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Abstract: Fractional-order models have emerged as powerful tools in real-world image processing,
offering enhanced edge preservation and improved reconstruction quality compared to traditional
integer-order methods. The total fractional-order variation (TFOV) model is employed in this work
to enhance the quality of deblurred images, as it is well known for its ability to preserve edges and
mitigate the staircase effect. However, the dense regularization matrix associated with the TFOV model
poses challenges in the design of efficient numerical algorithms. To overcome this issue, a robust and
efficient multigrid method specifically designed to address matrix density is proposed. This approach
develops multigrid solvers tailored for image deblurring problems governed by TFOV regularization
under Dirichlet boundary conditions. Using a Lagrange multiplier framework, the optimality system
for the image deblurring problem is derived, linking the state, adjoint, and intensity variables. Multigrid
techniques on staggered grids are explored, employing a coarsening factor of three to generate a
nested hierarchy that facilitates simplified intergrid transfer operations. Within this framework, a
preconditioned conjugate gradient method is used as a smoother. Numerical experiments confirm
the accuracy and efficiency of the proposed multigrid approach. These results highlight the practical
viability of multigrid solvers for dense fractional regularization and reinforce their usefulness in large-
scale image restoration tasks.
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1. Introduction

Image deblurring (ID) has attracted significant interest in various fields such as remote sensing [1],
robot vision [2], medical image processing [3], astronomical imaging, virtual reality, and numerous
other domains within image processing. The fundamental mathematical relationship between the
original image, denoted as u, and its blurred counterpart, represented as z, can be expressed as follows:

z =Ku+e, (1.1)

where K is an operator that causes the blur, and € represents a noise function. The action of K on u is
defined as

Ku)(x) = L k(x,yu(y)dy, xeD, (1.2)

where k(x,y) = ¢(x—y) is known as a point spread function (PSF) or a blurring kernel with a translation-
invariant property [4]. The deconvolution problem involves recovering K and u from z [S]. When the
operator K is known, the process is termed non-blind deconvolution [6]. If the blurring operator K is
unknown, the process is termed blind deconvolution [7]. This paper primarily focuses on non-blind
deconvolution. The operator K is compact, therefore, retrieving u from z presents challenges, rendering
problem (1.1) an unstable inverse problem [8]. To address this issue, extensive research has been
devoted to energy minimization models, which have garnered considerable attention for solving ID
problems in recent decades [9].

min f (k * u —2)°dD + uR(u). (1.3)
ued Jo

Here, D denotes a constrained set, R(u) represents a regularization functional, and ¢ > 0 serves as
a smoothing parameter that controls the trade-off between data fidelity and regularization terms [10].
Additionally, * represents a two-dimensional convolution operator. Restoring blurred images using
non-blind deconvolution is a challenging task. To address this, various deconvolution methods
incorporate image priors to stabilize the solution. One widely used approach is the Tikhonov
regularization model [11]:

min f(k *u—2z)°dD + ,uf luldD. (1.4)
D

ueD D

The Tikhonov model [12] tends to overly smooth image results due to its least-squares formulation.
To better preserve edges, the total variation (TV) model has gained popularity. It is known for its
edge-preserving properties and is widely used in nonlinear energy minimization for ID [13]:

ueD

minf(k wu—2)2dD + ﬂf |V ul,dD, (1.5)
D D

where | vV ul, = ju+ u? +1. The parameter n > 0 is introduced to ensure that the functional

remains differentiable at zero. The TV model [14] offers several advantages but suffers from a notable
drawback. It tends to transform smooth regions into blocky structures, producing a staircase effect.
To address this limitation, total fractional-order variation (TFOV)-based models have been proposed.
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These models, as explored in [15], provide an alternative approach to reduce staircase artifacts in
reconstructed images:

minf(k wu—2)°dD + cf V| Veu |2 +72d D, (1.6)
D D

ueD

where « denotes the order of the unified fractional derivative [16]:

N R . C(a+1)
Dijg(t) = lim ™ )" (~1)

= F(“T”—n+1)1“("7‘0+n+1)

g(t — nh). (L.7)

Here, 6 is a parameter often referred to as the skewness (or asymmetry) parameter, as it determines
the symmetry of the derivative (as observed in the frequency response), and % is a positive real
number. TFOV-based regularization models are recognized for their remarkable efficiency. These
models preserve edge sharpness in reconstructed images while mitigating unwanted staircase artifacts.

