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Abstract: This paper develops a rigorous information-theoretic framework for uncertainty
quantification in lifetime analysis through the concept of past extropy. Particular attention is paid to
linear consecutive r-out-of-n:F systems with independent and identically distributed component
lifetimes. Explicit analytical expressions for the past extropy of system lifetimes are derived, and
several new theoretical properties are established, including monotonicity results, probabilistic
bounds, and characterization theorems, which reveal structural relationships between system reliability
configurations and information-based uncertainty measures. The investigation is further extended to
conditional past extropy, providing additional insight into uncertainty assessment under partial system
information. To support practical implementation, a nonparametric kernel-based estimator of past
extropy is proposed. Its performance is evaluated through Monte Carlo simulation experiments that
illustrate stable finite-sample behavior and reliable estimation accuracy across different parameter
settings. The presented results demonstrate that past extropy offers a flexible and informative
framework for studying uncertainty in lifetime distributions and structured reliability systems,
combining rigorous theoretical developments with practical data-driven estimation methodology.
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1. Introduction

Quantifying uncertainty is a central objective in the modeling and analysis of complex
engineering and stochastic systems. In reliability engineering, the lifetime of a system is influenced by
the random behavior of its components and, more generally, by the structural mechanisms governing
their joint operation. As a result, system performance is inherently uncertain. Information-theoretic
measures, particularly those originating from Shannon’s entropy, have emerged as powerful tools for
describing and comparing uncertainties in such settings. Entropy characterizes the expected
unpredictability of a random variable, and its numerous extensions have become fundamental across
a wide range of scientific and engineering applications.

Recently, the study of uncertainty in system lifetimes has received considerable attention,
especially through the use of information-based measures that provide quantitative insight into
stochastic behavior. In parallel, an extensive body of research has focused on consecutive r-out-of-n
systems, which arise naturally in a variety of technological and physical applications. These systems
may be arranged linearly or circularly and, depending on their operational definition, can be
categorized as failure (F) or good (G) systems. A linear consecutive r-out-of-n: F system consists of
n independent and identically distributed components arranged in a sequence, and system failure
occurs when at least » consecutive components fail. Classical system structures arise as special cases,
including the series system when » = 1 and the parallel system when » = n. As an illustrative example,
consider an oil pipeline equipped with » pumping stations arranged sequentially along the pipeline. If
four or more consecutive stations fail, the flow of oil is disrupted, and the system fails. This
configuration corresponds to a linear consecutive 4-out-of-n: F' system.

The study of consecutive-type systems dates back to the seminal work of Kontoleon [1]; this topic
has since become an active area of research in reliability theory. Numerous analytical and approximate
methods have been developed to evaluate such systems, to characterize their performance, and to
explore the effects of component-level dependence. Important contributions include those by Yin et
al. [2], Cui et al. [3], Zhao et al. [4], Jung and Kim [5], Eryi1lmaz [6—9], Kuo and Zuo [10], and Salehi
et al. [11]. A noteworthy observation by Eryilmaz [6] is that the lifetime distribution of a linear
consecutive rout-of-n: F system becomes significantly simpler when 2r > n. Motivated by this
simplification, the present study focuses on systems satisfying this condition in order to derive new
analytical results and to gain a deeper insight into their uncertainty characteristics. To this end, we
assume that the lifetime of each component in these systems is represented by Ty, T, ..., T, with the
corresponding order statistics denoted Ty.,, T2.p, o) T - It 1S assumed that the lifetimes of the
components correspond to a probability density function (pdf) h(x) and a cumulative distribution

function (cdf) H(x) = P(T < x). The system’s lifetime is represented by Tyj,.p. Thus, when 2r =n,

the cdf of Typ.r is given by (see Lemma 2.1 of [12])
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Hypnp(x) = (n—7r + DH"(x) — (n —r)H™*(x), x > 0, (1)
and it then follows that
R (X) = h()[r(n —r+ DA™ ' (x) — (r + 1)(n — r)H"(x)], x > 0. ()

It is worth noting that the representation in (1) can be interpreted as a distortion representation of the
system lifetime distribution. Consequently, several structural properties of the system can also be
derived using general results on distortion systems. In particular, preservation results for aging classes
such as the decreasing reversed failure rate (DRFR) property may alternatively be obtained by applying
Theorem 4.1 in Navarro [13]. Furthermore, the representation in (1) may also be viewed as a negative
mixture representation, which provides additional insights into the probabilistic structure of the system
lifetime.

Ebrahimi et al. [14] made a significant contribution to the understanding of the relationship
between information theory and reliability, particularly through their exploration of the information
properties of order statistics. Shannon's differential entropy, introduced in the seminal work of
Shannon [15], remains a fundamental measure of uncertainty in probability theory. If T denotes a
nonnegative random variable with pdf h, then the Shannon differential entropy of T is given by
H(T) = —E[log h(T)], provided that the expectation exists. Recently, Lad et al. [16] introduced
extropy, a dual measure of uncertainty to entropy, defined as

J(T) = =2 [ h2()dx = — S E[R(H*(U))], 3)

where H™!(u) = inf{x; H(x) = u}, for u € [0,1], denotes the quantile function.

As J(T) increases, h(x) approaches a uniform distribution, indicating that extropy measures
the uniformity of the distribution. This phenomenon results in a decrease in probability concentration,
thereby increasing the difficulty of predicting outcomes. In contrast to entropy, which can assume both
negative and positive values, extropy is consistently negative. Engineers frequently consider and
quantify uncertainty in the lifetime of systems to evaluate reliability. Let T denote the lifetime of a
system and J(T) represent its uncertainty. When information regarding the current age ¢ of the system
is available, the remaining lifetime T' = [T — t|T > t] of the system becomes pertinent. To measure
the uncertainty of the residual lifetime, residual extropy is then defined as (Toomaj et al. [17])

h(x +t) 1(®(h(x)\*
J(T;t) = — 2,[0 < HOD > dX=—Ej; <m> dx, forallt > 0.

Uncertainty pervades real systems and influences both future and past events. To address past
uncertainty, researchers have introduced the concept of past extropy, as exemplified in the work of
Toomaj et al. [17] and Kamari and Buono [18]. For a random variable T representing a system’s
lifetime with pdf h(x) and cdf H(x), the past lifetime [t —T|T < t] for t > 0 has pdf h(t —
x)/H(t) andcdf H(t —x)/H(t), for 0 < x < t. The past extropy at time ¢t is then defined as

J(T; _ Lt (RN H(O) hHW) 5
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where H~'(u) = inf{x; H(x) = u} denotes the quantile function of H(t). Recalling (4), J(T;t)

corresponds to the extropy of T, = [T|T < t]. Let h.(x) = h(x)/H(t) and H.(x) = H(x)/H(t),
for 0 < x <t, represent the pdf and cdf of T;. Using the transformation u = H;(x), an alternative
representation for the past extropy can be obtained as

J(T36) = == f; he(H (w)du, )

where H;'(w) = inf{x; H,(x) = u} for 0 <u < 1. It is important to note that J(T;t) is always

nonpositive whenever the defining integral exists, and therefore its range is contained in (—o0,0). In

system failure analysis, it quantifies the uncertainty of a system’s past lifetime, especially when

comparing different lifetime distributions.

