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Abstract: This paper investigates a class of reaction-diffusion models that describing the chemotactic
movement of cytotoxic T lymphocytes (CTLs) in HIV-1 infection, thereby incorporating nonlinear
diffusion mechanisms for CD4*T cells, infected cells, and CTLs. Assuming that the CTL diffusion
coefficient satisfies D3y(w) = D(w + 1)? with @ > 1 , and the chemotactic sensitivity function satisfies
lyw)] < gw(l + w)™! with < 1, this study proves, via energy estimates, semigroup techniques,
and the Moser iteration, provided 6 > 1 and n < 1, that the classical solutions globally-exist and
are unique and uniformly bounded for any spatial dimension » > 1. The results demonstrate that
a sufficiently strong nonlinear diffusion (with § > 1) can effectively suppress chemotaxis-driven
instability, thus ensuring the boundedness of the systems long-term behavior. This research provides
mathematical theoretical support to understand the regulatory role of immune chemotactic movement

in viral dynamics.
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1. Introduction

In recent years, modeling of the immune system with chemotaxis and its dynamical behavior has
attracted widespread attention (see [1-3]). In particular, Lai and Zou [4, 5] formulated a reaction-
diffusion model to explore the effects of cytotoxic T lymphocyte (CTL) chemotactic movement on the
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dynamics of HIV-1 infection. The model is written in the following form:

0 - ~

a—?:DlAu+h—duu—,8uv, xeQ,t>0,
%:DQAV+Buv—dvv—ﬁvw, x€Q,t>0,

0

a—v: = D3;Aw — V[y(w)Vv] + évw — d,,w, x€Q,t>0, M
ou Ov ow

R A Q

v Ov v ’ * €0, 1>0,

u(x, 0) = up(x), v(x,0) = vo(x), w(x,0) = wo(x), x€L,

where () is a smooth bounded domain in R”, (n > 1), and v is the normal to the boundary 0Q.
As in (1), u(x,1), v(x, 1), and w(x,t) denote the population densities of uninfected CD4*T cells,
infected CD4*T cells, and CTLs, respectively. Uninfected cells are produced at a constant rate /
and become infected at a rate Suv, infected cells are cleared by CTLs at a rate pvw, and CTLs expand
through antigen-stimulated proliferation at a rate ¢wy. Diffusion effects (denoted by D,, D,, and Ds,
respectively) and natural death rates (denoted by d,, d,, and d,,, respectively) are considered for all cell
types. In the above, all parameters are positive. The movement of CTLs are guided by chemotaxis,
which is the directional migration along gradients of chemokines (signaling molecules) produced
during infection. The term —V[y(w)Vv] models this effect: Infected cells (v) secrete chemokines that
attract CTLs, so y(w) > 0 represents chemoattraction, while y(w) < 0 represents chemorepulsion.
They [4,5] found that chemorepulsion movement of CTLs can destabilize the positive steady state as
the strength of the chemotactic sensitivity increases. In addition, for an arbitrary spatial dimension
n > 1, the global existence of solutions to system (1) in the case D, = D, was established via a
comparison argument.

In order to better understand the above models, the famous chemotactic model should be mentioned,
which was proposed by Keller and Segel [6] and described the aggregation of Dictyostelium
discoideum as follows:

()
v, =Av—v+ h(u), xeQ, >0,

{ut =V -(Dw)Vu - Sw)Vv) + f(u), xe€Q, >0,
where f(u) is a source, and Q C R” is a bounded domain with smooth boundary 0Q. For the case
f@) = 01n (2), if h(u) = u, then the asymptotic property of % ~ i is the critical condition for blow-
up and global boundedness (see [7,8]); if 0 < h(u) < u?, D(u) > Ko(u + 1), 0 < S (u) < Kiu(u + 1)27!
and ¥ > 1 for Ky, K; > 0. Hu and Zheng [9] proved the global existence and boundedness of solutions
to (2) under the conditionp —¢t+ % < 1 + % and ¢ > —%. For a more detailed qualitative analysis of
model (2), please refer to Ref [10-12].

