆2

11ε. (3.25)
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Substituting (3.13)–(3.25) into (3.12), we obtain∫ a+1

a
E∥(Φϕ)(t + h) − (Φϕ)(t)∥p0dt ≤ ∆1ε, (p > 2), (3.26)

where ∆1 =
∑9

i=1 ∆i + ∆
1
10 + ∆

1
11, and∫ a+1

a
E∥(Φϕ)(t + h) − (Φϕ)(t)∥20dt ≤ ∆2ε, (p = 2), (3.27)

where ∆2 =
∑9

i=1 ∆i + ∆
2
10 + ∆

2
11.

Then, from (3.26) and (3.27) we find that Φϕ is S p-continuous. Therefore, we have proved Φ(X∗) ⊂
X∗.

Subsequently, we will show that Φ is a contraction mapping. Indeed, for any ϕ, ϕ′ ∈ X∗, we have∫ a+1

a
E∥(Φϕ)(t) − (Φϕ′)(t)∥p0dt

≤4p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

ai j(s)
[
f j(ϕ j(s − τi j(s)))

− f j(ϕ′j(s − τi j(s)))
]
ds
∣∣∣∣∣pdt
}
+ 4p−1 max

1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s)

×
[
g j(ϕ j(s − σi jk(s)))gk(ϕk(s − νi jk(s))) − g j(ϕ′j(s − σi jk(s)))gk(ϕk(s − νi jk(s)))

]
ds
∣∣∣∣∣pdt
}

+ 4p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s)
[
g j(ϕ′j(s − σi jk(s)))

× gk(ϕk(s − νi jk(s))) − g j(ϕ′j(s − σi jk(s)))gk(ϕ′k(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 4p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[
δi j(ϕ j(s − γi j(s)))

− δi j(ϕ′j(s − γi j(s)))
]
dω j(s)

∣∣∣∣∣pdt
}

:= N1 + N2 + N3 + N4. (3.28)

Using an analogous method to that used in estimating (3.5) yields

N1 ≤4p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

}
∥ϕ − ϕ′∥

p
X, (3.29)

N2 ≤4p−1 max
1≤i≤n

{ 1
ap

i

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q 1
1 − σ̇+i jk

}
∥ϕ − ϕ′∥

p
X, (3.30)

N3 ≤4p−1 max
1≤i≤n

{ 1
ap

i

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p 1
1 − ν̇+i jk

}
∥ϕ − ϕ′∥

p
X. (3.31)
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When p > 2, applying a similar approach to the one used for (3.7) gives

N4 ≤4p−1Cp max
1≤i≤n

{
n

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2 1

1 − γ̇+i j

}
∥ϕ − ϕ′∥

p
X. (3.32)

When p = 2, following the estimation procedure for (3.8), we find

N4 ≤4 max
1≤i≤n

{ nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2 1
1 − γ̇+i j

}
∥ϕ − ϕ′∥2X. (3.33)

Substituting (3.29)–(3.33) into (3.28), we see that∫ a+1

a
E∥(Φϕ)(t) − (Φϕ′)(t)∥p0dt

≤4p−1 max
1≤i≤n

{ 1
ap

i

[( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

+

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]

×

( n∑
j=1

(Mg
j )

q
) p

q 1
1 − σ̇+i jk

+

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p 1
1 − ν̇+i jk

]
+Cpn

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2 1

1 − γ̇+i j

}
∥ϕ − ϕ′∥

p
X, (p > 2)

and ∫ a+1

a
E∥(Φϕ)(t) − (Φϕ′)(t)∥20dt

≤4 max
1≤i≤n

{ 1
a2

i

[ n∑
j=1

(a+i j)
2

n∑
j=1

(L f
j )

2 1
1 − τ̇+i j

+

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Lg
j)

2
) n∑

j=1

(Mg
j )

2 1
1 − σ̇+i jk

+

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Mg
j )

2
) n∑

j=1

(Lg
j)

2 1
1 − ν̇+i jk

]
+

nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2

×
1

1 − γ̇+i j

}
∥ϕ − ϕ′∥2X, (p = 2),

which, combined with (H3), implies that Φ is a contraction mapping. Consequently, Φ has a unique
fixed point x in X∗, i.e., System (1.1) has a unique solution x in X∗.

Finally, let us show that x is Stepanov almost periodic in the distribution sense. Since x ∈ X∗, it is
S p-continuous and satisfies ∥x∥X ≤ 2κ. So, for any ε > 0, a δ ∈ (0, ε) exists for any h ∈ R, when |h| < δ,
we have supa∈R

∫ a+1

a
E∥x(t + h) − x(t)∥p0dt < ε.

Hence, according to (H1), a τ exists such that

sup
a∈R

∫ a+1

a
|ai j(t + τ) − ai j(t)|pdt < δ, sup

a∈R

∫ a+1

a
|bi jk(t + τ) − bi jk(t)|pdt < δ,

sup
a∈R

∫ a+1

a
|Ii(t + τ) − Ii(t)|pdt < δ, |τi j(t + τ) − τi j(t)| < δ, |σi jk(t + τ) − σi jk(t)| < δ,
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|νi jk(t + τ) − νi jk(t)| < δ, |γi j(t + τ) − γi j(t)| < δ.

Consequently, we obtain that

sup
a∈R

∫ a+1

a
E∥x(t − τi j(t + τ)) − x(t − τi j(t))∥

p
0dt < ε,

sup
a∈R

∫ a+1

a
E∥x(t − σi jk(t + τ)) − x(t − σi jk(t))∥

p
0dt < ε,

sup
a∈R

∫ a+1

a
E∥x(t − νi jk(t + τ)) − x(t − νi jk(t))∥

p
0dt < ε,

sup
a∈R

∫ a+1

a
E∥x(t − γi j(t + τ)) − x(t − γi j(t))∥

p
0dt < ε.

From (3.2), we have

xi(t + τ) =
∫ t

−∞

(t − s)α−1φi(t − s)
[ n∑

j=1

ai j(s + τ) f j(x j(s + τ − τi j(s + τ)))

+

n∑
j=1

n∑
k=1

bi jk(s + τ)g j(x j(s + τ − σi jk(s + τ)))gk(xk(s + τ − νi jk(s + τ)))

+ Ii(s + τ)
]
ds +

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(x j(s + τ − γi j(s + τ)))dω̂ j(s),

where ω̂ j(s) = ω j(s + τ) − ω j(s) is a Brownian motion with the same distribution as ω j(s).
Let us consider the process

xi(t + τ) =
∫ t

−∞

(t − s)α−1φi(t − s)
[ n∑

j=1

ai j(s + τ) f j(x j(s + τ − τi j(s + τ)))

+

n∑
j=1

n∑
k=1

bi jk(s + τ)g j(x j(s + τ − σi jk(s + τ)))gk(xk(s + τ − νi jk(s + τ)))

+ Ii(s + τ)
]
ds +

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

δi j(x j(s + τ − γi j(s + τ)))dω j(s). (3.34)