Extensive research has been carried out on the properties and applications of extropy and residual
extropy; see, for example, Lad et al. [16], Qiu [19], Qiu and Jia [20,21], Qiu et al. [22], and Shrahili
and Kayid [23]. These studies have examined extropy for order statistics, record values, mixed systems,
and related models, and have established various characterization results, monotonicity properties, and
bounds. Here, we aim to explore the variability characteristics of system lifetimes through the lens of
past extropy, emphasizing how it reflects the uncertainty inherent in the system’s elapsed or historical
lifetime. The analysis provides a unified framework for assessing the information content of a system’s
reliability function, whose simplicity and adaptability make it suitable for a wide range of lifetime
models. Understanding the behavior of past extropy is crucial for quantifying the uncertainty
associated with a system’s aging process and for comparing different lifetime distributions under
various dependence structures. This work therefore extends the role of information measures beyond
residual uncertainty to encompass the system’s historical uncertainty, offering new insights into
reliability modeling and information-based assessment.

To clearly position this work relative to the existing literature, the main contributions of the
present study are as follows:

1) We extend the concept of past extropy to the lifetime analysis of linear consecutive r-out-of-n:F
systems with independent and identically distributed components, a system structure that has not
previously been investigated within the framework of past extropy.

2) Using probabilistic transformations and order-statistic representations, we derive explicit
analytical expressions for the past extropy associated with these systems.

3) We establish several structural properties of past extropy, including monotonicity results and
preservation properties under aging classes such as the decreasing reversed failure rate (DRFR)
class.

4) We obtain characterization results showing that the underlying component lifetime distribution can
be uniquely determined from the past extropy of consecutive systems under suitable conditions.

5) From a statistical perspective, we develop a nonparametric kernel-based estimator for the past
extropy of consecutive systems and investigate its finite-sample performance through extensive
Monte Carlo simulation studies.

These results extend the existing literature on past extropy, which has mainly focused on
individual lifetimes, order statistics, and record values, to the context of structured reliability systems,
thereby providing new theoretical insights and practical estimation tools for uncertainty quantification
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in reliability analysis.

The remainder of the paper is organized as follows: Section 2 derives analytical expressions and
structural properties of the past extropy for linear consecutive r-out-of-n: F systems. In addition, that
section examines the preservation of stochastic ordering properties and develops several informative
bounds that characterize the behavior of past extropy for consecutive system configurations.
Section 3 investigates the conditional past extropy associated with these systems and establishes
several related properties. Section 4 introduces the proposed nonparametric estimation procedure and
presents the results of a Monte Carlo simulation study. Finally, Section 5 summarizes the principal
findings and contributions of the study and outlines potential directions for future research.

Throughout this paper, the terms “increasing” and “decreasing” are used in a non-strict sense.
Moreover, we also use the following concepts: the usual stochastic order denoted by T < Z, the
hazard rate order denoted by T <, Z, the likelihood ratio order denoted by T <, Z, and the
dispersive order denoted by T <; Z. For formal definitions and properties of these concepts,
interested readers may refer to the book by Shaked and Shanthikumar [24]. For clarity, we summarize

the main notation used throughout the paper. In particular, T,z denotes the lifetime of a linear

consecutive 1 -out-of-n: F system, while T,., represents the lifetime of a parallel system.
Conditional system lifetimes are denoted by Ty, (t), as introduced in Section 3.

2. Past extropy of consecutive systems

We begin by examining the past extropy of Ty,.r, @ measure quantifying the uncertainty in the

density of [t — Trjn.p|Trpn.r < t]. This metric sheds light on the predictability of past lifetime of

consecutive r-out-of-n: F systems. In particular, the lifetime of a parallel system T,,., isequivalent

in distribution to Ty ,.r under the assumption of interchangeable components. The past extropy of

the consecutive r-out-of-n: F system, denoted by j(Tr|n:F; t), can be expressed as the extropy of

Trnr =H _I(Urln:p). It is known that the transformed component lifetimes U; = H(T;), for i =
1,---,n, areiid uniform random variables on the interval [0,1]. Consequently, when 2r > n, the pdf

of Uppn.p can be formulated as
GrinrW) =r(n—r+ DUt = (r+ D —ru’, (6)

where 0 <u < 1. The pdfin (6) is derived by considering the Jacobian transformation from Ty ,.r =
H™'(Uypn.r), which is given by 1/h(H™'(w)). Thus, we see that gyn.p(0) = hypn.r(H*(w))/

h(H™'(w)), 0 < u < 1. Alternatively, the cdf of Uy ,.r can be determined as
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Grinr(W) = (n—7+ Du" — (n—ru™, (7

for all 0 <u < 1. Throughout the rest of this paper, we employ the notation Y ~ B(t;a,b) to
denote a random variable Y following a truncated beta distribution. This distribution is characterized
by the pdf

() = gV (1 =97 0<y <¢, forall a,b >0, ®)

where
B(t;a,b) = [, x* (1 -x)""1, 0<t <1, 9)
represents the lower incomplete beta function.

The following lemma plays a pivotal role in our subsequent analyses.

Lemma 2.1. Suppose Uy ,.r denotes the lifetime of the consecutive r-out-of-n: F system having

common iid component lifetimes uniformly distributed in [0,1]. Then, for n/2 < r <n, we have

(r(n—7+1))**B ((:(J;L 1_)£"+_1§) t;2r — 1,3)

2((r + D(n = 1)* Gl (D) '

forall0 <t < 1.

j(Ur|n:F; t) = -

Proof. Setting A =r(n—r+1) and B = (r + 1)(n —r), from Eqgs (4)—(7), we have

N N A OO N L PN,
](Urln:Frt)—_EJO <m> du——mjo (Au — Bu")*du

2 2 a2 +18(Brar_13
=2 ft z27=2 (1 —%z) dz = — Gtzr ), (10)

2G1g|n:F(t) 0 232r_1672‘|n:F(t)

which completes the proof of the lemma.

It is important to recognize that Lemma 2.1 is valid for the case n/2 < r < n. However, for
r =n (which corresponds to a parallel system), we can present the following lemma, whose proof
is straightforward.

Lemma 2.2. If Uy,.r represents the lifetime of the parallel system with common iid component
lifetimes uniformly distributed in [0,1], then, for all n > 1, we have

n?B(t;2n — 1,1)

j(Un|n;F; t) = — oTen , forall0 <t < 1.
2n-1
Using the identity B(t; 2n —1,1) = ;n—l’ the above expression simplifies to
— n2
](Unln:Fr t) - 22n-1t°
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Remark 2.1. We can now derive an explicit expression for j(UHn: r t). From (10), we obtain

j(Ur|n:F; t) = f (Az"~ 1 BZr)ZdZ

2Gz|n F(t)

2 2
e 1 A tZT—l + B t2T+1 _ ﬁtZr
262, (O \2r — 1 2r + 1 r

g2t ((r(n;r r_+1 1))2 (@ +212(_|T_11 )i r+Dm-r(n-r+ 1)t>

2t?"(n—r+1) — (n—n)t)?

Recalling identity (7), Gppn.r(t) =t"((n—r+ 1) — (n — ©)t), and hence G} P =t ((n—r+
1) — (n — r)t)?, then
— 2 — 2
r+ Dn-rn-r+ - TEDOZ) 2 -7+ 1)
2t(n—r+1) — (n—r)t)2 '

7(Ur|n:F; t)

t € (0,1).

