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1. Introduction

Convexity theory [14] exists in many mathematical structures, such as lattices, topological spaces,
and other related structures [4,6,7,15,24]. At the same time, with the development of fuzzy theory,
convexity theory has also been extended to fuzzy settings.

In 1994, Rosa [11] first proposed the concept of fuzzy convex spaces and generalized relevant
concepts from classical convex spaces [17], such as convex-preserving mappings, subspaces, quotient
spaces, and product spaces, to the fuzzy context. In 2009, Maruyama [8] generalized fuzzy convex
spaces by introducing the notion of L-fuzzy convex spaces under the condition that L is a completely
distributive lattice, and extended five classical theorems about convex sets in Euclidean spaces to the
fuzzy case.

In 2014, Shi and Xiu [12] characterized M-fuzzifying convex structures using M-fuzzifying
closure operators, revealing a one-to-one correspondence between M-fuzzifying convex structures
and M-fuzzifying closure operators. They further proposed concepts such as M-fuzzifying
convex-preserving functions, substructures, product structures, and quotient structures, thereby
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investigating the related properties of M-fuzzifying convex structures. In 2017, under the assumption
that L and M are completely distributive lattices, Shi and Xiu [13] defined (L, M)-fuzzy convex
structures and studied their related properties, such as substructures, quotient structures, and product
structures.

In 2019, Pang [9] introduced (L, M)-fuzzy hull operators and established the categorical
relationship between (L, M)-fuzzy hull operators and (L, M)-fuzzy convex structures. Xiu et al. [19]
proposed the concepts of (L, M)-fuzzy concave spaces, (L, M)-fuzzy interior spaces, (L, M)-fuzzy
interior relations, and (L, M)-fuzzy hull relations, proving that the categories of (L, M)-fuzzy concave
spaces, (L, M)-fuzzy interior spaces, (L, M)-fuzzy interior relation spaces, and (L, M)-fuzzy hull
relation spaces are isomorphic. In addition, when L is a completely distributive lattice with an
order-reversing involution, they verified that all these categories are isomorphic to the category of
(L, M)-fuzzy convex spaces. Sayed et al. [16] proposed a new class of (L, M)-fuzzy hull operators
(called Sayed (L, M)-fuzzy hull operators [20, 21]) and claimed that there is a one-to-one
correspondence between this type of operators and (L, M)-fuzzy convex structures. In 2021, Zhao and
Song [23] pointed out that the proofs of three results in [16] are incorrect and gave the corrected
proofs. In 2023, Zhao and Hu [20] defined (L, M)-fuzzy weak hull operators. In this framework, they
first introduced convex (L, M)-fuzzy hull operators and proved that (L, M)-fuzzy convex structures are
categorically isomorphic to convex (L, M)-fuzzy hull operators; second, they gave a new
characterization of the lattice structure of convex (L, M)-fuzzy hull operators and the product of
(L, M)-fuzzy convex structures. Since (L, M)-fuzzy closure systems are dual to (L, M)-fuzzy
supratopologies, a natural question is: Are (L, M)-fuzzy weak hull operators also categorically
isomorphic to (L, M)-fuzzy supratopologies ((L, M)-fuzzy closure systems)? Motivated by the above,
we will further investigate (L, M)-fuzzy weak hull operators in this paper.

The structure of this paper is arranged as follows: In Section 2, we review relevant concepts and
properties of completely distributive lattices, (L, M)-fuzzy supratopologies, and (L, M)-fuzzy weak hull
operators; in Section 3, we introduce the concept of (L, M)-fuzzy quasi-hull operators and study the
categorical relationships between (L, M)-fuzzy quasi-hull operators and (L, M)-fuzzy supratopologies;
and in Section 4, we define (L, M)-fuzzy weak hull groups and discuss their related structures, such as
subgroups and product groups.

2. Preliminaries

In this paper, both L and M are completely distributive lattices with an order-reversing involution.
Suppose that M (resp., L) is a complete lattice with the largest element 1,, (resp., 1,) and the smallest
element 0y, (resp., 0.), respectively, and My,, = M \ {Oy}. An element v € M is called prime, if for
each p,ge M, p Aqg <vimplies p <vorg <v.ve M is called coprime if p’ is a prime element. The
set of all nonunit prime elements in M is denoted by P(M). The set of all non-zero coprime elements
of M is denoted by J(M). We say that p is wedge-below g in M, denoted by p < ¢, if for any subset
R € M with ¢ < \/ R implies p < v for some v € R (see [2]).

