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1. Introduction

The mathematical idea of differentiation of non-integer order is not a modern development. It can
be traced back to the late seventeenth century, following a well-known exchange between Leibniz and
L’Hôpital concerning the interpretation of derivatives of arbitrary order. What initially appeared as
a theoretical curiosity gradually evolved into a structured mathematical framework through the later
contributions of Euler, Liouville, and Fourier. These developments ultimately led to several widely
adopted definitions, including the Riemann–Liouville, Caputo, Riesz, and Hilfer derivatives, which
now form the basis of many fractional modeling approaches. Such operators are particularly well
suited for describing systems where nonlocal interactions and memory effects play a dominant role [1].

Over the past decades, fractional differential equations (FDEs) have been successfully applied to
model a variety of anomalous phenomena that cannot be adequately captured by classical integer-
order models. In economic applications, fractional formulations have been used to represent long-
memory effects in growth models and financial dynamics [2]. In physics and engineering, they
naturally arise in the study of anomalous diffusion and transport processes in heterogeneous or
fractal media [3]. Fractional models have also found applications in epidemiology and chaos theory,
where memory-dependent mechanisms and complex temporal interactions are essential for an accurate
description of the underlying dynamics [4–6]. More recently, extensions such as fuzzy fractional
calculus have been introduced to address uncertainty and imprecision in data-driven systems [7].
In parallel, the growing interaction between fractional calculus and machine learning has motivated
hybrid frameworks, including neural networks guided by variable-order fractional operators [8].

Significant advances have also been achieved in the theoretical study of Caputo fractional
derivatives in more complex settings. For example, higher-order integrodifferential inclusions of
Volterra–Fredholm type with impulses and infinite delay have been investigated, and rigorous existence
results have been established [9]. In a related line of work, the approximate controllability of impulsive
fractional differential equations of order 1 < r < 2 with infinite delay has been analyzed using
functional analytic techniques [10]. Taken together, these results demonstrate the ability of Caputo-
based models to represent complex nonlocal dynamics with memory effects.

Despite their flexibility, classical fractional operators based on power-law kernels are not always
well suited for practical modeling. In particular, the assumption of infinite memory and the resulting
unbounded variance may be incompatible with physical systems evolving over finite spatial or temporal
domains. Tempered fractional calculus (TFC) was proposed to alleviate these issues by introducing
an exponential tempering factor into the kernel. This modification effectively weakens long-range
memory effects while preserving the essential fractional character of the model. As a consequence,
tempered formulations exhibit finite variance and allow for a smooth transition between anomalous and
classical diffusion, which is especially relevant for describing transient anomalous diffusion observed
in geophysical and hydrological applications [11, 12].

Tempered fractional differential equations (TFDEs) therefore provide a practical and
mathematically consistent framework for modeling nonlocal processes with controlled memory
decay. Their applicability has been demonstrated in a wide range of problems, including turbulent
and non-Gaussian transport in fluid dynamics [11], subdiffusive flow in porous and groundwater
systems [13], hereditary transport phenomena in biophysical media such as blood flow and viscoelastic
materials [12], and thermal conduction models [14]. From a theoretical viewpoint, TFDEs have been
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formulated using tempered Caputo, tempered Riemann–Liouville, and substantial derivatives, and their
well-posedness has been rigorously investigated under various boundary and terminal conditions [15,
16]. As a result, TFDEs have become a central topic in modern fractional calculus, attracting sustained
interest in their theory [17], numerical treatment [18, 19], and practical applications [20–22].

The nonlocal nature of tempered fractional operators poses substantial challenges for numerical
computation. A wide range of numerical techniques has been proposed to address TFDEs, including
finite difference schemes for Riesz-tempered and multi-term time-fractional models [16,23], predictor–
corrector algorithms and their fast variants for tempered Caputo equations [24, 25], and spectral
methods based on Chebyshev, Jacobi, and Laguerre polynomials, which can achieve high accuracy for
smooth solutions [12, 14]. Additional approaches include sinc-collocation methods for problems on
unbounded domains [26], operational matrix techniques for nonlinear and multi-term TFDEs [27], and
transform-based methods that yield semi-analytical solutions for specific classes of equations [28,29].
Nevertheless, these methods often face limitations related to reduced accuracy near weak singularities,
high computational cost for long-time simulations, or conditioning issues in the resulting algebraic
systems [16, 26, 30].

Efficient and accurate numerical solvers for tempered fractional models continue to attract
considerable attention, given their importance in applications such as diffusion, viscoelasticity, and
transport phenomena. Among the available approaches, operational matrix methods constructed from
suitable basis functions provide a promising alternative, as they can achieve high-order accuracy
while keeping the algebraic complexity manageable. In particular, Bernstein-based operational matrix
techniques have recently gained interest as effective numerical tools for fractional and nonlinear
problems, owing to their ability to handle weak singularities and to preserve good numerical
conditioning [31–33].

Motivated by these advances, this paper introduces the tempered fractional Bernstein method
(TFBM) for the numerical solution of a broad class of tempered fractional differential equations.
The central contribution of the proposed method is a formulation in which two distinct sources of
numerical error are controlled independently: The polynomial approximation error, governed by the
Bernstein degree n, and the truncation error associated with the analytic series representation of the
Caputo–tempered derivative, controlled by a separate parameter M. Unlike existing Bernstein-based
fractional or tempered fractional schemes, this explicit decoupling allows the accuracy of the solution
representation and the fractional operator to be tuned independently. The proposed framework also
naturally accommodates both Chebyshev–Gauss and Legendre–Gauss collocation strategies within a
unified Bernstein–tempered setting.

A key limitation of many existing numerical methods for tempered fractional differential equations
lies in the difficulty of controlling different sources of numerical error independently, together with
potential conditioning issues and a loss of accuracy in the presence of weak singularities. The
proposed TFBM complements and extends existing approaches in several directions. Variational
and finite element methods for tempered operators, such as the Galerkin formulation of Deng and
Zhang [13] and the well-posedness analysis of Zaky [16], provide a rigorous framework; however, they
typically rely on mesh refinement, which can increase computational cost. By comparison, TFBM
attains spectral-type accuracy without requiring a mesh. Efficient history compression techniques
for time-fractional and tempered equations, including fast convolution and sum-of-exponentials
methods [25], significantly reduce memory usage and computational cost in long-time simulations.
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These approaches, however, mainly address temporal nonlocality and can be naturally combined with
TFBM. Spectral and operational matrix methods based on orthogonal polynomials [14,27,45] achieve
high-order accuracy for smooth solutions, but may encounter conditioning issues or reduced efficiency
when fractional power singularities are present. In contrast, the fractional Bernstein basis allows the
transformation (x = τδ), which facilitates the treatment of such features and leads, in practice, to
well-conditioned collocation systems.

The fractional Bernstein basis is particularly well suited to tempered fractional problems, since this
transformation provides a natural representation of fractional-type behavior near the initial point while
preserving good numerical conditioning and compatibility with the operational matrix formulation.
Physics-informed neural networks (PINNs), such as the Monte Carlo-based approach of Hu et al. [34],
offer considerable flexibility for high-dimensional and inverse problems, but rely on stochastic training
procedures and still lack a comprehensive convergence theory for fractional operators. Taken together,
these approaches reflect different trade-offs: mesh-based methods provide geometric flexibility at the
cost of higher computational expense, fast convolution techniques reduce temporal complexity, spectral
methods deliver high accuracy but may suffer from conditioning issues, and PINNs offer flexibility at
the expense of increased computational and theoretical uncertainty. Within this broader setting, TFBM
offers a deterministic, mesh-free, and high-accuracy alternative supported by convergence and stability
analysis.

