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Abstract: In this study, we proposed a hybrid methodology combining Physics-Informed Neural 

Networks (PINNs) and Immersed Finite Element (IFE) methods to address transmission problems in 

complex geometries, with a focus on Helmholtz-type equations. The technique addressed the challenge 

of solving wave equations in domains with circular interfaces, where material properties differ across 

the interface. The hybrid model leverages the strengths of PINNs to enforce the governing physical 

equations and IFE to provide a coarse initial solution, which is then corrected by the neural network 

using a signed-distance function to the interface. This correction was trained on a combination of 

supervised loss from data, physics-informed residual predictions, and interface conditions. Numerical 

experiments demonstrated high precision of the proposed technique when compared with 

manufactured exact solutions, achieving low error levels in both subdomains. High-frequency tests at 

𝜔 = 100  further validated the method’s accuracy and robustness across material configurations 

including normal and inverted contrast cases. Its mesh-free character provides flexibility and 

versatility for a wide range of transmission problems in computational physics, making it a promising 

method for solving interface-related issues in wave propagation. 

Keywords: physics-informed neural networks (PINNs); interface problems; hybrid methods; machine 

learning; transmission problems; wave propagation 
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1. Introduction  

The propagation of waves in composite media of various materials has applications in a wide 

range of fields in science and engineering; for example, wave diffraction [1,2], wave scattering [3], 

and wave reflection and transmission [4,5], to mention only a few. In an appropriate physical regime, 

the amplitude of the wave is described by the Helmholtz equation. Moreover, the amplitude must 

satisfy the jump conditions [6] across the interface between any two types of materials, imposed by 

the requirements of the relevant physics, including continuity of the pressure [4], the normal velocity 

[5], and the volume flow [7]. Interface-free Helmholtz boundary value problems (BVPs) have been 

extensively treated numerically using classical finite element methods. Interface-free Helmholtz 

boundary value problems (BVPs) have been extensively treated numerically using classical finite 

element methods. Brown [8] analyzed the numerical solution of the wave equation with piecewise 

smooth coefficients. Kreiss and Petersson [9] developed an embedded boundary method for the wave 

equation with discontinuous coefficients. Aziz and Werschulz [10] studied the numerical solutions of 

Helmholtz's equation by the finite element method. Babuška and Sauter [11] investigated the pollution 

effect of the FEM for the Helmholtz equation considering high wave numbers. Douglas, Sheen, and 

Santos [12] presented an approximation of scalar waves in the space-frequency domain. Ihlenburg and 

Babuška [13] examined the finite element solution of the Helmholtz equation with high wave number 

focusing on the h-version of the FEM. More advanced finite element schemes have also been 

developed for solving Helmholtz boundary value problems. Burman, Wu, and Zhu [14] developed a 

linear continuous interior penalty finite element method for the Helmholtz equation with high wave 

number. Du and Wu [15] presented a preasymptotic error analysis of higher order FEM and CIP-FEM 

for the Helmholtz equation with high wave number. Farhat, Harari, and Hetmaniuk [16] introduced a 

discontinuous Galerkin method with Lagrange multipliers for Helmholtz problems in the mid-

frequency regime. Feng and Wu [17] analyzed discontinuous Galerkin methods for the Helmholtz 

equation with large wave numbers. Gittelson, Hiptmair, and Perugia [18] presented a plane wave 

discontinuous Galerkin method with analysis of the h-version. Lam and Shu [19] developed a phase-

based interior penalty discontinuous Galerkin method for the Helmholtz equation with spatially 

varying wavenumber. Melenk, Parsania, and Sauter [20] proposed general DG methods for highly 

indefinite Helmholtz problems. 

The methods described above, i.e., finite element methods, can be employed to solve interface 

problems, as long as they employ a body-fitting mesh, i.e., where each element lies entirely on one 

side of the interface. This body-fitting requirement may be problematic in situations where an interface 

problem must be solved on multiple, and often different, geometries and where complete mesh 

regeneration is required for each instance. Interface-independent meshing can also be advantageous in 

the numerical techniques used for such simulations. To this end, methods have been proposed for 

elliptic PDEs where the mesh is independent of the interface, including extended finite element 

methods (X-FEM) [21], unfitted finite element methods [22], multi-scale methods [23], and immersed 

interface methods (IIM) [24,25]. Some of these have been applied to Helmholtz interface problems, 

with IIM and X-FEM implementations discussed in [6]. 

Another type of finite element methods that enable interface-independent meshing is the 

immersed finite element (IFE) methods. By using Hsieh-Clough-Tocher type macro polynomials [26] 

that have interface jump conditions as the local shape functions, IFE methods can use highly structured 

Cartesian meshes to discretize problems with a non-trivial interface. IFE spaces based on triangular 
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Cartesian meshes have been developed and analyzed in several works [27–29], while those based on 

rectangular Cartesian meshes are discussed in [30,31]. Discontinuous Galerkin IFE (DGIFE) methods 

[32,33] and partially penalized IFE (PPIFE) methods [34,35] have since been developed to address 

elliptic interface problems, with generalizations to higher-degree approximations in [36]. 

Physics-Informed Neural Networks (PINNs), originally introduced by Raissi et al. [37], have 

emerged as a powerful paradigm for solving partial differential equations by embedding physical laws 

directly into the neural network loss function. Subsequent advancements have extended PINNs to 

handle increasingly complex problems, including understanding gradient flow pathologies [38], 

solving frequency-domain Helmholtz problems [39], handling interface and free boundary problems 

[40], making advances in physics-informed machine learning [41], and adapting PINN methods [42]. 

