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Abstract: This paper established a slice characterization for normal families of holomorphic functions
on the unit polydisc D" ¢ C". The main result (Theorem 2.2) showed that a family ¥ c O(D")
was normal if, and only if, for every point @ € D" and every coordinate direction 1 < j < n,
the corresponding one-dimensional slice family %, ; was normal on the unit disc. Building on this
characterization, we introduced the notion of normal functions on D" and proved a metric criterion
(Proposition 2.7): A function f € O(D") was normal exactly when its spherical derivative grew at most

as fast as the Poincaré metric density, i.e., f %(z) < Cmax (I=1lz jlz)‘l for some constant C > 0.
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1. Introduction

Let Q c C" be a domain and let O(QQ) denote the space of holomorphic functions on Q. A family
F c O(Q) is called normal if every sequence in # admits a subsequence that converges uniformly on
compact subsets of € to a holomorphic function or to co. Normal families play a central role in complex
analysis and are closely related to Montel’s theorem [1], value distribution theory, iteration theory, and
compactness phenomena for holomorphic mappings. For a systematic account of the classical theory of
normal families and its modern developments, see the monograph of Wang and Chang [2]. For normal
functions and their characterizations in several complex variables, we refer to Cima and Krantz [3] and
Dovbush [4]. Further recent developments can be found in [5, 6].

In one complex variable, Montel’s theorem and Marty’s criterion give powerful characterizations of
normality [7]. If f € O(D), its spherical derivative is defined by

lf" (@)l

ﬁ =
@ T+ QP

(1.1)
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and Marty’s theorem asserts that a family # c O(D) is normal if, and only if, the spherical derivatives
f* are locally uniformly bounded.

In recent years, the theory of normal families in several complex variables has witnessed
significant developments. Ahamed and Mandal [8] established normality criteria involving total
derivatives and shared values for holomorphic functions in C". Datt [9] improved the
Montel-Carathéodory theorem for families of P"-valued holomorphic curves, while Datt et al. [10]
investigated normal families with shared moving hyperplanes. For entire curves, Van Truong and Thi
Thu Hang [11] obtained a characterization of Brody curves via boundedness of the spherical
derivative on preimages of hyperplanes. The method of Zalcman’s lemma, fundamental to normality
theory, has been revisited by Berteloot [12] and extended to complex Lie groups by Dong and
Lv [13]. For meromorphic functions in several variables, Chang et al. [14] extended Gu’s normality
criterion. Lee [15] proved a Montel-type theorem for Cauchy-Riemann(CR) mappings between
pseudo-Hermitian CR manifolds. Krantz and Dovbush [16] further emphasized the central role of
Montel’s theorem in complex function theory. The classic treatise of Gunning and Rossi [17] remains
an essential reference for several complex variables.

In several complex variables, the work of Alexander [18], Nishino [19], and Terada [20]
established the basic theory of normal families for holomorphic mappings and functions on domains
in C", including early slice methods and compactness criteria. The role of the spherical derivative in
several variables is played by a quantity defined in terms of the Levi form of log(1 + |f]*). Precise
definitions and properties will be given in Section 2.

On highly symmetric domains such as the unit ball

B"={zeC" |zl < 1}, (1.2)

the automorphism group Aut(B") acts transitively. This homogeneity allows one to reduce many
problems about normal families to the study of restrictions of holomorphic functions to complex lines
through a fixed point. Recently, Dovbush and Krantz [21] obtained a canonical characterization of
normal functions and normal families on B” in terms of their behavior along complex lines through
the origin, using the Bergman metric and the Levi form of log(1 + |f]?).

In contrast, the unit polydisc

D"={z=(z1,...,z0) €C" : gl <1, j=1,...,n} (1.3)

are not homogeneous. Their automorphism groups do not act transitively, and the geometry is
essentially anisotropic. As a consequence, slice methods based on complex lines through a fixed point
cannot be applied directly. Instead, the natural slices on product domains are the coordinate slices

/lH(al9--'9aj—l’/l9aj+l"'-’an)’ AEQJ9 (1'4)

fora = (aj,...,a,) € Qand 1 < j<n.