This work introduces a TFBM for Caputo–tempered fractional differential equations, based on a
Bernstein polynomial representation combined with an operational matrix formulation of the tempered
fractional derivative. A distinctive feature of the method is the explicit separation between the
polynomial approximation error and the truncation error arising from the series representation of the
operator, which makes it possible to control these two sources of error independently. The formulation
incorporates both Chebyshev–Gauss and Legendre–Gauss collocation within a unified framework. A
rigorous theoretical analysis is then developed to establish the main properties of the method.

The remainder of this paper is organized as follows. Section 2 introduces the necessary
preliminaries and definitions from tempered fractional calculus. Section 3 presents the formulation
of the proposed tempered fractional Bernstein method. Convergence, stability, and computational
complexity analyses are provided in Section 4. Numerical experiments illustrating the accuracy and
robustness of the method are reported in Section 5. Finally, Section 6 summarizes the main findings
and outlines potential directions for future research.

2. Preliminaries

Throughout this work, we consider left-sided tempered fractional operators on [τ1, τ2] with order
0 < δ < 1 and tempering parameter ω ≥ 0. The tempered Riemann–Liouville fractional integral
is denoted by Jδ,ω

τ1 , while the corresponding tempered Riemann–Liouville and Caputo derivatives are
denoted byDδ,ω

τ1 and CD
δ,ω
τ1 , respectively, following standard formulations [35–37].

Definition 1. Let 0 < δ < 1, ω ≥ 0, and v ∈ L1(τ1, τ2). For τ ∈ (τ1, τ2], the left-sided tempered
Riemann–Liouville fractional integral of order δ is defined by

Jδ,ω
τ1

v(τ) :=
1

Γ(δ)

∫ τ

τ1

(τ − s)δ−1e−ω(τ−s)v(s) ds, (2.1)
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where Γ(·) denotes the Euler Gamma function. For ω = 0, this definition reduces to the classical
Riemann–Liouville fractional integral

Jδ
τ1

v(τ) :=
1

Γ(δ)

∫ τ

τ1

(τ − s)δ−1v(s) ds.

Definition 2. Let v(τ) ∈ C[τ1, τ2], 0 < δ < 1, and ω ≥ 0. The left-sided tempered Riemann–Liouville
fractional derivative of order δ is defined by

Dδ,ω
τ1

v(τ) :=
e−ωτ

Γ(1 − δ)
d
dτ

∫ τ

τ1

(τ − s)−δeωsv(s) ds. (2.2)

Definition 3. Let v ∈ C1[τ1, τ2], 0 < δ < 1, and ω ≥ 0. The left-sided Caputo–tempered fractional
derivative of order δ with tempering parameter ω is defined by

CDδ,ω
τ1

v(τ) := e−ωτ CDδ
τ1

(
eωτv(τ)

)
, τ ∈ (τ1, τ2], (2.3)

where CDδ
τ1

denotes the classical Caputo fractional derivative of order δ. This exponential-conjugation
formulation is standard in the theory of tempered fractional calculus [35, 36].

For 0 < δ < 1, Definition 3 is equivalent to the integral representation

CDδ,ω
τ1

v(τ) =
e−ωτ

Γ(1 − δ)

∫ τ

τ1

(τ − s)−δ
d
ds

(
eωsv(s)

)
ds. (2.4)

Without loss of generality, the physical interval [τ1, τ2] is mapped onto the reference interval [0, 1]
via an affine transformation. Henceforth, all operators are expressed on [0, 1]. For notational simplicity,
we write CD

δ,ω
τ to denote the left-sided Caputo–tempered derivative with fixed lower terminal 0.

Definition 4. Let n ∈ N and µ = 0, 1, . . . , n. The classical Bernstein polynomial of degree n on [0, 1]
is defined by

Bµ,n(τ) :=
(
n
µ

)
τµ(1 − τ)n−µ, τ ∈ [0, 1]. (2.5)

For 0 < δ < 1, the fractional Bernstein basis is defined by

Bδµ,n(τ) :=
(
n
µ

)
τµδ(1 − τδ)n−µ, τ ∈ [0, 1]. (2.6)

3. TFBM

This section presents a detailed numerical procedure for solving TFDEs using the TFBM. The
proposed approach combines Bernstein polynomial approximations with tempered fractional operators
to construct an accurate and flexible numerical framework for a wide class of fractional models [37–
39].

We consider the Caputo–tempered fractional differential equation of order 0 < δ < 1 on the
reference interval [0, 1]:

CDδ,ω
τ v(τ) = g(τ, v(τ)). (3.1)
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For 0 < δ < 1, a single pointwise condition is prescribed,

v(τc) = vc, τc ∈ [0, 1]. (3.2)

Here CD
δ,ω
τ denotes the left-sided Caputo–tempered fractional derivative with tempering parameter

ω ≥ 0.
The approximate solution is represented in the fractional Bernstein space in the form

vn,δ(τ) =

n∑
µ=0

cµBδµ,n(τ), τ ∈ [0, 1], (3.3)

where the basis functions Bδµ,n(τ) defined in (2.6) determine the approximation space in which vn,δ(τ)
is represented. The unknown coefficients {cµ} are computed using a collocation approach, in which the
governing TFDE is enforced at the nodes {τ j}

n−1
j=0 selected according to Chebyshev–Gauss or Legendre–

Gauss distributions on [0, 1], while the prescribed pointwise condition is imposed separately, resulting
in an algebraic system for the coefficients.

To numerically approximate the solution of the TFDEs (3.1)–(3.2), we construct an approximate
solution using Bernstein polynomial operational matrices as

vn,δ(τ) = Bδ
n(τ) C, (3.4)

where

Bδ
n(τ) =

[
Bδ0,n(τ), Bδ1,n(τ), · · · , Bδn,n(τ)

]
, C =


c0

c1
...

cn

 . (3.5)

Here, Bδ
n(τ) ∈ R1×(n+1) and C ∈ R(n+1)×1. The functions Bδ0,n(τ), . . . ,Bδn,n(τ) are the fractional Bernstein

basis functions defined in (2.6), and c0, . . . , cn are unknown coefficients.

Bδ
n(τ) = T(τ) Q>, (3.6)

where the matrices are defined by

Q =


q00 q01 · · · q0n

q10 q11 · · · q1n
...

...
. . .

...

qn0 qn1 · · · qnn

 , T(τ) =
[
1 τδ τ2δ · · · τnδ

]
, (3.7)

with the entries qi j defined by

qi j =


(−1) j−i

(
n
i

)(
n − i
j − i

)
, i ≤ j,

0, i > j.

(3.8)

Thus, the approximate solution in (3.4) can be written as

vn,δ(τ) = T(τ) Q>C. (3.9)
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For each monomial basis function τpδ, p = 0, 1, . . . , n, the left-sided Caputo–tempered fractional
derivative of order δ ∈ (0, 1) and tempering parameter ω ≥ 0 is defined by

CDδ,ω
τ τpδ = e−ωτ CDδ

τ

(
eωττpδ). (3.10)

For p ≥ 1, expanding the exponential function into its Taylor series and applying the analytic rule
for the Caputo fractional derivative of a power function,

CDδ
ττ

µ =
Γ(µ + 1)

Γ(µ + 1 − δ)
τµ−δ,

yields the exact infinite-series representation

CDδ,ω
τ τpδ = e−ωτ

∞∑
k=0

ωk

k!
Γ(k + pδ + 1)

Γ(k + pδ + 1 − δ)
τk+pδ−δ, p ≥ 1. (3.11)

Since the summand decays like kδ/k! and is further attenuated by the factor e−ωτ, the series can be
safely truncated after M terms to obtain the numerical approximation

CD
δ,ω
τ,(M)τ

pδ = e−ωτ
M∑

k=0

ωk

k!
Γ(k + pδ + 1)

Γ(k + pδ + 1 − δ)
τk+pδ−δ, p ≥ 1. (3.12)

Lemma 3.1 (Uniform truncation bound for the tempered Caputo series). Let p ≥ 1 be an integer, δ ∈
(0, 1), ω ≥ 0, and let M ∈ N0. Let CD

δ,ω
τ,(M)τ

pδ denote the M-term truncation of the series representation
of CD

δ,ω
τ τpδ. Then, there exists a constant Cp,δ > 0, independent of M, such that

sup
τ∈[0,1]

∣∣∣∣CDδ,ω
τ τpδ − CD

δ,ω
τ,(M)τ

pδ
∣∣∣∣ ≤ Cp,δ eω

ωM+1

M!
.