In HIV infection models, the chemotactic movement of CTLs is typically assumed to follow linear
diffusion. However, experimental evidence indicates that the migration capacity of CTLs may depend
on their local density (e.g., cell crowding effects). Considering that the chemotaxis model with density-
dependent diffusion has also become one of the research hotspots of immune system in recent years [13,
14], this paper is concerned with the following quasilinear HIV-1 model:
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0 - -

a—b;:DlAu+h—duu—ﬁuv, xeQ,1>0,

0 -

6—‘;:D2Av+,8uv—dvv—ﬁvw, x€Q, >0,

‘Z—V: — V(Ds(W)VW) = VW)VV) + evw — dyw,  x € Q1> 0, )
ou Ov ow

= =" = Q, t

dv  Ov v 0 x €00, 120,

u(x,0) = ug(x), v(x,0) = vy(x), w(x,0) =we(x), x¢€Q.

Where D3(w) > D(w + 1)°, lyw)| < gw(1 +w)"! for D >0, X > 0. Nonlinear diffusion D3(w) reflects
that CTL motility depends on the local cell density due to crowding or adhesion, which is a crucial
effect for realistic tissue-scale immune responses. These nonlinear mechanisms capture a wider range
of spatiotemporal dynamics compared to linear diffusion models.

The main purpose of this paper is to prove the uniform boundedness of solutions for problem (3).
More precisely, we prove the following theorem on the global existence of solutions.

Theorem 1.1. (Global existence) Suppose that QO C R" (n > 1) is a bounded domain with a smooth
boundary. Let (uy, vy, wo) € [WH(Q)]? with ug, vo, wy >, % 0. Assume that the parameters 6 > 1 and
n < 1. Then, there exists a constant C > 0 independent of t such that system (3) admits a unique
global-in-time nonnegative classical solution

u(x, 1), e CO(Q x [0, 00)) N C>'(Q x (0, o)),
v(x, 1) € COUQ X [0, 00)) N C>(Q X (0, 0)), 4)
w(x, 1) € COUQ X [0, 00)) N C>(Q % (0, 0))

and

G- Ollze + IVC Dllwro + (W Dl < C, &)
for any p > n.

In recent years, taxis-driven instability has received increasing attention in virus dynamics models.
Bellomo et al. [20] pointed out that in the absence of diffusion or under linear diffusion, a chemotactic
intensity that exceeds a threshold in the May-Nowak virus model can trigger spatial pattern formation.
In contrast, the present paper introduces CTL cells with their nonlinear diffusion D;(w) and finds that
when the nonlinear diffusion is sufficiently strong (6 > 1), the solution remains globally bounded.
Based on the work of Lai and Zou [4, 5], this paper introduces nonlinear diffusion, which brings new
essential difficulties to the mathematical analysis: The diffusion coefficient of w depends on w itself,
thus rendering the standard parabolic regularity theory inapplicable and hindering the derivation of an
L* a priori estimate for w. To overcome this, we construct a weighted energy functional f (w+1)? and
combine it with an improved Gagliardo-Nirenberg inequality and Moser iteration. Under the conditions
6> 1andn < 1, we prove for the first time the global existence and uniform boundedness of solutions
to this nonlinear diffusion HIV model, thus resolving the aforementioned difficulties.

AIMS Mathematics Volume 11, Issue 4, 10257-10273.



10260

2. Preliminaries

Lemma 2.1. [I5]LetT > 0, 7 € (0,T), a; > 0, and by > 0. Suppose thaty : [0,T) — [0, 0) is
absolutely continuous and fulfills

with some nonnegative function h, € L}

Y@ +ay®) <h(@), VYte(0,T),

+T

([0, T)) satisfying f hi(s)ds < by forallt € [0,T — 7). Then,
t

loc

Y(f) < max {y(O) b Dy 2b1}, Vi € (0,T).
a7

Lemma 2.2. [16] Let p € [1,0). For every & > 0, there is a C, > 0 such that every function ¢ € C*(Q)
with 0,¢ = 0 on 0Q) satisfies the following:

f VP10, Ve dS < & f VPP VIVLE + C, f VeP?.
oQ Q Q

Lemma 2.3. [17] Let ()¢ be the Neumann heat semigroup in Q, and let i, > 0 denote the first
nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then, for all t > 0, there exist
some constants y; (i = 1,2,3,4) depending only on Q such that the following hold:

(i) If2 < p < oo, then

for all z € W'"P(Q).
(ii) If 1 < q < p < oo, then

for all 7z € L1(Q).
(iii) If 1 < q < p < oo, then

for all 7z € L1(Q).
(iv) If 1 < q < p < oo, then

forall z € (C5(Q))".

