AIMS Mathematics, 11(4): 10478-10517.
DOI: 10.3934/math.2026432
ATMS Mathematics Received: 01 February 2026

Revised: 07 April 2026

Accepted: 09 April 2026
https://www.aimspress.com/journal/Math Published: 17 April 2026

Research article

Finite-time Stepanov almost periodic synchronization for fractional-order
stochastic high-order Hopfield neural networks

Yisen Zhou and Yongkun Li*
Department of Mathematics, Yunnan University, Kunming, Yunnan 650091, China
* Correspondence: Email: yklie@ynu.edu.cn.

Abstract: This paper investigates the dynamics of high-order Hopfield neural networks incorporating
fractional-order derivatives, stochastic disturbances, and time-varying delays. To address the more
realistic scenario of discontinuous or weakly regular time-varying parameters, the analysis is conducted
within the framework of Stepanov almost-periodicity. First, sufficient criteria for the existence and
uniqueness of a Stepanov almost periodic solution in distribution for the considered network are
established using Banach’s fixed point theorem and inequality techniques. Subsequently, by treating
the studied network as a drive system, a corresponding response system is constructed. Effective
control strategies are designed to achieve finite-time synchronization between these two systems.
Finally, a numerical example is provided to illustrate the validity of the theoretical results. This
study offers new theoretical insights for analyzing almost periodic oscillations in complex fractional-
order stochastic systems with delays and has potential applications in fields requiring precise temporal
coordination, such as secure communication and cooperative control.
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1. Introduction

The study of neural network dynamics, serving as the theoretical core connecting model
architecture with functional realization, has evolved from traditional integer-order ordinary
differential equation frameworks toward more complex and physically realistic directions. The
introduction of fractional-order calculus marks a critical advancement in this field [1-3]. Through
nonlocal memory kernel functions, it endows neural network models with inherent advantages in
characterizing phenomena such as long-range dependence, hereditary properties, and anomalous
diffusion [4-6]. This provides a more precise mathematical language for describing non-Markovian
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processes and complex spatiotemporal dynamics in biological neural systems, while significantly
enhancing modeling capabilities in fields such as system control and signal processing. Investigating
neural networks as dynamic systems aims to transcend static parameter analysis and delve into the
mechanisms underlying their internal state evolution, stability, bifurcations, and other nonlinear
behaviors. This not only provides theoretical foundations for optimizing algorithm design and
interpreting training dynamics but also deepens our understanding of the computational principles
underlying biological intelligence.

However, a gap between theory and practice is reflected in the discrepancies between the
operational environments of real neural networks and idealized models. Time delays represent an
inherent physical constraint [7, 8], whether in the chemical processes of biological synaptic
transmission or signal propagation in hardware circuits [9-11]. Simultaneously, inherent random
disturbances from both internal and external environments (e.g., thermal noise, channel interference)
are ubiquitous. These two non-ideal factors are not merely minor perturbations; they can
fundamentally reshape a system’s dynamics [12—14], inducing oscillations, altering stability patterns,
or triggering stochastic resonance [15—-17]. Consequently, studies of neural network dynamics that
neglect time delays and stochasticity often yield conclusions that deviate from real-world behavior.
This necessitates an investigation of the true dynamics of neural networks within a complex
framework that couples fractional-order derivatives, stochastic disturbances, and time delays [18, 19].

Furthermore, when neural network parameters, such as connection weights or external inputs, vary
with time-articularly exhibiting periodic [20] or nearly periodic fluctuations—the study of their
dynamics naturally focuses on the existence and stability of periodic and almost periodic
solutions [21-23]; in this regard, the same holds true for ecological systems [24,25]. Such solutions
characterize the system’s ability to dynamically adapt to and lock onto externally imposed regular or
quasi-regular time-varying environments, which is crucial for understanding biological rhythms and
designing adaptive information processing systems. Among these, almost periodic solutions,
particularly the more generalized Stepanov-type almost periodic solutions, provide powerful
analytical tools for handling discontinuous or weakly regular time-varying parameters. Recently, Huo
and Li [4] investigated the S” almost periodic dynamics of deterministic fractional-order neural
networks, while others [26-28] studied the S” almost periodic dynamics of integer-order stochastic
neural networks. However, to date, research on the Stepanov almost periodic dynamics of neural
networks that simultaneously incorporate fractional-order derivatives, stochastic disturbances, and
time-varying delays remains largely unexplored and urgently requires in-depth investigation.

Regarding model selection, high-order Hopfield neural networks [29-31], owing to their richer
interconnection structures and stronger function approximation capabilities, demonstrate superior
performance compared with traditional first-order models in domains such as associative memory,
optimization computation, image encryption, and data security, as well as in protecting sensitive
image data in scenarios like the internet of vehicles and telemedicine [32, 33]. Analyzing their
complex dynamics thus holds significant application value [34-36]. Given the above mentioned
considerations, this paper aims to investigate a class of high-order Hopfield neural networks that
simultaneously incorporate time-varying delays, stochastic disturbances, and fractional-order
derivatives as follows:

EDIx) = — @) + Y @D fiCe = TN + Y bi(0)g (it = o))
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& da)j(t)
X g0t = Vi) + L) + ) 81,0x,(t = vy (O)—=. 1> to, (1.1)
j=1
where a € (%, 1),i=1,2,---,n, where n denotes the number of units in the network; x;(¢) is the state of

the ith unit at time #; a; > 0 is the self feedback connection weight; a;;(¢) and b;(¢) are the connection
weights of the network; 7;;(1) > 0, ou() > 0, vi(t) > 0, y;;(r) > O are the transmission delays at
time f; I;(f) represents the external inputs at time #; f;, g; : R — R are the activation functions of
signal transmission; d;; : R — R is a Borel measurable function; and w(?) = (w: (1), wx(1), - -, W ()T
indicates the n-dimensional two-sided Brownian motion defined on a complete probability space.

Let (Q, F, {F:}.cr, P) be a complete probability space with a natural filtration {F,},cr satisfying the
usual conditions. Let BC ([fy — p, t], R") denote the collection of all bounded, ¥y-measurable, and
C([ty — p, tp], R")-valued random variables.

The initial condition of the system (1.1) is given by

xi(s) = Yi(s), s € [to — p, to], (1.2)
wherei=1,2,...,n,¢; € BCx([to — p, 0], R"), and

p= max {sup{rija)},sup{aijk(r)},sup{v,jk(t)}, sup{%,-(t)}}.

I<ijiksn \ ter 1€R teR teR

The specific research contents are as follows. First, within the more general framework of
Stepanov almost-periodicity, sufficient criteria for the existence and uniqueness of almost periodic
solutions for this network will be established. Second, treating the studied network as a drive system,
a corresponding response system will be constructed, and effective control strategies will be designed
to achieve finite-time synchronization between the two systems. This study is expected to provide,
theoretically, new ideas and methods for the analysis of almost periodic oscillations in complex
time-varying fractional-order stochastic systems. In application, it aims to offer a theoretical basis for
problems requiring strict time constraints, such as neural computing, secure communication, and
multi-agent cooperative control.

The arrangement of the remaining sections of this paper is as follows: In Section 2, we review
some related concepts, introduce several fundamental lemmas that will be used in the proofs of the
main results, and state the basic assumptions of this paper. In Section 3, we establish the existence
and uniqueness of a Stepanov almost periodic solution in the distribution sense for the system (1.1)
by employing Banach’s fixed point theorem and inequality techniques. In Section 4, we construct
a corresponding response system with System (1.1) as the drive system to investigate the finite-time
synchronization problem. In Section 5, we provide a numerical example to illustrate the effectiveness
of the theoretical results presented in this paper. In Section 6, we offer a brief conclusion.

2. Preliminaries

Let I' be the classical gamma function defined by

() = f e dt,
0
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Definition 2.1. [37] The Mittag—Leffler function with two parameters is defined as

O z
Eap(2) = ; Tka +8)’

where a > 0, >0, and z € C. When 8 = 1, we have E, g(2) = E,(z); furthermore, E| ;(2) = €.

Definition 2.2. [37] The fractional integral of order « for a function f € L'([a, b],R) is defined as

1 !
I f(t) = @ f (t— )" f(s)ds, te€]a,b],

where a > 0, and a and b may take —co and +co as their values.

Definition 2.3. [37] The Caputo derivative of order « for a function f € C"'([a,b],R) with ™ €
L'([a,b],R) is defined by

(n)
D f(t) = > f IS s ielabl,

(t _ S)a+1 -n

where n is a natural number such thatn — 1 < a < n, and a, b may take —co or +oo as their values.

Let (Y,||.|ly) be a separable Banach space. For a random variable X : (Q,7,P) — Y, we use
u(X) = Po X! to denote its law and EX as its expectation. Let £7(€,Y) be the space of all Y-valued
random variables X such that E|| X ||§ = fg [| X ||§dP < o0, Let C(R, Y) be the set of continuous functions
from R to Y. We use L*(R,Y) to denote the set of all functions f : R — Y which are measurable
and essentially bounded. The space £L*(R,Y) is a Banach space when it is endowed with the norm

Ifllz= = esssup,ep lF (DIl

Definition 2.4. [38] A function f € C(R,Y) is called almost periodic if, for every € > 0, a positive
number | = l(€) exists such that in every interval of length [, there is a T satisfying

If(t+71)— f(D)lly <& forallteR.