By (3.34) and (3.2), we can deduce that∫ a+1

a
E∥x(t + τ) − x(t)∥p0dt

≤11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

ai j(s + τ)

×
[
f j(x j(s + τ − τi j(s + τ))) − f j(x j(s − τi j(s + τ)))

]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

ai j(s + τ)
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×
[
f j(x j(s − τi j(s + τ))) − f j(x j(s − τi j(s)))

]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[ai j(s + τ)

− ai j(s)] f j(x j(s − τi j(s)))ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + τ)

×
[
g j(x j(s + τ − σi jk(s + τ)))gk(xk(s + τ − νi jk(s + τ)))

− g j(x j(s + τ − σi jk(s + τ)))gk(xk(s − νi jk(s + τ)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + τ)

×
[
g j(x j(s + τ − σi jk(s + τ)))gk(xk(s − νi jk(s + τ)))

− g j(x j(s + τ − σi jk(s + τ)))gk(xk(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + τ)

×
[
g j(x j(s + τ − σi jk(s + τ)))gk(xk(s − νi jk(s)))

− g j(x j(s − σi jk(s + τ)))gk(xk(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

bi jk(s + τ)

×
[
g j(x j(s − σi jk(s + τ)))gk(xk(s − νi jk(s))) − g j(x j(s − σi jk(s)))

× gk(xk(s − νi jk(s)))
]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

n∑
k=1

[bi jk(s + τ) − bi jk(s)]

× g j(x j(s − σi jk(s)))gk(xk(s − νi jk(s)))ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
[
Ii(s + τ) − Ii(s)

]
ds
∣∣∣∣∣pdt
}

+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[
δi j(x j(s + τ − γi j(s + τ)))

− δi j(x j(s − γi j(s + τ)))
]
dω j(s)

∣∣∣∣∣pdt
}
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+ 11p−1 max
1≤i≤n

{ ∫ a+1

a
E

∣∣∣∣∣ ∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

[
δi j(x j(s − γi j(s + τ)))

− δi j(x j(s − γi j(s)))
]
dω j(s)

∣∣∣∣∣pdt
}

:=
11∑
i=1

S i. (3.35)

By the Hölder inequality, we have

S 2 ≤11p−1 max
1≤i≤n

{ ∫ a+1

a
E
[( ∫ t

−∞

(t − s)α−1φi(t − s)ds
) p

q
∫ t

−∞

(t − s)α−1φi(t − s)

×

∣∣∣∣∣ n∑
j=1

ai j(s + τ)
[
f j(x j(s − τi j(s + τ))) − f j(x j(s − τi j(s)))

]∣∣∣∣∣pds
]
dt
}

≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)

× E|x j(s − τi j(s + τ)) − x j(s − τi j(s))|pdsdt
}
.

By a change of variables and Fubini’s theorem, we can further deduce that

S 2 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a+1

a

∫ 0

−∞

(−s)α−1φi(−s)

× E|x j(s + t − τi j(s + t + τ)) − x j(s + t − τi j(s + t))|pdsdt
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ 0

−∞

∫ a+1

a
(−s)α−1φi(−s)

× E|x j(s + t − τi j(s + t + τ)) − x j(s + t − τi j(s + t))|pdtds
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ 0

−∞

∫ a+s+1

a+s
(−s)α−1φi(−s)

× E|x j(t − τi j(t + τ)) − x j(t − τi j(t))|pdtds
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a

−∞

∫ s+1

s
(a − s)α−1φi(a − s)

× E|x j(t − τi j(t + τ)) − x j(t − τi j(t))|pdtds
}

≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a

−∞

(a − s)α−1φi(a − s)ds

× sup
s∈R

∫ s+1

s
E∥x(t − τi j(t + τ)) − x(t − τi j(t))∥

p
0dt
}

≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
}
ε. (3.36)
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Similarly, one can obtain

S 5 ≤11p−1 max
1≤i≤n

{ 1
ap

i

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p
}
ε, (3.37)

S 7 ≤11p−1 max
1≤i≤n

{ 1
ap

i

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q
}
ε, (3.38)

S 9 ≤11p−1 max
1≤i≤n

{ 1
ap

i

}
ε. (3.39)

As for S 1, by the Hölder inequality, we find

S 1 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)

× E|x j(s + τ − τi j(s + τ)) − x j(s − τi j(s + τ))|pdsdt
}
.

Let u = s − τi j(s + τ), we can obtain

S 1 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ a+1

a

∫ t−τi j(s+τ)

−∞

(t − u − τi j(s + τ))α−1φi(t − u − τi j(s + τ))

× E|x j(u + τ) − x j(u)|pdudt
}
.

Further, by a change of variables and the Fubini theorem, one can infer that

S 1 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

∫ a+1

a

∫ 0

−∞

(−u)α−1φi(−u)

× E|x j(u + t − τi j(s + τ) + τ) − x j(u + t − τi j(s + τ))|pdudt
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

∫ 0

−∞

∫ a+1

a
(−u)α−1φi(−u)

× E|x j(u + t − τi j(s + τ) + τ) − x j(u + t − τi j(s + τ))|pdtdu
}

=11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ 0

−∞

∫ a+u−τi j(s+τ)+1

a+u−τi j(s+τ)
(−u)α−1φi(−u)E|x j(t + τ) − x j(t)|pdtdu

}
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≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

×

∫ a

−∞

(a − u)α−1φi(a − u)du sup
u∈R

∫ u+1

u
E|x j(t + τ) − x j(t)|pdt

}
=11p−1 max

1≤i≤n

{ 1
ap

i

( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p 1
1 − τ̇+i j

}
sup
u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥p0dt. (3.40)

Similarly, we have

S 4 ≤11p−1 max
1≤i≤n

{ 1
ap

i

[ n∑
j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p 1
1 − ν̇+i jk

}
× sup

u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥p0dt, (3.41)

S 6 ≤11p−1 max
1≤i≤n

{ 1
ap

i

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q 1
1 − σ̇+i jk

}
× sup

u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥p0dt. (3.42)

As for S 3, by the Hölder inequality, a change of variables, and the Fubini theorem, we deduce that

S 3 ≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)E
∣∣∣∣∣ n∑

j=1

[ai j(s + τ) − ai j(s)]

× f j(x j(s − τi j(s)))
∣∣∣∣∣pdsdt

}
≤11p−1 max

1≤i≤n

{( 1
ai

) p
q
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

|ai j(s + τ) − ai j(s)|p

×

( n∑
j=1

E
∣∣∣ f j(x j(s − τi j(s)))

∣∣∣q) p
q

dsdt
}

≤11p−1 max
1≤i≤n

{( 1
ai

) p
q
( n∑

j=1

(M f
j )q
) p

q
∫ a+1

a

∫ t

−∞

(t − s)α−1φi(t − s)
n∑

j=1

|ai j(s + τ)

− ai j(s)|pdsdt
}

≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(M f
j )q
) p

q

sup
s∈R

∫ s+1

s

n∑
j=1

|ai j(t + τ) − ai j(t)|pdt
}

≤11p−1 max
1≤i≤n

{ 1
ap

i

( n∑
j=1

(M f
j )q
) p

q

n
}
ε. (3.43)
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Similarly, we can obtain