Vel < y1e 1Vl (6)
Vel <y (14+72726) 1)z (M
el < s (1+ 67369 el ®)
eV - 2llp < ya (141727 2070) e el ©

We note that the result in Lemma 2.3 (iv) also holds true for any z € LI(Q2) with 1 < g < oo since
Cy(Q) is dense in LI(Q)(1 < g < o0) (see also [18]).

AIMS Mathematics
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Lemma 2.4. (Local existence). Let Q C R" (n > 1) be a smooth bounded domain. Suppose the initial
data satisfy ug, vy, wo >, 0 with (ug, v, wo) € [WH(Q)]3. Then, there exists a maximal existence time
T nax € (0, 00] such that problem (3) admits a nonnegative classical solution as follows:

(1t,v, ) € [COQ X [0, Ty [ | C*' (@ X [0, Tua))T.
Moreover, if Ty, < o, then

lim sup (||M(', =@y + IV, Dllwrir) + W, l‘)||L°°(Q)) = oo, (10)
t/ITInaX

forany p > n.

Proof. By Amann’s well-established parabolic theory introduced in Theorem 7.3 of [19], we can obtain
the local existence, uniqueness, and blow-up of criterion (3). m]

By using the comparison principle, we can easily obtain the uniform boundedness of u.

Lemma 2.5. If (u,v,w) is a classical solution of the system (3) in Q X (0, T,,.x), then u satisfies the
following:
u<ky, forxeQ, te,T ), (11)

h
where K; := max{||uo||z=q) d—}-

The following lemma gives a uniform L' bound for the local solution, which plays an important
role in the proof of the main result.

Lemma 2.6. Let (u, v, w) be the solution of system (3) obtained in Lemma 2.4, then, there exists K, > 0
such that,

e, Dll L1y + IV, Dl + W, D) < Ka, fort € (0, Thay), (12)
where K, is a constant independent of t.

Proof. By (3) and the formula for integration by parts, we derive the following:
d (. . . 7 - - -
—f(cu+cv+pw):cthl—cdufu—cdva—pdwfw
dt Q Q Q Q
< ¢h|Q| - Cy f (Cu + Tv + pw),
Q
where C| := min{d,, d,, d,}; thus,
d o L »
—f(cu+cv+pw)+C1f(cu+cv+pw) <¢chlQ| := C,.
dt Jg Q
This completes the proof by a direct integration. O

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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3. Global existence and boundedness

Lemma 3.1. Let (u,v,w) be a classical solution of the system (3) in QX (0, T.x). Then, for any p > 1,
there exists a constant K5 > 0 independent of t such that

”V”LP < K?n fOi" re (O’ Tmax)- (13)

Proof. Multiplying the second equation of (3) by v*~! and integrating over the domain Q yields the
following:

:sz(Av)~v”_]dx+Bfuv”dx—dvapdx—ﬁfwv”dx.
Q Q Q Q

By applying the integration by parts formula, we obtain the following:

f (Avnvldx = - f (V) - ((p = VP2 Vv)dx
Q Q
= _4(p— 1)fVWle’lzdx.
P’ Q

Additionally, we have the following:

ﬁfuv”SKlﬁfv”dx.
Q o

1d 4D,(p -1 p ~
——fvpdx+#fwvzlzdx+dvapsKlﬁfvpdx. (14)
pdt Jo p Q Q Q

It follows from the Gagliardo-Nirenberg inequality and Young’s inequality that

Hence,

2y 11 p112(1-b2) )
Kl,vade—C3(H P P S L%)
2by
< Cy vai + Cs
L2
4D
<= Dygye, s ¢, (15)

't:

where b, := 3 %np € (0,1) for any p > 1 and n > 1. Substituting (15) into (14) eliminates the gradient

n b
2

1-
term, and one can 21mmediately obtain (13) by applying Gronwall’s inequality. O

n

Lemma 3.2. Let (u,v,w) be a classical solution of system (3) in Q X (0, T,qx). Then, for any p > %,
there exists a constant K, > 0 independent of t such that

Vllze < Ky, fort € (0, Thax). (16)

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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Proof. The second equation in (3) admits the following solution representation:
t ~
v(x, 1) = P22y (x) + f e P2~ By — Byw)ds
0
5 t
< e(DzA—du)tvO(x) +Bf e(DzA—dv)(l—S)uvdS.
0