The following theorem provides an expression for the extropy of Ty, using the previously
discussed transformations and Lemma 2.1.
Theorem 2.1 Suppose Typ.r is the lifetime of a linear consecutive r-out-of-n: F system having

common iid component lifetimes with pdf h and cdf H. Let Y denote the transformed random
variable defined in the preceding representation, whose support is contained in an interval such that,
after scaling by the constant C, we have CY € [0,1] almost surely. Consequently, the argument of the
quantile function H~1(-) remains within its natural domain. Then, for n/2 < r <n, we have

)

J (T ©) = T Uriers H(OIE [h (H'l (e Yr|n)> ,

in which Yy, ~ B (%H(t) 2r —1,3), forall t > 0.

Proof. Using the definitions of A and B in the proof of Lemma 2.1, and considering (1), (2), and (10),
a change of variable u = H(x) yields

7 1 ¢ hr n:F ?
](Tr|n:Fi t) = _Efo <|—(x)> dx

Hr|n:F(t)

= m[ h*(x)(AH" *(x) — BH" (x))*“dx

AIMS Mathematics Volume 11, Issue 4, 10342-10371.
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_ 1 H(t)h H—l A r—1 B r Zd
- —m:F(t)fo (H~1(w)) (4™ — Bu")?du

2H?
AZ H(t) B 2
=—— h(H™ Y (uw))u? 2 (1 - —u) du,
2H3|n:F(t)J;) A
A2+l O] A
- _ h (H—l (-W)) WZr—Z(l _ W)ZdW,
T ) :

(saking = 7)
akingw = —u

AerB(gH(t)i 2r —1,3) ng(t) ( -1 (A >> w?2(1 —w)? 4
= — —wW w
= _ r(n-r+1)
= J(Urjpr; H())E lh (H ! (m Yr|n)>l' (12)

where the last equality follows from Lemma 2.1, which completes the proof of the theorem.
The following theorem provides a formula for the parallel system.

Theorem 2.2. If Uy, represents the lifetime of the parallel system having the common iid

component lifetimes with pdf h and cdf H, then, for all n > 1, we have
J Tagniri €) = J Unpses HEIE [ (H (Yapa))] (13)

in which Y, ~ B(H(t); 2n —1,1), forall t > 0.

The age of components in a consecutive r-out-of-n: F system significantly impacts its past
extropy. We explore this relationship for systems with DRFR parent distributions. Recall that T has
the decreasing reversed failure rate (DRFR) property if the reversed hazard rate function of X, i.e.,
7(x) = h(x)/H(x), is decreasing in X. The following theorem establishes the relationship between
the DRFR property of the parent distribution and the past extropy of the lifetime of the consecutive 7-
out-of-n: F' system. As a preliminary result, we demonstrate that the DRFR property is preserved under
the r-out-of-n: F system.

Theorem 2.3. If 2r = n and the component lifetimes are DRFR, then T,,.r is DRFR.

Proof. 1t is evident that the reversed hazard rate function of Ty, can be expressed as

Trinr (%) = P(H (X)) (x),

AIMS Mathematics Volume 11, Issue 4, 10342-10371.
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where

rm—r+1)—-T+1)n—-r)z
n-r+1)—(n—r)z

Y(z) = , 0<z<1.

As Y'(z) <0 for 2r=n and 0<z <1, it follows that ¥(z) is a monotonically decreasing
function of z. Consequently, Y (H(x)) > 0 is positive and decreasing in x. Therefore, the DRFR

property of the component lifetimes implies that T,.|,,.r(x) is decreasing in x, and hence T, j,.p(x) is

DRFR. This completes the proof.
Remark 2.2. Since representation (1) can be interpreted as a distortion representation of the system
lifetime distribution, the preservation of the DRFR property may also be obtained directly from general
results on distortion systems (see Theorem 4.1 in Navarro [13]).

Next, we examine the monotonicity properties of past extropy for consecutive systems.

Theorem 2.4. If T is DRFR, then for all 2r > n, j(Tr|n:F; t) isincreasing in t.

Proof. By Theorem 2.3, Tyn.r is DRFR whenever 2r = n and the component lifetimes are DRFR.

The desired monotonicity property of j(Trm: r; t) then follows directly from Theorem 5.6 of Toomaj

etal. [17].
The result of Theorem 2.4 is applicable to samples drawn from gamma and Weibull distributions
with shape parameters less than 1, Fréchet, power, and Pareto distributions, as well as from mixtures

of exponential distributions. The following example illustrates the application of Theorems 2.1, 2.2,
and 2.4.

Example 2.1. Suppose Ty,.r represents the lifetime of a linear consecutive r-out-of-n:F system with
iid component lifetimes following a Fréchet distribution with cdf

2

Hi)=et", t>0.

The system lifetime is defined as Ty j,.r = min(T], T2r+l | Tl=r+imly - where TU™ =

max(T;, ..., T,,) for 1 <j <m < n. The Fréchet distribution, a special case of the generalized
extreme value distribution (also known as the inverse Weibull distribution), satisfies h(H ™ (v)) =

3
2v(—logv)z forall 0 < v < 1. So, by Lemma 2.1, we have

(r(n—7r+1))*"*1B ((:(-; 1_)£n+—1§) et 2r — 1,3)

j(Ur|n:F; H(t)) =— > , t>0.
2((r + D= 1) (Grpnir(e7t7))

Alternatively, we have

AIMS Mathematics Volume 11, Issue 4, 10342-10371.
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E

[ r(n—=r+1)
)

3
+1)(n-1) _— 2
_21‘(n—r+1)>< %etz 1 (r(n—r+1) )2
T+ Dm-1 ), B\e+D@m-n "

w2101 — w)2
X ( ) dw.

(r+1D(n—-r) _ 2
B(me t ,21‘-1,3)

Therefore, for n/2 < r <n, (11) and the preceding expressions imply that

(r(n—r+1))2+?
(r+ D=2 ((n—7 + e~k — (n —r)e=r+ir2)?

7(Tr|n:F; t) = —

(r+1) (n—r)e_t—z

3
r(n—r+1) o 1 ” rn—r+1) 2
Xfo w 1-w) <—log ((r+1)(n—r)w)> dw,

forall t > 0. For the special case r = n, the system reduces to the parallel system T,.,. Using

3
Theorem 2.2 together with the representation h(H™1(v)) = 2v(—logv)z for the Fréchet model

H(t) = e"t_z, the corresponding past extropy can be expressed as

2n
- et? 5 2n
](Tn|n:F;t)=_ 5 (E:t_2>;t>0,
22\n

where I'(a,x) is the incomplete gamma function.
As deriving an explicit analytical expression is a challenging task, we employ the numerical

methods to examine the temporal behavior of j(Tr|7: ).

Figure 1 depicts the numerical results, illustrating the relationship between 7(Tr|7:p; t) and t

for r = 4,5,6,7. These trends corroborate the result in Theorem 2.4, which establishes the increasing
nature of past extropy over time for DRFR random variables.

AIMS Mathematics Volume 11, Issue 4, 10342-10371.
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Figure 1. Exact values of j(Tm:F; t) as a function of ¢ for the Fréchet distribution,

corresponding to r = 4,5, 6, 7. The curves illustrate the effect of varying  on the behavior
of the past extropy. Distinct line styles and markers are employed to ensure clarity and
readability in grayscale reproduction.