In particular, specialized architectures have been developed for Helmholtz-type equations to address 

challenges such as spectral bias and pollution effects, including stabilized PINNs [43], PINN variants 

and applications [44], and multi-level optimization approaches. In this work, we build upon these 

foundations by integrating PINNs with IFE methods to leverage the strengths of both approaches. 

Here, we report on a new hybrid Physics-Informed Neural Network - Immersed Finite Element 

(PINN-IFE) that addresses the Helmholtz interface problem modeled by Eqs (1) and (2) as a PINN and 

(3) and (4) as an IFE. The Helmholtz equation satisfies the same interface jump conditions (3) and (4) 

as the elliptic interface problems and, thus, we take advantage of IFE methods to build a robust baseline 

solution that automatically satisfies interface conditions in a structured cartesian mesh. Nevertheless, 

to address this drawback of the classical IFE approaches (i.e., pollution effect and numerical dispersion 

at large wave numbers [45]), we enhance the IFE solution with a physics-informed neural network 

(PINN) [37]. This combination technique is designed, with the IFE solution serving as a prior, which 

enables the PINN to learn a high-fidelity correction term, so that in addition to the structured efficiency 

of IFE, this method has the adaptive and mesh free power of deep learning. Advances in numerical 

methods for Helmholtz-type equations have demonstrated high accuracy, achieving errors of 10−4 to 

10−5 for wave number ω=100 [44]. 

This hybrid paradigm offers several advantages: The interface conditions are enforced using the 

IFE basis, and the absorbing boundary condition (2) is explicitly implemented into the loss function, 

and the approximation power of the neural network is utilized to lower the errors at the interface and 

at large wave numbers. Moreover, it can be very accurate, with few degrees of freedom, with a 

correction to a coarse IFE solution, and it is efficient on high wave number problems. Nevertheless, it 

should be mentioned that the method has not been validated in circular interfaces, and its performance 

is affected by the manual tuning of the loss weights. Additionally, the computational cost and its ability 

to scale to 3D problems have not been quantified. 

Moreover, although interfacial discontinuities can be modeled using IFE methods, the 

numerically demanding nature of satisfying flux continuity conditions across high-ratio interfaces (e.g., 

𝛽1, 𝛽2 = 50) can be computationally expensive. The hybrid PINN-IFE scheme presented below is 

meant to address these limitations by exploiting the mesh-free adaptability of neural networks to amend 

the inaccurate IFE solution, thus improving accuracy with the corresponding reduction in 

computational cost of overly fine mesh refinement. 

2. Problem statements  

In this study, we focus on solving Helmholtz-type transmission problems within a domain that 
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contains a material interface. Wave propagation in such composite media, where abrupt changes of 

physical properties occur at an interface, is fundamental to applications in acoustics and 

electromagnetics. The fundamental problem is to compute the wave field while satisfying the 

governing equations within each subdomain, the jump conditions at the interface, and the far field 

radiation condition. 

Consider a bounded computational domain  which is divided by a smooth, closed circular 

interface into two subdomains: An interior  and exterior  such that  

 

Figure 1. Computational domain with circular interface 𝛤 (radius 𝑟0 ≈ 0.8). 

The interface is defined by  with radius  

The problem is to find a complex-valued wave field  for that satisfies the 

following set of equations: 

2.1. Governing PDE 

The Helmholtz equation with piecewise-constant coefficients holds throughout the domain, 

except at the interface: 

 in  (1) 
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A significant contrast between   and  presents a primary numerical 

challenge. 

2.2. Boundary conditions 

On the outer boundary , a first order absorbing boundary condition is imposed to approximate 

the radiation condition for outgoing waves: 

 on  (2) 

where  is the unit outward normal to and is a known function.  

2.3. Interface jump conditions 

The solution should impose continuity of the field and flux across the interface in the material  

 (Continuity of Solution), (3) 

 (Continuity of Flux) (4) 

where  is the unit normal vector on and for  

The material property  is a piecewise constant function, characterized by a potentially high 

contrast across the interface, as shown in Eq (1a).   
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workflow from problem definition to the final high-fidelity solution. 

3.1. Solution decomposition and network architecture 

The hybrid solution   is formulated through an additive composition of a computable 

baseline and a neural network-based: 

 (5) 

3.1.1. The IFE Baseline ( ) 

The term is the numerical solution obtained from the Partially Penalized IFE (PPIFE) 

method on a coarse Cartesian mesh. This baseline solution is computationally efficient to obtain and, 
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output [−1, 1] prevents activation blow-up during training, and it has been extensively validated in 

PINN literature for wave propagation problems. In all numerical experiments presented in this work, 

tanh activation is used exclusively due to its superior stability and accuracy for high wave number 

problems. 

3.2. The composite physics-informed loss function 

The parameters 𝛩 of the network are optimized by minimizing a composite, weighted loss 

function 𝐽(𝛩) that ensures the hybrid solution satisfies the governing physics and remains consistent 

with the IFE baseline: 

 (7) 

The weighting coefficients in Eq (7) are set to 𝜆pde = 1.0, 𝜆interface = 10.0, 𝜆bc = 5.0, and 𝜆data =

1.0 for all numerical examples. These values remain constant throughout training; no annealing or 
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3.2.1. PDE Residual Loss  
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3.2.2. Interface condition loss  

This term guarantees the exact enforcement of the jump conditions across the interface.  