Using the uniform L”-bound of v and the Neumann heat semigroup estimate (8), we have the following:
- t
IVl < Nl P24 Wl + B f [l P22~y | odds
0
~ t n
<lvolle= + Bys f [1+ (2= )2 ]e I wvl|rds
0
< vollz= +B}’3K1K3f [1+ (1= 5) e 95,
0

We used the fact that —% > —1 by taking p > 7 as in Lemma 3.1. This establishes the uniform

L*=-bound for v. O

Lemma 3.3. Let the assumptions in Lemma 2.4 hold. Then, the solution of (3) satisfies the following:

=+t

[ [wucor < ke foraits e .. (a7
rQ
where Ks > 0 is a constant independent of t and
. 1 = Tmax -7, lf Tmax < oo,
T:=min< 1, =7, and Ty = (18)
2 00, imeax = 0.

Proof. By multiplying the second equation in (3) by 2v, integrating over €2, and applying Young’s
inequality, we find the following:

d -
97 v2+fv2=2fv(D2Av+,8uv—dVv—ﬁwv)+fvz
Q Q

Q Q

<-2D, f IVv> + C;, forallt € (0, Tpar), (19)
Q

where C; := (28K, K +K)|Q|. An application of Gronwall’s inequality to Eq (19) gives the following:

+T

f f Vv < K5, forallte (0,T,,,). (20)
Q

t

O
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Lemma 3.4. Suppose the assumptions in Lemma 2.4 hold. If 6 > 1 and n < 1, then there exists a
constant K¢ > 0 independent of t such that

”W(',t)”Le < K6’ fOi" all't € (0, Tmax)a

=+t

f f W(, 8) + DX 2Vw(, s)? < Ko, forall t € (0, Tppar)- (1)
Q

t

Proof. Upon multiplying the third equation of (3) by (w + 1)?7!, integrating over Q, and invoking the
boundedness of ||v||;.~ and the condition n < 1, Young’s inequality yields the following:

5% f w+1) = f w+ D (V- (D3(w)Vw) = V- (x(w)Vv))
Q Q
+ f (w+ DY @Ewv - d,w)
< D(G—l)f(w+1)2" 2| Vw]? +)((9—1)f(w+1)9+’7 2Vw||Vy|
+ Ky f(w+ 1)
_ _ 0200 —
< —D(Z D f (w + D*2|Vw)? +X—(§D D f (w + D*2|Vy)? + 2K, f (w+ 1)
Q

Q Q

-DO -1

% f (w+ 1?2 Vw]? + Cs f Vv + ¢K,4 f w+ 1), (22)
Q Q Q

where Cg := £ (0 D forall # € (0, Tyav)- By combining the Gagliardo-Nirenberg inequality, Young’s

inequality, and (12) we obtain the following:

(é + 5‘K4) f(w + 1)’ = (é + 51(4) 1w + 17|
Q

<Cy (||V(w + 1)9||22 l(w + l)gll(f”) + ||(w + 1)9||L2))
Lo
<Cio ||V(w + 1)9||2'2 +Cyp

D@ -1
< 202 [ove 12w + o

Bn n
1-

- € (0, 1). Therefore, we have the following:

1 DO -1
5%f(w+1)9+5f(w+1)9+ (94 )f(w+1)29-2|vW|2
Q Q Q

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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< Cy f IVv? + Cyy, forallt € (0, Tpax)- (23)
Q

Equation (21) follows from (17) and (23) via Gronwall’s inequality. |

Lemma 3.5. Let the assumptions in Theorem 1.1 hold. If p > 1, then there exists a constant Co;
independent of t such that

d D
= f Vo[ + f |Vv|2p+%p f VY222 DA
Q Q Q

< Cys f WYV 2 + Cas,  forallt € (0, Tpay). (24)

Q

Proof. By the second equation in (3) and an integration by parts, one can obtain the following:

1 d
- — V2
2pdi f IV
Q
= flelzp—sz -V {DzAv + Buv —d,v — ﬁwv}
Q
= f IVV[*P~2Vy - V[D,Av] + f IVV[*P=2Vy - V[Buv — d,v — pwv]
Q Q

=D, f IVv*P~2Vy - VAv + fleIzp_ZVv -V[Buv — d,v — pwv]
Q Q

=: B+ B,, forallte 0,T,..)- (25)