Since there are no-closed form expressions for the past extropy in complex, consecutive
multicomponent systems, approximate methods are essential to characterize their behavior. This
challenge has necessitated the search for bounds on the past extropy of consecutive r-out-of-n: F
systems. For this reason, we present a theorem that establishes a lower bound for the past extropy of
consecutive r-out-of-n: F systems, which depends on the past extropy of consecutive r-out-of-n: F
systems derived from the uniform distribution on [0,1] and the mode value of the original distribution.

Theorem 2.5. Let us consider the conditions of Theorem 2.1 such that 7(Tr|n: mt) <oo forall t > 0.

(i) Let h.(y) be the pdf of Y,,. Define M* = h,.(y*), where y* =min {WH(O,%}.

r(n-r+1)

Then, for 2r = n, we have
j(Tr|n:F; t) = D, (t)j(T; t),
where

M*H2(6)(r(n—r+1))2" 18ROy .90 -1 3)
r(n-r+i) . forall t > 0;

Dr (t) = ((r+1)(Tl—T))2T_1G1%|n:F(H(t))

(i1) Suppose we have M = h(m) < oo, where m is the mode of the pdf h. Then, for 2r > n, we
have

J(Typuirs ) = M (Uppips H(D)), forall ¢ > 0.

AIMS Mathematics Volume 11, Issue 4, 10342-10371.
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Proof. (i) With A and B as defined in Lemma 2.1, the mode of Y;,, is y* = min {%H (t),%}. Let
M* = h,.(y*), where

y2r—2(1 _ y)Z
B((B/AH(); 2r — 1,3)’

h.(y) = 0<y< (B/A)H(t) fort > 0.

It then follows from the proof of Theorem 2.1 that

dw

7(Tr|n:F; t) = —

B B
A2r+lp (ZH(t); 2r — 1’3) fZH(t) N <H_1 (A )> WZr—Z(l — W)Z
0 B B

2B*1G, p(H(D)) B (%H(t); 2r — 1,3)

M H (AT B (S H(o;2r —13) (510 g
Z T T prigE_(HO)HE(D L h<H1( ))dw

r|in:F

 MHA()AB (%H(t); 2r = 13) fH(t) h(H(2)
0

A
dz, (tak'n =— )
ZBzr_lGrzm;F(H(t)) H2(t) Z ing z B w

X B
M H2(t)A?™+1B (ZH(t); 2r — 1,3)

Bzr_ngm:F(H(t)) ](T; t)-

The final equality is a direct consequence of (4), and this concludes the proof of part (1).
(i) For n/2 < r <n, we have

L(T(h—1r+1)
h(H ((r+1)(n—r)u>>SM' O<u<l

Hence,

E

4 T(n—7r+1)
h <H ((r +D(n—-r) Yr'”))] =M.

The required result is now easily obtained from (11), and this completes the proof of the theorem.
Proceeding along the same lines and starting from Theorem 2.2, we can systematically determine
the lower bound for the parallel system. We have established two lower bounds for the past extropy of

Trjn.r With respect to the past extropy of a uniform r-out-of-n: F' system and the mode M of the

original distribution. Table 1 provides lower bounds for some common distributions based on
Theorem 2.5. In Table 1, B(t;a,b) denotes the lower incomplete beta function (defined in (9)),
erf(z) isthe error function, and y(s,x) isthe lower incomplete gamma function. These functions are
given, respectively, as

AIMS Mathematics Volume 11, Issue 4, 10342-10371.
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2 zZ z
erf(z) = ﬁf e %“du and y(s,z) = f us~le %du, s,z> 0.
0 0

Table 1. Bounds on j(Trm: m t) derived from Theorem 2.5 (Parts (i) and (ii)).

Probability density function Lower bounds
Beta distribution B D,.(t)B(t;2a— 1,2 —1)
X 1(1 — x)B1 2B?(t;a,b)
hi(x) = ,0<x<1,ap >0, - a—1
1) B(1;a,b) d JWrin.rs H(E)R (m) B >1
t
D, (t)erf(—=
Half-normal distribution — . (0) .
t
V2 202\m <erf(—>>
h,(x) = _\/_e—xz/Zch,x >0, o2
ovNm

7(Ur|n:F; H(®) (g\/2§ﬂ>

t
A2D,.(t)B <1 —e B;21— 1,2)

Generalized exponential distribution

N N
1 _x\A1 — o B
s =5eF(1-¢F) x>0, 2ﬁ<1 eﬁ)
B -1
1
Urns HEDF™ (1= 5)
. o b2D,.(t)y(2c — 1,2bt)
Generalized gamma dl;itrlbutlon 226D (y(c, bO))?
hy(x) = x7le DX x> 0, - b(c — 1) lel=c

The following theorem establishes lower and upper bounds for the extropy of consecutive r-out-
of-n: F systems. These bounds depend on the pdf of parent distribution and the past extropy of
consecutive r-out-of-n: F' systems with uniformly distributed component lifetimes on [0,1].
Theorem 2.6. Under the assumptions of Theorem 2.1, H(0) = 0, and h(0) > 0, for 2r > n, if
h(H™'(x)) is decreasing in x, then

RO (Urinies H(®)) < T (Tepuiri £) < AT (Urinirs HD) )5
if h(H™1(x)) is increasing in X, then
RO (Urpnirs H(E)) < T(Trpnirs £) < RO (Uppas H(D)), for ¢ > 0.

Proof. We just prove Part (i), as the proof for Part (ii) can be done in a similar manner. As H~1(0) = 0
and h(H (x)) is decreasing in x, then h(0) > h(H '(w)) = h(t) for all 0<u < H(t).
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Therefore, for all t > 0,

H(t)

H(t)
h(O)f (Au""' — Bu")?du > f h(H Y(w)(Au""1 — Bu")?du
0 0

H(t)
> h(t)f (Au™"1 — Bu")%du.
0

Combining this with Eq (12) and using the representation

_ H(t)
(o H®) = =C | h(H700) e (0, € >0,
0

together with
_ H(t)
J (Ur|n:F;H(t)) = _Cj g?|n:F(u)du;
0

and the fact that g,,.p(u) = Au""! — Bu” for 0 < u < 1, we obtain the stated bounds.

The theoretical lower bounds obtained from Theorem 2.6 for various common probability
distributions are summarized in Table 1. These results illustrate how the past extropy of a system can
be bounded in terms of its parent distribution and the corresponding parameters.

Next, we investigate the monotonicity properties of past extropy for consecutive systems and
establish characterization results. For the first result, we study the closure properties of past extropy in
the formation of consecutive systems.

Theorem 2.7 For 2r > n, if j(Tn:n; t) is increasing in t, then 7(Tr|n:p; t) is also increasing in

t>0.

Proof. As the reversed hazard rate function of Ty,., is given by 7,.,(t) = nt(t), t > 0, where 7(t)
represents the reversed hazard rate function of T, we can write from (1) and (2) that the following
relation holds:

Trin: (t)
D = By (H (D)), "

where

rm—r+1)—(T+1Dn—1r)x
nn—-r+1)—nn-r)x

Prinp(X) = , 0<x<1.

As Dppp(x) >0 is strictly decreasing in x € (0,1) for 2r =n, @p,p(H(t)) is strictly

decreasing in t. Consequently, the ratio Ty, (t)/Tp.n(t) is also strictly decreasing in t. Moreover,
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the relation Typn.p <i T is readily evident because fn.,(t) =nh(t)H" 1(t), and hence,

recalling (1), we have
Repnr (@) = RO —7+ DH™H(E) — (r + D(n —1)H"(1)],

and so

hr|n:F(t) _ Hr_n(t)
han()  n

[rn—r+1)—(+1DMm-r)H()].