The main purpose of this paper is to develop a theory of normal families on the polydisc that is
adapted to this product geometry. More precisely, we address the following problems:

(i) Can one characterize normal families on D" in terms of a Marty type criterion involving the Levi
form of log(1 + |f]*)?

(ii) Can normality on such domains be detected by the behavior of the family on all coordinate
slices?
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(iii) How should one define and characterize normal functions on product domains in analogy with
the ball case?

Our first main result is a Marty type criterion on the polydisc , showing that a family F c O(Q) is
normal if, and only if, the associated spherical derivatives f¥ are locally uniformly bounded. Our
second main result is a slice characterization: A family on D" is normal if, and only if, all of its
coordinate slice families are normal in the sense of one-variable complex analysis. Finally, we
introduce a notion of normal functions on product domains and give a metric characterization in terms
of the product Poincaré metric.

Throughout the paper, po, denotes the Poincaré metric on €2}, and the product metric on € is defined
by

dsp(zv) = ) pa (2 vl (1.5)
=1
All holomorphic functions are complex-valued unless stated otherwise.
2. Normal families and normal functions on the polydisc

LetD" ={z=(z1,...,2,) € C" : |zjl < 1, j = 1,...,n} denote the unit polydisc. We write O(D") for
the space of holomorphic functions on D".

Recall that a family ¥ c O(D") is called normal if every sequence in # admits a subsequence
converging uniformly on compact subsets, either to a holomorphic function or to co.

For f € O(D"), define the spherical derivative at z € D" in direction v € C" by

fizv)? = L(log(1 +1fP), v), (2.1)

where L.(p, v) denotes the Levi form of a C?-function ¢ at z in the direction v. We also write

4@ = sup Az V), (2.2)
[Ivll=1
where || - || is the Euclidean norm on C”.
The Bergman (equivalently, Poincaré product) metric on D" is given by

. |Vj|2

—_ 2.
LT Py 2

dst(z;v) =
We begin with a Marty type criterion on the polydisc.
Theorem 2.1. [18,21,22] A family ¥ c O(D") is normal if and only if for every compact set K c D"
there exists a constant Cx > 0 such that f*(z) < Cx forallz € K and all f € F.

Historical note. The criterion in this form can be traced back to Alexander [18] and Barth [22]. The
formulation using the Levi form of log(1 + |f|*) appears in [21]. Our contribution here is to state it
explicitly for the polydisc geometry, which will be used in the subsequent slice analysis.

Adaptation to the polydisc geometry. While the Marty-type criterion in the form of Theorem 2.1 is
known for general domains in C" [18,22], its application to the polydisc requires careful consideration
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of the anisotropic geometry. Unlike the unit ball, where the automorphism group acts transitively and
the Kobayashi metric is isotropic, the polydisc D" is a product domain with a distinguished coordinate
structure. The spherical derivative f#(z) defined in Eq (2.2) involves a supremum over all directions,
but the bound f ¥(z) < Ck obtained from Theorem 2.1 does not reveal how the estimate depends on the
individual coordinates. The novelty of our approach lies in connecting this global bound to coordinate-
wise estimates via the slice families #, ;. As shown in the proof of Theorem 2.2, the polydisc geometry
allows us to decompose the Levi form into a sum of coordinate contributions, leading to the explicit
bound

1
f4(2) < Nn Mg max ——,
i 1=zl

which reflects the product structure. Thus, Theorem 2.1 serves not merely as a known result, but as
a crucial bridge between the one-dimensional Marty theory on slices and the full several-variables
normality on the polydisc.

Fora = (ay,...,a,) € D" and 1 < j < n, define the coordinate slice family

Foi={1 flar,....a;1. 0. a1, ..a) : f € F} C O(D). (2.4)

Having established a differential-geometric characterization of normality, we next turn to a slice
description that reflects the product structure of the polydisc.