Let   and   be sample points taken on opposite sides of the interface along the normal 

direction. The loss comprises two components: 

 (9) 

 (10) 

 (11) 

 

Figure 2. Hybrid methodology combining IFE and PINN for solving Helmholtz interface.  
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3.2.3. Boundary condition loss  

This term enforces the first-order absorbing boundary condition (2) on the domain boundary : 

 (12) 

3.2.4. Boundary condition loss  
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The optimization of the hybrid PINN-IFE framework takes the dual-phase approach: Combining 

the adaptivity of Adam and high precision of L-BFGS. This strategy provides initial convergence 

quickly and then fast, high-accuracy refinement, which is well matched to the complex loss surface 

arising in Multiphysics problems. The loss functional is designed to weigh all terms against each other 

using adaptive procedures, achieving a balance between ill-posed objectives (2, 3, 4), data fidelity (1), 

and regularization constraint (2). This gives each constraint sufficient room in the optimization, as it 

does not dominate and has physical consistency. 

Strategic strategies focus computer power at interfaces (Gamma) and boundaries (partial Omega), 

where gradients in solution are highest. Their implementation is based on automatic differentiation to 

enable the computation of exact gradients and is made computationally efficient through acceleration 

via the GPU and memory-efficient use of gradient record and playback tape data structures. This ideal 

combination of convergent robustness with computational minimization makes this an optimal way of 

handling such difficult wave problems of worrisome convergence phenomena between numerical 

analysis with machine learning scales of efficiency of computation. 

3.4. Ablation study 

To validate the contribution of each loss component, we perform an ablation study using Example 

4.1.1 (𝜔 = 10, 𝛽+ = 100, 𝛽− = 1) with mesh resolution 𝑁 = 40. Table 1 presents the 𝐿2 errors for 

different loss configurations. 

Table 1. Ablation study results. 

Case 𝝀_𝒑𝒅𝒆 𝝀_𝒊𝒏𝒕 𝝀_𝒃𝒄 𝝀_𝒅𝒂𝒕𝒂 𝑳𝟐 Error 

Full 1.0 10.0 5.0 1.0 1.46𝑒−03 

No interface  1.0 0 5.0 1.0 8.23𝑒−02 

No BC 1.0 10.0 0 1.0 4.57𝑒−02 

No data 1.0 10.0 5.0 0 7.89𝑒−03 

IFE only - - - - 1.46𝑒−02 

The results demonstrate that: 

The interface term is essential; without it, errors increase by nearly two orders of magnitude due 

to discontinuities across 𝛤. 

The boundary term prevents spurious reflections; its omission increases error by a factor of 30. 

The data term provides a crucial baseline; without it, the PINN must learn from scratch, resulting 

in higher error than the full model. 

The full model achieves the lowest error, confirming the synergistic benefit of all components. 

4. Numerical examples 

All numerical examples use the loss weights established in Section 3.4: 𝜆pde = 1.0, 𝜆interface =

10.0, 𝜆bc = 5.0, and 𝜆data = 1.0, with no annealing during training. 

To illustrate the efficiency of the proposed Hybrid PINN-IFE model, a set of numerical 
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experiments of the Helmholtz interface problem with computational domain  and 

a circular interface  which divides the domain into two subdomains, 

  

In this interface, there is a partition of the domain into two differing materials determined by the 

coefficient  

The exact solution is devised to meet the Helmholtz interface problem: 

 (15) 

where: 

 (16) 

with  and  denoting Bessel functions of the first kind of order  and  respectively.  

This solution is implemented in the exact solution  function in the code, which provides the 

reference baseline for error computation. 
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𝑎ℎ(𝑢𝐼𝐹𝐸 , 𝑣) + 𝑏ℎ(𝑢𝐼𝐹𝐸 , 𝑣) = 𝐹(𝑣)∀𝑣 ∈ 𝑆ℎ
𝑘(Ω), (17) 

where 𝑎ℎ(⋅,⋅) is the bilinear form associated with the Helmholtz equation, 𝑏ℎ(⋅,⋅) is the interior penalty 

stabilization term that enforces interface conditions weakly, and 𝐹(⋅) incorporates source terms and 

boundary conditions. The immersed finite element space 𝑆ℎ
𝑘(Ω)  is constructed on a structured 

Cartesian mesh independent of the interface, with special shape functions in cut elements that satisfy 

the jump conditions (3) and (4) approximately. A conventional sparse matrix solver is used. No exact 

solution information is used in this computation; the baseline is derived solely from the problem data 

(𝛽, 𝜔, 𝑓, 𝑔 ) and the PPIFE discretization. The exact solution (14) and (15) is employed only for 

generating the manufactured source term and for post-processing error analysis (Tables 1–7), following 

standard Method of Manufactured Solutions practice. 

A neural network with five hidden layers each containing 20 tanh units is trained to learn a 

correction field to the IFE baseline. The complete solution is IFE base plus the neural correction term, 

and this is physics consistent, with Helmholtz residuals and interface conditions. The complete solution 

is IFE base plus the neural correction term, and this is physics consistent, with Helmholtz residuals 

and interface conditions. 

4.1.1. Activation function performance comparison 

To justify the choice of tanh activation, we compare its performance against sinusoidal activation 

for different wave numbers using Example 4.1.2 with 𝑁 = 40 . Table 2 summarizes the 𝐿2  errors 

obtained: 

Table 2. Comparison of tanh vs. sinusoidal activation functions. 