Consequently, the truncation error decays super-algebraically as M → ∞ and is uniform for τ ∈ [0, 1].

Proof. From the series representation, the truncation error is

RM(τ) = e−ωτ
∞∑

k=M+1

ωk

k!
Γ(k + pδ + 1)

Γ(k + pδ + 1 − δ)
τk+pδ−δ.

For τ ∈ [0, 1] and p ≥ 1, we have k + pδ − δ = k + (p − 1)δ ≥ 1 and, hence, |τk+pδ−δ| ≤ 1. Moreover,
|e−ωτ| ≤ 1 for ω ≥ 0. Therefore,

|RM(τ)| ≤
∞∑

k=M+1

ωk

k!
Γ(k + pδ + 1)

Γ(k + pδ + 1 − δ)
.

By Gautschi’s inequality [40], for x > 0 and 0 < s < 1,

Γ(x + 1)
Γ(x + s)

≤ (x + 1)1−s.
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With x = k + pδ and s = 1 − δ, we obtain

Γ(k + pδ + 1)
Γ(k + pδ + 1 − δ)

≤ (k + pδ + 1)δ.

Since pδ ≤ p and k ≥ 1, we have k + pδ + 1 ≤ k + p + 1 ≤ (p + 2)k, hence

(k + pδ + 1)δ ≤ (p + 2)δkδ.

Thus,
Γ(k + pδ + 1)

Γ(k + pδ + 1 − δ)
≤ Cp,δ kδ, Cp,δ = (p + 2)δ.

Because 0 < δ < 1, kδ ≤ k for k ≥ 1, and therefore

kδ

k!
≤

k
k!

=
1

(k − 1)!
.

Consequently,

|RM(τ)| ≤ Cp,δ

∞∑
k=M+1

ωk

(k − 1)!
= Cp,δ ω

∞∑
j=M

ω j

j!
.

Using the standard bound for the tail of the exponential series (see, e.g., [41]),

∞∑
j=M

ω j

j!
≤ eω

ωM

M!
, ω ≥ 0,

we obtain

|RM(τ)| ≤ Cp,δ eω
ωM+1

M!
.

Finally, Stirling’s formula implies ωM+1/M! decays faster than any power of M−1, so the convergence
is super-algebraic and uniform on [0, 1]. �

For the monomials τpδ, p = 0, 1, . . . , n, we define

φ(M)
p (τ) := CD

δ,ω
τ,(M)τ

pδ =


e−ωτ

M∑
k=1

ωk

k!
Γ(k + 1)

Γ(k + 1 − δ)
τk−δ, p = 0,

e−ωτ
M∑

k=0

ωk

k!
Γ(k + pδ + 1)

Γ(k + pδ + 1 − δ)
τk+pδ−δ, p = 1, 2, . . . , n.

For p = 0, the term k = 0 in the exponential expansion corresponds to a constant, whose classical
Caputo derivative is zero. Therefore, in this case the truncated representation starts from k = 1.

The truncated derivatives of all monomials {τpδ}np=0 define the vector of tempered fractional basis
functions:

T∗M(τ) =
[
φ(M)

0 (τ), φ(M)
1 (τ), . . . , φ(M)

n (τ)
]
. (3.13)

The vector T∗M(τ) provides a truncated operational representation of the Caputo–tempered derivative
based on an analytic series expansion. The independent truncation parameter M enables separation
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between truncation and approximation errors, distinguishing the proposed construction from standard
operational matrix approaches.

Hence, the tempered fractional derivative of the approximate solution vn,δ(τ) = T(τ)Q>C can be
written in operational form as

CDδ,ω
τ vn,δ(τ) ≈ T∗M(τ) Q>C. (3.14)

The truncation index M controls only the accuracy of the series representation of the tempered
operator and is independent of the polynomial degree n. In practice, M is chosen sufficiently large
so that the truncation error becomes negligible compared with the discretization error governed by
n, ensuring that the overall convergence rate of the method is determined solely by the polynomial
approximation.

Substituting (3.9) and (3.14) into (3.1) yields

T∗M(τ) Q>C = g
(
τ, T(τ)Q>C

)
, (3.15)

which defines the residual

R(τ; C) = T∗M(τ) Q>C − g
(
τ, T(τ)Q>C

)
. (3.16)

The collocation method enforces the vanishing of this residual at the collocation nodes {τ j}
n−1
j=0

together with the pointwise condition vn,δ(τc) = vc, yielding

R(τ j; C) = 0, j = 0, 1, . . . , n − 1, T(τc)Q>C = vc. (3.17)

In vector form, this system can be written as

F(C) = 0, (3.18)

where
F(C) =

[
R(τ0; C), . . . ,R(τn−1; C),T(τc)Q>C − vc

]>
. (3.19)

For linear problems g(τ, v) = a(τ)v + f (τ), this reduces to a linear matrix equation WC = G.
We propose two collocation variants of the TFBM: TFBM–C, based on Chebyshev–Gauss nodes,

and TFBM–L, based on Legendre–Gauss nodes.
The variants TFBM-C and TFBM-L represent two collocation realizations of the same Bernstein–

tempered framework, rather than independent numerical methods, and are used to assess the robustness
of the formulation under different node distributions.

For TFBM–C, the collocation nodes on [0, 1] are defined by

τ(C)
j =

1
2

+
1
2

cos
(
2 j + 1

2n
π

)
, j = 0, 1, . . . , n − 1,

while for TFBM–L, the nodes τ(L)
j , j = 0, 1, . . . , n − 1, are given by the roots of the shifted Legendre

polynomial Pn(2τ − 1).
Consequently, the approximate solution vn,δ(τ) defined in (3.4) is obtained by solving the

system (3.18) for the coefficient vector C using the Maple software environment. The resulting
algebraic system is solved using Maple’s fsolve command, which automatically selects an
appropriate algorithm: A direct solver for linear problems and a Newton-type method for nonlinear
systems. In the present implementation, no explicit initial vector is prescribed; the solver is applied
directly to the full system, and Maple uses its default internal initialization strategy.
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4. Convergence and stability analysis

In this section, we investigate the convergence, error behavior, and stability of the proposed TFBM
in the linear setting. The convergence analysis follows the standard framework of spectral and
collocation methods, where the error is decomposed into approximation and discrete components;
see, e.g., Canuto et al. [42]. We first establish a uniform convergence result for the fractional Bernstein
approximation, which provides the theoretical foundation of the method. We then derive an error
estimate for the collocation solution based on a decomposition of the approximation and discrete errors.
Finally, we examine the stability of the resulting linear system using classical matrix perturbation
theory.

4.1. Theoretical convergence

We first recall the uniform approximation property of the fractional Bernstein operator [43].

Theorem 4.1 (Uniform convergence of the fractional Bernstein approximation). Let v ∈ C([0, 1]) and
let 0 < δ < 1. Define the fractional Bernstein approximation operator by

P̂n(v, τ) :=
n∑
µ=0

v
((
µ

n

)1/δ
)
Bδµ,n(τ), τ ∈ [0, 1], (4.1)

where

Bδµ,n(τ) =

(
n
µ

)
τµδ(1 − τδ)n−µ.