A complete lattice M is a completely distributive lattice if and only if ¢ = \/{p € M | p<q} for each
g€ M. B(g) ={p e M| p<gq}is the greatest minimal family of g and 5*(g) = B(q) N J(M) is a minimal
family of g. a(g) denotes the greatest maximal family of g. When M is a completely distributive lattice,
every element g € M has the greatest minimal family. In particular, for each p € J(M), p € B*(q) iff
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p < q,and g =/ B*(q) for each g € M (see [18]).

In this paper, let X be a non-empty set. We denote by LX the set of all L-subsets of X. The set L*
forms a completely distributive lattice equipped with an order-reversing involution under the pointwise
order. The smallest and largest elements of LX are denoted by Oy and 1y, respectively. For each u € L,
let u denote the constant L-fuzzy subset of X with the value p.

Definition 2.1. [10, 19] Let X and Y be nonempty sets and f : X — Y. Define the forward image
f~ : L* = LY and the preimage < : LY — LX as follows:

1) ForallAe LXandy € Y,
@0 = 1A : xe X, f(x) =y}
2) ForallBe L' and x € X,
FBY) = B(f(x).

It can be shown that (f~, ) forms a Galois connection between the completely distributive lattices
(L, <) and (LY, <).

Definition 2.2. [22] Let X be a group. For any A, B € L, define A™' and AB by
ATN(x) = A(x7Y, VxeX,
AB)2) = \/ (A) A B(), VzeX.
xXy=z
Definition 2.3. [, 3, 5] An (L, M)-fuzzy supratopology on a set X is a mapping T : LX — M such

that:

(T1) T(1x) =T (0x) = Ly
(T2) For any family {B; : j € J} C L%,

7(\/ B) = \ 7).
jeJ jeJ

The value T (B) is interpreted as the degree to which B is supraopen. The mapping T *(B) = T (B’)
is called the degree to which B is supraclosed. The pair (X,7T) is called an (L, M)-fuzzy
supratopological space.

A mapping f : X — Y between (L, M)-fuzzy supratopological spaces (X,Tx) and (Y,Ty) is called
(L, M)-fuzzy supratopologically continuous (abbreviated as (L, M)-FSTL) if

Tx(f7(B) = Ty(B)

forall Be LY.
The category of all (L, M)-fuzzy supratopological spaces and their continuous mappings is denoted
by (L, M)-FSTP.

Definition 2.4. [20] An (L, M)-fuzzy weak hull operator on a set X is a map H : L* X M,,, — L* such
that for all A,B € L* and r, s € M,,,
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(H1) H(Ox,r) = Ox;

(H2) B<H(B,r);

(H3) If r < s, then H(B,r) < H(B, s);
(H4) If A < B, then H(A,r) < H(B,r);
(H5) H(H(B,r),r) = H(B,r).

If H is an (L, M)-fuzzy weak hull operator on X, then the pair (X, H) is called an (L, M)-fuzzy weak
hull space. Let (X, Hy) and (Y, Hy) be two (L, M)-fuzzy weak hull spaces. A mapping f : X — Y is
called (L, M)-fuzzy weak hull-preserving (abbreviated as (L, M)-WHP) if

Hy(f7(A),r) = [~ (Hx(A, 1))
forall (A,r) € LX x M,,,.
Lemma 2.5. [20] Let X be a set, {(X;, H;)} je; a family of (L, M)-fuzzy weak hull spaces, and for each
j€J, let fj: X — X; be a mapping. Define H* : LX x My,, — L* by
H (A, r) = A T (H (A, P, YA, r) € L¥x M,
jeJ
Then:

1) H* is the finest (L, M)-fuzzy weak hull operator on X such that f; : (X, H*) = (X;, H,) is (L, M)-
WHP for each j € J.

2) Let (Y, Hy) be an (L, M)-fuzzy weak hull space. Then g : (Y,Hy) — (X, H") is (L, M)-WHP if
and only if fjo g : (Y, Hy) = (X;, H;) is (L, M)-WHP forall j € J.