Theorem 2.2. Let ¥ ¢ O(D"). Then, ¥ is normal on D" if, and only if, for every a € D" and every
1 < j < n, the slice family ¥, ; is normal on D.

Proof. Necessity. If ¥ is normal on D", then its restriction to any complex submanifold is normal.
Sufficiency. Assume that for every a € D" and every 1 < j < n, the slice family

ﬁ,j = {/l — f(al, .. .,aj_l,/l,aj+1,. cay) f € T} C O(]D) (2.5

is normal on D.
Let K c D" be an arbitrary compact set. Choose r < 1 such that

Kci{zeD":|zj<r j=1,...,n}. (2.6)

Foreach j € {1,...,n} and each a € K, the one-variable Marty theorem applied to the normal family
Fa,; yields a constant M, ; such that for all f € ¥ and all A € D with (ay,...,aj-1,4,aj.1,...,a,) € K,

|af/azj(al9 .. "aj—lyﬂ9aj+1’ s ,an)

(1—12P)
1 + |f(al$ LI 9aj—l’/l9aj+la .. aan)lz

<M,; 2.7)

For each (a, j) € K x {1, ..., n}, the one-variable Marty theorem provides a constant M, ; satisfying
Eq (2.7). The function (a, j) — M, ; is upper semicontinuous, hence, it attains a maximum on the
compact set K X {1,...,n}. Let Mg be this maximum. Then, Eq (2.7) holds with M for all a € K, all
I <j<n,al fe¥F,andall A with (ai,...,a;-1,4,aj41,...,a,) € K.

Now fix z = (z5,...,2,) € K and f € F. Applying Eq (2.7) witha = (z1,...,2j-1,0,Zj41, ..., 2n)
and A = z;, we obtain

|0f/92;(2)| oMk
L+]f@P ~ 1=z

j=1,...,n. (2.8)
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Letv = (v},...,v,) € C"be a unit vector (||v|| = 1). By the formula for the Levi form of log(1 +|f]?),

=", @f 10z)@) v’
(1 +1f@PY

Using the Cauchy—Schwarz inequality together with Eq (2.8), we estimate

Z'a—@

L.(log(1 +|f1),v) =

(2.9)

_(Z) Vj |v]|

e ||2 1P v

S R A ke
< Mg(1 + If(z)lz)(Z m) (; 1)

R\
= MV (1 +1£) )(Z e |2)2) . (2.10)

Substituting (2.10) into (2.9) yields

- v,l?
L.(log(1 + [f1*),v) < nM> Z m = nM2 ds3.(z;v). 2.11)
j=1

|Zj

Hence,
Az v)* = L(log(1 + | f),v) < nMg dsk(z;v),

and taking the supremum over all [|v|| = 1 gives

1
{2 < vaMgmax ——,  zeKk. (2.12)
1<] n 1 - |Z]|2

Therefore, f* is locally uniformly bounded on D", and by Theorem 2.1 the family ¥ is normal on
D". O

The slice characterization allows us to introduce a natural notion of a normal function on the
polydisc, in analogy with the ball case.

Definition 2.3. A function f € O(D") is called normal if the family
={fo¢:¢ecAu(D")

is normal on D". Here, Aut(D") is the group of biholomorphic self-maps of D". For ¢ € Aut(D"), the
composition f o ¢ is defined by

(fod)2) = f(#(),  zeD" (2.13)

Remark 2.4. Two different spherical derivatives appear in this paper, each serving a distinct purpose
in the proofs:
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e The Euclidean spherical derivative fﬁ(z) defined in Eq (2.2) uses the Euclidean norm |[v|| in
the supremum. It is convenient for pointwise estimates and appears in the final characterization
Eq (2.19).

e The Bergman spherical derivative féerg(z) defined in Eq (2.15) normalizes by the Poincaré metric
length dspa(z; v). Its key property is automorphism invariance (Lemma 2.6), which allows us to
transfer estimates from arbitrary points to the origin.