The space of all such functions is denoted AP(R,Y).

For 1 < p < oo, weuse L] (R,Y) to denote the space of all functions from R to Y which are locally
p-integrable. For g € L] (R,Y), we consider the following Stepanov norm:

t+1 %
lglls» = sup( f ||g(s)||§ds) :
teR t

Definition 2.5. [39] A function g € L] (R,Y) is called p-th Stepanov almost periodic if, for any
e > 0, [ > 0 exists such that every interval of length | has a number T such that

1g(- +7) = g0lls» <e&.

The space of all such functions is denoted SPAP(R,Y).
Remark 2.1. From Definitions 2.4 and 2.5, one can easily see that AP(R,Y) Cc SPAP(R,Y).
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Definition 2.6. [27] A stochastic process X € L? (R, LP(Q,Y)) is called S?-bounded if

loc
t+1 ;
IXlgr := Sup(f ]EIIX(s)llp ds) <oo forallteR.
' teR t
The space of all such stochastic processes will be denoted BSt (R, LP(Q,Y)).

Definition 2.7. [27] A stochastic process X € L7 (R, LP(Q,Y)) is said to be SP-continuous if, for

everyh e R

loc

+1
lim sup fﬂ ElIX(t + h) — X(li5dt = 0

h=0 ger

Definition 2.8. [27] A stochastic process Z € LZOC(R, LP(Q,Y)) is said to be p-th mean Stepanov
almost periodic if for every € > 0, there is a positive number | > O such that every interval of length [
contains a number T such that

WZ(-+1) = Z()llsr < &

Let (E, d) be a separable and complete metric space. We use P(E) to denote the set of all probability
measures defined on the o-algebra of the Borel sets of E. Let BC(E) be the space of all bounded and
continuous functions f: E — R with ||f]le = sup,z [f(x)| < co.

f fdu—v)|.
E

For any f € BC(E) and u, v € P(E), define
Definition 2.9. [27] A stochastic process Z : R — LP(Q,Y) is called p-th Stepanov almost periodic

lf(a) - f(D)
1Al = sup ————, [Ifllpr = max{l|flle, [IfllL}, dpr(tt,v) = sup

in the distribution sense if, for every € > 0, a positive number [ exists such that every interval of length

[ contains a number T such that

azb  d(a,b) <1

Then, the space (P(E),dp.) is a separable, complete metric space.

1

a+1
sup( f d? (PolZ(t+1)] ", Po [Z(t)]‘])dt)p <e.

aceR
Lemma 2.1. [39] Each function f € SPAP(R,Y) is continuous with respect to the Stepanov norm.

Lemma 2.2. [40](Burkholder-Davis—Gundy inequality) Let f € L*([ty, T1,R), p > 2, and let w(t) be
a Brownian motion. Then

/2
sup f fedats)| | < .7 f foras|
té[t() T]
p+1 [7/2
where the optimal constant is given by C,, = (W)

Lemma 2.3. [41] Let u,v be two non-negative integrable functions defined on the interval |a, b],
where V() is a nondecreasing function. Assume that ¢ € C'[a,b] is an increasing function such that

W' (t) #0 forall t € [a,b]. If
2 ¢
u(t) < v(t) + Z gi(t) f ¥ OW () — (@) u(r)dr,
i=1 a
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where the functions g, and g, are the bounded and monotonic functions on [a, b], and the constants
pi > 0(i = 1,2). Then, the following holds:

u(t) < VO Ey, @1(OT (o)W (@) = (@)Y") + Ey, (©20T(02)W(0) — y(@)y) — 1]

For convenience, we use the following notations:

a;; = esssup{la; (O}, by = esssup{lbip®l},  ¢f; = esssuplle; (DI}, 7, = sup{ri;(1)},
teR teR teR teR

ol = SuP{O'ijk(l‘)}, Vi = suptviu(®}, v} = suplyi(0}, 17 = supllt;;(0l},
teR teR teR

0 = supl{loiu @}, Vi = supllvipll, 775 = sup{ly;()l}.
teR teR teR

To obtain the main results of this paper, we need the following assumptions:

(H,) For i, j,k 1,2,---,n, T,J,O',Jk,vl]k,’yu € AP(R,R*") N C'(R,R) satisfying 1 — T:; >0,1- O'l]k >
0,1- Uk >0,1- yu > 0;a;, b € L) (R,R)N L (R,R), and I; € .E‘IDOC(R, R) are p-th Stepanov
almost periodic.

(Hy) Fori,j=1,2,---,n, fj,g,0i; € C(R,R) satisfying the Lipschitz condition, that is, the constants
L{, Lf, ij, M{, Mf > 0 exist such that for all x,y € R,

loc

650 = S0 < Lilx =1, 1001 < My, [g;(0] < M5,

Furthermore, fJ(O) =gij(0)=06;(0)=0
(H3) For p > 2, —+— =1, we have

7y =110 {r<1a<x{ [(Z(au)’I)z Zn:(Lf y
(Z(Mg)q) [Z ( Z(buk)q( ;(Mi)p)")]q ;(Lf)l’

1 ) - re-Hre) L
X T ] + Cpne Z(L?j)p[r(a)(zai)Z—}yr(z _ a/)] 1 — y:;} <1,

ijk =1

— + ; [(Z(buk)q)z g([g)p]

P n

and for p = g = 2, we have

my =11 max {l,z[ Z(a,]) Z( f)z L (Z(buk)z Zﬁ:wj)z) S(Mf)z

=1 lj j=1
+Zx25ww>§}Mg)n< — §}Z>

l]k j=1 l]k j=1 ij
rf@—ﬁﬁ@) }<1
[(@)(2a;)> T2 - @)
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3. Stepanov almost periodic solution in the distribution sense

In this section, we use Banach’s fixed point theorem and inequality techniques to establish the
existence and uniqueness of a Stepanov almost periodic solution in the distribution sense for
system (1.1), and prove that the solution is synchronized in finite time.

Definition 3.1. An F,-progressively measurable stochastic process x(t) is called a mild solution of
System (1.1) if x(t) satisfies the following stochastic integral equation:

xi(1) =Ui(t — t9)xp + f(f — )" @it — $)[O(s, x) + Ii(s)]ds

1 n (3.1)
+ f(t — ) it = s) Z 0ij(xi(s —yij(s))dwj(s),t > tg,i =1,2,--- ,n,
fo j:1
where
Oi(5, x) = Y aij()fi(xj(s = Tif(M) + > > bin(s)g;(xj(s = Tip(s)gi(xels = vij(s),
=1 =1 k=1
1 1 -1 +oo @
xi(fo) = ¥i(to) = xo0,0a(r) = ar_l_wa(ﬁ), Ui(t) = f 0a(N)e™ " dr,
0
@i(t) = ozf rga(r)e_”"’ardr, o (r) = l Z:(—l)”_lr_”"_1 F(L‘_Fl) sin(nrra), r € (0, +00).
0 Y n!
By [42], we have
0.(r) = 0,r € (0, +OO),.fo Oo(r)dr = l,f) ro.(rydr = m,
oo T+
f(; oo (r)dr = —F(l " m}),n € [0, 1].
Letting o — —oo, from (3.1), we obtain
xi(1) =f (t — )it — $)[Oi(s, x) + Ii(s)lds
+ f (t— )" @il — 5) Z 0;j(x;(s = yij())dw;(s), (3.2)
oo =

which is also a solution of System (1.1).
Let w = ¢t — 5. Invoking Lemma 2.2 in [43], we get

! —+00 1
f (t—9)""gi(t — s)ds = f wlowydw = —, i=1,2,...,n.
—oo 0 a;
For x = (x1,x2,...,x,) € R", we write ||x|lp = max;;<,{|x;|}. Let X be the space of all S”-bounded
and S”-continuous functions from R to LP(Q,R"). For ¢ € X, we define

lPllx = sup,ex ( f;“ ]E||¢(t)||gdt)7l’. Then the space (X, || - |[x) is a Banach space.

AIMS Mathematics Volume 11, Issue 4, 10478—-10517.
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Set ¢°() = (¢?(t),¢g(t), e ,¢2(¢))T, where qS?(t) = fm(t— ) loit—HI(s)ds,teR,i=1,2,...,n,
and then ¢° is well defined. Indeed, since I; is S ”-bounded, the positive constants M; exist such that
I|[L]ls» < M;,i =1,2,...,n. Consequently, according to the Holder inequality, we can take a constant
such that [|¢°||x < «.

Theorem 3.1. Assume that (H,) — (H3) hold. Then System (1.1) has a unique p-th Stepanov almost
periodic solution in the distribution sense in X* = {¢ € X : ||¢ — ¢°||x < «}.