Corollary 2.6. [20] Let {(X;, H))}je; be a family of (L, M)-fuzzy weak hull spaces, let X = [];e; X},
and let p; : X — X, be the j-th projection. Let (X, H*) be the product of {(X;,H,)}je;. Define
H* :LXXM()M —)bey

H* A1) = N\ Py (H(p7 (A, ), V(A7) € L¥ X M.
jeJ
Then, H* is the coarsest (L, M)-fuzzy weak hull operator on X such that all projections p; are
(L, M)-WHP.
3. (L, M)-fuzzy quasi-hull operators

In this section, based on the concept of (L, M)-fuzzy weak hull operators, we introduce the notion
of (L, M)-fuzzy quasi-hull operators and investigate the categorical relationship between (L, M)-fuzzy
quasi-hull operators and (L, M)-fuzzy supratopologies.

Definition 3.1. Let H : L* x My,, — L* be an (L, M)-fuzzy weak hull operator on X and satisfy the
following conditions: Forall A€ L and r, s € M,,,,

(H6) If r = \/{s € My,, : A = H(A,s)}, then H(A,r) = A.
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Then, H is called an (L, M)-fuzzy quasi-hull operator on X, and the pair (X, H) is called an

(L, M)-fuzzy quasi-hull space. The set of all (L, M)-fuzzy quasi-hull operators on X is denoted by
FQH(X, L, M). Define a relation < on FQH(X, L, M) by

H) < Hy, = H (A, r) > Hy(A, 1), Y(A,r) € L x M,,.

It is straightforward to verify that (FQH(X, L, M), <) is a poset.
Let (X, Hx) and (Y, Hy) be two (L, M)-fuzzy quasi-hull spaces, and let g : X — Y be a mapping. If

8~ (Hx(A, a)) < Hy(g(A),a)

for each (A,a) € L* X M,,,, we say g is (L, M)-fuzzy quasi-hull preserving mapping (abbreviated as
(L, M)-QBP). It is easy to check that all (L, M)-fuzzy quasi-hull spaces as objects, and all
corresponding (L, M)-QBP mappings as morphisms, form a category, denoted by (L, M)-FQH.

Theorem 3.2. Let (X,7) be an (L, M)-fuzzy supratopology, and let (A,r) € LX X M,,,. Define a
mapping H” : LX x My,, — L* by
HT(A,r) = /\{B eLX:A<B, T(B)>r).

Then, H” is an (L, M)-fuzzy quasi-hull operator:
Proof. Tt suffices to prove that H” satisfies conditions (H1)—(H6).
(H1) For any r € M,,,,
Ox < H” (Oy,r) = \[BeL¥:0x < B, T(B)>r} <0y

Thus H” (O, r) = Ox.
(H2) This condition is easy to prove and is therefore omitted.
(H3) If r < s, then

HT(A,r) = /\{B el*:A<B, T(B)>r
NIBeL*:A<B T(B)xs)
= H'(A,s).

IA

(H4) If A < B, then

HT (A, 1) A{c elX:A<C, T(C)>r)
A{c eL¥:B<C, T(C)>r}

= H"(B,r).

IA

(H5) By (H2), we have H” (A, r) < H” (H” (A, r), r). Conversely, let
S={Bel*:A<B, T(B)>r}
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For every B € S, we have H” (A,r) < Band 7 (B’) > r. Hence,
Be{DeLl*:H" (A, r)<D, T(D)>r),

which implies
Sc{Del*: H(A,r)<D, T(D)>r}

Therefore,
HT(HT (A, r),r) = /\{D eLX . HT (A, 1) <D, T(D) 21} < /\ S = HT(A,r).

Thus H” (H” (A, r),r) = H” (A, r).
(H6) Let
r=\/lse Mo, : A =H"(A,s5)}

Then r € M,,,, and for every s € {s € My, : A = H" (A, 5)}, we have A = H” (A, s).
Hence,

7(A)

T(H” (A, 5)))
T((/\{D cIX: A<D, T(D)> s})')

7T (\/D e LX: A<D, T(D) > 5))

> NTWD)z=s.
This means
T@A)2 \/{s€ Mo, : A=HT (A 9)}=r.
Thus,
A<H (A,r) = /\{DeLX:AsD, T(D')>r) <A,
soH" (A, r) = A.
Therefore, H” is an (L, M)-fuzzy quasi-hull operator on X. O

Theorem 3.3. Let H be an (L, M)-fuzzy quasi-hull operator. Define a mapping T : LX — M by
THA) = \/{re Mo, : A' = H(A',r), VA€l

Then T is an (L, M)-fuzzy supratopology.