The logical flow of the proof of Proposition 2.7 illustrates the interplay between the two: We first use
the invariance of the Bergman derivative to obtain fgerg (z) < C, for all z, then convert this bound to the
Euclidean derivative via the equivalence of norms at each point. This two-step strategy—invariant
Bergman estimate followed by Euclidean conversion—is essential for obtaining the sharp growth
condition (2.19).

We now give a metric characterization of normal functions on D" in terms of the spherical derivative
and the product Poincaré metric.

Lemma 2.5. [23,24] Let Q, Q" c C” be domains, let ¢: Q — Q' be a holomorphic mapping, and let
Y € C*(). Then, for every z € Q and every v € C", we have

Lz(%b © (p’ V) = L¢(Z)('7[/’ ¢,(Z)V). (214)

Lemma 2.6. Let ¢ € Aut(D") and let f € O(D"). Define the Bergman spherical derivative of f by

VL(og(1 + [f1), v)

#f .
Jperg (@) = e’ dspn(z;v) @.15)
Then
(f © Dhery @) = foe (@), z€D". (2.16)

Proof. Letz € D" and v € C", v # 0. By the chain rule for the Levi form (Lemma 2.5), we have

L. (log(1 +1f o ¢P),v) = Loy (log(1 + 1fF), ¢/ ). (2.17)

On the other hand, the Bergman (product Poincaré) metric on the polydisc is invariant under
automorphisms:

dspn(z;v) = dspi(9(2); ¢'(2)v),  z€D", veC (2.18)
Combining (2.17) and (2.18), we obtain

VL(og(I +1f 0 ¢P).v) _ NLow(log(1 +1/P),¢' @)
dspr(z;v) dspn(¢(@); ¢'(2v)

Taking the supremum over all v # 0 yields

(f © DD = ferp (0(2)).

This proves the invariance. O
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The invariance established in Lemma 2.6 is the key property that makes the Bergman spherical
derivative useful: It allows us to reduce estimates at arbitrary points to the origin, where computations
are simpler.

Proposition 2.7. A function f € O(D") is normal if, and only if, there exists C > 0 such that

1
f4(2) < C max ———, ze D" (2.19)
1<jsn 1 — |Z]|2

Proof. Sufficiency. Assume that f is normal, i.e., the family ; = {f o ¢ : ¢ € Aut(D")} is normal. By
Theorem 2.1, for the compact set K = {0}, there exists a constant Cy > 0 such that

§'(0) < Cy for all g € F7,

where g* denotes the spherical derivative with respect to the Euclidean norm. By Theorem 2.1, there
exists Cp > 0 such that gﬂ(O) < Cy for all g € F;. At the origin, the Euclidean norm ||v|| and the

Bergman metric length 4/ds2,(0;v) are equivalent: there exists A > 0 such that

1
levll < [dsE.(0;v) < Al veC". (2.20)

Here we use the equivalence of norms at the origin to convert the Euclidean bound g#(0) < C, into a
Bergman bound g%erg(O) < Cy. This conversion is possible because at z = 0, the Euclidean norm and
the Poincaré metric are comparable, as noted in Eq (2.20). The Bergman bound then propagates to all
points via invariance, while the final estimate (2.19) is expressed in terms of the Euclidean derivative
for convenience. Consequently, the two spherical derivatives satisfy gﬁBerg(O) < A g%0) < AC,. Setting
C, = AC,, we obtain

ghe ()< Ci  forall g € 7, 2.21)

where for any & € O(D"), we define

\/Lz(log(l +h?),v)
v:ﬁO dspn(z;v) '

Berg(Z)

Since the family ¥ is normal, by the Marty type criterion there exists a constant C; > 0 such that

(0)<C, forall h € Fy.

Berg

Now fix an arbitrary point z € D". Choose a Mobius transformation ¢; of the unit disc with ¢;(z;)=0
foreach j=1,...,nand set ¢ = (¢1,...,$,). Then, ¢ € Aut(D") and ¢(z) = 0. Put g = fo ¢™! € F.
Using the invariance of the Bergman spherical derivative under automorphisms, we obtain

Fhee@ = (f 067 (0) = g5, (0) < 1.