Proof. Define a mapping @ : X* — X* by

(D)D) = (D19)(1), (D29)(2), . . ., (D, P)(D),
where (¢1, ¢, ..., ¢,)7 € X*,t € R and

(@ip)(1)
= f (t— )" pilt - s)[ > ay($)f@i(s =TI + > > bi()g (s = Ti(s)))

=1 j=1 k=1

X 8(@r(s = vijx(5))) + L-(S)]ds + f (= )"t = 5) Z 0ij(@ (s = vij()))dw (s). (3.3)
—oo =

To start with, we will prove that @ is well defined. Noting the fact that for any ¢ € X*, it holds that
llollx < 16°lx + ll¢ — ¢°llx < 2«. We can then deduce that

a+1
f Ell(Dp)(1) — ¢°(0)llbdt

p
dt}

a+1 t n
<37~ max {f E‘ f (t =) pilt = 5) Z aij($)1;(@,(s = Tij())) ds
a —00 Jj=1

1<i<n
a+1 t n n
+30! {Igax{ f E' f (=9 git = ) )" > bip(s)
<i<n a — oo j=1 =
P
X 8,105 = Tir(NIHBis = viu())ds| dr}
a+1 t n »
3 tmac{ [ 8] [ @m0 a9 Y06 - viondons)|
nax\ . -~ 2
=A + Ay + As. (34)

By the Holder inequality, we have

+1 t 4
A, <371 max { f [(f (t— )" it — s)ds)q

X f (t - S)a_l%'(f - 9E Z aij(S)fj(¢j(S - Tij(S)))

=

p-1 l (N +\q AN f\p

<37 max () Yo@h)) Y
- ! Jj=1 j=1

AIMS Mathematics Volume 11, Issue 4, 10478—-10517.
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+1 t
X f f (r—s)“‘lsoia—s)E|¢,~(s—nj<s)>|f’dsdt}.

Letu =s—7;;(s). We get

<3 ma (1) (ZW’) ZW

a+1 1—7;;(s)
X f f (t—u—1(s) pilt —u - Tij(s))E||¢(u)||gd”dt}-

Further, by a change of variables and the Fubini theorem, we infer that

a0 (D) S
<[ : f (—u)“—lsox—u)Enc»(u+t—n~,~<s>)||gdrdu}
(3] (L) e
f [ :un:’:m(—u)“-1¢i(—u>E||¢<t>||{;dtdu}

= (3] () Yy

x f :T”m f (a—u—r,-j(s»a‘lc,o,-(a—u—n-,~<s>>E||¢<t)||gdzdu}
<3 () Yy

—7;j(s) u+1
X f (@—u—7;()" " pila — u = 7i(s))du Supf EI|¢(l)||§dt}

0 ueR

2 )

~ 1 (< q
<3 max | D@) v
i =1

Similarly, we can get

Ay <3 max | [ (Z(bj,k)q(Z(Mg>P) Ik i(ﬁ)]’ }||¢||X (3.6)

j=

1 4
- T5}||¢||X. (3.5)

When p > 2, by virtue of Lemma 2.2, the Holder inequality, a change of variables, and the Fubini
theorem, we deduce that
2 1%
ds| dr}

a+1 t
A3 <377'C, max f E[ f (t— )" Vit
<i<n a PSS

AIMS Mathematics Volume 11, Issue 4, 10478—-10517.
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a+1 t L
s3p—lcp{3a<x{ f [( f (1 — s DXt s)ds i f (t — 5@Vt - 5)

X ]E' Zf: 6i(¢;(s = %J'(S)))‘pds )]dt}

- I($) 3
i rgg{nq Z‘( [F(a/)(Za S a)] U}H¢||X (3.7)

When p = 2, by the It6 isometry, the Cauchy—Schwarz inequality, a change of variables and the
Fubini theorem, we have

+1 t 2
As $3¥r<1_£ix{ f E[ f (t — ) Vit ,-J-(¢j(s— ds]dt}
nL(2 - Hr) n
3 2. 3.8
S s e }“‘ﬁ“x oo

Therefore, when p > 2, putting (3.5)—(3.7) into (3.4), we can see that

a+1
f E||Dg(r) — ¢°(0)llbdt

P n

= max( [(Zwu)q) Sl | (S (o) )|
=1 k= —

: re -hrd)  E o
Z( B ]+C” Z(L?j)p[r(a)(Zai)z_flrF(2—a)] 1—7+}”¢”§ = 69

j=1 ij

when p = 2, putting (3.5), (3.6), and (3.8) into (3.4), we can get
a+1
f Ell (1) — ¢°(1)llgdr

S YIS Y DYCA Y DYy

l J=

nl'(2 - -)F(-) -
I'(@)(2a; )Z‘EF(Z @) =

_}II¢II§ <K (3.10)

lJ

Consequently, from (3.9), (3.10), and (H3), it follows that ||®¢ — ¢°||x < «.

Next, we will show that ®¢ is S ”-continuous. Noting that for any ¢ € X* and / € R, without loss of
generality, we can assume that 2 > 0, 6(¢) exists, and when |h| < §, we have sup, fa o Ellp(t + h) —
¢(t)||gdt < &. In view of Lemma 2.1 and (H;), when |h| < 6, we have

a+1 a+1
Supf |al-j(t + h) - aij(t)lpdt <Eg, supf |bijk(t + ]’l) - bl’jk(l')lpdt <Eg,

aeR aceR

AIMS Mathematics Volume 11, Issue 4, 10478—-10517.
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a+1
supf [t + h) = L;(0)Pdt <&, |t (t+h)—T1;;()] <e=06,
aeR a

loi(t+h) —oip®l <e=6, |ipt+h)—vip(Ol<e=06, |y t+h) -y <e=56.
We then get

a+1
supf Ellg(t + h — 7;;(t + h)) — ¢(t + h — 1,0l dt < &,

acR

a+1
Supf Ellp(t + h — oyt + b)) — ¢t + h — oip())llgdt < e,

acR

a+1
Squ Ellp(t + h — vip(t + b)) — §(t + h — vip(0)llgdt < e,

acR

acR

a+1
sup f Ellg(t + h =iyt + b)) = (¢ + h =y, )3t < e.

By (3.3), we have

n

(@)1 + h) = f (1= 5t = 9| D (s + N@i(s + b= Ty + W)

J=1

£ D bi(s + Mg (s + h = ipls + Ng(dels + h = vip(s + 1))

=1 k=1
+ Ii(s + h)]ds + f (r— s)"_lgoi(t —5) Z 0ij(@i(s + h —yii(s + h))dw;(s),
oo =

where @;(s) = w;(s + h) — w;(s) is a Brownian motion with the same distribution as w(s).
Consider the process

(@)t +h) = f (t = )"t - s>[ D aii(s + WYFHy(s +h = Tii(s + )

=1

£ D bu(s + Wg (s + h = s + Ngu(dels + h = vipls + 1))

J=1 k=1

+ Ii(s + h)]ds + f (r— s)"_lgoi(t —9) Z 0ij(@j(s + h —yij(s + h)))dw;(s). (3.11)
—oo ‘=

Then, from (3.11) and (3.3), it follows that

+1
f El|(@¢)( + h) — (DP)()llgdt
+1 t n
<117 gax{f Eif (t= )@t = 5) ) ays + h
<i<n a —oo =
pdt}
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+1
+ 11771 max{ f E
1<i<n a

X [fi(@;j(s + h —1:;(5)) = fi(d;(s — 7;;(s5))]ds

+1
+ 117" max { f E
1<i<n a

P
X £i(i(s — Ti)(s)ds dt}

+1 t n n
“lp_l?lf‘ﬁ,i{f Ef (t—s)a_ltp,-(t—s)ZZbijk(s+h)

=1 k=1

X [gi(pi(s + h— oij(s + h)g(di(s + h — vij(s + h)))
P

g (6,5 + h— (s + )@i(s + h— vi(s)]ds dr}

+1 1 non
+ 11771 max { f E‘ f (t—8)" it —5) Z Z bij(s + h)

j=1 k=1

f (=9 gtt=9) Y ayls + )
B 2.
pdt}

f (t = )" @il = ) ) [aij(s + h) = aij(5)]
. Z

X [gi(@i(s + h— (s + M))gu(@i(s + h = vij(s)))
14
— 415+ h = il + WN(Bi(s — Va9 s di]

+1 1 n n
UG A | KRR R W

Jj=1 k=1

X [gi(@i(s + h = oij(s + h)gr(de(s = vij(s)))
p
- 85+ h = Tu(g(u(s — vi(Ids| dir}

+1 t n n
+ 11771 E%{f E f (- s)“_lgo,-(z‘—s)ZZb,-jk(s+h)

j=1 k=1

X [g(8;(s + h = Ti(Ng(Pils = viju(s) = g5 = T1ix(5)))
p
X 8r(Pr(s — vij(s)))]ds dt}