S 8 ≤11p−1 max
1≤i≤n

{ 1
ap

i

n∑
j=1

( n∑
k=1

(Mg
j )

q
) p

q
( n∑

j=1

(Mg
j )

q
) p

q

n2
}
ε. (3.44)

When p > 2, according to Lemma 2.2, the Hölder inequality, and a change of variables, we infer
that

S 11 ≤11p−1Cp max
1≤i≤n

{ ∫ a+1

a
E
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

∣∣∣∣∣ n∑
j=1

[
δi j(x j(s − γi j(s + τ)))

− δi j(x j(s − γi j(s)))
]∣∣∣∣∣2ds
] p

2

dt
}

≤11p−1Cp max
1≤i≤n

{ ∫ a+1

a

[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)ds

] p−2
2
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

× E

∣∣∣∣∣ n∑
j=1

[
δi j(x j(s − γi j(s + τ))) − δi j(x j(s − γi j(s)))

]∣∣∣∣∣pds
]
dt
}

≤11p−1Cp max
1≤i≤n

{[ Γ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p−2
2

n
p
q

n∑
j=1

(Lδi j)
p
∫ a+1

a

∫ t

−∞

(t − s)2(α−1)

× φ2
i (t − s)E

∣∣∣∣∣ n∑
j=1

[
δi j(x j(s − γi j(s + τ))) − δi j(x j(s − γi j(s)))

]∣∣∣∣∣pdsdt
}
.

By a change of variables and the Fubini theorem, we have

S 11 ≤11p−1Cp max
1≤i≤n

{
n

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2
}
ε. (3.45)

Similarly, we find

S 10 ≤11p−1Cp max
1≤i≤n

{[ Γ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p−2
2

n
p
q

n∑
j=1

(Lδi j)
p
∫ a+1

a

∫ t

−∞

(t − s)2(α−1)

× φ2
i (t − s)E|x j(s + τ − γi j(s + τ)) − x j(s − γi j(s + τ))|pdsdt

}
.

Let u = s − γi j(s + τ), we get

S 10 ≤11p−1Cp max
1≤i≤n

{[ Γ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p−2
2

n
p
q

n∑
j=1

(Lδi j)
p 1
1 − γ̇+i j

×

∫ a+1

a

∫ t−γi j(s+τ)

−∞

(t − γi j(s + τ) − u)2(α−1)φ2
i (t − γi j(s + τ) − u)

× E|x j(u + τ) − x j(u)|pdudt
}
.
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By a change of variables and the Fubini theorem, we find

S 10 ≤11p−1 max
1≤i≤n

{[ Γ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2

n
p
q

n∑
j=1

(Lδi j)
p 1
1 − γ̇+i j

}
× sup

u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥p0dt. (3.46)

When p = 2, by the Itô isometry and the Cauchy–Schwarz inequality, we have

S 11 ≤11 max
1≤i≤n

{ ∫ a+1

a
E
[ ∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)

×

∣∣∣∣∣ n∑
j=1

[
δi j(x j(s − γi j(s + τ))) − δi j(x j(s − γi j(s)))

]∣∣∣∣∣2ds
]
dt
}

≤11 max
1≤i≤n

{ ∫ a+1

a

∫ t

−∞

(t − s)2(α−1)φ2
i (t − s)n

n∑
j=1

(Lδi j)
2

× E|x j(s − γi j(s + τ)) − x j(s − γi j(s))|2dsdt
}
.

By a change of variables and the Fubini theorem, one can obtain

S 11 ≤11 max
1≤i≤n

{
n

n∑
j=1

(Lδi j)
2 Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

}
ε. (3.47)

From the Itô isometry, the Cauchy–Schwarz inequality, a change of variables, and the Fubini
theorem, it follows that

S 10 ≤11 max
1≤i≤n

{ nΓ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2 1
1 − γ̇+i j

}
sup
u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥20dt. (3.48)

Substituting (3.36)–(3.48) into (3.35), we have the following two cases.
Case 1. When p > 2, we have∫ a+1

a
E∥x(t + τ) − x(t)∥p0dt ≤ β1ε + π1 sup

u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥p0dt, (3.49)

where π1 is given in (H3), and

β1 =11p−1 max
1≤i≤n

{ 1
ap

i

[( n∑
j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p + n
( n∑

j=1

(M f
j )q
) p

q

+

[ n∑
j=1

( n∑
k=1

(b+i jk)
q

×

( n∑
k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p +

n∑
j=1

[( n∑
l=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

q=1

(Mg
j )

q
) p

q

+ n2
n∑

j=1

( n∑
k=1

(Mg
j )

q
) p

q
( n∑

j=1

(Mg
j )

q
) p

q

+ 1
]
+Cpn

p
q

n∑
j=1

(Lδi j)
p ×

[ Γ(2 − 1
α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

] p
2
}
.
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According to (3.49) and (H3), we can see that

sup
a∈R

∫ a+1

a
E∥x(t + τ) − x(t)∥p0dt ≤

β1ε

1 − π1
. (3.50)

Case 2. When p = 2, we have∫ a+1

a
E∥x(t + τ) − x(t)∥20dt ≤ β2ε + π2 sup

u∈R

∫ u+1

u
E∥x(t + τ) − x(t)∥20dt, (3.51)

where π2 is given in (H3), and

β2 =11 max
1≤i≤n

{ 1
a2

i

[ n∑
j=1

(a+i j)
2

n∑
j=1

(L f
j )

2 + n
n∑

j=1

(M f
j )2 +

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
j=1

(Mg
j )

2
) n∑

j=1

(Lg
j)

2

+

n∑
j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Lg
j)

2
) n∑

j=1

(Mg
j )

2 + n2
n∑

j=1

( n∑
k=1

(Mg
j )

2
) n∑

j=1

(Mg
j )

2 + 1
]

+
nΓ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai)2− 1
αΓ(2 − α)

n∑
j=1

(Lδi j)
2
}
.

According to (3.51) and (H3), we can see that

sup
a∈R

∫ a+1

a
E∥x(t + τ) − x(t)∥20dt ≤

β2ε

1 − π2
. (3.52)

Note that

dp
BL(P ◦ [x(t + τ)]−1, P ◦ [x(t)]−1) ≤ E∥x(t + τ) − x(t)∥p0 .

We can then see that

sup
a∈R

( ∫ a+1

a
dp

BL(P ◦ [x(t + τ)]−1, P ◦ [x(t)]−1)dt
) 1

p

≤ sup
a∈R

( ∫ a+1

a
E∥x(t + τ) − x(t)∥p0dt

) 1
p

. (3.53)

Thereupon, combining (3.50), (3.52), and (3.53), we conclude that x(t) is p-th Stepanov almost periodic
in the distribution sense. This completes the proof. □

4. Finite-time Stepanov almost periodic synchronization

Take System (1.1) as a drive system and consider the following response system:

c
t0 Dα

t yi(t) = − aiyi(t) +
n∑

j=1

ai j(t) f j(y j(t − τi j(t))) +
n∑

j=1

n∑
k=1

bi jk(t)g j(y j(t − σi jk(t)))

× gk(yk(t − νi jk(t))) + Ii(t) +
n∑

j=1

δi j(y j(t − γi j(t)))
dω j(t)

dt
+ Ei(t), t > t0,

(4.1)
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where yi(t) denotes the state of the response system at time t; Ei(t) is a controller, the other notations
are the same as those in System (1.1).