Consequently, for every v € C”",
L.(log(1 + [f12),v) < C2ds?.(z;v) = sz (1—
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In particular, taking v to be the j-th coordinate direction gives

0f 1z _ o 1
A+1fPP = =P

hence,
l0f/0z,] 1
<Ci——, i=1,...,n. 2.22
1 +|f]2 11_|Zj|2 J (2.22)
Now, let v = (vy,...,v,) be a unit vector in the Euclidean norm. Using Eq (2.22) and the Cauchy—

Schwarz inequality,

lf" )Vl <i|6f/8zjllvj|<c o vl

1

T+IfF T & T+ T G -RP
: 1 172 12
< CI(Z (1- |Z,|2)2) (Z |v.,-|2)
=1 / Jj=1
<C ! (2.23)
< n max ———. .
PV g 1 = |z,?
Taking the supremum over all unit vectors v yields
’ 1
fH(@) < C1 Vn max ———,
I<j<n 1 — |Zj|

so we may take
C =C;Vn.

Necessity. Assume that there exists a constant C > 0 such that for all z € D",

1
fH2) < Cmax ——. (2.24)
1<j<n 1 — |zj|

We have to show that ¥, is normal. According to Theorem 2.1, it suffices to prove that for every
compact set K C D", there is a constant Mg such that

gﬁ(Z) < Mg

forall g € ¢, z€ K.

Let K be compact. Choose r < 1 with K C{z:|z;| <r, j=1,...,n}. Fixz € K and ¢ € Aut(D")
and put g = fo¢. Write ¢ = (¢1, ..., ¢,) with each ¢;, a Mobius transformation of the unit disc. Then,
the derivative ¢’(z) is a diagonal matrix with entries ¢;(z 1), and its Euclidean operator norm equals

, L 1-lge)P
16/ @)l = max 42 = max —— = (2.25)

where we used the well-known derivative formula for Mobius transformations of the disc.
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Now estimate gﬁ(z) using the chain rule and (2.24):

by oy @1 _ I @)@ _ 4 '
g'(2) L+ F@Q)E STy F )P SH(@@) llg" @l
1 1—1¢;(zpP
< C(max 1 |¢,»(z,-)|2)(?2?s’i e )
1
Because z € K, we have |z;| < r for every j, whence
1 1

< .
-2 = 1-7

Thus,
f2) <
8@ =1
for all g € ¥4, z € K, and the righthand side is a constant independent of g and z € K. Hence, ¥ is
normal by Theorem 2.1, i.e., f is a normal function. O

This shows that normal functions on the polydisc are precisely those whose spherical derivatives
grow at most at the rate dictated by the product Poincaré geometry.

3. Examples

3.1. Example illustrating Theorem 2.2

We present two simple families on D? to illustrate the slice characterization (Theorem 2.2) and to
contrast normal versus non-normal behavior.

Example 3.1. (A non-normal family) Consider
F ={fi(z1,22) = kziz2 : k € N}
Fix a = (a1, a,) € D?. The coordinate slice families are
Fa1 = {1 kaA : k € N}, Fan = {1 kajA : k € N}.
If a; # 0, the slice family ¥, is not normal on D. Indeed, for any fixed 4 # 0,
lkaxd| — co (k — 00),

while ka, - 0 = O for all k. Hence, the sequence {ka,A} does not admit a subsequence converging
uniformly on compact subsets of D either to a holomorphic function or to co. Thus, ¥, is not normal.

Choosing, for instance, a = (1/2,1/2), we obtain a non-normal slice family. By Theorem 2.2, this
implies that ¥ is not normal on D?.

AIMS Mathematics Volume 11, Issue 4, 10191-10204.
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Example 3.2. (A normal family) Consider

G=1{g(z1,22) =2 1 ke N},

Let a = (a1, a;) € D?. The slice families are
ga,lz{/IHﬁk:keN}, ga,Zz{/lHallc:kEN}.