It follows that this ratio is decreasing in ¢ for 1 < r < n.
Thus, Theorem 4.1 of Kayid [25] directly implies the increasing monotonicity of j(Trm: mt)

in t, and this completes the proof of the theorem.

Determining the nature of the underlying distribution is a problem of great importance. Baratpour
et al. [26] have shown that the Rényi entropy of order statistics uniquely identifies the underlying
distribution. Subsequent studies have shown that this property also holds for the cumulative residual
entropy Baratpour [27] and extropy [18, 20]. Here, we investigate how the underlying distribution can
be characterized by the past extropy of consecutive systems. The derivative of the past extropy can be
expressed as

dj(Z;t) SN O
7t ——<2T(t)](Z,t)+ > )

Since we use the | for past extropy, which is defined by a negative factor, this convention leads to the

next differential identity

dj(z;t)

O _ _ (zr(t)](Z: )+

2

),for all t > 0. (15)

Remark 2.3. Equation (15) yields a quadratic equation in . When J(Z;t) is decreasing, this equation
admits a unique positive solution, implying that J(Z;t) uniquely determines t(t). However, when
J(Z;t) is increasing, the quadratic equation may admit two positive solutions, in which case t(t) is not
uniquely determined by j(Z ; t). In the characterization results that follow, we therefore restrict our

attention to the case where J(Z;t) is decreasing to ensure uniqueness.

For our purpose, we recall the problem of finding a sufficient condition for the unique solution of
the initial value problem (IVP) as given in (16)

2 = f(x,), ¥(xo) = ¥o (16)
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where f is a function of two variables whose domain is a region D N R?, (x,,y,) is a pointin D,
and y is the unknown function.

The following theorem and lemma, due to Gupta and Kirmani [28], will be used to prove our
characterization results.
Theorem 2.8. Let f(x,y) be a continuous function defined on a domain D c R?. Assume that f
satisfies a Lipschitz condition with respect to its second argument, that is, |f(x,y;) — f(x, ¥,)| <
Lly; — y5|, for all (x,y;),(x,y,) € D, where L > 0 is a constant. Then the initial value problem
y' = f(x,y), y(xy) = yo, admits a unique solution in a neighborhood of x,.

: . : . : aof . :
Lemma 2.3. Suppose the function f is continuous in a convex region D N R?, and % exists and is

continuous in D. Then, f satisfies the Lipschitz condition in D.
We conclude this section by characterizing the underlying distribution of the past extropy for -
out-of-n: F systems.

Theorem 2.9. Let 7(Trz|n: mt) and 7(Try|n: m t) denote the lifetimes of the linear consecutive 7-out-
of-n:F systems having common iid component lifetimes Z; and Y; with pdfs h; and hy, and cdfs

H, and Hy, respectively. Fix r suchthat 2r > n, and assume that tHj(Ter:F; t) and tl—)j(Trym:F; t)

are well-defined and decreasing on (0, ). Then, Z Ly ifand onlyif J(TZn.p:0) = J(Tppit) for

all t > 0.
Proof. We just prove the sufficiency part as the necessity is trivial. From (15), we have

dj(Ter:F; t) _ Té,km:F(t)

2Tz,k|n:F(t)j(TrZ|n:Fi t) — dt > ) t>0.
Taking the derivative of the above equation with regard to t, we have
dzj(Trﬁn:F; t) 2 dj(Ter:F; t)
AT k()  —qez ~ Llzinr(O) g — 50
dt 2](T7~Z|n;1:; t) — TZ,k|n:F(t) '

Assume that j(Ter:F; t) =7(Try|n:p; t) =w(t) forall t >0, and 2r = n. Since w(t) is assumed
to be decreasing, Eq (15) yields a unique solution for t(t). Then, for all ¢t > 0, we get

ATy e () Aty rin:r(t)
I = W T (D), — = V(6 Ty (D),

where
w''(t) — 2yw'(t)
2w(t) —y

Hence, the corresponding differential equation satisfies the uniqueness condition. It then follows from

Y(ty) = ) t>0.

Theorem 2.8 and Lemma 2.3 that for all t =0, H},p(t) = H\,p(t). In view of Hy(t) =
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Gr],ll:F(Hﬁn:F(t)) and Hy(t) = Gﬂ}l:F(Hf'n:F(t)) for all t =0, where Gypn.r(-) is defined in (7),

we have H,(t) = Hy(t) forall t > 0. Hence, we obtain the desired result.
3. Conditional past extropy of consecutive systems

In this section, we analyze the past extropy of the elapsed time since the system failure, that is,
the random variable t — Tyjpp | Trjnep < t, t > 0. For the numerical evaluations reported in this

section and in Section 4, the involved integrals were all computed using standard numerical integration
procedures implemented in R.

Recall that the system lifetime Tyyp.p = min(T7], 72741 T=r+1n) g defined as the
minimum of the maximum lifetimes of r consecutive components, i.c., TUm = max(T-, ...,Tm)

for 1 <j <m < n. It should be noted that the cdf of the system in (1) can also be expressed as

n
Hr|n:F(x) = P(Tr|n:F <x)= Z [P(T[i_r+1:i] <x)-— P(T[i_r+1:i+1] < x)],

i=r
where P(T[”"r“:”*l] < x) = 0 as a convention (see Eryilmaz [6], (2)). The survival function of

Tnr(t) = [t = Trpnp|Tun < t] can then be expressed as:

Hyp (25 6) = P( = Trpmir > x| T < £) = P(Typmsp < t = x| Ty < £)

n
— Z [P(T[i—r+1:i] <t-— xlTn:n < t) _ P(T[i—r+1:i+1] <t-— xlTn:n < t)],
i=r

for 0 <x<t. As Ty,.., T, areiid random variables, for r < i < n, we have

P(Tipy1 <t—x) ..P(T; <t —x)

PT[i_H'l:i]St— T... <t)=P(T;_ <t-— ,,TSt— !
( X|Tpp S t) = P(Tipis X, ., T; T 0. P0 =D

(r times)

_ <P(T <t-— x))r _ (H(t —x)

)
< <t.
PT <D H@D) ) for0sx=<t

Similarly,
P(T[i_r+1:i+1] S (t - xlTn:n S t) = P(Ti—T+1 S t - x, ""Ti+1 S t - x|T1 S t, ""TTl S t)

P(Tiopy1 <) . P(Tyy1 <)

(r + 1 times)
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r+1

_ (M)T“ _ (M) |

fi <x<t.
P(T <0 H(t) or0<xst

Hence, we have

ﬁ;lp(x;t)=(n—r+1)<%) —(n—r)(%) , forall0 <x <t

Assuming that H is absolutely continuous with pdf h, the pdf of T} (t) for 0 < x < tis then
given by

h(t— _ r-1 _ r
s 1) = 20 [r(n —r 4 ) (B - ) () ] 17)

We now study the extropy of Ty ¢(t), a measure of uncertainty in the density of [t — Trjp.p|Thp < t].