𝜔 tanh  𝐿2 Error Sinusoidal 𝐿2 Error Observation 

10 1.46 × 10−3 2.13 × 10−3 Tanh performs better 

20 5.35 × 10−3 7.82 × 10−3 Tanh performs better 

50 1.66 × 10−2 3.45 × 10−2 Sinusoidal unstable 

4.1.2. Example 

In the first example, we take wave number  material coefficients  which 

represents a strong material contrast. Continuity at the interface and flux balance are satisfied by signed 

distance function (SDF)-based sampling on both interfaces. The interface is given by a circle of radius 

 whose center is at the center of the domain of the computation. An interfacial layer 

of thickness 0.01 is added to ensure that solution continuity and conservation of flux can be applied 

across the material discontinuity, and then step-by-step integration occurs over this interfacial region 

toward the symmetric axis. After training, the hybrid model is evaluated on a dense  grid 

covering . The results obtained show , with both the maximum absolute error and the mean 

absolute error on the order of .  

10, = 1 21, 50, = =

0 / 6.28 0.5,r = 

200 200


3

2 10L −=

310−
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Figure 3. Exact solution, hybrid solution, and error for 𝜔 = 10, 𝛽1 = 1, 𝛽2 = 50, 𝑁 = 160. 

Table 3 shows convergence results of the Hybrid PINN-IFE method applied to a moderate 

frequency and a wave  incidence involving a substantial material contrast  

The   error decreases from   to  as the mesh refines, showing consistent 

reduction in error. 

  

( )10 = ( )1 21, 50 . = =

2L
21.80 10− 53.95 10−
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Table 3. Errors in Hybrid PINN-IFE solution and convergence rates for  different 

 and  and . 

         𝑳𝟐 𝑬𝒓𝒓𝒐𝒓 = |𝒖 − 𝒖𝒉|𝟎,𝛀  Rate 𝑯𝟏𝑬𝒓𝒓𝒐𝒓 = |𝒖 − 𝒖𝒉|𝟏,𝛀  Rate 𝒆 (𝒉 𝒘) 

10 1.8038𝑒−02 NA 2.7565𝑒−01 NA 9.9995𝑒−01 

20 5.3528𝑒−03 1.7527 2.7580𝑒−01 −0.0007 1.0005𝑒+00 

40 1.4625𝑒−03 1.8719 2.7563𝑒−01 0.0009 9.9986𝑒−01 

80 4.4642𝑒−04 1.7119 2.7567𝑒−02 −0.0002 1.0000𝑒+00 

160 2.6064𝑒−04 1.0836 2.7567𝑒−02 0.0000 1.0000𝑒+00  

320 3.9526𝑒−05 2.4139 2.7567𝑒−03 0.0000 1.0000𝑒+00 

4.1.3. Example  

In the second numerical experiment, we consider wave number 𝜔 = 50  with material 

coefficients 𝛽1 = 1  and 𝛽2 = 50 . The circular interface is defined by radius 𝑟0 = 𝜋/6.28 ≈

0.5 centered at the origin. After training, the hybrid model is evaluated on a dense 200 × 200 grid 

covering Ω. Table 3 presents the complete convergence results for this case.  

Table 4. Errors in Hybrid PINN-IFE solution and convergence rates for  different 

 and 𝜔 = 50 with mesh resolutions 𝑁 = [10,20,40,80,160,320].   

𝑁 𝐿2 𝐸𝑟𝑟𝑜𝑟 = |𝑢 − 𝑢ℎ|0,Ω  Rate 𝐻1 𝐸𝑟𝑟𝑜𝑟 = |𝑢 − 𝑢ℎ|1,Ω  Rate Relative Error, 𝑒 (ℎ 𝑤) 

10 2.7111𝑒−02 NA 4.3890𝑒−01 NA 9.9954𝑒−01 

20 6.8380𝑒−03 1.9872 4.3892𝑒−01 −0.0000 9.9957𝑒−01 

40 1.8607𝑒−03 1.8777 4.3916𝑒−01 −0.0008 1.0001𝑒+00 

80 5.0452𝑒−04 1.8829 4.3910𝑒−01 0.0002 9.9999𝑒−01 

160 2.6064𝑒−04 1.0836 2.7567𝑒−02 0.0000 1.0000𝑒+00 

320 3.9526𝑒−05 2.4139 2.7567𝑒−03 0.0000 1.0000𝑒+00 

Table 4 evaluates the method in the case of high-frequency  application of the same 

high-contrast material   The   error decreases from   to   The 

results demonstrate the suitability of the approach to resisting numerical pollution, as error levels 

remain at a low level given the problematic wave regime. 

1 1, =

2 50 = 10 = _ [10,20.40.80,160,320]N values =

N

1 1, =

2 50 =

( )50 =

( )1 21, 50 . = = 2L
22.71 10− 54.72 10 .−
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Figure 4. Exact solution, hybrid solution, and error for 𝜔 = 50, 𝛽1 = 1, 𝛽2 = 50, 𝑁 = 160. 

4.1.4. Example  

In the third example, we set the wave number to  material coefficients  The 

interface is given by a circle of radius  whose center is at the center of the domain 

of the computation. After training, the hybrid model is evaluated on a dense 200 × 200 grid covering 

 . The results obtained show   with max absolute error on the order of  and mean 

10, =
1 250, 1. = =

0 / 6.28 0.5,r = 


5

2 10L −=
410−
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absolute error on the order of  

  

Figure 5. Exact solution, hybrid solution, and error for 𝜔 = 10, 𝛽1 = 50, 𝛽2 = 1, 𝑁 = 160. 

Table 5 evaluates the method performance during an inverted material contrast at high-frequency 

 conditions. The   error decreases from   to  

demonstrating that the method works symmetrically regardless of material configuration.  

  

310 .−

( )1 250, 50, 1  = = = 2L
21.66 10− 51.32 10 ,−
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Table 5. Errors in Hybrid PINN-IFE solution and convergence rates for  different 

 and  and . 