The family G, is the classical sequence of monomials on the unit disc. For every compact set
K c D there exists r < 1 such that |[1] < r on K, and, hence,

1K < ¥ = 0.

Therefore, ¥ — 0 uniformly on compact subsets of D, so G, is normal.

The slice family G,, consists of constant functions a’{ , and every family of constants is trivially
normal.

Thus, every slice family of G is normal. By Theorem 2.2, the family G is normal on D?.

3.2. Example illustrating Proposition 2.7

We now present two functions on D? to demonstrate the metric criterion for normal functions
established in Proposition 2.7.

Example 3.3. (A normal function) Consider the function f(z;,z;) = z;, which depends only on the
first variable. Then, 8f/dz; = 1, 0f/8z, = 0, and for any z = (z;, 2,) € D?,

1
ﬁ(Z) = su |V1| = .
f \|v||3 L+z? 1+zf

Since 1 + |71 > 1 — |z1/%, we have

i) <

1=l = 2 T= 5P

so the inequality (2.19) holds with C = 1. Hence f is normal on D? by Proposition 2.7 (indeed, one
may verify directly that the family {f o ¢ : ¢ € Aut(D?)} is normal).

Example 3.4. (A non-normal function) Let

i
h(z1,22) = eXP(l — Zl)-

Since the function (1 — z;)~! is holomorphic on D, the function /4 is holomorphic on D?. Moreover,
lh(z)l = 1.
A direct computation gives
Oh i Oh

- _h@), —=0.
o T =@ oy,

AIMS Mathematics Volume 11, Issue 4, 10191-10204.
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Hence,
W) = ———,
Wl = =
and therefore the spherical derivative is
W 1
o = L y
I +]azolI> 21 -z
Choose .
(k) — _
Then,
bty _ K
h = —.
@) >
On the other hand,
1Y 2 1
1-9P=1-[1-=-| =2 - =,
eyl K Tk R
>0 1 1 k
max = ~ = (k> o).
=12 1 — IZi-k)IZ % - kiz 2
Consequently,
hﬁ(z("))
Dt T
max(1 — |z%)
j J
Thus, no constant C can satisfy
h*(z) < C max ———
© i 1T=|z?

for all z € D?. By Proposition 2.7, & is not a normal function on D?.

4. Conclusions

In this paper, we developed a theory of normal families and normal functions on the unit polydisc

D" that fully respects its product geometry. Our main results are threefold.

First, we established a slice characterization (Theorem 2.2): A family # c O(D") is normal if and
only if for every point a € D" and every coordinate direction j, the one-dimensional slice family ¥, ; is
normal on the unit disc. This reduces normality in several variables to normality in one variable along
all coordinate lines, and it reflects the anisotropic nature of the polydisc where automorphisms do not

act transitively.

Second, we introduced a natural notion of normal functions on D" via invariance under the full
automorphism group Aut(D"). We then proved a metric criterion (Proposition 2.7): A holomorphic
function f on D" is normal if and only if its spherical derivative f*(z) satisfies the growth estimate

1
f n
7)) <Cmax ———, ze€D",
S'@) 1gj<n 1 — |z

AIMS Mathematics
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for some constant C > 0. This criterion is sharp, as shown by the examples in Section 3, and it provides
a practical tool to test normality.

Third, our approach highlights the interplay between two different spherical derivatives—the
Euclidean one and the Bergman (Poincaré) one—and shows how the product Poincaré metric on D"
naturally appears in the estimates. The invariance of the Bergman spherical derivative under
automorphisms (Lemma 2.6) plays a crucial role in reducing the problem to the origin.

These results extend the classical one-variable theory to a higher-dimensional setting where the
domain is not homogeneous but has a product structure. Potential future directions include: (i)
extending the slice characterization to other product domains such as bounded symmetric domains of
tube type; (i1) studying normal families of holomorphic mappings between polydiscs; and (iii)
applying the metric criterion to investigate value distribution and uniqueness problems for normal
functions on D".
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