+1 t n n
#1177 max { f E‘ f (1= 9"l =) ) ) [bii(s + 1) = by(s)]
- a - j=1 k=1
p
i

f (t = )" it = )Li(s + h) = Ii(s)]dss

X gi(@;(s — oijn(5))gr(Pr(s — vij(s)))ds

+1
+11”_1max{f E
1<i<n a
+1
+ 11771 max{f E
1<i<n a

p
)

f (t— )it — 5) Z [6:j(dj(s + h —yij(s + h)))
. =
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P
d}
+1 t n
+ 1177 max { f E‘ f (t= 9" @it = ) > [6:(9 (s + h = 7i,(s)))
<isn a —oo =)
P
dt}
=i (3.12)
By the Holder inequality, a change of variables, and the Fubini theorem, we deduce that
a+1 t g
Jy <1171 {nax f E f (t—5)* it — s)ds)
f (= $)"'pilt = 5)

= fi(¢j(s + h—7i1(s)]

—8;i(p;(s + h—yij(s)]dw;(s)

— 0ij(@;(s = vij()]dw;(s)

Z aij(s + W[ f(i(s + h = yj(s + h)))

j=1

ds]dt}
<11P~ 1{2%{( ) (Z(a,])q) Z(Lf)p f(mf (t—5)* it — 5)

X Ellg(s + h—71;5(s + h)) — p(s + h — T,-j(s))llpdsdt}

- () (i) Sy [ [ e

XEllp(s +t+h—T1ij(s+t+h)—d(s+t+h—T1;;(s + t))llgdtds}

<1 D) D)

s+1
X Sllpf El|¢(l +h— Tij(t + h)) — ot + h— Tij(t))”gdt

seR

<117 {rsle;x{ (Z(au)”) Z(Lf)p}s = A, (3.13)

Similarly, we find

Jo <117 lgix{aip[ (Zn:(buk)q(zn:(Mf)P)z)] Z(Lf)ﬁ}s = Aue, (3.14)
1 k=1

=1 k=1 =1

I

Jo <117 1{233({61—1[, [(Z(buk)‘f)p i(Lg)p](Z(Mg)q) }g = At (3.15)
, y

j=1
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_ 1
Jo <1177 max {—p
1<i<n ai

}8 = Age.

By the Holder inequality, we have

Jo <117 max {( ) (Z(au)q)q Zn:(L]f.)” faﬂ f (t— )" git - s)
‘= o J-w

X Ellp(s + h — 7(s)) - ¢(s - Tij(S))Ilgdsdt}.

Moreover, via the same method used to estimate (3.5), we can get

Jr <117~ 1{2;232{ (Z(au)q) Z( f)p

}8 = Aye&.

Likewise, we have

< ma (] (Z(b k)Q(Z(Mg)P) | Z(Lg)”

Jj=

n P n n

it DT (Sen) Sasrf o) et

j=1 = k=1 k=1 j=1 ijk

For J3, by the Holder inequality, a change of variables, and the Fubini theorem, we have

J3 <117~ lgg%{( ) (Z(Mf)q)5 f“l It (1 — 5!

X it —s) Z la;j(s + h) — aij(s)lpdsdt}

j=1
(1 (S [ [ oo

X @i(a—s) Z |a;j(t + h) — a,-j(t)lpdtds}
=1

1 ¢
<117 max {a_‘.”( Z(Mf)q) n}s = Ase.

=1

Similarly, we can get

1 n
o<t max (D)

i j=1 j=1

n

_ I

}g = Aseg,

(Z(Mj’)q)snz}s = Age.

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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When p > 2, according to Lemma 2.2, the Holder inequality, and a change of variables, we can

infer that
+1 !
Jip <1177'C,, {nax f E[f (t — )" Vit - s)

n 2 p

ds]zdt}

X

D 1615 + h=yii(s + 1) = 65 + h = ¥ii(5)))]

=1

p-2
<1177'c, {nax f‘f f (t — )2 V(¢ s)ds] 2
<i<n
f(t 2OV -
=1
)4
ds]dt}
r(z_ l)F 1 p=2 n a+1 !
111 Cyman | ) |7 n gy f f (1 — D
1<isn UT(@)(2a,)* 2T(2 — @) =1 a -

X @7 (t — S)Ell¢(s + b — yij(s + ) — (s + h — )/ij(s))llgdsdt}.

[ ij(@j(s + h—yij(s + h)))

= 0;j(¢j(s + h = y;i(9)))]

By a change of variables and the Fubini theorem, one can find that

re-Hra) 5
q g @ @ = 1
Jio <1177 C {E% {n jEI(L )p[r(a)(zai)Z—;F(Z — a)] }g = AE. (3.22)

With the same method used to estimate (3.7), we can get

re-yri 51
Jip <1177'C, max {nq Z (L) [ ( “1) ) ]2 - }8 = A} e (3.23)
Pi<i<n — [(@)(2a)* T2 - a) 1 -~

When p = 2, by the 1t6 isometry, the Cauchy—Schwarz inequality and a change of variables, we

have
Jio <11 max f f(t 5)2@ Dy 2 - 5)
l<l<n

2
| S (06505 + 7=y + W) - 85—y ds]dt}
=1
nf2-Hrd)y & ,
<11 max {r(a)(za e Z( }s = e, (3.24)

Using the same method applied to estimate (3.8), we obtain

nl’'(2 — L)F(l) n
[(@)(2a;)* T2 - Z( ’J) }8 = Aje. (3.25)

Ji £11 max{

1<i<n
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Substituting (3.13)—(3.25) into (3.12), we obtain

a+1
f El(@¢)(t + h) — (@p)(Dligdt < Ale, (p > 2), (3.26)
where Al = 37| A; + Al + Al and
a+1
f El(@¢)(t + h) — (@p)(Dligdr < A%e, (p = 2), (3.27)

where A2 = Y7 A, + A2, + A2,

Then, from (3.26) and (3.27) we find that ®¢ is S ”-continuous. Therefore, we have proved ®(X*) C
X*.

Subsequently, we will show that @ is a contraction mapping. Indeed, for any ¢, ¢’ € X*, we have

a+1
f El|(@¢)(1) — (Dg") Dl dt

a+1 ! n
<4r-! max{f E'f () A () Z a;j($) fi(@;(s — T:(5)))

1<i<n
dt} + 47 max { fﬂ ‘ f (t— 9"l S)Z Zbuk(s)

j=1 k=1
dt}

fj(¢ (S le(s)))]ds

X [8j(¢(s = Tij()N)gr(Pi(s — viju(5))) — g,(P(s — Tk ()))gr(Pr(s — vijr(s))]ds

+ 47 ma f g [ a9 2 Y bl o - s
< =1 k=
X gi(pi(s = viju(5))) = g,(9(s — Tk ()))gr(P; (s — vir(s))]ds df}
+1 t n
+ 471 max { f E‘ f (t— )" it — 5) Z [6:j(p;(s = ¥ij(5)))
<i<n | J, oo =

p
dt} .= Ny + Ny + Ns + Ni. (3.28)

= 6ij(9(s — yij()N)]dw;(s)

Using an analogous method to that used in estimating (3.5) yields

N, <4P~ 1{3?35,{ (Z(au)q) Z(Lf)p

_}||¢ A (3.29)

}||¢ S, (3.30)

st (G S (o) S| Sonr) 1=

j= k=1 j=1 uk

LI Z(b,],gq( Z;(Mf-)”)z)] ,, i(w

j=1

}||¢ —Hl. (33D
k
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When p > 2, applying a similar approach to the one used for (3.7) gives

D) >
Ny <47Cp max {” Z( ”)p[r(a)(za T2 - a)] }”¢ ke o
When p = 2, following the estimation procedure for (3.8), we find
nl(2 = (L) - 1 ,
Ny <4 {E%{F(Q)(Za T 2 Z i 21 - 5’;}}”¢ — |l (3.33)
Substituting (3.29)—(3.33) into (3.28), we see that
fm Ell(@¢)() — (Dg") Dl dt
~ 1 n . g n | 1 n P n
=& llllslg{f (;(aij)q) ;(L;)pl = + ; [(;(bl]k ) ;(Lg)p]
8 8 g n 8 1
<(Smr) g +| (S Zonr) ) S ]
. re- 5>r<—) i
e jZ:l:(L?j)p[F(a)Qa Y-aT(2 - CY)] u}”¢ Pl (7> 2)
and
fﬂﬂ El(@¢)(1) — (D' )(0)llgdt
<amax{ [Z( af)? Z( e ( Z(b,,,g Z(L% )Z(Mg)
- j=1 le

1 nl(2 - l)F(—) C
+ Z(Z(b,]k) ;(Mj.’)z);@ﬁ)zl — ]+ @ Cay T —a) 2 Z( hE

ijk

— A2 —
x1_7+}||¢ O (p =2),

ij
which, combined with (H3), implies that ® is a contraction mapping. Consequently, @ has a unique
fixed point x in X*, i.e., System (1.1) has a unique solution x in X*.

Finally, let us show that x is Stepanov almost periodic in the distribution sense. Since x € X*, it is
S?-continuous and satisfies ||x||xy < 2«. So, for any £ > 0, ad € (0, &) exists for any & € R, when |h| < 6,
we have sup,c [ Ellx(t + h) — x(0)ll}dt < .