Then
P̂n(v, τ) −→ v(τ) uniformly on [0, 1] as n→ ∞.

Proof. Define
g(x) := v

(
x1/δ

)
, x ∈ [0, 1].

Since v ∈ C([0, 1]) and the mapping x 7→ x1/δ is continuous on [0, 1], it follows that g ∈ C([0, 1]).
Hence, g is uniformly continuous on [0, 1].

Let ε > 0 be arbitrary. By uniform continuity of g, there exists η > 0 such that

|g(x) − g(y)| <
ε

2
whenever |x − y| < η, x, y ∈ [0, 1]. (4.2)

Fix τ ∈ [0, 1] and set q := τδ ∈ [0, 1]. Since q1/δ = τ, we have g(q) = v(τ). Define the approximation
error

En(τ) := P̂n(v, τ) − v(τ) =

n∑
µ=0

(
g(µn ) − g(q)

) (n
µ

)
qµ(1 − q)n−µ.

Split the index set {0, 1, . . . , n} into

Inear(τ) :=
{
µ :

∣∣∣µ
n − q

∣∣∣ < η}, Ifar(τ) :=
{
µ :

∣∣∣µ
n − q

∣∣∣ ≥ η}.
AIMS Mathematics Volume 11, Issue 4, 10311–10341.
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If µ ∈ Inear(τ), then by (4.2) we have |g(µ/n) − g(q)| < ε/2. Since the Bernstein weights are
nonnegative and sum to unity, it follows that∑

µ∈Inear(τ)

∣∣∣∣g(µn ) − g(q)
∣∣∣∣ (n
µ

)
qµ(1 − q)n−µ ≤

ε

2
. (4.3)

Let
K := max

x∈[0,1]
|g(x)| = max

τ∈[0,1]
|v(τ)|.

Then, |g(µ/n) − g(q)| ≤ 2K for all µ, and hence∑
µ∈Ifar(τ)

∣∣∣∣g(µn ) − g(q)
∣∣∣∣ (n
µ

)
qµ(1 − q)n−µ ≤ 2K

∑
µ∈Ifar(τ)

(
n
µ

)
qµ(1 − q)n−µ. (4.4)

Let X ∼ Bin(n, q). Then, the last sum equals P(|X/n − q| ≥ η). By Chebyshev’s inequality,

P
(∣∣∣X

n − q
∣∣∣ ≥ η) ≤ Var(X/n)

η2 =
q(1 − q)

nη2 ≤
1

4nη2 ,

since q(1 − q) ≤ 1
4 for q ∈ [0, 1]. Substituting into (4.4) yields∑

µ∈Ifar(τ)

∣∣∣∣g(µn ) − g(q)
∣∣∣∣ (n
µ

)
qµ(1 − q)n−µ ≤

K
2nη2 . (4.5)

Combining (4.3) and (4.5), we obtain

|En(τ)| ≤
ε

2
+

K
2nη2 , τ ∈ [0, 1].

Choose N ∈ N such that K
2nη2 ≤

ε
2 for all n ≥ N. Then, |En(τ)| ≤ ε for all τ ∈ [0, 1] and all n ≥ N. Since

ε > 0 was arbitrary, the convergence is uniform on [0, 1]. �

Remark 4.1. By setting g(x) = v(x1/δ) and x = τδ, the operator P̂n can be written as P̂n(v, τ) =

(Bng)(x), where Bn denotes the classical Bernstein operator defined in (2.5). Hence, the uniform
convergence also follows from the classical Bernstein approximation theorem; see [44].

Let x = τδ. Then,

Bδµ,n(τ) =

(
n
µ

)
xµ(1 − x)n−µ, x = τδ, (4.6)

so the fractional Bernstein space
Vn = span{Bδµ,n}

n
µ=0 (4.7)

can be identified with Pn under the change of variable x = τδ. Hence, P̂n(v, τ) is an approximation
operator constructed from pointwise samples of the exact solution, whereas vn,δ is obtained by solving
the collocation system.

Since both P̂n(v, ·) and the collocation solution vn,δ belong toVn, we decompose the error as

‖v − vn,δ‖∞ ≤ ‖v − P̂n(v, ·)‖∞ + ‖P̂n(v, ·) − vn,δ‖∞. (4.8)

The first term is controlled by Theorem 4.1. We now analyze the second term.
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Theorem 4.2 (Convergence of the TFBM collocation solution for the linear case). Consider the linear
TFDE

CDδ,ω
τ v(τ) = a(τ)v(τ) + f (τ), v(τc) = vc, (4.9)

where a, f ∈ C([0, 1]), and let v ∈ C([0, 1]) be the exact solution. Let vn,δ ∈ Vn be the TFBM
collocation solution obtained from the linear system WCn = G, and let wn := P̂n(v, ·) ∈ Vn.

Assume that:

(i) (Uniform stability) There exists a constant Ks > 0 such that

‖W−1‖∞ ≤ Ks for all n;

(ii) (Discrete consistency) The residual
rn := WC∗n −G

satisfies
‖rn‖∞ → 0, as n→ ∞,

where C∗n denotes the coefficient vector of wn.

Then,
‖v − vn,δ‖∞ → 0 as n→ ∞.

Proof. We begin with the error decomposition

‖v − vn,δ‖∞ ≤ ‖v − wn‖∞ + ‖wn − vn,δ‖∞. (4.10)

Since vn,δ,wn ∈ Vn, there exist coefficient vectors Cn,C∗n ∈ Rn+1 such that

vn,δ(τ) = T(τ)Q>Cn, wn(τ) = T(τ)Q>C∗n.

From the discrete system,
WCn = G, WC∗n = G + rn,

we obtain
Cn − C∗n = −W−1rn,

and, hence,
‖Cn − C∗n‖∞ ≤ ‖W

−1‖∞‖rn‖∞ ≤ Ks‖rn‖∞. (4.11)

To relate the coefficient error to the function error, write

wn(τ) − vn,δ(τ) =

n∑
µ=0

dµBδµ,n(τ),

where dµ are the components of C∗n − Cn. Since the fractional Bernstein basis functions satisfy

Bδµ,n(τ) ≥ 0,
n∑
µ=0

Bδµ,n(τ) = 1, τ ∈ [0, 1],
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we obtain
|wn(τ) − vn,δ(τ)| ≤ max

0≤µ≤n
|dµ| = ‖Cn − C∗n‖∞.

Hence,
‖wn − vn,δ‖∞ ≤ ‖Cn − C∗n‖∞ ≤ Ks‖rn‖∞. (4.12)

Combining the above estimates yields

‖v − vn,δ‖∞ ≤ ‖v − wn‖∞ + Ks‖rn‖∞. (4.13)

By Theorem 4.1, we have
‖v − wn‖∞ → 0,

and by assumption (ii), ‖rn‖∞ → 0. Therefore,

‖v − vn,δ‖∞ → 0.

�

Remark 4.2. Assumption (i) is a standard stability condition for collocation methods; its validity is
supported by the empirical evidence in Section 5 (Tables 3 and 5), where the condition numbers and
perturbation ratios remain well controlled.

Assumption (ii) is motivated by the uniform convergence of the fractional Bernstein approximation
(Theorem 4.1) and the super-algebraic decay of the truncation error (Lemma 3.1). These analytical
results imply that, for a suitable choice M = M(n), the residual ‖rn‖∞ is expected to vanish as n→ ∞.
This expectation is supported by the numerical experiments: the observed convergence of vn,δ to v in
Tables 2, 4, 7, and 8 is consistent with the decay of ‖rn‖∞.