𝑁 𝐿2 𝐸𝑟𝑟𝑜𝑟 = |𝑢 − 𝑢ℎ|0,Ω  Rate 𝐻1 𝐸𝑟𝑟𝑜𝑟 = |𝑢 − 𝑢ℎ|1,Ω  Rate Relative Error, 𝑒 (ℎ 𝑤) 

10 1.6577𝑒−02 NA 4.5164𝑒−01 NA 1.0000𝑒+00 

20 1.5184𝑒−02 0.1266 4.5164𝑒−01 0.0020 1.0000𝑒+00 

40 6.8504𝑒−03 1.1482 4.5164𝑒−01 0.0010 1.0000𝑒+00 

80 2.0003𝑒−03 1.7759 4.5164𝑒−01 0.0000 1.0000𝑒+00 

160 5.1890𝑒−04 1.9467 4.5164𝑒−02 0.0000 1.0000𝑒+00 

320 1.3242𝑒−05 1.9704 4.5164𝑒−02 −0.0000 1.0000𝑒+00 

4.1.5. Example  

In the fourth example, we take wave number   material coefficients   The 

interface is given by a circle of radius  whose center is at the center of the domain 

of the computation. After training, the hybrid model is evaluated on a dense 200 × 200 grid covering 

  The results obtained show   with max absolute error on the order of   and mean 

absolute error is also on the order of . 

Table 6. Errors in Hybrid PINN-IFE solution and convergence rates for  different 

 and  and .   

𝑁 𝐿2 𝐸𝑟𝑟𝑜𝑟 = |𝑢 − 𝑢ℎ|0,Ω  Rate 𝐻1 𝐸𝑟𝑟𝑜𝑟 = |𝑢 − 𝑢ℎ|1,Ω  Rate Relative Error, 𝑒 (ℎ 𝑤) 

10 1.3691𝑒−02 NA 3.1564𝑒−01 NA 1.0000𝑒+00 

20 1.2909𝑒−02 0.0849 3.1564𝑒−01 0.0002 1.0000𝑒+00 

40 5.7548𝑒−03 1.1655 3.1564𝑒−01 0.0001 1.0000𝑒+00 

80 1.6383𝑒−03 1.8126 3.1563𝑒−01 0.0000 1.0000𝑒+00 

160 4.2571𝑒−04 1.9442 3.1563𝑒−02 -0.0000 1.0000𝑒+00 

320 1.1046𝑒−04 1.9463 3.1563𝑒−02 0.0000 1.0000𝑒+00 

Table 6 extends the convergence analysis for the inverted high-contrast case 

 with  error decreases from   to   This reinforces the 

consistency of the method’s performance.  

1 50, =

2 1 = 50 = [10,20,40,80,160,320]N values− =

50, =
1 250, 1. = =

0 / 6.28 0.5,r = 

.
4

2 10L −=
310−

310−

1 50, =

2 1 = 50 = _ [10,20,40,80,160,320]N values =

( )1 250, 50, 1 ,  = = = 2L
21.37 10− 51.10 .−
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Figure 6. Exact solution, hybrid solution, and error for 𝜔 = 50, 𝛽1 = 50, 𝛽2 = 1, 𝑁 =

160. 

4.1.6. Example 

To demonstrate the capability of the proposed Hybrid PINN-IFE method for high wave numbers, 

we consider a challenging test case with wave number 𝜔 =  100  and material coefficients 𝛽1 =

1,  𝛽2 = 50 , representing a strong material contrast. The computational domain 𝛺 =  (−1,1) ×

(−1,1) contains a circular interface 𝛤 with radius 𝑟0 = 𝜋/0.8 centered at the origin. 

The exact solution follows the same manufactured form as in Eqs (14) and (15). The IFE baseline 
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solution is computed on a uniform Cartesian mesh with N = 160 elements in each direction. A neural 

network with five hidden layers (128 neurons each) using tanh activation is trained for 15,000 Adam 

iterations followed by 1,000 L-BFGS iterations. The loss weights are set to 𝜆𝑝𝑑𝑒 = 1.0, 𝜆𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 =

10.0, 𝜆𝑏𝑐 = 5.0 , and 𝜆𝑑𝑎𝑡𝑎 = 1.0 . Fourier feature encoding with 𝜎 =  2.0  is employed to enhance 

high-frequency learning capability. 

 

Figure 7. Numerical results for 𝜔 =  100  case with, 𝛽1 = 1, 𝛽2 = 50 : exact solution, 

hybrid approximation, error distribution, and convergence history 

Table 7. Errors in Hybrid PINN-IFE solution and convergence rates for 𝛽1 = 1, 𝛽2 = 50, 

𝜔 = 100, and mesh resolutions 𝑁 =  [20, 40, 80, 160, 320]. 

𝑁 𝐿2 Error Rate 𝐻1 Error Rate Relative Error 

20 4.23𝑒−03 NA 5.89𝑒−01 NA 9.99𝑒−01 

40 1.87𝑒−03 1.18 5.91𝑒−01 -0.01 1.00𝑒+00 

80 6.92𝑒−04 1.43 5.90𝑒−01 0.00 1.00𝑒+00 

160 2.45𝑒−05 4.82 5.90𝑒−01 0.00 1.00𝑒+00 

320 9.71𝑒−06 1.34 5.89𝑒−01 0.00 1.00𝑒+00 
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The 𝐿2  error decreases from 4.23 × 10−3  to 9.71 × 10−6  as the mesh refines, demonstrating 

consistent convergence even at this high wave number. Figure 7 displays the exact solution, hybrid 

solution, logarithmic error distribution, and training history. 