From the observation that Vv - VAv = 1A|Vv2 — |D?v[2, it follows that

D
B, = 72 f IVV?2A|IVV)? = D, f Vv ~2|D?v)?
Q Q
D 9 Dy(p— 1
== f IV - vvids ——2(’92 ) f Vv~ VIV - Dy f VVPPRIDWE. (26)
4
oQ Q Q

To estimate By, we introduce the trace inequality as follows [16]:

V2. 0,IVfdS < e f IVF?72 - VIV + C. f IVf|* forany & > 0. 27)
Q Q

0Q

Combining (26) and (27), we see the following:

Dy(p—1
B, s——Z(Z ) f Vv wvvE[ - D, f IVVP=2 DV + C6
Q
Q

S—

RS (28)
Q

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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Similarly, using the fact |Av| < +/n|D*V|, B, can be estimated as follows:

B, = f VP72V - V(Buv — d,v — pwv)
Q
= - f V- ((VV*P2Vv)Buv — d,v — pwv)
Q
< (BK; +d)Ki(p - 1) f Vv |VIVVP] + (BK, + d,)Ky Vi f IVvIP=2| Dy
Q Q

+K4ﬁ(p—1)fW|VV|2”_3|VIVVI2|+K4ﬁ\/ﬁfWIVVI2”_2IDZVI- (29)
Q Q

Substituting (28) and (29) into (25), and using Young’s inequality, we can deduce that

d D -1
— f |Vv|2P+M f V[P~V IVvP)> + 2D,p f IVv|*P~2|D*v|?
dt Jo 2 Q Q
< 2(BK; + d,)Kyp(p — 1) f IVVPP=|VIVvP] + 2p(BK, + d,)Ky Vi f [Vv[*P 2| D)
Q Q
+2Ky4pp(p— 1) f wIVV?P VIV + 2ppKy Vi f WV D] + 2pCie f |Vv|*
Q Q Q

D -1

< 2P (f ) f VW99V + Dap f VY2210
Q Q

+Cpy f IVV?” + Cig f IVV?P72w? + Cyo f |Vy[2P=2
Q Q Q

Dap(p—1
< 2P ) (f: ) f VP4V + Dap f V-2 D2
Q Q

+ Cy f IVV[?P + Cyg f IVV?P72w? + Cyy,
Q Q

which gives

d D -1
—fIVV|2p+MfIVVIZ”_“IVIVVIZIZ+D2Pvf|VV|2"_2|D2VI2
dr Jg 4 Q Q

< Cyp f Vv + Cg f IVVP72w? + Cyy. (30)
Q Q

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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On the other hand, we can check that

(2 + Cy) f |V
Q
= (2 + Cy) f IVV[?P~2Vy - Vy
Q

=-Q2+Co)p-1D f VIV VY- VIVUP = (2 + Cap) f VYV 2 A
Q Q

D -1 K22 + Cy)*(p -1
< 2p(p ) f |Vv|2p—4|V|VV|2|2 + 4( 20) (p ) f |VV|2[J—2
4 Q Dyp o

3D nK2(2 + Cy)?
+ 2P f |VV|2p—2|D2v|2 + 4( 20) flvv|2p—2
4 Ja 3D,p o

Dap(p -1 3D
< Doplp=1) f VP-4V veRR + =22 f VPP 2D + f IV + Co,
4 Q 4 Q Q

hence,
Dyp(p—1 3D
(1 + Ca) f IV < # f |Vv|2p—4|V|Vv|2|2+sz f IV 2DV + Coa. 31)
Q Q Q

Therefore, due to (30) and (31), we can obtain the following:

d D
ad f Vv + f v ¢ 2P f V2| D3y

< Cy3 f W VP2 + Cys, forallz € (0, T
Q

O

Lemma 3.6. Under the assumptions of Theorem 1.1, there exists a constant K; independent of t such
that

||VV(" t)lle < K7, fO}" all't € (Oa Tmax)~
Proof. For g = 26 + %, the Gagliardo-Nirenberg inequality together with (21) implies the following:

q
4

9
Lo

f(w + 17 = [low + 1))
Q

q
0

< (90w + DYII0w + DS + o+ 171,
< CollV0w + 1Y + Cas, (32)

_8
eq

where ;3 = € (0, 1). It follows from (21) that

1 1
0+, 2

1+T
f f (w+ )25 < Cps,  forall £ € (0, Tyay). (33)
t Q

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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For the case p = 1 in (24), we find the following:

d D
= f Vo] + f IV + =2 f |D*vP?