Let the controller be in the following form:

Ei(t) = −diei(t) +
n∑

j=1

ci j(t)h j(e j(t − ηi j(t))), i = 1, 2, . . . , n, (4.2)

where di > 0.
The initial values of Systems (1.1) and (4.1) are given by

yi(s) = ξi(s), xi(s) = ψi(s), s ∈ [t0 − ρ
′, t0],

where

ρ′ = max
1≤i, j,k≤n

{
sup
t∈R
{τi j(t)}, sup

t∈R
{σi jk(t)}, sup

t∈R
{νi jk(t)}, sup

t∈R
{γi j(t)}, sup

t∈R
{ηi j(t)}

}
.

Let ei = yi − xi, i = 1, 2, . . . , n. From (1.1) and (4.1), we get the following error system:

c
t0 Dα

t ei(t) = − aiei(t) +
n∑

j=1

ai j(t)
[
f j(y j(t − τi j(t))) − f j(x j(t − τi j(t)))

]
+

n∑
j=1

n∑
k=1

bi jk(t)

×
[
g j(y j(t − σi jk(t)))gk(yk(t − νi jk(t))) − g j(x j(t − σi jk(t)))gk(xk(t − νi jk(t)))

]
+

n∑
j=1

[
δi j(y j(t − γi j(t))) − δi j(x j(t − γi j(t)))

]dω j(t)
dt
+ Ei(t), t > t0. (4.3)

The initial values of System (4.3) are given by

ei(s) = ξi(s) − ψi(s), s ∈ [t0 − ρ
′, t0], i = 1, 2, . . . , n.

Definition 4.1. The drive system (1.1) is said to be finite-time synchronized with the response
system (4.1), if the constants δ, ε, t0,T exist such that when ∥ξ − ψ∥t0 < δ, one has E∥y(t) − x(t)∥p0 ≤ ε,
∀t ∈ [t0 − ρ

′, t0], where 0 < δ < ε, T > t0, ∥ξ − ψ∥t0 = max1≤i≤n supt∈[t0−ρ′,t0]{E|ξi(t) − ψi(t)|p}.

Theorem 4.1. Under the assumptions of Theorem 3.1, we assume the following:

(H4) For i, j = 1, 2, . . . , n, ηi j ∈ AP(R,R+), ci j ∈ L
p
loc(R,R) ∩ L∞(R,R) is p-th Stepanov almost

periodic.
(H5) For j = 1, 2, . . . , n, h j ∈ C(R,R), the constants Lh

j > 0 exist such that for all x, y ∈ R,

|h j(x) − h j(y)| ≤ Lh
j |x − y|;

moreover, h j(0) = 0.
(H6) For p > 2, 1

p +
1
q = 1, there are positive numbers δ and ε ∈ R+ such that

δ[Eα(M1Γ(α)Tα) + E2α−1(M2Γ(2α − 1)T 2α−1) − 1] ≤
ε

5p−1 ,
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where

M1 =
5p−1

Γ(α)
max
1≤i≤n

{( 1
ai + di

) p
q
[( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p + 2p−1
n∑

j=1

[( n∑
k=1

(b+i jk)
q
) p

q

×

n∑
j=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q

+ 2p−1
[ n∑

j=1

( n∑
k=1

(b+i jk)
q
( n∑

k=1

(Mg
j )

p
) q

p
)] p

q

×

n∑
j=1

(Lg
j)

p +

( n∑
j=1

(c+i j)
q
) p

q
n∑

j=1

(Lh
j)

p
]}
,

M2 =
5p−1

Γ2(α)
Cp max

1≤i≤n

{
n

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai + 2di)2− 1
αΓ(2 − α)

] p−2
2
}
;

for p = q = 2, there are positive numbers δ̂ and ε̂ such that

δ̂[Eα(F1Γ(α)Tα) + E2α−1(F2Γ(2α − 1)T 2α−1) − 1] ≤
ε̂

5
,

where

F1 =
5
Γ(α)

max
1≤i≤n

{ 1
ai + di

[ n∑
j=1

(a+i j)
2

n∑
j=1

(L f
j )

2 + 2
n∑

j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Lg
j)

2
)

×

n∑
j=1

(Mg
j )

2 + 2
n∑

j=1

( n∑
k=1

(b+i jk)
2

n∑
k=1

(Mg
j )

2
) n∑

j=1

(Lg
j)

2 +

n∑
j=1

(c+i j)
2

n∑
j=1

(Lh
j)

2
]}
,

F2 =
5n
Γ2(α)

max
1≤i≤n

{ n∑
j=1

(Lδi j)
2
}
.

Then the drive system (1.1) and the response system (4.1) are finite-time synchronized with respect to
{δ, ε, t0,T }.

Proof. From (4.2) and (4.3), we can see that

c
t0 Dα

t ei(t) = − (ai + di)ei(t) +
n∑

j=1

ai j(t)
[
f j(y j(t − τi j(t))) − f j(x j(t − τi j(t)))

]
+

n∑
j=1

n∑
k=1

bi jk(t)

×
[
g j(y j(t − σi jk(t)))gk(yk(t − νi jk(t))) − g j(x j(t − σi jk(t)))gk(xk(t − νi jk(t)))

]
+

n∑
j=1

[
δi j(y j(t − γi j(t))) − δi j(x j(t − γi j(t)))

]dω j(t)
dt
+

n∑
j=1

ci j(t)h j(e j(t − ηi j(t))). (4.4)

According to Definition 3.1, if e = (e1, e2, . . . , en)T is a mild solution to the system (4.4), then it satisfies
the following integral equation:

ei(t) =Ũi(t − t0)(ξi(t0) − ψi(t0)) +
∫ t

t0
(t − s)α−1φ̃i(t − s)

[ n∑
j=1

ai j(s)
[
f j(y j(s − τi j(s)))
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− f j(x j(s − τi j(s)))
]
+

n∑
j=1

n∑
k=1

bi jk(s)
[
g j(y j(s − σi jk(s)))gk(yk(s − νi jk(s)))

− g j(x j(s − σi jk(s)))gk(xk(s − νi jk(s)))
]
+

n∑
j=1

ci j(s)h j(e j(s − ηi j(s)))
]
ds

+

∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

[
δi j(y j(s − γi j(s))) − δi j(x j(s − γi j(s)))

]
dω j(s), (4.5)

where Ũi(t) =
∫ +∞

0
ϱα(r)e−(ai+di)tαrdr, φ̃i(t) = α

∫ +∞
0

rϱα(r)e−(ai+di)tαrdr.
By calculation, it can be seen that∫ +∞

0
(t − s)α−1φ̃i(t − s)ds =

1
ai + di

.