Hence, according to (H,), a T exists such that

+1 +1
sup f la;j(t + 7) — a;(H|Pdt < 6, sup fﬂ |biji(t + T) = bip(®IPdt < 6,

aeR aeR

+1
sup f [t +7) = L()Pdt <6, |rjj(t+71)—7;;(0) <6, |oiw(t+71)—0ii(®)] <6,

aeR
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|Vijk(t + T) - Vijk(t)l < 5, |’)/ij(l + T) — ’yl](t)l < 0.

Consequently, we obtain that

a+1
sup f Ellx(t — 7;(t + 1)) — x(¢ — 7;;(0))|lfdt < &,

acR

a+1
supf Ellx(t — ot + 7)) — x(t — o5 (D) dt < €,

acR

a+1
sup f Ellx(t = vij(t + 1)) — x(t = vip@)llfdt < &,

acR

a+1
sup f Ellx(z — iyt + 7)) — x(t = yi (0)llpdt < e.
aeR a

From (3.2), we have

n

x(t+71) = f (- s)a_ltp,-(t — s)[ Z a;j(s + 1) fi(x;(s + T = 7;5(s + 7))

=1

£ D7D bipls + Dy + T = ayp(s + TNIZ0(s + T = vige(s + 7))

=1 k=1

+ Li(s + T)]ds + f (r— s)"_lgol-(t -5) Z 0ij(xj(s + 7 = vij(s + 1))dw;(s),
oo ‘=

where @;(s) = w;(s + 7) — w;(s) is a Brownian motion with the same distribution as w;(s).

Let us consider the process

n

x(t+71)= f (t- s)“_lgo,-(t — s)[ Z a;j(s + ) fi(x;(s + T — 1;5(s + 7))

J=1

0 bijls + g, 0xi(s + T = Tijels + DN + T = Vs + 7))

j=1 k=1

+ Ii(s + T)]ds + f (r— s)“_]goi(t — ) Z 0;j(x;(s + 7 = y;i(s + 7)))dw;(s).
oo =

By (3.34) and (3.2), we can deduce that
a+1
f Ellx(t + 7) — x(0)llgdt
‘ +1 t n
<1177 {nax{f }E‘ f (t — )" it — s)zaij(s +7)
<isn a _oo =)
p
dt}

a+1 ¢ n
p-1 el B
+11 {Eiﬁ{jﬁ: E‘ Im(t )it S)Z;a,J(s +7T)
]:

X [fi(xi(s + T —1;;(s + 7)) — fi(x;(s — 7;5(s + 7)) |ds

(3.34)
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p
X [fi(xi(s — (s + 7)) — fi(x;(s — 7;;(5)))]|ds dt}

a+1 ! &
+ 11771 max {f E f (t =)' pilt = 5) Z[aij(s +7)
SIS a —00 j:]

P
— a()Ifi(xj(s = Ti(5))ds dz}

a+1 t n n
+ 1177 {Iglzg;l{f E f (t—s)“_lcp,-(t—s)ZZbijk(s+T)

P
X [gi(xj(s + T — oijp(s + T))gr(xi(s + T = vi(s + 7))

p

dt}
a+1 t n n

+ 117! max {f E‘ f (t— )" it - 5) Z Z bij(s + 1)

j=1 k=1

— 8i(xj(s + T — oiju(s + 1))gk(xi(s — vij(s + 7)))]ds

X [gj(x;(s + T — (s + T))gr(xi(s — vije(s + 7))

14
- 4005 + 7= (s + DCk(s — V(o)1 ]

a+1 t n 1
+ 11771 max {f E f (t— 9" @it - s) Z Z biji(s + 1)

=1 k=1
X [gi(xj(s + T = oiji(s + 7)) gr(xi(s — viju(5)))

pdt}
f (= )" it = 5) Z Z biju(s +7)

j=1 k=1

— gi(x;(s — oijpls + 7)))gr(xk(s — Vijk(s)))]ds

a+1
+ 117" max { E
1<i<n a

X [g(x;(s = (s + TGk (xi(s = vij(5))) — &(x;(s — Tjx(5)))
pdt}

f (t= )" @it = $) > D [bis +7) = by(s)]
o j=1 k=1
pdt}

f (t = )" it = [Ii(s + 1) — Ii(s)]ds

X gr(xe(s — Vijk(s)))]ds

a+1
+ 117" max { E
1<i<n a

X gi(x;(s — oij(9)))gi(xi(s — viju(s)))ds

a+1
+ 117" max { E
1<i<n a

a+1
+ 117" max { E
1<i<n a

—0;i(x;(s —yij(s + ‘r)))]da)j(S)

p
dt}

f (= S)a_l‘Pi(f —5) Z [6:j(x;(s + T = yiji(s + 1))
oo =

P
dt}
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a+1 ! n
+ 117~ max {f E‘ f (= )" pi(r ~ 5) Z [6:j(x;(s = yij(s + )
a —0o j=1

1<i<n

pdt} = i S,

i=1

= 0;;(x;(s = yij(s))]dw;(s)

By the Holder inequality, we have

a+1 t 4 t
S, <117 {nax{ f E[( f (l—s)"_ltpi(t—s)ds)q f (t = )" gi(t - 5)

n

p
Z aij(s + [ fi(x;(s — 7i5(s + 1)) — fi(x;(s — Tij(s)))]| ds]dt}

j=1
] 1 g n g n ; a+1 t 1
_ + . a—
<11? ﬂlasx{(a_) (Z‘(aij)q) Z;(Lj)”fa Im(t—S) @it — 5)
J= J=

X Elxj(s —1ij(s + 7)) — x;(s — Tij(s))lpdsdt}.

X

By a change of variables and Fubini’s theorem, we can further deduce that

szsup—lm{(i)s(zﬂ}a;)Q)z Sy f i f (sl
- =l =1 “ e

XElxj(s +t—71ij(s +t+71)) — xj(s + 1 —7;;(s + t))lpdsdt}

st (L) () Sty [ [T eoracs
I =1 e

XElxj(s +t—1ij(s + 1+ 7)) — xj(s + 1 — 7;5(s + t))l”dtds}

P
q

=11 ma { () (im;-;)q)s Sy f O f o ey
S W) \ 7] 2557 )

X E'Xj([ - T,'j(f +7))— Xj(t - Tij(t))lpdtdS}

_qpe! wax{(al)(Z(aj)q) zn](L{,‘)P f f "= 9 eans)
== A J=1 T

X Elxj(t - T,‘j(f +7)) — Xj(t - Tij(t))lpdtdS}

1\i/ v R
<117 max{|— (al)? (L)y? f (a—5)""'gia - s)ds
ISzSn{(ai) (JZ:; / ) ]Z:; J oo
s+1
X su}g f Ellx(t — 7;(t + 7)) — x(t — Tij(t))llgdt}

- 1 n g n
<1171 max {?( Z(afj)q) Z(Lf)”}s.
stsnla; \ =

(3.35)

(3.36)

AIMS Mathematics Volume 11, Issue 4, 10478—-10517.
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Similarly, one can obtain

IS

n

( Z(b,]k)q( an;(Mj_’)p)Z)] q Z;(sz{)p}g,
= =

S, <1177 max {alp [( Z(bljk)q)z i(Lf.)l’]( i(Mf)q)z}s,
; k=1 J=1

S <1177 max {ip}s
al

1<i<n

As for S, by the Holder inequality, we find

S, <117~ 1{2% {( ) (Z(au)q)q i(Lf)p faﬂ ft (t—8)" gt - 5)
‘= «  J-oo

X Elxj(s + 7= 1;j(s + 7)) — x,;(s — 7;;(s + T))Ipdsdt}.

Letu = s — 7;;(s + 7), we can obtain

s <117 max () (Z(vt,,)q)s i( Iy —

a+1 1—7;i(s+7)
X f f (t—u—1;(s+ T))“_lga,-(t —u—T1;(s+ 1))
a —00

X Elx(u +7) — xj(u)lpdudt}.

Further, by a change of variables and the Fubini theorem, one can infer that

Slsllp‘lgiﬁ{(g)s(i(af})q) i fa i f ()" pi(-u)
- = ]

XElxju+t—1(s+10)+7)—xj(u+t—1;(5 + T))I”dudt}
_11p 1 ‘ Lf ) 1 0 a+1 ol
max{(~ ) (Zml]) y Z( " [ [ ot
XElxju+t—1(s+7)+7) = xj(u+1t—T1;(s + T))l”dtdu}
-1 () () Yy

a+u— T,I(S+T)+1
f f )" (W Elx (¢ + T) — x j(t)lpdtdu}

+u—T;j(s+71)

(3.37)

(3.38)

(3.39)
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1 () (Se) Seiry

a u+1
X f (a—u) 'oia — u)ydu supf Elx;(t + 1) - xj(t)lpdt}

ueR
-1 {{ D) S

Similarly, we have

st ] O3 o) )| D]

j=1

u+1
}sup f Bllx( + 1) — x(0)|d1. (3.40)

ueR

X sup fuﬂ Ellx(t + 7) — x(0)llgdt, (3.41)
ueR
Se <117~ ]?li’i{_f 2. [(Z(b,,k)q) Z(Lg)”](Z(Mg)q) Uk}
X sup f . E|lx(t+ 1) — x(t)||gdt. (3.42)
ueR Ju