For this purpose, we employ the probability integral transform, defining Uy jn.p = He(Ty p(t)). Its pdf

is given in (6). The following theorem expresses the extropy of Ty r(t) using these transforms.
Theorem 3.1. Let T4, ..., T;,, be iid random variables representing the lifetimes of the components of
the consecutive r-out-of-n:F system having the common cdf H and pdf h. Then, for all 2r > n,
the extropy of Ty r(t) can be expressed as

JTe(®) = =3 fy G2mr@he(H W)du, t >0, (18)

where h,(x) = %ﬂ and H;'(uw) = inf{x; H.(x) = u} is the quantile function of H,(x) = % for

all 0<x <t
Proof. Using (3) and (17), we obtain

j(Tﬁ,F(t)) = —%j (h,rl_F(x; t))2 dx
0
_ 1 (f (= x)) H(t =)\ H(t—x\ |
__Ejo( e ) [r(n—r+1)<w> —(r+1)(n—r)<w)] dx
1 rt/h 2 r—1 r12
= _Ef (H((Zg) [r(n—r+1) <%) —(r+1D)n-r) (%)] dz
0

- —%f (r(n—r+Du"" = (r+ D(n—r)u")?h(Hy ' (w))dx
0

= L g2 R (H (W)t (19)
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The second equality in (19) is obtained by taking z = t — x, the third equality is derived by applying

the change of variable u = H;(z), and the last equality is obtained by recognizing that gy j,.r(u)

represents the pdf of Uy j,.r, as defined in (6). This completes the proof of the theorem.

The next theorem explores the relationship between the past extropy of the consecutive r-out-of-
n: F system and the aging properties of its components.

Theorem 3.2. For all 2r > n, if T is DRFR, then 7(T£ r(t)) isincreasing in t.
Proof. Using the identity h,(H;*(x)) = x7,(H;1(x)), (18) can be rewritten as

- 1 (!
JTR@) = =3 | G (e )

1 1
= _Ej gfln:F(u)urt(Ht‘l(u))du, forallt > 0.
0

The relation H;'(u) = H 1(uH(t)) can be easily obtained for all 0 < u < 1. Consequently, we
obtain

.(H7 (W) = t(H™ Y (uH(t))), O<u<l.

Since t; <'t, implies H™*(uH(t;)) < H '(uH(t;)), and T has the DRFR property, we have the
following inequality:

1

J| G, (5 003 = [ e u )
0
1
> [ GBnr G ()
0

- jo T (T, (Hi (w)du,

which shows that J(T nr(t)) < j(T,f, r(ty)) forall t; <t,. Hence, the theorem.

The following example illustrates Theorems 3.1 and 3.2.
Example 3.1. Consider a linear consecutive 3-out-of-4: F' system, where the system fails if and only

if three consecutive components fail. The lifetime of this system, denoted by T3)4.r is expressed as

T314.r = min(max(Zy, Z,, Z3), max(Z,, Z3, Z4)),

and the visual representation of this system configuration is shown in Figure 2.
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=]
> |

[t

5] 0

Figure 2. Structure of the linear consecutive 3-out-of-4:F system, illustrating the

arrangement of components and the consecutive configurations required for system
operation.

Assuming the following component lifetime distributions, we can calculate the exact value of
J(TEr(©)) using (18).

(i) Suppose the iid component lifetimes follow a power distribution with cdf H(t) = tB, B >0,
for 0 <t < 1. In this case, we obtain

1 p-1

- ﬁ p—-1
](T43:F(t)) =5 u B gfm:p(u)du, 0<t<1.
0

As TJp(t) is monotonically increasing in ¢, the uncertainty associated with the system’s past

lifetime increases with time t. Furthermore, the DRFR property of the component lifetime
distribution is evident.

(i1) Suppose T follows a Fréchet distribution with cdf
H) =et", t>0, a>0.

In this case, some algebraic calculations yield the following expression:
1(T3 a (! a+D), 2
Jg @) = -5 [ @ ~log) Pughr o, ¢>0,
0

An explicit expression for the aforementioned relationship is intractable, necessitating a numerical

analysis. Figure 3 shows j(Tij(t)) as a function of t for various values of a. Consistent with

Theorem 3.2, ](Tij(t)) increases with t due to the DRFR property of T, as illustrated in Figure 3.
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Figure 3. Exact values of the past extropy 7(T43_F(t)) in Example 3.1 for the Fréchet

distribution for different values of the parameter a. The left panel corresponds to (o= 0.3,
0.5, 0.6) over t € [0,0.2], while the right panel corresponds to (o =1, 2, 3) over t €
[0.5, 1.5]. Different line styles and markers are used to ensure clarity in grayscale printing.

Figure 3 displays the exact values of the past extropy j(Tﬁ r(t)) for the Fréchet distribution with

different values of the shape parameter a. The curves show that the past extropy increases with t and
approaches zero as time grows. In addition, larger values of a correspond to smaller past extropy
values, indicating a lower level of uncertainty in the elapsed lifetime of the system.

The subsequent theorem establishes a lower bound for the extropy of Ty (t) in terms of the past

extropy j(T ; t) of the parent distribution function.

Theorem 3.3 For all 2r > n, a lower bound for the extropy of Ty (t) is given by the following
inequality (20)

J(TEe() = [r(n —r + 1D]?J(T;t), fort > 0. (20)

Proof. Setting A=r(n—r+1) and B=(r+ 1)(n—7r), we have —Bu" <0, for 0 <u <1,
since B > 0. Applying relation (6) now yields

GHnr(W) = [Au"™' — Bu"]? < A%u?7% < A%,

where the last inequality follows from 0 <u™ <1 forall m >0 and 0 < u < 1. From (18) and
the above inequality, we obtain a lower bound as

1

T(TT 1 2 -1 A%t -1
J(Tip() = =3 fo P W (HT (W) = == fo he(HE* (W) du

= A%J(T;t), t>0,
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where the final equality follows from (5). This completes the proof of the theorem.
An application of the bound provided in Theorem 3.3 is illustrated in the following example.

Example 3.2. Let T5g.r denote the lifetime of a linear consecutive 5-out-of-8:F system. This system
comprises 8 components arranged linearly and failing if and only if at least 5 consecutive components

fail. Assuming component lifetimes to be iid Lomax (Pareto type II) distribution with cdf H(t) = ﬁ

for t > 0, it follows that

_ 2
mie) = (FHCZY) g

Consequently, the past extropy of T is given by

T(Tst) = 34 3t+t? Lo 0
J{T56) = 6t(1+t) ’ '

Then Theorem 3.3 yields a lower bound for the extropy as

2 3+3t+t?
J (Tép(t)) = —66.7%,%1‘ all t > 0. 21)

The lower bound obtained from Theorem 3.3 and the exact value computed from (18) are illustrated

in Figure 4.

Exact values
Lower bound

—2000 A

—4000 A

—6000 -

Past Extropy

—8000 A

—10000 -

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4. Exact values and associated lower bound of the past extropy in Example 3.2,
expressed as a function of j(TéF(t)). The exact values are depicted by a solid line,

whereas the lower bound is represented by a dashed line with markers to enhance clarity
and readability in grayscale reproduction.
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Figure 4 compares the exact values of j(Tgs’ r(t)) with the corresponding derived lower bound.

The exact values are represented by a solid line, while the lower bound is depicted using a dashed line
with markers to ensure clear distinction in grayscale printing. It is evident that both curves increase
with time ¢ and approach zero as ¢ grows. Furthermore, the lower bound consistently lies below the
exact values, thereby confirming the theoretical result and indicating that the proposed bound provides
an accurate and tight approximation of the past extropy.