Recently, TFOV-based image processing models have gained significant attention. Studies in areas
such as image edge detection [17], denoising [18], and reconstruction [19] provide key insights. For
instance, Tian et al. [20] introduced a fractional-order adaptive technique for image denoising, while
Zhang et al. [21] demonstrated the ability of the TFOV model to reduce the staircase effect in image
restoration. Mathieu et al. [22] proposed an edge detection technique based on fractional differentials,
enhancing texture and edge details.

These studies indicate that, compared to first- and second-order total variation methods, TFOV
more effectively represents image textures. Recently, Guo et al. [23] and Fairag et al. [24]
incorporated TFOV models into ID, demonstrating their potential. However, applying these methods
to blurred and noisy images presents two significant challenges: handling nonlinearity and solving
large-scale matrix systems.

1.1. Related work

Considerable effort has recently been devoted to the development of multigrid methods for optimal
control problems. Borzi and Schulz provide a comprehensive review in [25], along with additional
references. In [26], C. Schauf et al. discussed techniques based on nonlinear multigrid methods
specifically applied to total variation image denoising. Preconditioners based on multigrid techniques
were developed for a linear-quadratic optimal control problem constrained by the Stokes system to
accelerate the solution process, as described in [27]. The work in [28] introduced a robust multigrid
method tailored for the Stokes control problem, demonstrating strong convergence with respect to both
the regularization parameter and grid size.

1.2. Scope of the proposed work

Over the past two decades, nonlinear variational methods have attracted significant interest in the
field of ID. Image reconstruction problems often involve complex regularization approaches such
as TFOV. However, applying these techniques to large-scale noisy and blurred images presents two
major challenges, despite their effectiveness in preserving edges and reducing blocky artifacts. The
first challenge arises from the inherent nonlinearity of the models, stemming from the construction of
the associated Euler—Lagrange equations. The second challenge is related to solving the large-scale
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systems generated by their discretization, which involve dense matrices. This paper primarily aims to
address these two computational challenges.

To address these challenges, the approach presented in [29] is extended for ID with TFOV-based
constraints. Multigrid solvers are developed that employ a coarsening strategy with a factor of three
on staggered grids. This strategy simplifies intergrid transfer operators, accelerates coarsening, and
reduces the number of required levels. The focus is placed on developing tailored multigrid solvers
for ID problems governed by TFOV under Dirichlet boundary conditions. An optimality system is
established using a Lagrange multiplier framework, linking the state, adjoint, and intensity variables.
By implementing a coarsening with a factor of three on staggered grids, a preconditioned conjugate
gradient (PCG) method is employed as a smoothing scheme within this framework. The numerical
investigations demonstrate that the proposed multigrid scheme provides improved reconstruction of
blurred images when p is not close to 0, compared to recent work [30].

The organization of the paper is as follows: The next section presents the minimization problem
and characterizes its solution through the optimality system in a 2D computational domain. Section 3
describes the discretization of the optimality system, followed by Section 4, which details the proposed
multigrid scheme. Section 5 presents the results of numerical experiments on the ID problem. Finally,
the last section provides the conclusions.

2. Minimization problem for image deblurring

In this study, the ID problem is considered in a 2D bounded domain D C R? with a Lipschitz
boundary I' = 9. The functional for the ID problem, subject to TFOV-based constraints, is given by

1
Jw) = 3l =2l + gnfnz. @.1)

This functional is minimized subject to the following conditions:

Veu—f=0, (2.2)

u=0on T. (2.3)

Here, u € H, represents the intensity function, and x denotes the regularization parameter.
The Lagrange framework [31] is adopted to describe the solution of problem (2.1)—(2.3). The
associated Lagrangian functional to this optimization problem is expressed as

1
L, f.2) = 5 llk = 2| + §||f||2 + (VU - f, 1)

1
= 5 llku = 2P + gllfllz = (Vu, 1) +(f, ),

where A € Hy(D) is the Lagrange multiplier, resulting in the following optimality system [24].
The state system is given by

2.4
u=0 on T. 24)

{Vm—f:Q
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The adjoint system is given by
k*'(ku—z)+ Vi1 =0, 2.5)
1=0. '

The optimality condition is
uf —1=0.