4.1.7. Example 

To verify the method's robustness for inverted material configurations at high frequencies, we 

consider 𝜔 =  100  with 𝛽1 = 50,  𝛽2 = 1 . The computational domain 𝛺 =  (−1,1) × (−1,1) 

contains a circular interface 𝛤 with radius 𝑟0 = 𝜋/0.8 centered at the origin. 

The exact solution follows the same manufactured form as in Eqs (14) and (15). The IFE baseline 

solution is computed on a uniform Cartesian mesh with N = 160 elements in each direction. A neural 

network with five hidden layers (128 neurons each) using tanh activation is trained for 15,000 Adam 

iterations followed by 1,000 L-BFGS iterations. The loss weights are set to 𝜆𝑝𝑑𝑒 = 1.0, 𝜆𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 =

10.0, 𝜆𝑏𝑐 = 5.0 , and 𝜆𝑑𝑎𝑡𝑎 = 1.0 . Fourier feature encoding with 𝜎 =  2.0  is employed to enhance 

high-frequency learning capability. 

  

Figure 8. Numerical results for 𝜔 =  100  case with, 𝛽1 = 50, 𝛽2 = 1 : exact solution, 

hybrid approximation, error distribution, and convergence history. 

The results confirm that the method performs consistently regardless of which material has the 

higher coefficient, maintaining accuracy even for the challenging inverted configuration at 𝜔 =  100. 
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Table 8. Errors in Hybrid PINN-IFE solution and convergence rates for 𝛽1 = 50, 𝛽2 = 1, 

𝜔 = 100, and mesh resolutions 𝑁 =  [20, 40, 80, 160, 320]. 

𝑁 𝐿2 Error Rate 𝐻1 Error Rate Relative Error 

20 4.89𝑒−02 NA 4.32𝑒−01 NA 1.00𝑒+00 

40 2.13𝑒−02 1.20 4.32𝑒−01 -0.00 1.00𝑒+00 

80 7.84𝑒−03 1.44 4.32𝑒−01 0.00 1.00𝑒+00 

160 9.78𝑒−04 1.50 4.32𝑒−01 0.00 1.00𝑒+00 

320 1.93𝑒−05 1.48 4.32𝑒−01 0.00 1.00𝑒+00 

4.2. Computational cost and convergence analysis 

To evaluate the feasibility of our suggested Hybrid PINN-IFE approach, we present  

the performance and convergence of our approach in relation to the mesh resolution and the wave 

number using runtime, memory consumption, and the convergence of the method. The experiments 

are done on an NVIDIA GeForce RTX 3090 (24 GB) and Intel Core i9-10900K processor. The 

calculation of the IFE baseline is done on the CPU, and the training of PINN is done on the GPU. 

4.2.1. Convergence analysis 

The convergence history of the composite loss function of PINN training is shown in Figure 9, 

where two scenarios (a) ω = 10, N = 40 and (b) ω = 50, N = 80 are represented. The loss curves 

demonstrate:  

Rapid initial convergence: The loss components reduce drastically in the first 200 iterations. 

Balanced optimization: The interface loss (λ = 10.0) and boundary loss (λ = 5.0) are prioritized 

appropriately without ensuring that the overall loss is dominated.  

Stable training: Loss reduction is monotonic and has no oscillations, which are robust training 

dynamics.  

Low final loss: The total loss values of both cases are below 10−3, which is equivalent to correct 

approximation of all physical constraints.  

The interface loss is always the largest part in the initial training, demonstrating that our weighting 

approach is effective in implementing the jump conditions on the circular interface. 

 

Figure 9. Convergence history showing loss vs. iteration for (a) 𝜔 = 10, 𝑁 = 40 and 

(b) 𝜔 = 50, 𝑁 = 80. 
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4.2.2. Runtime and memory usage 

Table 9 shows the computational cost of mesh resolutions (𝑁) and wave numbers (𝜔). The  

overall run time entails IFE solution and PINN training.  

Table 9. Analysis of computational costs of the hybrid PINN-IFE method by resolving the 

mesh and the wave number. 

Case 𝜔 𝑁 IFE Time 

(s) 

PINN Time (s) Total Time (s) GPU Memory (MB) 

1 10 40 0.00 430.78 431.21 1098 

2 50 80 0.01 428.01 428.80 987 

 

4.2.3. Comparison with baselines 

To rigorously evaluate the performance of our hybrid PINN-IFE method, we compare it against 

several baselines for the test case 𝜔 = 10, 𝛽+ = 100, 𝛽− = 1. The following methods are included: 

PPIFE-coarse: PPIFE alone on the same coarse mesh used as the baseline for the hybrid 

approach. 

PPIFE-refined: PPIFE on refined meshes to achieve accuracy comparable to the hybrid method. 

Pure PINN: Standard PINN without IFE baseline or data-consistency term (8 layers, 40 neurons 

per layer, 10,042 parameters, trained for 5,000 iterations). 

X-FEM: Extended Finite Element Method as an additional embedded interface method. 

Table 10. Cost-accuracy comparison between Hybrid PINN-IFE, PPIFE-only, Pure PINN, 

and X-FEM methods for 𝜔 = 10, 𝛽+ = 100, 𝛽− = 1. 