For t ≥ t0, in view of the Hölder inequality, we have

E|Ũi(t − t0)(ξi(t0) − ψi(t0))|p

=E

∣∣∣∣∣ ∫ +∞

0
ϱα(r)e−(ai+di)(t−t0)αr(ξi(t0) − ψi(t0))dr

∣∣∣∣∣p
≤

( ∫ +∞

0
ϱα(r)e−(ai+di)(t−t0)αrdr

) p
q
( ∫ +∞

0
ϱα(r)e−(ai+di)(t−t0)αrE|ξi(t0) − ψi(t0)|pdr

)
≤

∫ +∞

0
ϱα(r)e−(ai+di)(t−t0)αrE|ξi(t0) − ψi(t0)|pdr

≤∥ξ − ψ∥t0 . (4.6)

Let u(t) = max1≤i≤n{ui(t)}, where ui(t) = supθ∈[t0−ρ′,t]{E|ei(θ)|p}, t ∈ [t0,T ]. Hence, we have

E|ei(t)|p ≤ 5p−1E|Ũi(t − t0)(ξi(t0) − ψi(t0))|p

+ 5p−1E

∣∣∣∣∣ ∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

ai j(s)
[
f j(y j(s − τi j(s))) − f j(x j(s − τi j(s)))

]
ds
∣∣∣∣∣p

+ 5p−1E

∣∣∣∣∣ ∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

n∑
k=1

bi jk(s)
[
g j(y j(s − σi jk(s)))gk(yk(s − νi jk(s)))

− g j(x j(s − σi jk(s)))gk(xk(s − νi jk(s)))
]
ds
∣∣∣∣∣p

+ 5p−1E

∣∣∣∣∣ ∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

ci j(s)h j(e j(s − ηi j(s)))ds
∣∣∣∣∣p

+ 5p−1E

∣∣∣∣∣∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

[
δi j(y j(s − γi j(s))) − δi j(x j(s − γi j(s)))

]
dω j(s)

∣∣∣∣∣p
:=

5∑
i=1

Wi. (4.7)
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It is easy to see that

W1 = 5p−1E|Ũi(t − t0)(ξi(t0) − ψi(t0))|p ≤ 5p−1∥ξ − ψ∥t0 . (4.8)

Applying the Hölder inequality, we can infer that

W2 ≤5p−1
( 1
ai + di

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ t

t0
(t − s)α−1φ̃i(t − s)E|e j(s − τi j(s))|pds

≤5p−1
( 1
ai + di

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ t

t0
(t − s)α−1

×

(
α

∫ +∞

0
rϱα(r)e−(ai+di)(t−s)αrdr

)
u(s)ds

≤5p−1
( 1
ai + di

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ t

t0
(t − s)α−1

(
α

∫ +∞

0
rϱα(r)dr

)
u(s)ds

≤
5p−1

Γ(α)

( 1
ai + di

) p
q
( n∑

j=1

(a+i j)
q
) p

q
n∑

j=1

(L f
j )

p
∫ t

t0
(t − s)α−1u(s)ds. (4.9)

Similarly, we can find that

W3 ≤10p−1E

∣∣∣∣∣ ∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

n∑
k=1

bi jk(s)
[
g j(y j(s − σi jk(s)))

× gk(yk(s − νi jk(s))) − g j(x j(s − σi jk(s)))gk(yk(s − νi jk(s)))
]
ds
∣∣∣∣∣p

+ 10p−1E

∣∣∣∣∣ ∫ t

t0
(t − s)α−1φ̃i(t − s)

n∑
j=1

n∑
k=1

bi jk(s)
[
g j(x j(s − σi jk(s)))

× gk(yk(s − νi jk(s))) − g j(x j(s − σi jk(s)))gk(xk(s − νi jk(s)))
]
ds
∣∣∣∣∣p

≤
10p−1

Γ(α)

( 1
ai + di

) p
q

n∑
j=1

[( n∑
k=1

(b+i jk)
q
) p

q
n∑

k=1

(Lg
j)

p
]( n∑

j=1

(Mg
j )

q
) p

q

×

∫ t

t0
(t − s)α−1u(s)ds +

10p−1

Γ(α)

( 1
ai + di

) p
q
[ n∑

j=1

( n∑
k=1

(b+i jk)
q

×

( n∑
k=1

(Mg
j )

p
) q

p
)] p

q
n∑

j=1

(Lg
j)

p
∫ t

t0
(t − s)α−1u(s)ds, (4.10)

W4 ≤
5p−1

Γ(α)

( 1
ai + di

) p
q
( n∑

j=1

(c+i j)
q
) p

q
n∑

j=1

(Lh
j)

p
∫ t

t0
(t − s)α−1u(s)ds. (4.11)

For p > 2, according to Lemma 2.2, the Hölder inequality, and a change of variables, we have

W5 ≤5p−1CpE
[ ∫ t

t0
(t − s)2(α−1)φ̃2

i (t − s)
∣∣∣∣∣ n∑

j=1

[
δi j(y j(s − γi j(s))) − δi j(x j(s − γi j(s)))

]∣∣∣∣∣2ds
] p

2
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≤5p−1Cp

[ ∫ t

t0
(t − s)2(α−1)φ̃2

i (t − s)ds
] p−2

2
[ ∫ t

t0
(t − s)2(α−1)φ̃2

i (t − s)

× E

∣∣∣∣∣ n∑
j=1

[
δi j(y j(s − γi j(s))) − δi j(x j(s − γi j(s)))

]∣∣∣∣∣pds
]

≤5p−1Cpn
p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai + 2di)2− 1
αΓ(2 − α)

] p−2
2
∫ t

t0
(t − s)2(α−1)φ̃2

i (t − s)u(s)ds

≤
5p−1

Γ2(α)
Cpn

p
q

n∑
j=1

(Lδi j)
p
[ Γ(2 − 1

α
)Γ( 1

α
)

Γ(α)(2ai + 2di)2− 1
αΓ(2 − α)

] p−2
2
∫ t

t0
(t − s)2(α−1)u(s)ds. (4.12)

When p = 2, by the Itô isometry and the Cauchy–Schwarz inequality, we can infer that

W5 ≤5E
[ ∫ t

−∞

(t − s)2(α−1)φ̃2
i (t − s)

∣∣∣∣∣ n∑
j=1

[
δi j(y j(s − γi j(s))) − δi j(x j(s − γi j(s)))

]∣∣∣∣∣2ds
]

≤
5n
Γ2(α)

n∑
j=1

(Lδi j)
2
∫ t

t0
(t − s)2(α−1)u(s)ds. (4.13)

Substituting (4.8)–(4.13) into (4.7), we have the following two cases.
Case 1. When p > 2, we have

E|ei(t)|p ≤5p−1∥ξ − ψ∥t0 + M1

∫ t

t0
(t − s)α−1u(s)ds + M2

∫ t

t0
(t − s)2α−2u(s)ds,

where M1 and M2 are given in (H6).
Then, for all θ ∈ [t0, t], we have

E|ei(θ)|p ≤5p−1∥ξ − ψ∥t0 + M1

∫ t

t0
(t − s)α−1u(s)ds + M2

∫ t

t0
(t − s)2α−2u(s)ds.