Here, 4 = A(x,y), f = f(x,y), and u = u(x,y). This system defines the solution (u, f) € Hé(Z)) X
L*(D) of the ID problem with the Lagrange multiplier 1 € Hy(D). The spaces H'(D) and L*(D)
denote the Sobolev and standard Lebesgue spaces, respectively, with | - [H!(D) and | - |L*(D) as their
corresponding norms. The usual inner product for L2(D) is denoted by (-,-). It is assumed that D is
convex. Additionally, Lg(Z)) denotes the space of functions in L>(9) with zero mean:

LYD) ={¢p e L}(D): f pdx = 0}. (2.6)
D

The space Hé(i)) is defined as the subspace of H'(D) whose elements vanish on the boundary:

Hé(Z)) ={y € H(D) : ¢y = 0 on 6D)}.

3. Discrete formulation of optimal system

This section describes the discretization of the optimality system using the unified fractional
derivative [16] on staggered grids. Implementation details are presented, emphasizing the
advantageous arrangement of optimization variables. A sequence of grids {D;};s¢ is considered,
defined as

Dy, = {x € R : x = khy,y1 = lhy, k, 1€ Z} N D.

The domain D is assumed to be rectangular, and the mesh step sizes &, and h, are selected such that
the boundaries of D coincide with the grid lines. Staggered grids accommodate variables positioned
on cell edges (horizontal or vertical) and at cell centers. These grid points are denoted by Dy, where
s € {ev,eh,c}. For example, ;" denotes grid points located at the centers of vertical cell edges. In
this arrangement, grid points are separated by distances of &, and h, in the horizontal and vertical
directions, respectively. The unified fractional derivative in discrete form [32] is used:

I 9 ,
D gguy) = oo D A" 80w~ ih.y), 3.1)

=M

where
INa+1)

N(gf —i+1)r(5l+i+1)

()Dgflﬁ) — (_1)1' 3.2)
From Eq (3.1), it can be observed that, along the x-direction, the first-order approximation
of DS j8(xi, y1)  at point (x,y;) can be expressed as a linear combination of N + 2
values (g'y, &'y, .- &'y & ns1) With fixed y;. After applying homogeneous boundary conditions to all
N equations, the fractional derivatives in the x-direction in Eq (3.1) can be represented as follows:
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a a

[ D%g(x1,y1) | %o @1 ¥2 e P gl-l
Dg(x2,y1) | o1 et “noa || &
T P o
: ©1“ : :
| D“g(xN,y,) ] i SDN—I(I (;DN—Z(I . 900(2 g;v

My
By applying the Gershgorin circle theorem, the matrix My, is identified as symmetric and negative
definite, forming a Toeplitz matrix [30]. Consequently, —M¢ is positive definite. Let U € RV
represent the solution matrix at nodes (kh,;lh,), where k,I = 1,...,N correspond to the spatial
discretization nodes in the x and y directions. The solution vector U is represented by i € RY I in the
ordered form. By a discrete and direct analogy to differentiation, u¢ (@ order derivative in x-direction)
is given by

u; = (Iy ® Cy)id = CYi. (3.3)
Similarly, the fractional derivative u,* (a order derivative in y-direction) is given by
uy = (Cy ® Iy)ii = Cyi, (3.4)
where
U = (U} ey Uy Uy s )T Uy = (UY )y woes Uy U s ooy Uy’ (3.5)

Here, ® denotes the Kronecker product, and & = uy, ujs, ..., uyy. The a-order derivative u,* of u(x, y)
along all x-direction nodes in O can be represented by the matrix C{,U.