4.2. Numerical error analysis

The accuracy of the proposed TFBM is assessed by comparing the numerical approximation vn,δ(τ)
with the exact solution at the collocation nodes {τ j}

n−1
j=0 . In particular, we compute the discrete L∞ error

given by
‖En‖∞ = max

0≤ j≤n−1

∣∣∣v(τ j) − vn,δ(τ j)
∣∣∣ , (4.14)

where v(τ) denotes the exact solution. The error is evaluated at the interior collocation points to capture
the pointwise accuracy of the spectral approximation. This definition is consistent with the approach
adopted in Zhao [45], where the discrete maximum norm is used to quantify numerical accuracy in
collocation-based methods.

4.3. Stability analysis

TFDEs solved using TFBM require a rigorous stability analysis to ensure the reliability of
the numerical solutions. In this context, stability refers to the sensitivity of the discrete TFBM
approximation to perturbations arising from the collocation formulation, including variations in the
discrete operators and associated data [46, 47]. Two perturbation scenarios are examined, and explicit
stability criteria are derived to characterize the robustness of the resulting TFBM collocation matrix
systems; see [48, 49].
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Applying TFBM to a TFDE yields a discrete collocation matrix system of the form

W C = G, (4.15)

where W ∈ R(n+1)×(n+1) is the collocation matrix, C ∈ Rn+1 is the vector of unknown Bernstein
coefficients, and G ∈ Rn+1 is the righthand side vector.

All vector and matrix norms are taken to be the infinity norm ‖·‖∞. Accordingly, for any nonsingular
matrix X, we define the corresponding induced condition number by

κ(X) := ‖X‖∞ ‖X−1‖∞. (4.16)

The collocation matrix W admits the factorization

W = AQ>, (4.17)

where Q is defined in (3.7) through Bδ
n(τ) = T(τ)Q>, and A arises from the collocation equations. For

linear problems g(τ, v) = a(τ)v + f (τ),

A =


T∗M(τ0) − a(τ0)T(τ0)

...

T∗M(τn−1) − a(τn−1)T(τn−1)
T(τc)

 . (4.18)

Equivalently, the first n rows of A are obtained by evaluating the truncated operator

L(M)[τpδ](τ) := φ(M)
p (τ) − a(τ)τpδ, p = 0, . . . , n,

at the collocation nodes τ0, . . . , τn−1, while the last row corresponds to the evaluation of τpδ at τc.
The functions {τpδ}np=0 are linearly independent and span the fractional Bernstein approximation

space. The invertibility of the associated collocation matrix is therefore linked to the unisolvence of
the collocation scheme. We assume that the exact (non-truncated) collocation matrix A∗, obtained by
evaluating L[τpδ] at the collocation nodes, is nonsingular. This is a standard assumption in collocation
methods.

By Lemma 3.1, the truncation error satisfies

‖A − A∗‖∞ → 0 as M → ∞.

Hence, for sufficiently large M, the perturbation satisfies

‖A−1
∗ (A − A∗)‖∞ < 1,

which guarantees that A remains nonsingular.
Moreover, interpreting A as a perturbation of A∗,

A = A∗ + (A − A∗),

the Neumann series argument yields

‖A−1‖∞ ≤
‖A−1
∗ ‖∞

1 − ‖A−1
∗ (A − A∗)‖∞

.
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Consequently,

κ(A) ≤
‖A‖∞‖A−1

∗ ‖∞

1 − ‖A−1
∗ (A − A∗)‖∞

. (4.19)

This estimate shows that the conditioning of A depends on the truncation error of the tempered operator.
In particular, as M → ∞, the perturbation ‖A − A∗‖∞ decreases, leading to a sharper upper bound on
the conditioning of the collocation matrix.

The matrix Q satisfies qi j = 0 for i > j and qii =
(

n
i

)
, 0, and is therefore invertible since

det(Q) =

n∏
i=0

qii , 0.

Consequently, W = AQ> is nonsingular for sufficiently large M.
Using the sub-multiplicative property of the induced infinity norm,

κ(W) ≤ κ(A) κ(Q>). (4.20)

Since
‖Q>‖∞ = ‖Q‖1, ‖(Q>)−1‖∞ = ‖Q−1‖1,

it follows that
κ(Q>) = ‖Q‖1‖Q−1‖1.

From the structure of Q defined in 3.7, we compute the column sums:

j∑
i=0

|qi j| =

j∑
i=0

(
n
i

)(
n − i
j − i

)
=

(
n
j

)
2 j,

using a standard combinatorial identity. Hence,

‖Q‖1 = max
0≤ j≤n

(
n
j

)
2 j.

Using the binomial theorem, (
n
j

)
2 j ≤

n∑
k=0

(
n
k

)
2k = (1 + 2)n = 3n,

and therefore
‖Q‖1 ≤ 3n.

Moreover,

(Q−1)i j =

(
j
i

)(
n
i

) , i ≤ j,

implies
j∑

i=0

(
j
i

)(
n
i

) ≤ j∑
i=0

1 = j + 1 ≤ n + 1,
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and, therefore,
‖Q−1‖1 ≤ n + 1.

Consequently,
κ(Q>) ≤ (n + 1)3n, (4.21)

Combining (4.19), (4.20), and (4.21), we obtain

κ(W) ≤
‖A‖∞‖A−1

∗ ‖∞

1 − ‖A−1
∗ (A − A∗)‖∞

(n + 1)3n. (4.22)

This estimate indicates that the conditioning of W depends on the conditioning of A together with
the Bernstein transformation matrix Q. The numerical results in Section 5 are consistent with this
bound and support the observed stability behavior of the proposed method.

In the numerical stability experiments, perturbations are imposed in a relative, normwise sense. In
the implementation, sparse perturbations are employed to control the perturbation magnitude while
preserving the structure of the collocation matrix.

Case 1: Perturbations in the righthand side G

Assume G , 0 and consider a perturbation ∆G in the righthand side:

W(C + ∆C1) = G + ∆G. (4.23)

Subtracting (4.15) yields

W ∆C1 = ∆G ⇒ ∆C1 = W−1∆G. (4.24)

Taking norms gives the classical relative perturbation bound

‖∆C1‖∞

‖C‖∞
≤ κ(W)

‖∆G‖∞
‖G‖∞

. (4.25)

To assess (4.25) numerically, we define the normalized ratio

r1 =
‖∆C1‖∞/‖C‖∞

κ(W) (‖∆G‖∞/‖G‖∞)
. (4.26)

Values r1 ≤ 1 confirm satisfaction of the theoretical stability bound.

Remark 4.3. For Case 1, a moderate condition number κ(W) limits the amplification of righthand side
perturbations. Large values of κ(W) increase sensitivity to data noise and may result in r1 approaching
unity, indicating reduced numerical robustness.

Case 2: Perturbations in both W and G

We now consider simultaneous perturbations in the collocation matrix and righthand side:

(W + ∆W)(C + ∆C2) = G + ∆G. (4.27)
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Neglecting second-order terms yields the first-order approximation

W ∆C2 + ∆W C ≈ ∆G ⇒ ∆C2 ≈W−1(∆G − ∆W C). (4.28)

Taking norms gives the bound

‖∆C2‖∞

‖C‖∞
≤ κ(W)

(
‖∆G‖∞
‖G‖∞

+
‖∆W‖∞
‖W‖∞

)
. (4.29)

If the Neumann-series condition
‖W−1∆W‖∞ < 1

is satisfied, then (W + ∆W)−1 exists and the sharper bound

‖∆C2‖∞

‖C‖∞
≤

κ(W)

1 − κ(W) ‖∆W‖∞
‖W‖∞

(
‖∆G‖∞
‖G‖∞

+
‖∆W‖∞
‖W‖∞

)
(4.30)

holds.
We evaluate (4.30) numerically using

r2 =
‖∆C2‖∞/‖C‖∞

κ(W)

1 − κ(W) ‖∆W‖∞
‖W‖∞

(
‖∆G‖∞
‖G‖∞

+
‖∆W‖∞
‖W‖∞

) . (4.31)

Values r2 ≤ 1 confirm the theoretical perturbation bounds under simultaneous perturbations.