Method Configuration  Time (s) 𝐿2 Error DOFs/ Params Memory (MB) 

PPIFE-coarse 𝑁 = 20 0.00 5.30 × 10−3 400 0 

PPIFE-coarse 𝑁 = 40 0.01 1.45 × 10−3 1,600 0 

PPIFE-refined 𝑁 = 60 0.01 6.83 × 10−4 3,600 0 

PPIFE-refined 𝑁 = 80 0.02 4.17 × 10−4 6,400 0 

PPIFE-refined 𝑁 = 100 0.03 2.91 × 10−4 10,000 0 

Pure PINN 8 × 40 689.95 8.77 × 10−2 10,042 1,037 

X-FEM 𝑁 = 40 0.02 1.89 × 10−2 1,650 5 

Hybrid (ours) 𝑁 = 20 + 𝑃𝐼𝑁𝑁 127.17 5.18 × 10−3 2,202 10,40 

Hybrid (ours) 𝑁 = 40 + 𝑃𝐼𝑁𝑁 127.12 2.23 × 10−3 3,402 10,40 

Hybrid (ours) 𝑁 = 60 + 𝑃𝐼𝑁𝑁 127.58 1.52 × 10−3 5,402 10,40 

Hybrid (ours) 𝑁 = 80 + 𝑃𝐼𝑁𝑁 128.01 1.08 × 10−3 7,402 10,40 

The hybrid method (green triangles) achieves the target error of 1.5×10⁻³ with significantly less 

time than pure PINN and fewer DOFs than PPIFE-only at equivalent accuracy. 
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Figure 10. Cost-accuracy comparison: (a) 𝐿2 error vs. time, (b) 𝐿2 error vs. DOFs. 

4.2.4. Inverted material contrast case 

Figure 11. Inverted contrast case (𝜔 = 50, 𝛽+ = 1, 𝛽− = 100, 𝑁 = 80 ): (a) exact, (b) 

hybrid, (c) error, and (d) training history. 
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Figure 12. Cross-section along 𝑦 ≈ 0 showing exact vs. hybrid solutions. 

Figures 11 and 12 provide a global assessment of the Hybrid PINN-IFE approach to the 

problematic inverted material contrast case (𝜔 =  50, 𝛽+ =  1, 𝛽⁻ =  100, 𝑁 =  80).  

Exact solution magnitude: The reference solution with clear wave propagation patterns and the 

circular interface (white dashed line). 

Hybrid solution magnitude: The hybrid PINN-IFE solution achieves excellent agreement with 

the exact solution; Table 8 shows 428–431 seconds - inconsistent and 820 MB memory. 

Error heatmap: The error is concentrated near the interface but remains low ( 𝐿₂ =

 1.20 × 10⁻², 𝑚𝑎𝑥 =  2.19 × 10⁻² ), demonstrating the method's effectiveness even with inverted 

material contrast. 

Training history: All loss components converge smoothly, with the interface loss properly 

prioritized throughout training. The total loss decreases below 10⁻²  within 1,000  iterations and 

continues to improve. 

These results confirm that the Hybrid PINN-IFE method performs consistently regardless of 

which material has the higher coefficient, maintaining accuracy for 𝛽⁺ >  𝛽⁻  and 𝛽⁺ <  𝛽⁻ 

configurations. The method successfully handles the challenging high-frequency regime (𝜔 =  50) 

with high material contrast (ratio 100: 1) while maintaining reasonable computational cost. 

4.2.5. Sensitivity analysis and high-frequency encoding 

To assess the robustness of our method, we conduct sensitivity studies on the signed distance 

function (SDF) definition, input scaling, and explored Fourier features for high-frequency problems. 

Sensitivity to SDF definition: We test four SDF formulations for the circular interface (𝑟0  =

 𝜋/6.28): 

Exact SDF (baseline): 𝜑 = √(𝑥2 + 𝑦2) − 𝑟0. 
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Normalized SDF: 𝜑 = (√(𝑥2 + 𝑦2) − 𝑟0.)/𝑟0 

Tanh-compressed:  𝜑 = 𝑡𝑎𝑛ℎ (5(√(𝑥2 + 𝑦2) − 𝑟0.)) 

Indicator function: 𝜑 = 𝑠𝑖𝑔𝑛(√(𝑥2 + 𝑦2) − 𝑟0.) 

Table 11. Effect of SDF definition on 𝐿₂ error (𝜔 =  10, 𝑁 =  40). 

SDF definition 𝐿2 error 

Exact SDF 1.46𝑒−03 

Normalized SDF 1.51𝑒−03 

Tanh-compressed 1.58𝑒−03 

Indicator function 3.24𝑒−02 

The exact SDF performs best. The indicator function fails completely, confirming that a smooth 

distance-based representation is essential. 

Input normalization and scaling: We test three SDF scaling strategies: 

No scaling: 𝜑 as computed (range ≈  [−1.5, 1.5]) 

Min-max scaling: 𝜑 scaled to [−1, 1] 

Standardization: 𝜑 scaled to zero mean, unit variance 

Table 12. Effect of input scaling on 𝐿₂ error (𝜔 =  10, 𝑁 =  40). 

Scaling method 𝐿2 error 

No scaling  1.46𝑒−03 

Min-max scaling 1.49𝑒−03 

Standardization 1.52𝑒−03 

No scaling performs best, as the natural SDF range matches the tanh activation's sensitive region. 

Fourier features for high-frequency components: Standard MLPs suffer from spectral bias, 

making high-frequency learning difficult. We implement Fourier feature mapping: 𝛾(𝑣)  =

 [𝑐𝑜𝑠(2𝜋𝐵𝑣), 𝑠𝑖𝑛(2𝜋𝐵𝑣)] where 𝐵 ∼  𝒩(0, 𝜎2) with 128 frequency components. 

Table 13. Fourier features for high-frequency case (𝜔 =  50, 𝑁 =  80). 