A grid index set (k,l) is considered, where k = 1,...,N,+ 1 and [ = 1,...,N,, covering all
grid points including boundaries, arranged in lexicographic order starting from (1, 1) (the bottom-left
corner). The solution matrix U € RV is defined at cell centers (k + %, [+ %), f*, while f* and f* denote
the solutions at vertical and horizontal edges, respectively. The discretized state system is given by

ff=Uy®Cy)on D, (3.6)

= (Cy®Iy)on D (3.7)

The grid vertices are defined as y; = (I — 1)h, and x; = (k — 1)h,. The value of the function u at cell
centers is denoted by u; 1 ;1. The optimality conditions @ f* — 4* = 0 and af” — 4" = 0 determine the
placement of variables on the grid. Specifically, u, A%, and f* are defined on Dy, while f” and A’ are
defined on D¢". Consequently, the discretized adjoint system is expressed as

(Ku = 217204172 = A on Dy, (3.8)

(Ku = 2)s1/24412 = A’ on Z)Zh- 3.9)

The proposed approach, based on optimality conditions, establishes a direct relationship between
state, adjoint, and intensity variables, eliminating the need for interpolation. Consequently, Eqgs (3.10)
and (3.11) define the discrete optimality system

af* =2 =0, on D
/ kl+} kl+1 ’ Dy

Y y eh
a -A =0, onD
fk+%,l k+d1 ’ h>

(3.10)
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with boundary conditions

kaz+l =0 for k=1,N,+1,l=1,..N,,
rh2
vy, =0 for I= LN+ Lk=1,..N,, -
A =0 for k=1,N.+1,0=1,..N,, '
I+
X =0 for [=1,Ny+1,k=1,.N,

k+4.1
4. Comprehensive multigrid methodology

A complete multigrid algorithm was developed to solve the discrete optimal system (3.6)—(3.11).
During the development process, challenges were encountered due to the structure of staggered grids
and the coupling between adjoint and state systems. It is well known that, in multigrid techniques,
multiple discretization grids are utilized. Typically, these grids are generated by refining an initial
coarse grid (as given in Figure 1), for example, by halving the mesh size, thereby creating an
independent grid hierarchy. This configuration places the same types of variables at different spatial
locations across hierarchy levels, which requires additional effort in constructing grid interpolation
operators [33].

/o fo

IO IENRONRE
o T S—

2 @ 2 @ 2
Iz 2

Figure 1. Coarsest staggered grid.

To overcome these challenges and restore the benefits of a nested grid sequence, a novel approach
is proposed. Instead of the conventional refinement process, a nested sequence of grids is generated
by tripling the mesh size from a given coarse grid, as illustrated in Figure 2. This observation is
particularly significant in staggered-grid settings for the development of multigrid schemes in optimal
control problems.

A hierarchy of nested grids, denoted by D,,, is defined, where the mesh sizes are given by /,, = i

3m-1
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and hy, = 3}2—_11 form = 1,2,...,N. The coarsest grid corresponds to m = 1, while the finest grid is

associated with level m = N. The index m is used to denote all functions and operators defined on D,,..
In this framework, the spatial location of a variable X' on the coarser grid O,,_; corresponds exactly
to the location of a variable X} on the finer grid D,,, as shown in Figure 2.

° um—l

Kel/2.011)2 corresponds to ), fork = 3K — 1,1 =3J - 1;

o (f9)]; ]}, corresponds to (f);, for k = 3K — 1,1 = 3L - 2;

° (fy)’lglﬂrl/z corresponds to (f)); fork = 3K - 2,1 =3L - 1;

o /1’1?,211/2 corresponds to At for k = 3K =2,/ =3L— 1.

pl 2
e @ e @ e @
2 2 2
- @ 2 @ - @
ol 2
s @ Iz @ Iz @
ol 2

Figure 2. Coarse and fine grids.

Coarsening by a factor of three produces a nested sequence of staggered grids and simplifies the
implementation of bilinear interpolation. Accordingly, bilinear interpolation is applied in the space U,,,
where u™ : DY — Rform =1 to N. The transition between two grids, D,, and D,,_;, is performed
using a consistent prolongation operator P : U,_; — U,, constructed under the assumption of
bilinear finite elements over each rectangular cell.