Proof. It suffices to prove that 7 M satisfies (T1) and (T2).
(T1) Since 1y € M,,,, by (H1) and (H2),

H((Ax), 1) = HOx, 1) = 0x,  H((O0x)', 1a) = H(1x, 1) = 1x.
Hence,
TH(0x) = \/{r € My, : 0 = HO%, M} = \/{r € Mo,, : 1x = H(Ly, 1)} = 1y,
and similarly 7% (1x) = 1.
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(T2) Let {A}};c; € L*, and let
quLAT“mﬂ.
jeJ

Then, ¢ < A je; 77(A)) and g € J(M), so ¢ < T H(A)) for all j € J. By the definition of 77, there
exists r; € My, such that

A =HA L), q<r;
Letro = Ajes rj- Then g < ro. By (H3) and (H4),

W[[\/Aj)/,ro] < \HA, ) < \ H@A,r) = /\ A5 = [VA,.)/.

JjeJ jeJ JjeJ jeJ JjeJ
Thus,

H \/Aj 70 \/AJ-

jeJ jeJ

IA

On the other hand, by (H2)

H||\ 4| .ro| 2|\ A
jeJ jeJ
Hence, ) ,
ﬂ{[\/Aj 7o :[\/Aj ,
jeJ jeJ

which implies

'T“[VAj) > 1y > q.

jeJ
Therefore,

TH {\/ Aj] > \T77A).
jeJ jeJ
Proposition 3.4. If g : (X, Hx) — (Y, Hy) is an (L, M)-QBP mapping, then
g (X.T™) - X7

is an (L, M)-FSTL mapping.
Proof. Let B € LY and g € (7" (B)). Then,

g AT (B)=\/{re My, : B = Hy(B, ),
so there exists ryp € M,,, such that

B = Hy(B',ry), q<rp.
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Since g : (X, Hy) — (Y, Hy) is (L, M)-QBP,
g (B)) = g (Hy(B', 1)) = g~ (Hy(g™ (g~ (B), ) = g (&~ (Hx(g~(B), 10)) = Hy(s™(B), ro).
On the other hand, by (H2), g=(B") < Hx(g~(B'), o). Thus,
Hy(g ™ (B). o) = g (B).
Furthermore,
T (g (B) = \/{r € Mo, : §~(B) = Hx(g~(B),0} = 1o > q.

This yields
T (g=(B)) = T™(B)

forall Be L.
Therefore,
g: (X, 77 > (v, 77

is an (L, M)-FSTL mapping. O
Proposition 3.5. If g : (X, Tx) = (Y, Ty) is an (L, M)-FSTL mapping, then

g (X H™) = (,H™)
is an (L, M)-QBP mapping.
Proof. Since g : (X,Tx) — (Y,7Ty) is (L, M)-FSTL, we have
Tx(g~(B) > Ty(B), YBel".

Thus, for all (A, r) € L* x M,,,,

g (H (g @) = g (/\BeL':¢7(A) < B, Ty(B) 2 1))

g (B)eL*: g7 (A) < B, Ty(B') > r}

g (B) e LX: A< g (B), Tx(g"(B)) = r}
[CeLl¥:A<C, Tx(C)>r)

= H'*(A,r).

{
{

\%

=>>>

It follows that
H' (g7 (A),r) = g7 (g (H (g7 (A), 1)) > g~ (H"*(A, r)).

Hence,

g (X, H™) = (Y, H™)
is an (L, M)-QBP mapping. O
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By Theorems 3.2 and 3.3, and Propositions 3.4 and 3.5, we obtain the following two functors:

(L, M)-FSTP —s (L, M)-FQH,
H' : {(X,T) — (X, HT),

g8,

(L, M)-FQH — (L, M)-FSTP,
T {(X, H) — (X, T,

g8

We now prove that H* and T" yield an isomorphism of categories.

Theorem 3.6. The categories (L, M)-FSTP and (L, M)-FQH are isomorphic.

Proof. 1t is enough to show that
T o H' = I mrste and H' o T = Iy v ron,

which is equivalent to:

DT =T
2) H™" =H.