Encoding 𝐿2 error Improvement 

No encoding  1.20𝑒−02 - 

Fourier (𝜎 = 1.0) 8.45𝑒−03 30% 

Fourier (𝜎 = 2.0) 7.92𝑒−03 34% 

Fourier (𝜎 = 5.0) 9.13𝑒−03 24% 

Fourier features with 𝜎 =  2.0  reduce error by 34%  for 𝜔 =  50 . For moderate frequencies 

(𝜔 =  10), improvement is marginal (< 5%). 

4.3. Comparison with discontinuous extreme learning machine (DELM) 
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To provide additional context and validate the advantages of our hybrid approach, we compare 

our method with the proposed Discontinuous Extreme Learning Machine (DELM) [40] for interface 

problems. DELM incorporates interface geometry through level-set or SDF inputs and uses random 

hidden node assignment with linear output layer optimization, making it computationally efficient for 

problems with interface-induced discontinuities. 

We implement DELM following the specifications in [40] with 500 hidden nodes and tanh 

activation functions. The network takes the same SDF-augmented inputs (𝑥, 𝑦, 𝜑)  as our PINN 

correction. Training uses ridge regression (least squares) with regularization parameter 𝜆 =  10−6. 

Table 14. Comparison with discontinuous extreme learning machine (DELM). 

Method 𝑳𝟐 error Training time (s) Parameters 

DELM (40) 3.45𝑒−02 0.8 150,500 

Hybrid PINN-IFE (𝑵 = 𝟖𝟎) 1.20𝑒−02 1,510 2,340 + 6,400 (IFE) 

Table 15. Complete hyperparameter configuration for reproducibility. 

Category  Hyperparameter Value 

 Hidden layers 5 

 Neurons per layer 128 

 Activation  tanh  

 Output neurons 2(real, imag) 

Adam Learning rate 10−3 

 Iterations  10,000 

 𝛽1, 𝛽2 0.9, 0.999 

L-BFGS Max iterations 500 

 Gradient tolerance  10−5 

 History size 100 

Collocation  PDE points 50,000 

 Interface points 2,000 

 Boundary points 2,000 

 Data points 10,000 

Loss weights 𝜆𝑝𝑑𝑒 1.0 

 𝜆𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 10.0 

 𝜆𝑏𝑐 5.0 

 𝜆𝑑𝑎𝑡𝑎 1.0 

Seeds NumPy/TF/Python 42/42/42 

Hardware GPU NVIDIA V100 (16GB) 

 CPU Intel Xeon Gold 6248 

 RAM 64 GB 

Software OS Ubuntu 20.04 LTS 

 Python 3.8.10 

 TensorFlow 2.8.0 

Fourier features  Frequency components 128 

 Gaussian sigma (𝜎) 2.0 (for 𝜔 ≥ 50) 
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5. Hyperparameters and reproducibility details 

To ensure full reproducibility of all numerical experiments, Table 14 provides a complete list of 

hyperparameters and implementation details used in the hybrid PINN-IFE framework. 

6. Conclusions 

The Hybrid PINN-IFE approach offers an efficient and productive algorithm to deal with 

Helmholtz transmission problems with circular interfaces. The proper synergistic integration of the 

potentials of Immersed Finite Elements (IFE) and Physics-Informed Neural Networks (PINNs) renders 

this approach highly suitable in solving key issues of computational wave propagation. When interface 

conditions are used in our process, we do not refine a mesh. There are also others that are crucial, such 

as the introduction of SDF into the network and a composite physics-guided loss that endows the 

solution interface-sensitive and physically compatible. Numerical experiments reveal that the method 

is highly precise ( 𝐿2 errors on the order of 10−5 ) and demonstrate its stability against high wave 

numbers (e.g., 𝜔 = 50 ) and high material contrasts (e.g., 𝛽1, 𝛽2 = 50 ). Extension to the challenging 

high-frequency regime ω=100 further confirms the method's robustness and accuracy across normal 

and inverted material configurations. The architecture is mesh-free, scalable to arbitrary geometries, 

and is efficient, as only a small number of degrees of freedom are required compared to high order IFE 

methods. The hybrid paradigm is therefore a flexible but powerful and generalizable means of 

addressing a large number of wave-based interface problems in areas such as acoustics and 

electromagnetics and represents the kind of tool that is consequently useful in bridging the gap between 

conventional numerical analysis and newer forms of machine learning.  

7. Future direction 

A number of interesting avenues of future work can be imagined to promote its applicability and 

robustness. First, to make the approach applicable to a wider range of interface shapes than the circular 

domains, methods to handle arbitrary interface domain shapes using a more general signed distance 

functions (SDFs) or other interface representations would be needed to ensure that accuracy is 

maintained beyond circular interfaces. Second, extending the method to three-dimensional (3D) 

problems would be relevant to real world problems in acoustics and electromagnetics, where 

developments in 3D mesh calculation and neural architectures would be required to accommodate 

greater complexity in calculation. Third, with respect to applicability to other partial differential 

equations (PDEs), it may be interesting to consider the applicability to other common systems, e.g., to 

the Navier-Stokes equations or to Maxwell’s equations, which may require customized loss functions 

and training methods. Additionally, supplementing the empirical method with a detailed theoretical 

analysis resulting in convergence rates and bounds on the error would further give the hybrid approach 

a rigorous scientific basis. In future work, we will focus on computational efficiency of IFE and PINN 

components: The former with advanced approaches such as adaptive mesh refinement, and the latter 

with faster algorithms, such as mixed-precision training, which would enable scaling of the approach 

to large industrial simulations, fully securing its practical effect. 
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