<Cxn f w? + Cy3, forallt e (0, Tpuy). (34)
Q

Upon applying (33) and Lemma 2.1 to (34), this establishes Lemma 3.6. O

Lemma 3.7. Let the assumptions in Theorem 1.1 hold. Then, there exists a constant Kg independent
of t such that

WG, Dllzs + IVVC Dl < K, for all't € (0, Ta), (35

forany p >2and g > 1.

Proof. To begin, we multiply the third equation of (3) by (w + 1)?~! (with ¢ > 2), integrate the result
over Q, and invoke the boundedness of ||v||.~. This preparation enables the use of Young’s inequality,
which leads to the following:

lif(w+ 1) = f(w+ l)q_IV-(D3(w)Vw)—f(w+ DTV - (e (w)Vy)
gdt Jo Q Q

+f(w+ D 'evw — d, f(w+ fw
Q Q

<-D(g-1) f w+ DTV + f(g - 1) f (w + 147271 Vw||Vy|
Q Q

+ CK, f(w + 1)4

Q
D(g-1 P2 —1
c Pa-b f (w+ D2y + L4 =D f (W + 172 020)yy2
2 Q 2D Q

+ CKy f(w +1)4, forallt € (0, T,..).

Q
Then,

d
EL(W+1)‘1+L(W+1)‘1

Dq(g -1 P2q(g -1
< Daa-D f (w+ DOy + L 44D f (w + 1972042172
2 ) 2D Q

+ (CqK4 + 1) f(w + 1)4,  forallt € (0, T, (36)
Q

Hoélder’s inequality applied to (36), together with the condition r4 > 1, gives the following:
alq - 1) alq - 1) g "
— _ 7 7
rea- 2 f D e ( f (w+ 1><‘f-2-"+2">“) ( f |Vv|2’4) RN E7)
2D Q 2D Q Q

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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2)ry < n. Withthe factsn < 1,6 > 1, we

n—2(1+2(n—9—1))< 1
n

qg+40
4 o Wi .
following:

T4
Let g > — + 6+ 2 —2n. With this choice, applying the Gagliardo-Nirenberg inequality to (38) gives the

(38)
Cl((] - ){f(w + 1)(q 2— 0+27])r4]

( _ ) Z(q 2— 6+27])
_Faa-Dy o

q+0
4(q 2 €+2:7)

< C27(||V(w+ ns || llow + D ||:

2(g—2—-60+2n)
, g0 q+0
CHw+ D 2
‘IJr La+b
2r5(q—2-6+2n)
< ClVw+ 1) || "+ Co,
@0 q+b
where rs = 2 2r4(q—2-6+2n)

[

2 n 2
inequality to estimate the following

(39)
€ (0,1). For p > =2y by Lemma 3.6, we invoke Gagliardo-Nirenberg’s

1

x :

27 P
f P =1Vl
Q Lr

< Coo (IVIOWP IV + 9o )

2

26
< CollVIVVPILS + Cao,
_ p

[S1pS}

where rg =

N\T‘a

l,
a2

(40)
€ (0, 1). Then, by substituting (39) and (40) into (37), we have the following:
-1
X Q(q’\ )f(w+ l)q 2 €+277|V |2
2D

q+0

» 2r5(q—2—6+2m)
(ngllV(W + D7,

N
+ Czs) (C30||V|Vv|p||L’; + C3o |, forall £ € (0, Tyax)

Next, we claim that one can find r; > 1 such that ; > 5. With the facts < 1, 8 > 1, we know

(4D
I 2 n-2 1
— <=+

ry

n n p
An application of Holder’s inequality to (24) yields the following

42)
- f VPP (w + 1) < Oy ( f W+ 1)2’7) 7 ( f |Vv|<2f’—2>r%)'7 ,
Q Q Q
AIMS Mathematics
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where 1} =
r7—