Finally, we show that the extropy of the conditional lifetimes of consecutive (n-i)-out-of-n: F

systems for all i = 0,1, ..., [g], where [x] is the greatest integer less than or equal to x, when all

components have failed before time t, uniquely determines the distribution function. To this end, we
recall the Miintz-Szasz theorem from Higgins [29], which is crucial for the proof of the main result.
Lemma 3.1. Let y(x) be an integrable function on the finite interval (a,b). Suppose that

f; x™p(x)dx =0, j =1, where {n;, j = 1} is a strictly increasing sequence of positive integers
satisfying X724 ni = 0o. Then, P(x) = 0 for almost all x € (a,b).
)

It is important to highlight that Lemma 3.1 is a fundamental result in functional analysis,
demonstrating the completeness of the set of functions {x™t,x"2,...; 1 <n; <n, <---}. Hwang and
Lin [30] generalized the Miintz—Szasz theorem to the functions {¢"/(x), n; = 1}, where ¢(x) is
both absolutely continuous and monotonic over the interval (a, b). This lemma plays a pivotal role

in uniquely characterizing the parent distribution based on T[J;i (t) asin the following theorem.

Theorem 3.4. Let Tp;"*(t) =[t—Tf

n—i|n:F|Znn

<t] and T () = [t — T ijnip | Yom < t]

denote past lifetimes of consecutive (n — i)-out-of-n:F systems having n iid component lifetimes
Z; and Y; fromcdfs H; and Hy, only if

(T" () =] (T35 @), foralln=2iand i =01, ...,|n/2].

Proof. We prove the sufficiency part, as the necessity is straightforward. Given that n > 2i and i =
0,1, ...,|n/2], (18) can be rewritten as

1 —
(T" lZ(t)) = _%fo Gh—ipnr(Whzy (HZ}(u)) du,forallt > 0, (22)
where

n-ipr@) = =D+ Du" = (n—i+ D0 <u<1

A similar argument holds for Y. Assuming j(TT? ;i’z V) = j(T,f ;i’y(t)) and using (22), we have

1
f g,zl_”n:F(u) (hz,t (szg(u)) — Ry, (H;}(u))) du = 0, forallt > 0.
0
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Thus, we obtain

1
f u"‘2i¢i,n(u)(hz,t(Hz_,%(u)) — hy,t(H;}(u)))du =0,
0

where

Pin(w)=Mm—-D)@{+Du" 2 - (n—i+ Diu" O<u<l.

Applying now Lemma 3.1 to ¢;,(u) and considering the complete sequence {u""2!, n > 2i}, we

obtain

hoe (Hzpw) = hy, (H7i@)),  forallu € (0,1).

As dH;'(u) = —1/h (H; *(u))du, we have Hzj(u) = Hy{(u) for all 0 <u < 1. Letting z =

Hz(z) Hz(z) _

-1 . _ . _
Hz¢(u), we obtain Hz.(z) = u. Given Hz.(z) = (D) D)

and similarly for Y, we find

ZY—Z;. As t = oo, we conclude that H;(z) = Hy(z), z > 0, implying that Z and Y are identically
Y

distributed, thus completing the proof of the theorem.
4. Nonparametric estimation

In this section, we assume that a random sample from the component lifetimes distribution is
available. Such data may arise from component-level reliability tests, laboratory experiments, or
historical maintenance records where the lifetimes of individual components are observed
independently of the system configuration. This assumption is commonly used in reliability analysis
when the objective is to estimate system characteristics based on the underlying component lifetime
distribution. Under this framework, the estimation problem reduces to estimating the component
lifetime distribution and the associated reliability function, from which the past extropy of the
corresponding consecutive system can be obtained through the functional representation derived in the
previous sections.

Here, we introduce a nonparametric estimator for the past extropy of consecutive r-out-of-n: F
systems, as defined in (11). Suppose we have a sequence of iid random variables Ty, T, -, Ty,
representing individual component lifetimes with pdf h(x) and cdf H(x). Following Silverman [30],
we estimate h(x) using the kernel density estimator as

) = — zN:k(x_Ti) €R
*) = Nby by )

i=1

where by is the bandwidth, and k() is the kernel function. We choose by such that by — 0 and
Nby — o0 as N — oo, ensuring convergence of h(x) to h(x) as the sample size increases. The
kernel function k() is a symmetric pdf with finite variance, with common examples including the
normal (Gaussian), Epanechnikov, and tricube kernels. Here, we use the normal kernel. We also
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consider the kernel-smoothed cdf estimator

N
At = [ Radu=3> k(5
x) = B u u—N._1 ™

where K(-) isthe cdf of k(-) defined as K(x) = ffoo k(t) dt. For bandwidth selection, we employ

), X €ER,

the heuristic formula

1
by = 0.99N 5,

derived by minimizing the integrated mean squared error with a Gaussian kernel. Typically, o is
estimated as min {s, 1%4}, where s is the sample standard deviation, and Q is the interquartile
range. This normal reference rule (Silverman [30]) performs well for smooth densities. Before

presenting the nonparametric estimator, we recall that the pdf and cdf of T, ,.r can be expressed as

hr|n:F(x) = h(x)grm:F(H(x)) and Hrln:F(x) = Gr|n:F(H(x))'

for all x > 0, using relations (6) and (7). Thus, with the kernel density estimator h(x), the

nonparametric kernel-based estimator for the past extropy j(THn: r t) can be presented as

- 1t (hpmr(O)
](Tr|n:F; t) = _E-];) <|—F(x)> dx

ﬁr|n:F(t)

— _lft (H(x)gﬂn:F(ﬁ(x))
20 Gr|n:F(ﬁ(x))

2
) dx, forallt > 0. (23)

Since the lifetime distributions considered in this work are supported on [0, ), the use of a symmetric
Gaussian kernel may introduce boundary bias near zero. In the present study, this effect is limited
because the past extropy is evaluated through integration over (0, t) with t > 0. Nevertheless, boundary-
correction techniques could be incorporated to further improve estimation accuracy near the boundary.

4.1. Simulation studies

In the simulation study, samples are generated from the assumed component lifetime distribution
in order to evaluate the performance of the proposed estimator under controlled conditions. To examine
the behavior and performance of the proposed nonparametric extropy estimator in (23), we carried out
a Monte Carlo simulation study. For evaluating the kernel-based estimator of the PEX of consecutive
r-out-of-n: F systems, we use the exponential distribution with parameter A, having pdf h(x) =
le™* and cdf H(x) = 1 — e~ *, x> 0, as the underlying data generating process, i.e.,
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J(Trmrit) = = fF (Ae_lxgr'":F(H(X)))zd forall t> 0
] r|n:F» —_E 0 Gr|n:F(H(X)) X, Iora .

For the estimation of 7(Tr|n: P t), we generate random samples from exponential distribution with

parameter A = 0.5, 1.0, 2.0. A total of 1,000 iterations were performed, and the obtained results are
presented in Tables 2—4. These results offer valuable insights into the finite-sample performance of the
estimator across varying sample sizes (N = 40,50,100, 200) and different values of r and t. The
values of bias and root mean squared error (RMSE) are reported, allowing a thorough assessment of
both the accuracy and precision of the estimator.