Remark 4.4. In Case 2, stability critically depends on the condition ‖W−1∆W‖∞ < 1, which
guarantees bounded invertibility of the perturbed collocation matrix. When satisfied, r2 ≤ 1 indicates
that perturbations remain within the theoretical stability limit; values exceeding unity signal potential
loss of numerical stability.

5. Numerical results and discussion

In this section, we present six different test problems to evaluate the proposed TFBM in a
comprehensive manner. All examples are defined on an interval [0, 1] with fractional order 0 < δ < 1,
tempering parameter ω ≥ 0, and the truncation index M = 100. According to Lemma 3.1, the
truncation error decays super-algebraically; for the parameter ranges considered (ω ≤ 3, 0 < δ < 1),
the bound becomes negligible already for M = 100 (e.g., ω101/101! is far below machine precision).
Tests with M = 150, 200 produced identical results, confirming that M = 100 is sufficient. These
examples assess accuracy on smooth linear TFDEs, robustness under nonlinear dynamics, stability
under perturbations, behavior in the presence of weak singularities, and the flexibility of TFBM for
multi-order tempered operators. Together, they provide a complete and rigorous validation of the
method. All simulations were conducted using Maple 2022 on a system equipped with an Intel Core
i7-1260P Central Processing Unit (CPU) (2.10 GHz) and 16 GB RAM, running Windows 11. CPU
times were recorded using Maple’s time[real]() function. All computations were performed with
Digits = 200 to ensure that the extremely small errors produced at large polynomial degrees are not
affected by floating-point round-off limitations.
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Example 1. This example is smooth and linear, and is used to verify the accuracy of the proposed
TFBM. We consider the Langevin equation in the form as in [36]

CDδ,ω
τ v(τ) + v(τ) = e−ωτ

[
Γ(9)

Γ(9 − δ)
τ8−δ + τ8 + 9

4τ
δ + 9

4Γ(δ + 1)
]
, (5.1)

with initial condition
v(0) = 0. (5.2)

The exact solution is
v(τ) = e−ωτ

(
τ8 + 9

4τ
δ
)
. (5.3)

Example 1 considers a smooth linear tempered fractional problem with an exact solution depending
explicitly on the fractional order δ and the tempering parameter ω. As shown in Figure 1, both
TFBM-C and TFBM-L produce numerical solutions in close agreement with the exact solution for
all tested values of δ using a low polynomial degree n = 7, accurately capturing the variation of the
solution profile. In particular, as δ increases, the peak magnitude decreases and the solution becomes
progressively flatter, especially near the initial region τ ≈ 0. This behavior can be attributed to the
influence of the fractional order on the regularity of the solution. The numerical curves produced by
both methods are visually indistinguishable, not only from each other but also from the exact solution,
which indicates a stable and accurate approximation without spurious oscillations. As illustrated in
Figure 2, increasing the polynomial degree from n = 5 to n = 11 leads to a significant reduction in
the absolute error. The error is more pronounced near τ = 0 and decreases rapidly as τ increases, in
agreement with the fractional nature of the solution. This observation also highlights the capability of
the Bernstein basis to approximate smooth functions with high accuracy. The computational cost for
Example 1 is summarized in Table 1. For both TFBM-C and TFBM-L, the CPU times remain low and
nearly identical for n = 5 and n = 11, suggesting that increasing the polynomial degree has only a
limited effect on the overall computational complexity.

Table 1. CPU time (seconds) for Examples 1–2 with δ = 1
2 and ω = 3. Cost increases with n.

n = 5 n = 11

Example TFBM-C TFBM-L TFBM-C TFBM-L

1 0.63 0.56 0.71 0.70
2 0.87 1.03 2.25 6.20

Example 2. This example contains a nonlinear term and is used to evaluate the ability of the proposed
TFBM to handle nonlinear tempered fractional differential equations [50]. We consider

CDδ,ω
τ v(τ) = e−ωτ

(
Γ(3)

Γ(3 − δ)
τ2−δ −

(
eωτv(τ)

)2
+ τ4

)
, (5.4)

with initial condition
v(0) = 0. (5.5)

The exact solution is
v(τ) = e−ωττ2. (5.6)
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Example 2 considers a nonlinear tempered fractional problem and therefore provides a more
challenging test for the proposed methods. As illustrated in Figure 3, both TFBM-C and TFBM-L
accurately approximate the solution, and increasing the polynomial degree from n = 5 to n = 11 leads
to a significant reduction in the absolute error. The error is mainly concentrated near the initial region
τ ≈ 0. As τ increases, it decreases rapidly and remains small over the rest of the interval. The good
performance observed in this nonlinear setting suggests that the collocation formulation remains stable
under nonlinear transformations, without introducing additional numerical instability. Both methods
exhibit comparable levels of accuracy, with TFBM-C showing slightly lower error in some cases.

The computational cost for Example 2 is reported in Table 1. While both methods require similar
CPU time for n = 5, a more pronounced increase is observed for TFBM-L at n = 11, whereas TFBM-C
remains relatively efficient. This difference can be attributed to the increased computational complexity
associated with the Legendre-based collocation structure, particularly in the nonlinear setting, which
leads to higher evaluation and assembly costs as the polynomial degree increases. Consequently,
TFBM-C provides a more favorable balance between accuracy and computational cost for higher
polynomial degrees. Overall, these results show that the proposed framework effectively handles
nonlinear tempered fractional problems while maintaining both accuracy and computational efficiency.

(a) n = 7, ω = 3 (b) n = 7, ω = 3

Figure 1. Exact and numerical solutions obtained using TFBM-C (left panel) and TFBM-L
(right panel) for Example 1 with n = 7, ω = 3, and δ ∈ {0.3, . . . , 0.9}. Dots: Exact solution;
curves: Numerical approximations for different δ, showing accurate agreement.
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(a) n = 5, δ = 1
2 (b) n = 11, δ = 1

2

(c) n = 5, δ = 3
4 (d) n = 11, δ = 3

4

Figure 2. Absolute error |e(τ)| = |v(τ) − vn,δ(τ)| for Example 1 using TFBM-C and TFBM-
L with ω = 3. Panels (a)–(d): (n, δ) = (5, 1

2 ), (11, 1
2 ), (5, 3

4 ), (11, 3
4 ). Error decreases as n

increases.
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(a) n = 5, δ = 1
2 (b) n = 11, δ = 1

2

(c) n = 5, δ = 3
4 (d) n = 11, δ = 3

4

Figure 3. Absolute error |e(τ)| = |v(τ) − vn,δ(τ)| for Example 2 using TFBM-C and TFBM-
L with ω = 3. Panels (a)–(d): (n, δ) = (5, 1

2 ), (11, 1
2 ), (5, 3

4 ), (11, 3
4 ). Error decreases as n

increases.

Example 3. This problem is a standard benchmark from the literature and is used to validate the
proposed TFBM through direct comparison with the published results of [51]. We consider

CDδ,ω
τ v(τ) + cδ,ω v(τ) = e−ωτ

[
3 Γ(3)

4 Γ(3 − δ)
τ2−δ +

Γ(5)
Γ(5 − δ)

τ4−δ + cδ,ω
(
τ4 + 3

4τ
2
)]
, (5.7)

with the pointwise initial condition

v
(

1
2

)
=

e−ω/2

4
, (5.8)

where
cδ,ω =

Γ(δ + 1)
2 1−δ eω/2

. (5.9)
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The exact solution is
v(τ) =

(
τ4 + 3

4τ
2
)

e−ωτ. (5.10)

Remark. In TFBM, n denotes the polynomial degree, whereas in the reference finite-difference
scheme [51], 1/h represents the mesh density. Since n and 1/h correspond to comparable degrees of
freedom in their respective discretizations, matching their values (e.g., n = 10↔ 1/h = 10) provides a
fair and consistent basis for comparison across the two methods.