T
Let ¢ > max{;- L+o+2-2n,2r - 4ﬁ — 6}. It follows from the Gagliardo-Nirenberg inequality that

r

Cx f (w+ 1)*7

= Cyllw+ 1T II"4,7

La+0
4

q+0

< Cys (IIV(W+ nT || o+ D IIZ o low+ nT || 2

< CllVw + )T IIW +C31,  forallz € (0, Thmax), (44)
a0 _g+0
where rg = L+29+ 14:71 € (0,1). By (42), we invoke Gagliardo-Nirenberg’s inequality to estimate the
following: o
L/
7 2(p-1)
flVV|(2p_2)r7 - |||Vv|p| (gp—z)r%
L7
Q
2<p—1)
< Co(IVIVW IRV + I3 )
2rg(p-1)
< CullVIVVPI, " + Gz, forall 7 € (0, Tnax), (45)
p___ P
where rg = 2£f+'17 € (0, 1). We substitute (44) and (45) into (43) to obtain the following:
2'n 2

Cx f [VV[2P2(w + 1)?

2rg(p-1)

(C31||V(W + 1)7”‘“9 + C31) (C33||V|Vv|p||L2 !

+ C33) Jforall € (0, Tpax). (46)

Now, we prove the inequalities W + ’6 < 1 and sfg + rg(’; D < 1.Given6 > land g < 1,
take p > g > 2’8 — 0 such that

1 1 1 &-¢2
n—60<—+= +—¥ (47)
n 2 p+——1

2rg + D=l r9(l7 1)

In fact, (47) is equivalent to the first inequality. The second inequality, pv

< 1, directly follows;

taking p > g > 12_%89 — 0 suffices under the same conditions. Hence, applying Young’s inequality to (41)
and (46) leads to the following:

) -1
X—q(z% ) f W+ D22 4 Oy f IVV2P2(w + 1)

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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D Dag(g -1
< %p f |Vv|2”_2|D2v|2+q(+) f (w+ DI HOVw)? + Cyy, forall t € (0, Toax)- (48)
Q Q

Conversely, another application of the Gagliardo-Nirenberg inequality provides the estimate for the
following:

29
(CqKy + 1) f(w + D7 = l(w+ 1)%9”‘“2’74
Q

La+o

w0 JH O w0 o
S Cssl[[Vov + D 2157 lw + D2 570+ Cosli(w + D) 2|7

2
L La+0 La+o

Dq(g -1
< % f W+ DIV + Cy,  forall £ € (0, T, (49)
Q

q+0  q+6

where o = égi € (0,1).
Synthesiziflg '1(22), (36), (48), and (49) leads to the following:

d d
Ztf|vv|2p+af(w+1)ff+f|vv|2p+f(w+1)q
Q Q Q Q

< Cs, forallte (0, T (50)

The proof of Lemma 3.7 is completed by an application of Lemma 2.1.
Based on a modified Moser iteration as in Lemma A.1 of [7], we can obtain |[w||;~ < Ky for all
t € (0, Thax). m|

Proof of Theorem 1.1. The combination of Lemmas 2.5, 3.2 and 3.7 yields a constant C > 0
independent of ¢ such that

lluC, Ol + lvC, Dllwrr + W, Dl < C, &1y

which, together with the extension criterion in Lemma 2.6, proves Theorem 1.1.
4. Conclusion and discussion

Under the conditions § > 1 and < 1, this paper proves the global existence and uniform
boundedness of classical solutions to the HIV chemotaxis model (3). It shows that a strong nonlinear
diffusion of CTLs (8 > 1) can effectively suppress instabilities induced by chemorepulsion, thereby
ensuring the long-term controllability of the immune response. Compared with the May-Nowak model
studied by Bellomo et al. [20], the present model incorporates three cell types and nonlinear diffusion,
thus complementing the conclusion that “taxis can cause instability in the absence of diffusion”
and revealing the compensatory role of density-dependent diffusion in mitigating chemotaxis-driven
instability. Our results extend the previous work of Lai and Zou [4,5] (which treated the linear diffusion
case) to a more biologically realistic nonlinear setting, and provide new analytical techniques to handle
coupled parabolic systems with density-dependent diffusion and cross-diffusion. However, the model

AIMS Mathematics Volume 11, Issue 4, 10257-10273.
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does not consider logistic cell proliferation or free virus, the initial regularity requirement is relatively
strong, and steady-state patterns or critical blow-up cases are not discussed. Future work may extend
the analysis to weaker initial data, investigate the critical exponents 6 = 1 or > 1 for possible blow-up,
and combine numerical simulations to validate the theoretical results.
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