Therefore, for all t ∈ [t0,T ], we have

u(t) ≤5p−1∥ξ − ψ∥t0 + M1

∫ t

t0
(t − s)α−1u(s)ds + M2

∫ t

t0
(t − s)2α−2u(s)ds.

According to Lemma 2.3 and (H6), we can see that

u(t) ≤5p−1∥ξ − ψ∥t0[Eα(M1Γ(α)(t − t0)α) + E2α−1(M2Γ(2α − 1)(t − t0)2α−1) − 1].

Consequently, for all t ∈ [t0,T ], we can deduce that

E|ei(t)|p ≤ u(t) ≤ 5p−1δ[Eα(M1Γ(α)Tα) + E2α−1(M2Γ(2α − 1)T 2α−1) − 1] ≤ ε.

Case 2. When p = 2, we have

E|ei(t)|2 ≤5∥ξ − ψ∥t0 + F1

∫ t

t0
(t − s)α−1u(s)ds + F2

∫ t

t0
(t − s)2α−2u(s)ds,
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where F1 and F2 are given in (H6).
Then, for all θ ∈ [t0, t], we have

E|ei(θ)|2 ≤5∥ξ − ψ∥t0 + F1

∫ t

t0
(t − s)α−1u(s)ds + F2

∫ t

t0
(t − s)2α−2u(s)ds.

Consequently, for all t ∈ [t0,T ], we have

u(t) ≤5∥ξ − ψ∥t0 + F1

∫ t

t0
(t − s)α−1u(s)ds + F2

∫ t

t0
(t − s)2α−2u(s)ds.

By virtue of Lemma 2.3 and (H6), we can see that

u(t) ≤5∥ξ − ψ∥t0[Eα(F1Γ(α)(t − t0)α) + E2α−1(F2Γ(2α − 1)(t − t0)2α−1) − 1].

Then, for all t ∈ [t0,T ], we have

E|ei(t)|2 ≤u(t) ≤ 5δ̂[Eα(F1Γ(α)Tα) + E2α−1(F2Γ(2α − 1)T 2α−1) − 1] ≤ ε̂.

Consequently, the drive system (1.1) and the response system (4.1) are finite-time synchronized with
respect to {δ, ε, t0,T }. The proof is completed. □

Remark 4.1. Under the conditions of Theorem 4.1, System (1.1) possesses a unique Stepanov almost
periodic solution, while System (1.1) and System (4.1) are synchronized. Therefore, we may refer to
this synchronization as Stepanov almost periodic synchronization.

5. An example

In this section, we present one example and some simulations to illustrate the feasibility of our main
results.

In System (1.1) and System (4.3), let n = 2, t0 = 0 and take a1 = 8, a2 = 10, d1 =
1
4 , d2 =

1
5 ,

f1(x1) =0.025 sin(x1), f2(x2) = −0.005 + 0.005 cos(x2), g1(x1) = 0.05 tanh(x1),
g2(x2) =0.02 sin(x2), δ11(x1) = 0.02 sin(x1), δ12(x2) = 0.02 sin(x2), δ21(x1) = 0.02 tanh(x1),
δ22(x2) =0.02 cos(x2) − 0.02, h1(e1) = 0.015 sin(e1), h2(e2) = 0.018 tanh(e2)

I1(t) =0.5 sin
√

3t + 0.314 cos
√

5t, I2(t) = 0.4 cos
√

2t + 0.27 sin
√

3t,

a11(t) =a12(t) = 0.05 sin
√

2t + 0.05 cos t, a21(t) = a22(t) = 0.06 cos
√

3t + 0.03 sin
√

7t,

b111(t) =0.06 sin
√

3t + 0.02 cos
√

5t, b112(t) = 0.03 sin
√

2t + 0.05 sin
√

7t,

b121(t) =0.04 sin
√

3t + 0.04 cos
√

2t, b122(t) = 0.025 sin
√

5t + 0.055 cos
√

2t,

b211(t) =0.025 cos
√

7t + 0.045 sin t, b212(t) = 0.02 sin
√

5t + 0.05 cos
√

7t,

b221(t) =0.035 cos
√

2t + 0.035 sin
√

5t, b222(t) = 0.04 sin
√

3t + 0.03 cos
√

7t,

c11(t) =c12(t) = 0.02 sin t + 0.07 cos
√

2t, c21(t) = c22(t) = 0.025 cos
√

5t + 0.018 sin
√

3t,

τi j(t) =0.05 + 0.02 sin 0.2t, σi jk(t) = 0.8 + 0.2 cos 0.4t, νi jk(t) = 0.4 + 0.2 cos 0.1t,
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γi j(t) =0.05 + 0.2 cos t, ηi j(t) = 0.07 + 0.02 cos 0.2t.

By a simple calculation, we have

a+11 = a+12 = 0.1, a+21 = a+22 = 0.09, b+1 jk = 0.08, b+2 jk = 0.07, c+11 = c+12 = 0.09, c+21 = c+22 = 0.043,

τ+i j = 0.07, τ̇+i j = 0.004, σ+i jk = 1, σ̇+i jk = 0.08, ν+i jk = 0.6, ν̇+i jk = 0.02, γ+i j = 0.07, γ̇+i j = 0.02,

L f
1 = 0.025, L f

2 = 0.005, Lg
1 = 0.05, Lg

2 = 0.02, Lδ11 = Lδ12 = Lδ21 = Lδ22 = 0.02, Lh
1 = 0.015,

Lh
2 = 0.018,Mg

1 = 0.05,Mg
2 = 0.02.

Choose α = 0.55, by calculation, when p = 3, q = 3
2 , ς1 ≈ 0.8833 < 1, and when p = 2, q = 2, ς2 ≈

0.044 < 1. Let T = 8, δ = 0.01, ε = 0.5, δ̂ = 0.01, and ε̂ = 0.3. Using the MATLAB program, to
compute the Mittag–Leffler function, we obtain

δ[E0.55(M1Γ(0.55)T 0.55) + E0.1(M2Γ(0.1)T 0.1) − 1] ≈ 0.015 <
ε

25
= 0.02,

δ̂[E0.55(F1Γ(0.55)T 0.55) + E0.1(F2Γ(0.1)T 0.1) − 1] ≈ 0.01038 <
ε̂

5
= 0.06.

Choose α = 0.8, by calculation, when p = 3, q = 3
2 , ς1 ≈ 0.0146 < 1, and when p = 2, q = 2, ς2 ≈

0.00286 < 1. Let T = 8, δ = 0.01, ε = 0.5, δ̂ = 0.01, and ε̂ = 0.3. Using the MATLAB program, to
compute the Mittag–Leffler function, we obtain

δ[E0.8(M1Γ(0.8)T 0.8) + E0.6(M2Γ(0.6)T 0.6) − 1] ≈ 0.01045 <
ε

25
= 0.02,

δ̂[E0.8(F1Γ(0.8)T 0.8) + E0.6(F2Γ(0.6)T 0.6) − 1] ≈ 0.0102 <
ε̂

5
= 0.06.