(1) If T(A) = Oy, then TH' (A) > 0y = T(A). If T(A) # Oy (ie., T(A) € M,,,), by (H2),
A <HT A, TA)= \BeL*: A <B T(B)>TA} <A

Hence A’ = H” (A’, 7 (A)). By the definition of THT,
T (A) > T(A).
Conversely, let ¢ € 8*(T (A)). Then,
g AT A) = \/{re Mo, : A" =HT (A", 1)),
so there exists ry € M,,, such that
A =H" (A, ry), q<n.

Then,
T(A) =T (H" (A", r))) 2 ro 2 q,

which implies 74" (4) < T(A). Thus T =T
(2) For all (A, r) € LX x M,,,, by (H2) and (H5),

A<HA, r)=HHA,r),).
Let By = H(A, r). By Theorem 3.3,
THBy) = \/{s € My, : By = H(By, )},
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so TH(B)) > r. Hence,
HA,r)e{BelX:A<B, THPB) >r,

and therefore
HT (A, r) = /\{B eL*:A<B, T"B)>r} <HA,r).

Conversely, if
Be{BelL*:A<B, 7H®B) >r),

then A < Band 7" (B’) > r. By (H2) and (H6),
B < H(B.r) < H(B.T"(B)) = H(B. \/{s € My, : B ="H(B,s)}) = B.
It follows that B = H(B,r) > H(A, r). Thus,

H™' (A1) = \[BeL*:A<B THB) 2 r) 2 HA, .
Hence H” "' = H. i
4. (L, M)-fuzzy weak hull groups

In this section, we investigate the compatibility between (L, M)-fuzzy weak hull operators and group
structures. We first introduce the notion of (L, M)-fuzzy weak hull groups and then study their related
properties. The category consisting of classical groups and surjective homomorphisms is denoted by
Grp throughout this paper.

Definition 4.1. Let (X,-) be a group, and H an (L, M)-fuzzy weak hull operator on X. The triple
(X, -, H) is called an (L, M)-fuzzy weak hull group if the following mappings are (L, M)-WHP:
(1)
f . (X’ ,7_() X (X9 97-{) - (X9 'aﬂ)’ (X,y) = Xy,

(2)
8- (X’ ’7{) - (Xa 'vw)a X = X_l,

where X X X is equipped with the product (L, M)-fuzzy weak hull operator. The category of all (L, M)-
fuzzy weak hull groups as objects and (L, M)-fuzzy weak hull-preserving mappings ((L, M)-WHP) as
morphisms is denoted by (L, M)-WHPG.

Example 4.2. Let (X, ) be a singleton group, L = {0, a, b, 1,} be the diamond lattice in Figure 1, and
M = {0y, c,d,m,n, 1y} be the six-element lattice in Figure 2. Then,

LX = {0X7gvéa 1X}7 LXXX = {OXXXaQa é’ 1X><X}'
Define a mapping H : L* x My,, — L¥ as follows: For any r # Oy,
7—{(OX’F) :OX’ 7-{(lX’r): lX’
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1z
a b
O
Figure 1. Diamond lattice L = {0;,a, b, 1,}.

Iy

|
N
NI
|

Om

Figure 2. Six-element lattice M = {0y, m, c,d, n, 1,,}.

a, ifre{m,cd),

Hiar - {_ b, ifreimucd),

1y, otherwise. 1x, otherwise.

It can be verified that H : L* x My, — LX is an (L, M)-fuzzy weak hull operator on X. By the
formula of product operator in Corollary 2.6, we compute H* = H x H : LX¥ x M,,, — L¥* as
follows:

2
H*(A,r) = A Py (H(p7 (A) 1), V(A1) € X% X My,

=1
Thus for any r # 0y, we have

H*(OXXX7 ”) = Oxxx, W*(l)(xx, r) = lxxx,

H*(a, r) = {c_l, if r € {m, c, d},

lxxx, otherwise.

7_{*(2’ r) — {Q’ l:fr € {m, c, d},

lxxx, otherwise.
It is easy to prove that (X, -, H*) is an (L, M)-fuzzy weak hull group.