As for S5, by the Holder inequality, a change of variables, and the Fubini theorem, we deduce that

E a+1
S5 <117~ 1{r<11a<§ {(a, f f (t—5)" it - S)E‘ Z[au(s +7) — a;(s)]

X fi(x (s — dsdt}

]7

2 a+1
<11”1111<lg§1{(a1 f f (=) 1so,(r—s>Z|au<s+r> (s’

x (Z E|fi(x (s - T,-.,-(S)))lq)qudt}

=
<117 max{(~ )(Z(vapfmf (1= )" ‘wlt—s>Z|a,,<s+r>

- ay (o) dsdi|
<117 {nax{ (Z(Mf)‘f) sup f m?aij(rw)—ai,-(r)vwz}

AIMS Mathematics Volume 11, Issue 4, 10478—-10517.
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Similarly, we can obtain

1 n n 4 n 4
w1 (233 (S ( Dony) e 40
SER T =1

k=1

When p > 2, according to Lemma 2.2, the Holder inequality, and a change of variables, we infer

that
Sy <117~ C{nax f f(t sy @Dt — 5)

s o ] )

<11”’'c, {nax f f(t $)* Vit - S)ds f(t )X Dt - 5)

[ (s = yi(s + 1)) = 6;(x (s = ¥i ()] ds]dt}
j=1

. re-9rQ) 1% < f f Yam1)
<11? Cp?;g{[l“(a)(Zai)z‘lF(Z—a/)] n JZ(L ) (t—s)

n

D 18155 = igls + 7)) = Gii(xi(s = ig(s))]

J=1

n

D [8x(s = yi(s + )

J=1

X E

X @7 (t — 5)E

dsdt}.

By a change of variables and the Fubini theorem, we have

-brd) g
Sy <1ie rrgz{nqzl( [F(a)(Za)z‘F(Z Q)] Je. (3.45)

Similarly, we find

Q- l)r(l) PTZ a+1
a a L P 2(a-1)
r(a)(za,-)z-lr(z—a)] Z( ) f f ¢=s)

X @r(t — $)Elxi(s + 17— yij(s + 1)) — x;(s — yij(s + T))l”dsdt}.

S0 Sllp_lcp max{

1<i<n

Letu = s —v;j(s + 1), we get

re-Hra) =
a a L(S )
T(a)(2a;)* 7 T(2 - a)] Z( '

+1 1—~yij(s+7)
X f f (t—yij(s+71)— ) R Z(f Yij(s + 1) — u)

X Elxj(u+ 1) - xj(u)lpdudt}.

S0 Sll”_lcpmax{

1<i<n
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By a change of variables and the Fubini theorem, we find

re-hrd) ¢ I
S <117 max{[ G-y @) ]znq Sy .+}
s llr@eap-re-ol - S0 1=

u+1
X supf El|x(t + 1) — x(t)llgdt. (3.46)

ueR

When p = 2, by the It isometry and the Cauchy—Schwarz inequality, we have

S”<11{naxf f(r s)* @ D2 (t — 5)

X [ ij(xj(S - %’j(S +7)) — 5ij(Xj(S - %‘j(s)))]

zds]dt}

a+1
2Aa-1) 2
<11111<11a<§f f(z §)2@ D2(t — s)nZ(L

X BJx;(s — yij(s + 1) — (s — ; j(s))lzdsdt}.
By a change of variables and the Fubini theorem, one can obtain

T2 -rG) }

S <11 max{ (L)
R z:; 7 T(@)(2a)> T2 - @)

(3.47)

From the It6 isometry, the Cauchy—Schwarz inequality, a change of variables, and the Fubini
theorem, it follows that

mre-hrd) l :
S0 <11 ?2?3 {F(a)(Za e al"(2 2 Z( i) T [j} ilel]gfu Ellx(t + ) — x(0)|[ydt. (3.48)

Substituting (3.36)—(3.48) into (3.35), we have the following two cases.
Case 1. When p > 2, we have

a+1 u+1
f Ellx(z + 7) — x(0)llgdt < Bre + m supf Ellx(t + 7) — x(0)llgdt, (3.49)

ueR

where 71y is given in (H3), and

By =117"! max {a_lf’[( Z(a;“j)q)z Z(Lf)l’ + n( ]Z::(Mf)q) [}Z: ( > (b5
(5 Sy Sl S S Sy

e (S0 ) (Son) + 1]t gy« [rfmame ST
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According to (3.49) and (H3), we can see that

+1
sup f Ellx(t + 1) — x(0)||ldt < 1'8 e (3.50)
aeR Ja -
Case 2. When p = 2, we have
a+1 u+1
f Ellx(t + 1) — x(t)llédt < Bre + 1y sup f Eljx(t + 1) — x(t)llédt, (3.51)
a ueR
where 7, 1s given in (H3), and
B _11{2%{61 [Z(a,j) Z(Lf) +nZ(M§‘)z + Z(Z % Z(Mg) )Z(Lg
J=1 =1 k=
+ Z (Z(b N Z(Lg )Z(Mg) +n Z (Z(Mf)z) Z(Mf)2 + 1]
=1 k=1 =1
nl(2 - HI(L) -
a % L(S 2 )
" T@)Cay T2 - ) ;( » }
According to (3.51) and (H3), we can see that
+1 ﬁzé‘
sup f E|lx(t + 7) — x(t)|[3dt < (3.52)
aceR Ja 1- V)

Note that
di, (Polx(t+D]", Polx()]™") <Ellx(r + 1) — x(0)Ilf.

We can then see that
a+1 p a+1 %
sup f dpy(P o Lx(t + DI, Po L] dr) < sup f Bl + ) - xOlfdr) . (3.53)
a€R a aeR a
Thereupon, combining (3.50), (3.52), and (3.53), we conclude that x(¢) is p-th Stepanov almost periodic
in the distribution sense. This completes the proof. O

4. Finite-time Stepanov almost periodic synchronization

Take System (1.1) as a drive system and consider the following response system:

CDIYi(t) = = aiyi(D) + ) ayOF0 = T) + D\ b8t = Ti0))
j=1 j=1 k=1
( ) 4.1)

X 8kt = vijr(0)) + () + Z 0;j(v(t = %J(t)))

j=1

+ Ei(t), t> 1,
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where y;(#) denotes the state of the response system at time #; E;(¢) is a controller, the other notations
are the same as those in System (1.1).
Let the controller be in the following form:

Ei(l) = —die,-(t) + Z Cij(t)hj(Ej(t - nij([))),i = 1, 2, (B (42)

J=1

where d; > 0.
The initial values of Systems (1.1) and (4.1) are given by

Vi(s) = &(5), xi(s) = i(s), s € [tg = p’, 1o],

where

p’ = max { sup{7;;(D)}, sup{oix (D)}, sup{vi (D)}, sup{y;; (D)}, sup{m,,-(t)}}.

I<ijksn \ ter teR teR teR teR

Lete; =y, —x;,i=1,2,...,n. From (1.1) and (4.1), we get the following error system:

LDYedr) = = aeit) + ) ay(O] £ = Tii(0) = £i05 =T ON] + D > bia®)
j=1 Jj=1 k=1
X [&;(i(t = T (D) gkt = vij(1)) — g (x;(t — o () gr(xi(t — viju()))]
da)J(t)
dt

+ Z [60:;j(t = vij (D)) = 6;;(x;(t — yi;(1))] + Ei(2),t > 1. (4.3)

J=1

The initial values of System (4.3) are given by
ei(s) = &(s) —yi(s), s € [to—p', o), i = 1,2,...,n.

Definition 4.1. The drive system (1.1) is said to be finite-time synchronized with the response
system (4.1), if the constants 6, €, ty, T exist such that when ||& — Y|, < 6, one has E|ly(t) — x(0)||! < &,
Vi € [ty — p', t0], where 0 < 6 < &, T > 1o, I§ — Ylli, = MaXi<icn SUP ey, 1 {EIE(D) — Yi(D)IP).