In the context of a threefold coarsening (Figure 2), coarse-grid points coincide with fine-grid points.
Therefore, a direct injection operator, denoted as Pﬁ‘l : U, > U, ,1s employed to transfer residuals
and solution variables from finer to coarser grids. However, the use of a straightforward injection
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operator as a restriction operator is not needed. This choice is consistent with the factor-of-three
coarsening strategy.

4.1. Multigrid algorithms

The proposed approach is introduced through two methods: the full multigrid (FMG) method and
the full approximation scheme (FAS). The FAS method is particularly effective for solving optimization
problems, as it utilizes state, adjoint, and intensity variables that are available at all grid levels.
This feature is essential for addressing nonlinear and constrained control problems. Furthermore,
computational efficiency is enhanced by integrating the FMG scheme, which combines the FAS
scheme with a nested iteration strategy. The optimality system (2.1)—(2.5) for the unknown variables
Xn = (U, A, frn) 1s considered at the discrete level and can be expressed compactly as A,, (X,,) = F,.

The correction e,, to an approximate solution X,, is defined as the solution of

An (X + €n) = A (Xn) = 1 (4.1)

where associated residual is r,, = F,, — A, (f(m) Moving to the coarser grid 9,,_; and representing
X, +ey,onit, X, := Pﬁ‘l)?m + e,,—1 1s used. Here, ¢,, is represented by a coarse function e,,_; due to
its smoothness from § ,,. The corresponding FAS equation is derived as

Anct Xpe) = P (Fo = A (X)) + A (P R,). 4.2)

This can also be written as A,,_; (X,,_;) = P"'F,,+7"!, where 7""! = A,,_, (P%‘l)zm)—Pﬁ‘lAm ()N(m)
denotes the fine-to-coarse defect.

Convergence implies X,,.; = P"'X,. Solving the coarse grid Eq (4.2) yields X,,_;, and its
combination with Eq (4.1) provides e,,_; = X,,_; — P"'X,,. The corrected fine-grid approximation
is then given by

X=X + Py (X — PI'R,). (4.3)

Here, P, denotes the coarse-to-fine transfer operator. To reduce the error after coarse-grid
correction, i, post-smoothing iterations are performed.

The FAS algorithm is summarized below.
Algorithm 3.1 FAS (iy, i) for solving A,, (X,,) = F,.

If m = 1, compute the exact solution of A,, (X,,) = F;;

perform the pre-smoothing steps on the fine grid: xXW =5, (X,(;H), Fm) n=1,...,1i;
compute the residual: r,, = F,, — A, (X,(,i‘));

refine the residual: r,,_; = P 'r,,;

Set X, = PriX5";

set Fm_1 =Ty + Am_1 (Xm—l)

call i times MG (i;, i) to solve A,,_1 (X,u—1) = F_1;

coarse-grid correction: X\ = x4 P (Xm_1 - P%‘le,’;'));

O NN ks WD

post-smoothing steps on the fine grid: X,gf) =S, (Xf;’_l), Fm) M=01+2,...,i1 +ih + 1.
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When solving nonlinear problems, initiating the iterative process with a strong initial estimate
is essential.  Within the multigrid framework, this can be achieved naturally using a nested
iteration strategy. The solution process begins on a coarse grid level n = K < M, where the problem
A, (X,) = F, with n = K is relatively easy to solve. The obtained solution is then interpolated to the
next finer level as an initial approximation to solve A, (X,+1) = Fy+1, and is denoted by X,,,; = I,’;“X,l.

Subsequently, the FAS procedure is applied at level n + 1. This approach, known as nested iteration,
improves convergence by providing high-quality initial guesses. By combining multigrid cycles
with nested iteration, the full FMG method is obtained. The FMG method is more efficient than
standard multigrid cycles, as it enhances the initial approximation at each level. The FMG algorithm
is summarized below.

Algorithm 3.2 FMG to solve Ay(Xy) = Fy.