Table 2. Bias and RMSE of the estimator of j(Tr|3: P t) for an exponential distribution

(A =0.5) with varying t,r,and N.

N =40 N=50 N=100 N =200
n r t Bias RMSE Bias RMSE Bias RMSE Bias RMSE
3 2 0.5 -0465484  0.633022  -0.201711  0.454374  -0.112885  0.136406  -0.075306  0.084833
0.9 -0.092047  0.110814  -0.075303  0.090910  -0.048539  0.056794  -0.036167  0.039901

L0 0075659  0.097224  -0.061499  0.081457 -0.042888  0.047819  -0.029563  0.034398
2.0 -0.020343  0.026277  -0.017525  0.021520  -0.012037  0.014247  -0.008374  0.009764
3 0.5 -0.354287 0371482  -0.287368  0.297284  -0.171754  0.203613  -0.124453  0.132974
0.9 -0.135503 0.180536 -0.117933  0.139389  -0.084560  0.095574  -0.064234  0.071779

1.0 _0.120285 0.145836 -0.099206  0.122640  -0.075226  0.085113  -0.055287  0.066078
2.0 -0.038318 0.055870 -0.034487  0.049700  -0.022263  0.034263  -0.016270  0.023181

Table 3. Bias and RMSE of the estimator of j(Tr|3: P t) for an exponential distribution

(A =1) withvarying t,r,and N.

N=40 N=50 N=100 N =200
n r t Bias RMSE Bias RMSE Bias RMSE Bias RMSE
3 2 0.5 -0.154658  0.198186  -0.123190  0.158914  -0.083604  0.096432  -0.061391  0.067818
0.9 -0.051350  0.064786  -0.043647  0.050976  -0.029105  0.034949  -0.020154  0.024719

1.0 0043669  0.050797 -0.034790  0.045171  -0.023613  0.028233  -0.016400  0.019222
2.0 -0.013850  0.034770  -0.010711 0.029187  -0.005497  0.019795  -0.004489  0.014207
3 0.5 -0.230284  0.305693  -0.201810  0.245701  -0.147047  0.175044  -0.111521 0.128064

0.9 -0.091214  0.132614 -0.081696  0.110546  -0.054550  0.081263  -0.040795  0.057775

1.0 .0.078592  0.108102  -0.069220  0.101276  -0.047042  0.069280  -0.032217  0.050086
2.0 -0.027305  0.037485  -0.023717  0.032148  -0.014155  0.020083  -0.009653  0.013360
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Table 4. Bias and RMSE of the estimator of j(Tr|3: F t) for an exponential distribution

(A = 2) with varying t,r,and N.

N =40 N=50 N =100 N =200
n r t Bias RMSE Bias RMSE Bias RMSE Bias RMSE
3 2 0.5 -0.086220  0.106091  -0.070826  0.090802  -0.047851  0.055454  -0.032778  0.036562
0.9 -0.032406  0.063334  -0.024426  0.055908 -0.015369  0.035558  -0.009878  0.024261

1.0 0026929 0.074554 -0.022132  0.058622  -0.012381  0.039811  -0.006550  0.028337
2.0 -0.015107  0.080265  -0.005539  0.073605  -0.002422  0.050565 -0.002752  0.033907
3 0.5 -0.166086  0.223918  -0.141487  0.196756  -0.092657  0.126618  -0.068328  0.099283

0.9 -0.067124  0.084225 -0.055979  0.073652  -0.034722  0.048270  -0.023380  0.032641

1.0 .0.056763  0.074605  -0.049613  0.064726  -0.030351  0.040951  -0.021167  0.027207
2.0 -0.040928  0.073928  -0.033420  0.066368 -0.017551  0.041721  -0.010447  0.028621

As expected, both bias and RMSE consistently decrease as the sample size N increases across
different combinations of r and t. While simulation studies cannot establish asymptotic properties
theoretically, the results provide empirical evidence supporting the good finite-sample performance of
the proposed estimator. These empirical findings indicate an improvement in estimation accuracy as
the sample size increases. The number of consecutive failed components of the system 7 also plays a
crucial role in influencing bias and RMSE. The results indicate that, for a fixed n, increasing r from 2
to 3 leads to a decrease in RMSE when the scale parameter A is less than one, but an increase in
RMSE when A is greater than one. This suggests that the estimator tends to perform better under
smaller-scale parameters as r increases, whereas its performance deteriorates for larger -scale
parameters when n is fixed.

5. Concluding remarks

This paper examines the role of past extropy as an information-theoretic measure for uncertainty
quantification in lifetime analysis, with particular emphasis on linear consecutive r-out-of-n: F
reliability systems. A comprehensive theoretical framework has been developed to analyze the
behavior of past extropy under this important class of system structures. In particular, explicit
analytical representations have been derived, and several fundamental properties have been
established, including monotonicity results, probabilistic bounds, and characterization theorems.
These results provide new structural insight into how reliability configurations influence information-
based measures of uncertainty. The investigation has been further extended to conditional past extropy,
which captures the uncertainty associated with elapsed lifetimes under partial system information. This
perspective provides a more refined description of uncertainty dynamics in reliability environments
where degradation, clustered failures, or time-dependent operational conditions may affect system
performance. From a methodological standpoint, a nonparametric kernel-based estimator for past
extropy has been proposed in order to facilitate practical implementation. Its performance has been
examined through Monte Carlo simulation experiments, which indicate stable finite-sample behavior
and reliable estimation accuracy across a range of parameter settings. Although closed-form
expressions for past extropy may become analytically challenging for highly complex system
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structures or heavily parameterized lifetime models, the probabilistic bounds, preservation properties,
and characterization results established in this study will provide effective analytical tools for
understanding its behavior. In particular, the derived stochastic ordering relationships highlight the
sensitivity of past extropy to aging characteristics and structural variations in lifetime distributions,
thereby enhancing its interpretability in reliability modeling and uncertainty assessment.

The results obtained in this work also suggest several promising directions for future research.
First, the present analysis focuses on systems with independent and identically distributed component
lifetimes. Extending the framework to dependent structures such as those modeled by Archimedean,
hierarchical, or vine copulas would significantly broaden the scope of applicability. Second, many
engineering systems exhibit dynamic reliability features including load-sharing mechanisms,
repairable components, and failure interactions. Developing past extropy formulations for such
dynamic systems represents a natural and important extension. Third, modern engineering applications
often involve spatially distributed networks and multivariate degradation processes, motivating further
investigation of past extropy in spatial stochastic networks and multivariate lifetime models. Fourth,
information-based measures such as past extropy may play a valuable role in reliability-oriented
decision-making, including optimal maintenance scheduling, sensor allocation, and system design,
where uncertainty quantification is central. Finally, while a kernel-based estimator has been
introduced, further investigation of its asymptotic properties, including consistency, asymptotic
distribution, bias correction, and confidence interval construction, remains an important topic for
future methodological development. Exploring connections between past extropy and other
information measures, including past Rényi entropy, Tsallis entropy, cumulative extropy, and Fisher
information, may also reveal deeper theoretical relationships and contribute to the broader
development of information-based reliability analysis.

Overall, the findings of this study highlight the potential of past extropy as a flexible and
informative framework for analyzing uncertainty in lifetime distributions and reliability systems. By
integrating rigorous theoretical results with practical estimation methodology, this work contributes to
the expanding literature on information measures in reliability theory and opens several avenues for
further theoretical and applied research.
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