Theorem 4.1. Under the assumptions of Theorem 3.1, we assume the following:

(Hy) For i,j = 1,2,...,n, n;; € APR,R"), ¢;; € LY (R,R) N LR, R) is p-th Stepanov almost

loc
periodic.
(Hs) For j=1,2,...,n, hj € C(R,R), the constants Lif > 0 exist such that for all x,y € R,
\hj(x) = hj()| < Lllx = l;

moreover, hj(0) = 0.
(Hg) For p > 2, i + é = 1, there are positive numbers 6 and € € R* such that

S[EL(M{T(@)T") + Esouy(MaT Qe = DT ") = 1] < 5%
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where

n

i =F () () v+ (o)
Sl Son) =SS o

j=1 =
o i(Li)p 4 (z(c;j)q)z i(L?)P]},
re-bre) ]}

501
M, =—C P
2 Ta) " {Eaf{ Z( 2 [F(a/)(Za, +2d) T2 - @)

I

for p = q = 2, there are positive numbers § and & such that

b

| o

SIEL(FIT()T?) + Ezg1(F.T Qe — DT* Y = 1] <

where

gl S S+ 5 S S
xZ<Mg> +2Z( Zw > ) Z<Lf>2+2<c:,->2i<ﬂ;f]},
k=1 j=1 j=1 =1
Py = F2(CY) 1<,<n { Z(L }

Then the drive system (1.1) and the response system (4.1) are finite-time synchronized with respect to

{6, &, T}
Proof. From (4.2) and (4.3), we can see that
o Dieit) = = (a; + dei(t) + Z a;;(O)f;(y;t —1,(0)) = filx;(t = T,(D)] + bij(1)
J=1 j=1 k=1
X [g;i(t = o (Ot — vij(1))) — gj(xj(f — o)) gr(x(t — vij()))]

b3 16100t = 70 = 85t = v ) ’()+Zc,,<t>h (et =my0)). (4.4

j=1

According to Definition 3.1, if e = (ej, e, ..., e,)” is amild solution to the system (4.4), then it satisfies

the following integral equation:
eit) =U(t — to)(& (o) — Yi(to)) + f (t— )" @it - S)[Z a;j () fi(yi(s = 1ij(s5))
o j=1
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n n

— filxj(s = Ti())] + biji()[ g,y i(s — Tije(s))&k V(s — viji(5)))
=1 k=1

- gj(xj(s - G'ijk(S)))gk(xk(S - Vijk(s)))] + Z Cij(s)hj(ej(s - Uij(S))) ds
j=1
+ f(l - S)a_l‘,bi(f —5) Z [6;,(v;(s = vij()) = 8;;(x;(s = yi;(s))]dw,(s), 4.5)
1o jZl

where 0i(t) = L+m Qa/(r)e_(aﬁdi)tardr, Qbi(t) = J(;+OO VQa(r)e_(“”di)’a’dr_
By calculation, it can be seen that

+00 1
t— )" @it — s)ds = ——.
fo (— )" @it — s)ds ot d

For t > t;, in view of the Holder inequality, we have
E|Ui(r — to)(&it) — wilto)I
—+00
f Oa(r)e™ T (£ (1) — i(to))dr
0

—+00 P —+00
s( f Qa(”)e_(aieri)(t_tO)ard”)q( f @w<r)e‘<“f+di><f—f°>“’E|§i(ro>—wi(ro)vdr)
0 0

p
=E

< f - Qo(r)e” IR (19) — (1) Pdr
S”fO— Ylliy- (4.6)
Let u(f) = max, <iz,{us(1)}, where u(t) = upyeqy,_,y o {Elex @17}, 1 € [to, T1. Hence, we have
Ele;(0l" < 5" "E|U (1 = 10)(€t0) = Yri(to))I”
+ 5”‘115' f =9 ) Zn: a0 = T = f s = Tsds|
o =
+ 5p—1E' f =G ) Z Z bijp(9)[8,((s = Tij(sNgLOK(s = Vi (s))

=1 k=1
p

— 8i(x;(s = ())& (xi(s — vijk(s)))]ds

+ 5718

! n P
f (t=9)"7'Git = ) ) cif()hjle(s = mi(s))ds
fo j=1

+577'E

f n »
f(f )M () Z [6:;(;(s = vii()) = 6:;(x;(s — yi;())]dw,(s)
fo j=1

= Zsl W.. (4.7)
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It is easy to see that
Wi = SPE|Ui(t - 10)(Ei(to) = wilto))I” < 577 IE = Yl (4.8)

Applying the Holder inequality, we can infer that

w, <5 (L) (Z(a,pq Z(Lfv f (t = 5t~ 9Ble (s — T (s)I'ds
SSp_l(ai + di)q(jzzl(a;rj)q q ;(L;.)p «fl:) =
X (a f ” rQw(r)e_("’*d")(t_s)wrdr)u(s)ds
0

S5p—1(alid)g(2(a,,)q (Lf)pf(; ) 1 cxf rQa(r)dr)u(s)ds
Sls“l()c_xl)(aiidi)q(;(a;})q q ;(Lf)p ft (t — )" 'u(s)ds. 4.9)

Similarly, we can find that

W, <1077'E

f (t = 8)" “(r—s)ZZb,,m)[g,(y,(s Tii(5)))

j=1 k=1

P
X k(s = viik(5))) — 8(x;(s — T x()) gk i(s — viix(s)))]ds

f (1= )" @i t—s)ZZblﬂxs) 2i(x;(s = Til(5)))

=1 k=1

+1077'E

X ge(yr(s — Vijk(s))) - gj(xj(s - O'ijk(S)))gk(xk(S - Vijk(S)))]dS

<¥1;‘;(a,+d> D[] Swr)( S

[ oot () [ (S
(Z(Mg)” Z(Lg)P f (t — ) u(s)ds, (4.10)

lS"Za/l)(a +d) (Z("u)q Z(U’)” f (t = )" 'u(s)ds. (4.11)

For p > 2, according to Lemma 2.2, the Holder inequality, and a change of variables, we have

n

D180 = Yir(8)) = Gy (s -

J=1

2 45
ds]

1
Ws ssp—lc,,E[ f (t— s)** V@it - 5)
fo
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t p=2
ssp—lcp[ f (t - 5@ VGt s)ds ’ f (t — $2 @ Vg2 — 5)
1o

SO = Vi (8)) = 61,0x,(5 = V()] ds]

re-Hrid ‘”T
@) (f’) f (t = )" V@2t - s)u(s)ds
[(@)(2a; + 2d)*: T2 - a) o

re-brdy g
: e = " Du(s)ds. 4.12
T Z( ? [r<a>(2a,-+2di)2—ér(z-a) f,o“ Do (4.12)

<5"'Cpni Z(L‘W’[

j=1

When p = 2, by the Itd isometry and the Cauchy—Schwarz inequality, we can infer that

n 2
Ws <5E f (t— S)Z(a 1) 2 —5) Z [5ij()’j(5—7ij(s))) —5ij(xj(5—7ij(s)))] ds]
j=1
ST )Z(L )’ f (t = ™ Du(s)ds. (4.13)

Substituting (4.8)—(4.13) into (4.7), we have the following two cases.
Case 1. When p > 2, we have

Ele(0l" <5711 — Iy, + M, f (t = )" u(s)ds + M, f (t = > u(s)ds,

where M, and M, are given in (Hp).
Then, for all 9 € [f, t], we have

! !
Ele: (@) <577 '1& =y, + M f (t — ) u(s)ds + M, f (t — $)*2u(s)ds.
fo to
Therefore, for all ¢ € [y, T], we have

u(t) <5°7€ -y, + M, f (t — ) u(s)ds + M, f (t — $)*2u(s)ds.

According to Lemma 2.3 and (Hg), we can see that
u(t) <5°7MI€ = Yl [E(MT(@)(t = 10)") + Enqet (Mo Qa — 1)(t — 1)) — 11.
Consequently, for all ¢ € [ty, T], we can deduce that
Ele:(t))” < u(f) < 5" 'S[EL(MT(@)T®) + Egq_y(MyT 2 = DT> ) — 1] < &.

Case 2. When p = 2, we have
s !
EleP <5l - ll, + F, f (t — 9° " u(s)ds + Fa f (t = P u(s)ds,
o Io
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where F; and F), are given in (Hp).
Then, for all 9 € [¢, t], we have

Ele;(0)]* <5l€ — I, + F) f (t — ) 'u(s)ds + F, f (t — ) u(s)ds.

Consequently, for all ¢ € [ty, T], we have

u(t) <51€ - yll,, + Fi f (t — ) tu(s)ds + F, f (t — $)** 2u(s)ds.

By virtue of Lemma 2.3 and (Hg), we can see that
u(t) <511 = lli [Eo(F1T(@)(t = 10)") + Egq1 (F2T Qe = 1)t = 1)** ") = 11.
Then, for all 7 € [ty, T], we have
Ele)* <u(t) < SS[Eo(F\T(@)T®) + Ezq-1(FaT Qe = DT ) — 1] < &.

Consequently, the drive system (1.1) and the response system (4.1) are finite-time synchronized with
respect to {0, &, ty, T}. The proof is completed. O

Remark 4.1. Under the conditions of Theorem 4.1, System (1.1) possesses a unique Stepanov almost
periodic solution, while System (1.1) and System (4.1) are synchronized. Therefore, we may refer to
this synchronization as Stepanov almost periodic synchronization.