1. For n = M < N choose an initial estimate u,;

2. if n < N then interpolate to the next finer working level Xy = nﬁ“Xn;
3. utilize FAS for solving Ay.1(Xy+1) = Fn+1, beginning with )ORE

4. setn =n+ 1;if n < N proceed to step 2; else stop.

S. Numerical experiments

This section presents numerical experiments demonstrating the effectiveness of the proposed
algorithm for ID. For all numerical computations, MATLAB software was utilized on a system
equipped with an AMD A12-9720P RADEON R7 processor (12 compute cores, 4C+8G, 2.70 GHz).
Based on the results reported in [24], the parameters u = 1 X 107, o = 1.8, and A = 0.1 were selected,
as they yield superior performance. For all examples, the stopping criterion for the numerical method
was defined using a tolerance of tol = 1 x 1077. The kernel ke-gen(n,, r, o) [34] was employed for
numerical calculations. This kernel represents a circular Gaussian filter of size n, X n, with standard
deviation o and radius r. Figure 3 illustrates the kernel ke-gen(120, 40, 4).

Figure 3. The blurring kernel ke-gen(120, 40, 4).
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The quality of image reconstruction was evaluated using the peak signal-to-noise ratio (PSNR) [35],
where higher PSNR values indicate better restoration quality. The efficiency of the algorithm was
assessed based on the iteration count. In Examples 1-3, the proposed method was applied to
image deblurring problems using benchmark images, including Cameraman, Goldhill, and Moon.
Computations were performed on grid sizes of 64, 128, 256, and 512. The results were compared
with the conjugate gradient method (CGM) and the two-level method (TLM) [24].

Example 1. In this example, the Goldhill image was used. This image exhibits significant texture
characteristics. The blurring process was performed using the ke-gen(N, 100, 5) kernel. A comparison
of the proposed method with CGM and TLM is presented. The restored images are shown in Figure 4,
while Table 1 provides details of the experiment. Figure 4 presents a comprehensive representation
of the Goldhill image, including five components corresponding to different processing stages. Each
subfigure has a resolution of 512 x 512 pixels. The numerical experiments indicate that the proposed
method achieves superior reconstruction quality compared to CGM and TLM. Table 1 summarizes the
experimental results.

Example 2. In this example, the Cameraman image was used, and the blurring process was applied
using the ke-gen(N, 100, 5) kernel. The Cameraman image contains complex structures with intricate
texture details. Figure 5 presents a comprehensive representation of the Cameraman image, including
five components corresponding to different processing stages. Each subfigure has a resolution
of 512 x 512 pixels. The numerical experiments indicate that the proposed method achieves superior
reconstruction quality compared to CGM and TLM. Table 2 summarizes the experimental results.

Figure 4. Goldhill image: (a) The original image, (b) the blurred image, (c) the image
recovered using CGM, (d) the image recovered using TLM method, and (e) the image
recovered using the multigrid method.
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Table 1. PSNR, iteration count, and CPU time comparison for the Goldhill image.

Goldhill CGM Residue TLM Residue Multigrid Residue
Size PSNR Iter. CPU (s) PSNR Iter. CPU (s) PSNR Iter. CPU (s)
64 x 64 59.3465 10 29.5341 1.1655 x 107~ 27.3423 10 8.3793 7.6757x 1078 61.0319 6 8.3793 9.7252x 1070
128 x 128 56.3652 15 40.5428 1.1983 x 1078 28.2120 17 15.3573 7.5644 x 1078 58.2197 8 15.3573 9.7927 x 10~°

256 x 256 51.8512 97 195.2980 1.2543 x 1078 29.8744 104 72.5472 7.7644 x 1078 53.3145 82 72.5472 9.6872 x 107°
512x 512 457623 182 464.1948 1.2987 x 1078 31.2723 184 202.1632 7.5636 x 1078 47.1376 143 202.1632  9.6823 x 1070

Figure 5. Cameraman image: (a) The original image, (b) the blurred image, (c) the image
processed with CGM, (d) the image recovered using TLM method, and (e) the image
recovered using the multigrid method.