Theorem 4.3. Let (X, -, H) be an (L, M)-fuzzy weak hull group on X. Then the following hold:
(1) Forall (A,r) € L* X M,,,, x € X,

\/ (@7 (A), r)(@) A H(py (A), (b)) < H(F™ (A), H(0).

ab=x

(2) For all (A,r) € LX x M,,,, x€ X,
HA, (") < HA, r)(x).
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Proof. (1) Since (X, -, H) is an (L, M)-fuzzy weak hull group on X, by Definition 4.1(1),
f : (X, 77_{) X (X7 sy 7—{) - (X’ *y 7—[)’ (xay) d Xy

is an (L, M)-WHP. That is, for all (A, r) € L* X M,,,, x € X,

\/ (Hp7 ), )@ A Hpy 4), b)) = \/ (p7(H(pyA), 1) A ps (H(p (A), ) )(a, b)

ab=x ab=x

\/ (PTH@T @A), 1) A ps (H(p3 (A), 1))@, b)
f(a,b)=x
S (H X HA, 1))

H(f(A), ().

IA

This shows that f is an (L, M)-WHP.
(2) By Definition 4.1(2),
g . (X’ ’7_{) - (X’ '97_{), X = x_l

is an (L, M)-WHP. For all (A, r) € L* X M,,,, x € X,
HA, r)(x") = \/ H(A, r)(a) = \/ H(A, r)(@) = g~ (HA, 1))(x) < H(g”(A), r)(x) = HA™, r)(x).
a'=x gla)=x

Hence g is an (L, M)-WHP. By a similar argument, the converse is also true. So, (X, -, H) is an
(L, M)-fuzzy weak hull group on X iff conditions (1) and (2) hold. O

Theorem 4.4. Let (X,-,H) be an (L, M)-fuzzy weak hull group, and Y a subgroup of X. Define a
mapping Hly : LY x My,, — LY by

Hy(A, r) = idy (H(idy (A), 1)), V(A,r) € L' x My,,.

Then, H|y is an (L, M)-fuzzy weak hull operator on Y, where idy : Y — X is the inclusion mapping,
and we call (Y, -, H|y) an (L, M)-fuzzy weak hull subgroup of (X, -, H).

Proof. First, we verify that H|y is an (L, M)-fuzzy weak hull operator, i.e., it satisfies (H1)—(HS5) in
Definition 2.4. Let A, B€ LY, r,s € M,,,.
(H1)
Hly(Oy, r) = idy (H(idy (Oy), r)) = idy (H(0x, r)) = idy (Ox) = Oy.

(H2)
A < idy (idy' (A)) < idy (H(idy (A),r)) = Hly(A, 7).

(H3) If r < s, then
Hly(A,r) = idy (H(idy' (A), r)) < idy (H(idy (A), 5)) = HIy(A, s).
(H4) If A < B, then similarly, we can obtain

Hly(A,r) < Hly(B,r).
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(HS) By (H2), H|y(A,r) < H|y(H|y(A,r), r). Conversely,

Hly(HIy(A, ), r) idy (H(idy (Hly(A, 1)), 1))

idy (H(idy (idy (H(idy (A), ))), 1))
idy (H(H(idy’ (A), r), 1))

idy (H(idy (A), 1))

Hly(A, ).

i IA 1

Hence,

Hly(Hly(A, r),r) = Hly(A,1).

Next, we prove that the multiplication
[ Hly) x (Y- Hly) = (Y Hly), (x,9) - xy
is (L, M)-WHP, i.e.,
I (Hly x HIy(A, 1) < Hly(f~(A), n),Y(A,r) € L™ x M,,,.
Since (X, -, H) is an (L, M)-fuzzy weak hull group,
fo i X H) XX H) = (X H), (Y)Y
is (L, M)-WHP, so
fx (H X H(B,r)) < H(fy (B),r),¥Y(B,r) € L** x M,,.
Let B = (idy X idy)”(A). Then,

7 (Hly x HIy(A, )
=/~ (py (Hly(py (A), ) A py (Hly(py'(A), )
= f7(py (idy (H(dy (py’(A)), ) A py (idy (H(idy (p5'(A)), 1))
<idy (fy' (H x H((idy X idy)~ (A), 1))
<idy (H(fy ((idy X idy)~(A)),r))
= idy (H(idy' (f~(A)), 1))
=Hly(f7(A), ).