5. An example

In this section, we present one example and some simulations to illustrate the feasibility of our main
results.
In System (1.1) and System (4.3), letn = 2, ) = 0 and take a; = 8, a, = 10, d; = i,dz = é,

fi(x1) =0.025 sin(x)), f>(x2) = —0.005 + 0.005 cos(x,), g1(x1) = 0.05 tanh(x;),
g2(x2) =0.02 sin(x2), 611(x1) = 0.02 sin(x;), 512(x2) = 0.02 sin(xz), 621 (x1) = 0.02 tanh(xy),
522(x2) =0.02 cos(x2) — 0.02, 1 (e;) = 0.015 sin(e), hx(e>) = 0.018 tanh(e,)
1,(t) =0.5 sin V37 + 0.314 cos V5¢, L(f) = 0.4 cos V21 + 0.27 sin V31,

an(?) =an(r) = 0.05sin V2 + 0.05 cost, ax (1) = a»(t) = 0.06 cos V3t + 0.03 sin V7z,
b111(7) =0.06 sin V31 + 0.02 cos V5t, by12(r) = 0.03 sin V27 + 0.05 sin V7z,

b121 (1) =0.04 sin V3t + 0.04 cos V2t, byy (1) = 0.025 sin V5t + 0.055 cos V21,

ba11y =0.025 cos V7t + 0.045 sin 1, byy»(1) = 0.02sin V57 + 0.05 cos V7t,

b1 (1) =0.035 cos V2t + 0.035 sin V5¢, byy(t) = 0.04 sin V37 + 0.03 cos V71,

c11(t) =c12(f) = 0.02 sint + 0.07 cos V21, 21 () = cx(t) = 0.025 cos V5t + 0.018 sin V3¢,
7;(r) =0.05 + 0.025in 0.2¢, () = 0.8 + 0.2 c0s 0.41, v;jx(r) = 0.4 + 0.2 cos 0.11,
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¥ij(t) =0.05 + 0.2 cos t,1;;(t) = 0.07 + 0.02 cos 0.21.
By a simple calculation, we have

ay, = aj, =0.1,a3 = a3, = 0.09,b7; =0.08,b3; = 0.07, ¢y, = cj, = 0.09,¢3, = 3, = 0.043,
= 0.07,77; = 0.004, 07 = 1,67, = 0.08,vF; = 0.6, 77, = 0.02,y}; = 0.07,7;; = 0.02,

L} =0.025, L} = 0.005, L% = 0.05, L = 0.02, L}, = L3, = L, = L5, = 0.02, L! = 0.015,

L =0.018, M§ = 0.05, M5 = 0.02.

Choose « = 0.55, by calculation, when p = 3,g = 2,61 ~ 0.8833 < 1, and when p = 2,g = 2,6, ~
0044 < 1. Let T = 8,0 = 0.01,¢& = 05,6 = 0.01, and & = 0.3. Using the MATLAB program, to
compute the Mittag—Lefller function, we obtain

S[Eo.s5(MT(0.55)T%%) + Eo(M,I(0.1)T*) — 1] = 0.015 < % =0.02,

S[Eos5s(F1(0.55)T%%) + Eq1(F,I'(0.)TY) — 1] ~ 0.01038 < g = 0.06.

Choose a = 0.8, by calculation, when p = 3,q = %,gl ~ 0.0146 < 1, and when p = 2,9 = 2,5, =~
0.00286 < 1. Let T = 8,6 = 0.01,¢& = 0.5,3 = 0.01, and & = 0.3. Using the MATLAB program, to
compute the Mittag—Lefller function, we obtain

S[Eos(MT(0.8)T*®) + Ey ¢(MI'(0.6)T%%) — 1] = 0.01045 < % =0.02,

= 0.06.

S[Eos(F1T(0.8)T*®) + E6(F,I'(0.6)T*%) — 1] ~ 0.0102 < g

Choose a = 0.95, by calculation, when p = 3,¢g = %,gl ~ 0.0402 < 1,and when p = 2,g = 2,5, =
0.0028 < 1. Let T = 8,0 = 0.01,¢ = 0.5,3 = 0.01, and & = 0.3. Using the MATLAB program, to
compute the Mittag—Lefller function, we obtain

S[E0.05(MT(0.95)T%%%) + Epo(M,I(0.9)T*) — 1] ~ 0.01087 < % =0.02,

S[Epos(F1(0.95)T%%) + Eqo(F,I(0.9T%%) — 1] ~ 0.01051 < 2 = 0.06.

Therefore, according to Theorem 4.1, the drive system (1.1), and the response system (4.1) are
finite-time synchronized with respect to {6, €, 1y, T’} (see Figures 1-5).

When the time delays and stochastic disturbances in System (1.1) disappear, the evolution of the
system’s states over time is shown in Figures 6-10. It can be observed from the figures that the
changes in the system’s states are not significant, which indicates, to some extent, that System (1.1)
possesses good “immunity” to its non—ideal factors (time delays and noise). In other words, the
system is “good” and easy to implement in modeling, as it is not highly demanding regarding
parameter precision or environmental purity. However, this also implies that if one wishes to utilize
time delays or stochasticity to induce new dynamic behaviors (such as coherence resonance or
delay-induced oscillations), it is necessary to further increase the delay or noise intensity to surpass a
certain critical threshold.
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Figure 1. State x;(¢) of System (1.1) with different values of a.

0.6
—a=0.55—a=0.8 —«=0.95

0.5

— 0.2
>
t
Figure 2. State x,(¢) of System (1.1) with different values of «.
0.06
_el(s)=0.05 _el(s)=0.04 _el(s)=0.03 _el(s)=0.02
0.04 —e,(9=-0.05 e,(9=-0.04 —e,(9=-0.03 —e,(9=-0.02
. 002 ]
o
11
— o+
%_
-0.02 -
-0.04 :
_0-06 L L L L L L L L L

1 2 3 4 5 6 7 8 9 10

Figure 3. States e;(¢) and e, () of System (4.3) with @ = 0.55 and different initial values.
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0.06

_el(s) =0.04 _el(s)=0.03 _el(s)=0.02 _el(s) =0.01
_ez(s) =-0.04 62(3)2—0.03 7e2(s)=—0.02 _ez(s) =-0.01

0.04

0.02 -

e(t),i=12

-0.02 -

-0.06 | | | | | | | | |
(6] 1 2 3 4 5 6 7 8 9 10

Figure 4. States e,(¢) and e,(?) of System (4.3) with @ = 0.8 and different initial values.

0.06
_el(s)=0.035 _el(s)=0.025 _el(s)=0.015 7e1(s)=0.005

_e2(3)=—0.035 ez(s)=—0.025 7e2(s) =-0.015 _e2(5)=—0.005

0.04 -

0.02 - -

=12

0N

-0.02 - -

-0.04 - -

-0.06 I I I I I I I I I
0} 1 2 3 4 5 6 7 8 9 10

Figure S. States ¢,(¢) and e,(¢) of System (4.3) with @ = 0.95 and different initial values.

0.6

—a=0.55—a=0.8—«=0.95
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t
Figure 6. State x,(¢) of System (1.1) with different values of @, and without delay and

stochastic perturbation.
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0.6

—a=0.55—a=0.8—a=0.95

0.5
0.4 f\
0.3

— 0.2

>~ 01
o}
-0.1
-0.2

-0.3

o 5 10 15 20 25 30 35 40 45 50

Figure 7. State x,(¢) of System (1.1) with different values of @, and without delay and
stochastic perturbation.

0.06

S el(s)=0.05 — el(s)=0.04 _el(s)=0.03 — el(s)=0.02
0.04 _e2(5)=—0.05 e2(3)=—0.04 7e2(s)=—0.03 _e2(5)=—0.02

0.02

e(),i=12

-0.02

_0-06 1 1 1 1 1 1 1 1 1
(0] 1 2 3 4 S 6 7 8 9 10
t

Figure 8. States e;(7) and e,(¢) of System (4.3) with @ = 0.55 and different initial values, and
without delay and stochastic perturbation.

0.06

S el(s) =0.04 — el(s)=0.03 _el(s)=0.02 — el(s) =0.01
0.04 — ez(s)=—0.04 e2(5)=—0.03 7e2(s)=—0.02 — ez(s)=—0.01
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Figure 9. States e;(¢) and e,(f) of System (4.3) with @ = 0.8 and different initial values, and
without delay and stochastic perturbation.
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Figure 10. States e,(#) and e,(¢) of System (4.3) with @ = 0.95 and different initial values,

and without delay and stochastic perturbation.

6. Conclusions

This paper has studied the dynamics of a class of high-order fractional-order Hopfield neural
networks subjected to stochastic disturbances and time-varying delays. Addressing the critical yet
under—explored gap in modeling complex, real-world neural systems, the research was conducted
under the general framework of Stepanov-almost periodicity to handle discontinuous or irregular
time-varying parameters. The main contributions are summarized as follows.

First, sufficient conditions were rigorously established to guarantee the existence and uniqueness of
a Stepanov almost periodic solution in distribution for the proposed network model. By using Banach’s
fixed point theorem and appropriate inequality techniques, the analysis provided a solid theoretical
foundation for the oscillatory behavior of such complex systems.

Second, on the the basis of the almost periodic solution obtained, the finite-time synchronization
problem between the drive system and a constructed response system was investigated. Effective
control strategies were designed to achieve synchronization within a pre—specified finite time, which
is crucial for applications with strict temporal constraints.

The theoretical results of this study not only advance the understanding of almost periodic dynamics
in fractional-order stochastic delayed systems but also provide a potential theoretical framework for
practical applications such as secure communication, neural information processing, and cooperative
control of multi—agent systems, where robustness against delays, noise, and time-varying parameters
is essential.

Future research may extend this work to other types of neural network architectures, explore
different synchronization schemes (e.g., fixed-time or preassigned-time synchronization), or
investigate the dynamics under more general types of stochastic processes and delay distributions.
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