Table 2. PSNR, iteration count, and CPU time comparison for the Cameraman image.

Cameraman CGM Residue TLM Residue Multigrid Residue
Size PSNR Iter. CPU (s) PSNR Iter. CPU (s) PSNR Tter. CPU (s)
64 x 64 23.2052 12 12.2791 1.1176 x 10~ 26.8332 12 8.5214 72134x 1078 24.8792 8 8.5214 9.8389 x 1077

128 x 128 29.1786 25 22.6553 1.1813x 1078 26.8332 27 22.1583 7.3465 x 1078 31.1739 17 22.1583 9.8956 x 107°
256 x 256 34.8129 179 98.8374 1.1288 x 1078 31.5628 99 77.0612 7.2176 x 1078 36.8745 87 77.0612 9.8892 x 1079
512x 512 45.1752 397 302.2941 12913 x 1078 42.6923 229 198.1938 7.3455 x 1078 47.3441 176 198.1938 9.8916 x 10~°

Example 3. In this example, the Moon image was used, and the blurring process was performed
using the ke-gen(N,100,5) kernel. The Moon image exhibits prominent texture characteristics.
Figure 6 presents different representations of the Moon image, with each subfigure having a resolution
of 512 x 512 pixels. These subfigures include different image processing results with varying methods
and parameters. The numerical experiments indicate that the proposed method achieves superior
reconstruction quality compared to CGM and TLM. Table 3 summarizes the experimental results.
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(b)

()

Figure 6. Moon image: (a) The original image, (b) the blurred image, (c) the image
processed with CGM, (d) the image recovered using TLM method, and (e) the image
recovered using the multigrid method.

Table 3. PSNR, iteration count, and CPU time for the Moon image.

Moon CGM Residue TLM Residue Multigrid Residue
Size PSNR Iter. CPU (s) PSNR Iter. CPU (s) PSNR Iter. CPU (s)
64 x 64 59.6722 12 14.2874 1.0243 x 10~ 51.1398 12 8.7346 7.2344 x 1078 61.1263 8 8.7346 9.8136 x 1077
128 x 128 56.8443 25 34.8242 1.0897 x 1078 53.8736 23 19.4732 7.1587 x 1078 58.2176 17 19.4732 9.7143 x 1072
256 x 256 49.2330 105 97.6345 1.1279 x 1078 54.8734 75 45.2735 7.2345 x 1078 51.1024 51 45.2735 9.7545 x 1079
512 %512 45.9967 285 305.2881 1.2169 x 1078 56.4235 150 187.8273 7.2355 x 1078 47.0132 102 187.8273 9.6734 x 1072
Remarks:

1. Figures 46 illustrate image quality obtained using different methods. The results indicate that the
multigrid method significantly reduces blur and recovers original image with almost same clarity
and details.

2. Tables 1-3 show that the proposed approach improves PSNR across all values of N,.

3. The results demonstrate that the proposed method requires fewer iterations compared to CGM
and TLM.

4. Overall, the multigrid approach consistently provides superior performance for image deblurring
compared to CGM and TLM.

6. Conclusions

A multigrid method for the total fractional-order variation (TFOV)-based image deblurring problem
is proposed. Three examples were evaluated using the proposed technique. For the image deblurring
problem, the state and adjoint systems were constructed along with the corresponding optimality
conditions. On non-uniform meshes, finite difference approximations were employed, and a multigrid
approach on staggered grids was investigated. A preconditioned conjugate gradient method (CGM)
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was used as a smoother. The coarsening process with a factor of three produces a hierarchical
sequence of staggered grids, which simplifies the intergrid transfer operators and constitutes a
key advantage of the proposed multigrid approach. Numerical experiments were conducted on
various types of images, including synthetic, real, non-textured, and complex images. The proposed
multigrid algorithm was compared with CGM and the two-level method (TLM). The results of the
numerical experiments, in terms of peak signal-to-noise ratio and iteration counts, demonstrate that the
proposed multigrid method consistently provides improved image reconstruction quality and enhanced
computational efficiency.
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