Example 3 is a standard benchmark problem from the literature, making it suitable for direct
comparison with previously reported results. The results listed in Table 2 confirm that both TFBM-C
and TFBM-L achieve significantly lower errors than the reference finite-difference scheme for all tested
values of n and for the fractional orders δ = 1

2 and δ = 2
3 . As n increases, the error drops rapidly, and

very high accuracy is already obtained for moderate values of n. This behavior is consistent with the
expected convergence properties of the proposed methods. A similar trend appears in Figure 4, where
the error norms decrease steadily as n increases. Taken together, these observations point to a stable
and systematic convergence process. The two methods behave similarly overall, although TFBM-L
produces slightly smaller errors in several cases.

Figure 4. Logarithmic condition number and corresponding error norms for Example 3 with
fractional order δ = 2

3 and tempering parameter ω = 2. The condition number increases with
n, while the error decreases.

Table 2. L∞ errors for TFBM-C, TFBM-L, and the reference finite-difference scheme for
Example 3 with δ = 1

2 ,
2
3 and ω = 2. Errors decrease with n, with smaller errors obtained by

TFBM-C and TFBM-L.

δ = 1
2 δ = 2

3

n ‖E(C)
n ‖∞ ‖E(L)

n ‖∞ ‖E‖∞ [51] ‖E(C)
n ‖∞ ‖E(L)

n ‖∞ ‖E‖∞ [51]

10 2.008 × 10−5 8.992 × 10−6 5.128 × 10−3 1.012 × 10−6 6.800 × 10−7 9.602 × 10−3

20 1.435 × 10−10 9.746 × 10−11 1.906 × 10−3 3.522 × 10−9 1.592 × 10−13 3.922 × 10−3

40 1.649 × 10−24 1.202 × 10−24 6.978 × 10−4 3.089 × 10−11 1.690 × 10−11 1.587 × 10−3

80 2.641 × 10−59 2.361 × 10−59 2.527 × 10−4 3.185 × 10−13 1.716 × 10−13 6.381 × 10−4

160 8.577 × 10−132 1.625 × 10−141 9.084 × 10−5 3.650 × 10−15 1.933 × 10−15 2.553 × 10−4
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The stability of the proposed schemes is assessed using the logarithmic condition number together
with the perturbation ratios shown in Figure 4 and Table 3. The condition number increases moderately
with n, and no severe ill-conditioning is observed, so the collocation matrix remains well controlled.
The perturbation ratios r1 and r2 decrease noticeably as n increases. In practical terms, this corresponds
to a lower sensitivity of the numerical solution to perturbations. This reduction in sensitivity supports
the robustness of the method and is consistent with the stable structure of the Bernstein-based
formulation.

The computational cost for Example 3, reported in Table 6, increases moderately as the polynomial
degree grows. For smaller values of n, TFBM-L is slightly more efficient, whereas for larger values,
TFBM-C becomes more efficient. In this sense, both methods maintain a good balance between
accuracy and computational efficiency across different polynomial degrees.

Overall, the proposed TFBM achieves significantly higher accuracy than the finite-difference
scheme, while the computational cost remains moderate. This confirms its effectiveness for benchmark
tempered fractional problems.

Table 3. Stability indicators for TFBM–C and TFBM–L for Example 3 (δ = 2
3 , ω = 2). The

logarithmic condition number log10 κ(W) and the ratios r1 and r2 in (4.26)–(4.31) are reported
using relative perturbations ‖∆G‖∞/‖G‖∞ = 10−4 and ‖∆W‖∞/‖W‖∞ = 10−10, showing stable
behavior under perturbations.

TFBM-C TFBM-L

n log10 κ(W) r1 r2 log10 κ(W) r1 r2

4 1.96 × 100 9.13 × 10−2 9.13 × 10−2 1.77 × 100 1.37 × 10−1 1.37 × 10−1

8 3.52 × 100 1.94 × 10−3 1.94 × 10−3 3.08 × 100 5.33 × 10−3 5.33 × 10−3

12 5.18 × 100 4.21 × 10−5 4.21 × 10−5 4.63 × 100 1.49 × 10−4 1.49 × 10−4

16 6.87 × 100 8.45 × 10−7 8.37 × 10−7 6.26 × 100 3.43 × 10−6 3.40 × 10−6

20 8.57 × 100 1.72 × 10−8 1.58 × 10−8 7.93 × 100 7.47 × 10−8 6.99 × 10−8

Example 4. This example exhibits a weak singularity at τ = 0 and is used to assess the robustness of
the proposed TFBM for nonsmooth solutions [51]. We consider

CDδ,ω
τ v(τ) = e−ωτ

Γ
(

5
2

)
Γ
(

5
2 − δ

) τ3
2−δ, 0 < δ < 1, ω ≥ 0. (5.11)

with the pointwise initial condition

v
(

1
2

)
= e−ω/2

√
1
23 . (5.12)

The exact solution is
v(τ) = e−ωτ τ3/2. (5.13)

Example 4 considers a test case with a weak singularity at τ = 0, which makes it a challenging
setting for the proposed methods. To address this difficulty, the transformation x = τδ is introduced.
This transformation regularizes the behavior near the origin and allows the Bernstein approximation to
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remain stable. The results in Table 4 confirm that both TFBM-C and TFBM-L achieve high accuracy.
As n increases, the error decreases steadily. Near τ = 0, the error is more pronounced, whereas it
becomes much smaller away from this region. It is also clear that smaller values of δ lead to stronger
singular behavior. For this reason, larger values of n are required to obtain accurate approximations.
Figure 5 illustrates the evolution of the condition number and the corresponding error norms with
respect to n. Although the condition number increases with n, its growth remains controlled, while
the error exhibits a clear decreasing trend. This confirms that the proposed methods maintain high
accuracy despite the moderate increase in conditioning. This is consistent with the fractional structure
of the solution. Table 5 reports the corresponding stability results. The condition numbers remain
moderate as n increases, and no severe ill-conditioning is observed. Overall, the collocation matrix
remains well-behaved as n increases. Table 6 shows that the computational cost grows moderately with
n. Overall, the results confirm that the proposed methods provide stable and accurate approximations
even in the presence of weak singularities.

Figure 5. Logarithmic condition number and corresponding error norms for Example 4 with
fractional order δ = 1

2 and tempering parameter ω = 2. The condition number increases with
n, while the error decreases.

Table 4. L∞ errors for TFBM–C, TFBM–L, and the reference finite-difference scheme for
Example 4 with δ = 1

2 and ω = 2. Errors decrease with n, with smaller errors obtained by
TFBM–C and TFBM–L.

δ = 1
2

n ‖E(C)
n ‖∞ ‖E(L)

n ‖∞ ‖E‖∞ [51] ‖E‖∞ [51]

20 8.178 × 10−12 5.221 × 10−12 3.304 × 10−3 7.844 × 10−5

40 3.246 × 10−27 2.613 × 10−27 1.121 × 10−3 2.955 × 10−5

80 1.154 × 10−62 1.083 × 10−62 4.081 × 10−4 1.098 × 10−5

160 2.104 × 10−145 4.997 × 10−132 1.472 × 10−4 3.981 × 10−6
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Table 5. Stability indicators for TFBM–C and TFBM–L for Example 4 (δ = 1
2 , ω = 2). The

logarithmic condition number log10 κ(W) and the ratios r1 and r2 in (4.26)–(4.31) are reported
using relative perturbations ‖∆G‖∞/‖G‖∞ = 10−4 and ‖∆W‖∞/‖W‖∞ = 10−10, showing stable
behavior under perturbations.