Finally, we prove that the inverse mapping
g: (¥, Hly) = (Y, Hly), x> x!

is (L, M)-WHP, i.e.,
g7 (HIy(A, 1)) < Hlv(g~(A), 1), V(A,r) € L' X My,

Since (X, -, H) is an (L, M)-fuzzy weak hull group,

gx (X, H) = (X, H), ¥ - x!
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is (L, M)-WHP, so
g;(?’[(B, r)) < ﬂ(g;(B)7 r)7 V(B7 I") € LX X MOM'

Let B = id,’(A). Then,

g (Hly(A, 1) g (idy (H(idy (A), 1))
= idy (gx (H(idy (A),r)))
< idy (H(gy (idy' (A)), )
= idy (H(idy (g7 (A)), r))

= Hly(g~(A),r).
Therefore, (Y, -, H|y) is an (L, M)-fuzzy weak hull group.
Theorem 4.5. (L, M)-WHPG is topological over Grp.

Proof. Let{(X}, -, H;)} jer be a family of (L, M)-fuzzy weak hull groups, (X, -) a group, and {f; : (X, ") —

(X}, -, H,)} a family of group homomorphisms. Define H* : L* x M,,, — L* by

H'(A, 1) = N\ f7HT AL ), V(A7) € LK X My,

jer

By Lemma 2.5(i), H* is the coarsest (L, M)-fuzzy weak hull operator on X such that each f; is

(L, M)-WHP.
Next, we show that the multiplication

[ X H)YX X H) = (X H, (xy) - xy
is (L, M)-WHP, i.c.,
FH X HYA, 1) < H (F(A),r),YA € L%, r e M,,.
For each j €T,
f1 X H) X X H) = (X Hy), (x5,57) - x5,
is (L, M)-WHP, so
F72((H; x H)(B, ) < H(f77(B),r),¥Y Be LY, re M,,.
Let B = (f; X f))”(A). Then,

F(H X HYA, )
= f7(py (H*(py"(A), 1) A p5 (H*(py'(A), 1))
- f*(p?( I\ E7 T @7 @), ) A ps (N 7 H (07 (A)), r»))
jer jer

< /\ 7y (- (H(f7 (P (A)), ) A py (F; (Hi(f; (p3"(A)), 1))

jer
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< N\ SU(@FH X HAS % )7 (A), )

jer

< N\ ST @GE W% )7 @A), )

jer

= N\ F U (A, )

jer
=H(f7(A), 7).
Similarly, the inverse mapping
g: (X, H) > X, H), x> x7!
is (L, M)-WHP, i.e.,
g (H (A, ) <H (g (A),r), Y(A,r) eL*xM,,.

For each j €T,
g (Xjo H) = (X, H)), xj 0 x7!

is (L, M)-WHP, so
g7 (Hi(B,r) < Hi(g7 (B).,r), V(B,r)e LY x M,,.

Let B = fj_’(A). Then,

g (H A ) = g7 Ar FrEH7 (A). 1)
JE

AF & (fT(H (7 (A), 1))

J€

= AF £ @7 (H(f (A 1)

je

Ar F(H (g7 (7 (A), 1)

JE

= AF FOH(f (87 (A)), 1)
JE

= H(g"(A),n).

IA

IA

Hence, (X, -, H*) is an (L, M)-fuzzy weak hull group.

Finally, by Lemma 2.5(ii), if (Y, -, Hy) is an (L, M)-fuzzy weak hull group and g : (V,-, Hy) —
(X, -, H*) is a group homomorphism, then g is (L, M)-WHP if and only if f; o g is (L, M)-WHP for

every j €.
Therefore, (L, M)-WHPG is topological over Grp.

O

Corollary 4.6. If {(X;, -, H))} jer is a family of (L, M)-fuzzy weak hull groups, let X = [] - X;. Then

the product

(x| ]#4)

jer
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is also an (L, M)-fuzzy weak hull group. Moreover, for all (A, r) € LX x M,,,

([ [#)a.n = N\ py @y ), ).

jer jer
5. Conclusions

Based on the fundamental concept of the fuzzy weak hull operator, this paper carries out a
systematic and in-depth investigation into its relevant algebraic structures and categorical properties.
Firstly, the notion of the (L, M)-fuzzy quasi-hull operator is introduced, and a rigorous proof is
provided to demonstrate that there exists a categorical isomorphism between the category of
(L, M)-fuzzy quasi-hull spaces and the category of (L, M)-fuzzy supratopological spaces. Secondly,
the definition of the (L, M)-fuzzy weak hull group is established, and the structural characteristics of
its subgroups and product groups are further analyzed and discussed in detail. Finally, it is strictly
proved that the category formed by all (L, M)-fuzzy weak hull groups is precisely a topological
category over the category of classical groups.
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