Choose α = 0.95, by calculation, when p = 3, q = 3
2 , ς1 ≈ 0.0402 < 1, and when p = 2, q = 2, ς2 ≈

0.0028 < 1. Let T = 8, δ = 0.01, ε = 0.5, δ̂ = 0.01, and ε̂ = 0.3. Using the MATLAB program, to
compute the Mittag–Leffler function, we obtain

δ[E0.95(M1Γ(0.95)T 0.95) + E0.9(M2Γ(0.9)T 0.9) − 1] ≈ 0.01087 <
ε

25
= 0.02,

δ̂[E0.95(F1Γ(0.95)T 0.95) + E0.9(F2Γ(0.9)T 0.9) − 1] ≈ 0.01051 <
ε̂

5
= 0.06.

Therefore, according to Theorem 4.1, the drive system (1.1), and the response system (4.1) are
finite-time synchronized with respect to {δ, ε, t0,T } (see Figures 1–5).

When the time delays and stochastic disturbances in System (1.1) disappear, the evolution of the
system’s states over time is shown in Figures 6–10. It can be observed from the figures that the
changes in the system’s states are not significant, which indicates, to some extent, that System (1.1)
possesses good “immunity” to its non–ideal factors (time delays and noise). In other words, the
system is “good” and easy to implement in modeling, as it is not highly demanding regarding
parameter precision or environmental purity. However, this also implies that if one wishes to utilize
time delays or stochasticity to induce new dynamic behaviors (such as coherence resonance or
delay-induced oscillations), it is necessary to further increase the delay or noise intensity to surpass a
certain critical threshold.
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Figure 1. State x1(t) of System (1.1) with different values of α.

0 5 10 15 20 25 30 35 40 45 50
 t

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

x 2(t)

=0.55 =0.8 =0.95

Figure 2. State x2(t) of System (1.1) with different values of α.
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Figure 3. States e1(t) and e2(t) of System (4.3) with α = 0.55 and different initial values.
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Figure 4. States e1(t) and e2(t) of System (4.3) with α = 0.8 and different initial values.
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Figure 5. States e1(t) and e2(t) of System (4.3) with α = 0.95 and different initial values.
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Figure 6. State x1(t) of System (1.1) with different values of α, and without delay and
stochastic perturbation.
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Figure 7. State x2(t) of System (1.1) with different values of α, and without delay and
stochastic perturbation.
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Figure 8. States e1(t) and e2(t) of System (4.3) with α = 0.55 and different initial values, and
without delay and stochastic perturbation.
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Figure 9. States e1(t) and e2(t) of System (4.3) with α = 0.8 and different initial values, and
without delay and stochastic perturbation.
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Figure 10. States e1(t) and e2(t) of System (4.3) with α = 0.95 and different initial values,
and without delay and stochastic perturbation.

6. Conclusions

This paper has studied the dynamics of a class of high-order fractional-order Hopfield neural
networks subjected to stochastic disturbances and time-varying delays. Addressing the critical yet
under–explored gap in modeling complex, real-world neural systems, the research was conducted
under the general framework of Stepanov-almost periodicity to handle discontinuous or irregular
time-varying parameters. The main contributions are summarized as follows.

First, sufficient conditions were rigorously established to guarantee the existence and uniqueness of
a Stepanov almost periodic solution in distribution for the proposed network model. By using Banach’s
fixed point theorem and appropriate inequality techniques, the analysis provided a solid theoretical
foundation for the oscillatory behavior of such complex systems.

Second, on the the basis of the almost periodic solution obtained, the finite-time synchronization
problem between the drive system and a constructed response system was investigated. Effective
control strategies were designed to achieve synchronization within a pre–specified finite time, which
is crucial for applications with strict temporal constraints.

The theoretical results of this study not only advance the understanding of almost periodic dynamics
in fractional-order stochastic delayed systems but also provide a potential theoretical framework for
practical applications such as secure communication, neural information processing, and cooperative
control of multi–agent systems, where robustness against delays, noise, and time-varying parameters
is essential.

Future research may extend this work to other types of neural network architectures, explore
different synchronization schemes (e.g., fixed-time or preassigned-time synchronization), or
investigate the dynamics under more general types of stochastic processes and delay distributions.
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quaternion-valued neural networks via Itô’s formula of quaternion version, Chaos Solitons Fract.,
178 (2024), 114341. https://doi.org/10.1016/j.chaos.2023.114341

17. B. Li, Y. Li, H. Xu, Almost automorphic dynamics to stochastic octonion-
valued fuzzy neural networks with delays, Fuzzy Sets Syst., 521 (2025), 109592.
https://doi.org/10.1016/j.fss.2025.109592

18. P. Gokul, S. S. Mohanrasu, A. Kashkynbayev, R. Rakkiyappan, Finite-time synchronization of
fractional-order nonlinear systems with state-dependent delayed impulse control, Int. J. Bifurc.
Chaos, 34 (2024), 2450034. https://doi.org/10.1142/s0218127424500342

19. P. Gokul, K. Udhayakumar, A. R. Fathalla, B. S. Salem, Fractional-order stochastic delayed neural
networks with impulses: mean square finite-time contractive synchronization, Sci. Rep., 16 (2026),
1999. https://doi.org/10.1038/s41598-025-31768-7

20. W. Wang, W. Zeng, W. Chen, Global exponential stability of periodic solutions for inertial
delayed BAM neural networks, Commun. Nonlinear Sci. Numer. Simul., 145 (2025), 108728.
https://doi.org/10.1016/j.cnsns.2025.108728

21. M. Amdouni, µ-Stability of (η1, η2)-pseudo almost periodic solution for octonion-valued fuzzy
BAM cellular neural networks with mixed delays, Chaos Solitons Fract., 203 (2026), 117665.
https://doi.org/10.1016/j.chaos.2025.117665

22. Y. Li, B. Li, Pseudo compact almost automorphy of neutral type Clifford-valued neural
networks with mixed delays, Discrete Contin. Dyn. Syst. B, 27 (2022), 4703–4724.
https://doi.org/10.3934/dcdsb.2021248

23. N. Huo, Y. Li, Pseudo almost periodic solution of fractional-order Clifford-valued
high-order hopfield neural networks, J. Appl. Anal. Comput., 14 (2024), 2488–2504.
https://doi.org/10.11948/20220447

AIMS Mathematics Volume 11, Issue 4, 10478–10517.