TFBM-C TFBM-L

n log10 κ(W) r1 r2 log10 κ(W) r1 r2

4 1.90 × 100 2.72 × 10−2 2.72 × 10−2 1.70 × 100 4.34 × 10−2 4.34 × 10−2

8 3.39 × 100 7.70 × 10−4 7.70 × 10−4 3.25 × 100 1.06 × 10−3 1.06 × 10−3

12 5.25 × 100 1.04 × 10−5 1.04 × 10−5 5.18 × 100 1.23 × 10−5 1.23 × 10−5

16 7.30 × 100 9.42 × 10−8 9.31 × 10−8 7.24 × 100 1.07 × 10−7 1.06 × 10−7

20 9.40 × 100 7.39 × 10−10 5.99 × 10−10 9.34 × 100 8.55 × 10−10 7.20 × 10−10

Table 6. CPU time (seconds) for Examples 3–4 with δ = 1
2 and ω = 2. Cost increases with n.

n = 20 n = 40 n = 80

Example TFBM-C TFBM-L TFBM-C TFBM-L TFBM-C TFBM-L

3 1.59 1.49 3.53 2.96 15.35 7.61
4 1.81 1.39 3.34 2.70 5.38 11.06

Example 5. This example involves two tempered fractional derivatives with different tempering
parameters and a complex forcing term, demonstrating the generality of the proposed TFBM [27].
We consider

CD1/2, 1/2
τ v(τ) + CD1/2, 1/4

τ v(τ) = τ2v(τ) − 2τ5 − 4τ3

+
√

2
(
τ3 + 3τ2 − τ + 5

)
erf

(√
τ
2

)
+

2τ
√
πτ

e−τ/2
(
τ2 + 2τ − 1

)
+

(
τ3 + 6τ2 − 10τ + 28

)
erf

( √
τ

2

)
+

2τ
√
πτ

e−τ/4
(
τ2 + 4τ − 10

)
.

(5.14)

with initial condition
v(0) = 0. (5.15)

The exact solution is
v(τ) = 2τ3 + 4τ. (5.16)

Example 6. This example involves two different fractional orders with the same tempering parameter
and is used to examine the effect of varying the fractional order δ within the proposed TFBM
framework [27]. We consider

CD1/2, 1/2
τ v(τ) + CD1/4, 1/2

τ v(τ) =
16 e−τ/2 τ3/2

3
√
π

+
64 e−τ/2 τ7/4

21
√

3/4
, (5.17)
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with initial condition
v(0) = 0. (5.18)

The exact solution is
v(τ) = 2 e−τ/2 τ2. (5.19)

Examples 5 and 6 further assess the performance of the proposed TFBM for multi-term tempered
fractional differential equations. The absolute and relative errors reported in Tables 7 and 8 show
that both TFBM-C and TFBM-L consistently outperform the shifted Legendre operational matrix
method [27], often by several orders of magnitude. In Example 5, the presence of multiple tempered
fractional derivatives with distinct tempering parameters increases the complexity of the operator
representation.The results show that the proposed Bernstein-based formulation is able to handle this
multi-term structure effectively, without any loss of accuracy. In Example 6, comparable accuracy is
obtained for different values of the fractional order δ. This indicates that the method remains stable
even when the fractional dynamics vary.

Table 7. Absolute errors for Example 5 at n = 6, showing smaller errors for TFBM-C and
TFBM-L compared to the Shifted Legendre operational matrix method.

τ TFBM-C TFBM-L Shifted Legendre [27]

0.1 2.07956 × 10−191 3.61530 × 10−193 2.72390 × 10−3

0.2 2.68705 × 10−192 1.12219 × 10−192 6.74832 × 10−3

0.3 5.92059 × 10−192 2.24328 × 10−192 6.06411 × 10−3

0.4 1.47550 × 10−192 1.57507 × 10−192 1.63810 × 10−3

0.5 5.25594 × 10−192 5.04773 × 10−193 2.20223 × 10−3

0.6 6.31429 × 10−192 2.94071 × 10−193 1.38416 × 10−3

0.7 6.02368 × 10−193 1.10036 × 10−192 4.29494 × 10−3

0.8 5.34968 × 10−192 1.72823 × 10−192 7.55232 × 10−3

0.9 2.39609 × 10−192 3.83042 × 10−193 9.99599 × 10−3

1.0 4.46720 × 10−191 9.09196 × 10−192 8.14496 × 10−2

Table 8. Relative absolute errors for Example 6 at n = 8 and n = 10, showing smaller errors
for TFBM-C and TFBM-L compared to the Shifted Legendre operational matrix method.

n = 8 n = 10

τ TFBM-C TFBM-L [27] TFBM-C TFBM-L [27]

0.2 1.48 × 10−198 1.36 × 10−198 9.61 × 10−4 1.33 × 10−197 3.32 × 10−196 2.42 × 10−4

0.4 6.88 × 10−199 9.38 × 10−200 6.15 × 10−5 2.38 × 10−198 6.07 × 10−197 9.18 × 10−6

0.6 3.06 × 10−199 4.31 × 10−199 4.81 × 10−5 2.07 × 10−198 2.24 × 10−197 2.89 × 10−5

0.8 7.81 × 10−199 6.25 × 10−199 7.27 × 10−5 3.98 × 10−198 1.09 × 10−197 2.39 × 10−6

The numerical results are in agreement with the theoretical analysis presented in Section 4. As
the polynomial degree increases, a systematic reduction in the error is observed. The transformation
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x = τδ plays an important role in capturing fractional-type behavior near τ = 0. At the same time, the
Bernstein basis contributes to a stable and well-conditioned approximation framework across different
parameter regimes.

6. Conclusions

In this work, a TFBM has been developed for the numerical solution of tempered fractional
differential equations with Caputo-type derivatives. Two collocation-based variants, namely, TFBM-C
and TFBM-L, were constructed within a unified Bernstein operational matrix framework and applied to
a wide range of problems, including linear and nonlinear equations, multi-term models, and problems
with weakly singular solutions.

A convergence analysis was carried out. The uniform convergence of the fractional Bernstein
approximation provides the approximation foundation of the method. In addition, the truncation error
associated with the tempered Caputo derivative was shown to decay super-algebraically, ensuring that
the operator approximation does not limit the overall accuracy. For linear TFDEs, convergence of
the collocation solution was established under two standard assumptions: Uniform stability of the
collocation matrices and discrete consistency of the scheme. These assumptions are standard in spectral
collocation methods; the former is supported numerically, while the latter follows from the truncation
estimate together with the approximation properties of the Bernstein basis. The analysis provides a
clear theoretical explanation for the numerical accuracy observed in the computational experiments.

The stability of the proposed approach was investigated through a perturbation-based analysis,
which confirmed the robustness of the resulting linear systems. In particular, the numerical stability
indicators were shown to remain within the derived bounds even as the condition numbers increased.

Extensive numerical experiments further demonstrated that the proposed method achieves
substantially higher accuracy than existing operational matrix and finite-difference schemes for the
problems considered, while maintaining reasonable computational efficiency. Taken together, these
results indicate that TFBM offers a reliable, well-conditioned, and flexible framework for tempered
fractional modeling. The proposed methodology also naturally lends itself to further extensions,
including tempered integro-differential equations, nonlinear tempered systems, and tempered fractional
partial differential equations, as well as applications to tempered fractional epidemic models.
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