https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2024.108418
https://dx.doi.org/https://doi.org/10.1016/j.physd.2025.134577
https://dx.doi.org/https://doi.org/10.1016/s0016-0032(01)00016-3
https://dx.doi.org/https://doi.org/10.1016/j.physa.2006.04.105
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2005.10.004
https://dx.doi.org/https://doi.org/10.1080/00207179.2023.2168878
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2023.114341
https://dx.doi.org/https://doi.org/10.1016/j.fss.2025.109592
https://dx.doi.org/https://doi.org/10.1142/s0218127424500342
https://dx.doi.org/https://doi.org/10.1038/s41598-025-31768-7
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2025.108728
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2025.117665
https://dx.doi.org/https://doi.org/10.3934/dcdsb.2021248
https://dx.doi.org/https://doi.org/10.11948/20220447


10516

24. B. Liu, C. Huang, Global periodic attractivity for a generalized Nicholson’s blowflies equation with
delays, Appl. Math. Lett., 177 (2026), 109876. https://doi.org/10.1016/j.aml.2026.109876

25. L. Yang, Y. Li, Periodic traveling waves in a time periodic SEIR model with
nonlocal dispersal and delay, Discrete Contin. Dyn. Syst.-B, 28 (2023), 5087–5104.
https://doi.org/10.3934/dcdsb.2023056

26. J. Xiang, M. Tan, Existence and stability of Stepanov-almost periodic solution in distribution for
quaternion-valued memristor-based stochastic neural networks with delays, Nonlinear Dyn., 111
(2023), 1715–1732. https://doi.org/10.1007/s11071-022-07877-7

27. Y. Li, X. Wang, B. Li, Stepanov-like almost periodic dynamics of Clifford-valued stochastic
fuzzy neural networks with time-varying delays, Neural Proc. Lett., 54 (2022), 4521–4561.
https://doi.org/10.1007/s11063-022-10820-x

28. Q. Shao, Y. Li, Almost periodic solutions for Clifford-valued stochastic shunting inhibitory
cellular neural networks with mixed delays, AIMS Math., 9 (2024), 13439–13461.
https://doi.org/10.3934/math.2024655

29. L. Duan, L. Huang, Z. Guo, Stability and almost periodicity for delayed high-order Hopfield
neural networks with discontinuous activations, Nonlinear Dyn., 77 (2014), 1469–1484.
https://doi.org/10.1007/s11071-014-1392-3

30. Z. He, C. Li, H. Li, Q. Zhang, Global exponential stability of high-order Hopfield
neural networks with state-dependent impulses, Phys. A, 542 (2020), 123434.
https://doi.org/10.1016/j.physa.2019.123434

31. D. Liu, J. Zhang, Z. T. Njitacke, N. J. De Dieu, D. Jiang, M. Ruben, Dynamical analysis of
high-order Hopfield neural network with application in WBANs, Phys. Scr., 99 (2024), 085258.
https://doi.org/10.1088/1402-4896/ad6361

32. H. Lin, X. Deng, S. Zhang, X. Chen, G. Min, K. Xue, Securing image privacy in internet-of-
vehicles with a multiwing hyperchaotic memristive neural network, IEEE Internet Things J., 12
(2025), 55269–55282. https://doi.org/10.1109/JIOT.2025.3622741

33. X. Deng, S. Ding, H. Lin, L. Jiang, H. Sun, J. Jin, Privacy-preserving online medical image
exchange via hyperchaotic memristive neural networks and DNA encoding, Neurocomputing, 653
(2025), 131132. https://doi.org/10.1016/j.neucom.2025.131132

34. Y. Li, H. Wang, X. Meng, Almost automorphic synchronization of quaternion-valued high-order
Hopfield neural networks with time-varying and distributed delays, IMA J. Math. Control Inform.,
36 (2019), 983–1013. https://doi.org/10.1093/imamci/dny015

35. Y. Li, J. Xiang, Existence and global exponential stability of almost periodic solution for
quaternion-valued high-order Hopfield neural networks with delays via a direct method, Math.
Meth. Appl. Sci., 43 (2020), 6165–6180. https://doi.org/10.1002/mma.6363

36. M. Miraoui, S. Ben Atti, Pseudo S-asymptotically ω-antiperiodic solutions for high-
order Hopfield neural networks, Int. J. Comput. Math., 102 (2025), 2010–2031.
https://doi.org/10.1080/00207160.2025.2528095

37. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Amsterdam: Elsevier, 2006. https://doi.org/10.1016/S0304-0208(06)X8001-5

AIMS Mathematics Volume 11, Issue 4, 10478–10517.

https://dx.doi.org/https://doi.org/10.1016/j.aml.2026.109876
https://dx.doi.org/https://doi.org/10.3934/dcdsb.2023056
https://dx.doi.org/https://doi.org/10.1007/s11071-022-07877-7
https://dx.doi.org/https://doi.org/10.1007/s11063-022-10820-x
https://dx.doi.org/https://doi.org/10.3934/math.2024655
https://dx.doi.org/https://doi.org/10.1007/s11071-014-1392-3
https://dx.doi.org/https://doi.org/10.1016/j.physa.2019.123434
https://dx.doi.org/https://doi.org/10.1088/1402-4896/ad6361
https://dx.doi.org/https://doi.org/10.1109/JIOT.2025.3622741
https://dx.doi.org/https://doi.org/10.1016/j.neucom.2025.131132
https://dx.doi.org/https://doi.org/10.1093/imamci/dny015
https://dx.doi.org/https://doi.org/10.1002/mma.6363
https://dx.doi.org/https://doi.org/10.1080/00207160.2025.2528095
https://dx.doi.org/https://doi.org/10.1016/S0304-0208(06)X8001-5


10517

38. A. M. Fink, Almost Periodic Differential Equations, New York: Springer, 1974.
https://doi.org/10.1007/BFb0070324

39. C. Corduneanu, Almost Periodic Oscillations and Waves, New York: Springer, 2009.
https://doi.org/10.1007/978-0-387-09819-7

40. S. Hu, C. Huang, F. Wu, Stochastic Differential Equations, Beijing: Science Press, 2008.

41. Q. Yang, C. Bai, D. Yang, Finite-time stability of nonlinear stochastic ψ-Hilfer fractional systems
with time delay, AIMS Math., 7 (2022), 18837–18852. https://doi.org/10.3934/math.20221037

42. X. Shu, F. Xu, Y. J. Shi, S-asymptotically ω-positive periodic solutions for a class
of neutral fractional differential equations, Appl. Math. Comput., 270 (2015), 768–776.
https://doi.org/10.1016/j.amc.2015.08.080

43. B. Peng, Y. Li, Almost periodic dynamics of fractional-order stochastic Hopfield
neural networks with time-varying delays, AIMS Math., 10 (2025), 18431–18453.
https://doi.org/10.3934/math.2025823

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 4, 10478–10517.

https://dx.doi.org/https://doi.org/10.1007/BFb0070324
https://dx.doi.org/https://doi.org/10.1007/978-0-387-09819-7
https://dx.doi.org/https://doi.org/10.3934/math.20221037
https://dx.doi.org/https://doi.org/10.1016/j.amc.2015.08.080
https://dx.doi.org/https://doi.org/10.3934/math.2025823
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries 
	Stepanov almost periodic solution in the distribution sense
	Finite-time Stepanov almost periodic synchronization
	An example
	Conclusions

