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1. Introduction

The theory of cyclotomy is a significant tool in the research of codes. Classical cyclotomy is
cyclotomy with respect to an odd prime. C. Ding and T. Helleseth [2] introduced a generalized
cyclotomy of order 2 with respect to a composite number n and includes classical cyclotomy as a
special case. The last two decades have witnessed a lot of research on cyclic codes by using the
theory of cyclotomy [3].

Let Fl be a finite field of order l, where l is a prime. A cyclic code of length n over Fl is viewed as an
ideal in the ring Fl[x]/⟨xn−1⟩, where gcd(n, l) = 1. It is well known that an ideal in Fl[x]

⟨xn−1⟩ can be written
as a direct sum of minimal ideals. Further, each minimal ideal (minimal cyclic code) is generated by a
primitive idempotent. Thus it is useful to obtain the explicit expressions for primitive idempotents in
Fl[x]/⟨xn − 1⟩.

A lot of papers have investigated cyclic codes and their primitive idempotents by using the theory
of cyclotomy. In [2], generalized cyclotomy of order 2 was applied for constructing codes of length
n = pe1

1 · · · p
et

t with each pi being an odd prime. In [4], Ding studied the codes of length pq over Fl by
using generalized cyclotomy, where l is a quadratic residue modulo with both p and q.
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In [5], R. Singh and M. Prunthi obtain the explicit expressions of the primitive of the irreducible
quadratic residue cyclic codes of length psqt and ordps(l) = ϕ(ps)/2, ordqt(l) = ϕ(qt)/2, which in fact
generalizes C. Ding’s results. In [6], F. Li and Q. Yue investigated irreducible cyclic codes of length
n = psqt over Fl with pq | l − 1. In [7], Z. Shi and F. Fu found the primitive idempotents of irreducible
constacyclic codes and Linear codes with complementary-duals(LCD) cyclic codes of length n = psqt

over Fl with gcd(pq, l(l − 1)) = 1. In [8], G.K. Backshi and M. Raka obtained minimal cyclic codes of
length psq, where l is a primitive root of both ps and q, and gcd(ϕ(p)/2, ϕ(q)/2) = 1. In [9], A. Sahni
and P.T. Sehgal also investigated minimal cyclic codes of length psq, where l is a primitive root of both
ps and q, and gcd(ϕ(p), ϕ(q)) = d.

S. Jain, S. Betra, and K. Kmar considered a case different from all of the research above. In [1, 10,
11], p, q are distinct odd primes, p ≡ 3 (mod 4), and gcd(ϕ(ps), ϕ(qt)) = 2. l is a primitive root modulo
q and ordps(l) = ϕ(ps)/2. However, S. Jain et al. only investigated primitive idempotents when n = pq.
Arithmetic properties of some families and primitive idempotents in Fl[x]

⟨xpsqt
−1⟩

, where l is a primitive root
modulo qt and ordps(l) = ϕ(ps)/2, were unstudied.

In this paper, we first generalize the results of S. Jain et al. and obtained the arithmetic properties
of some families in Fl[x]

⟨xpsqt
−1⟩

, where p, q are distinct odd primes, p ≡ 3 mod 4, gcd(ϕ(ps), ϕ(qt)) = 2,
ordps(l) = ϕ(ps)/2, and ordqt(l) = ϕ(qt). In Section 2, we give the cyclotomic classes of order 2 and
write l-cyclotomic cosets modulo psqt in an additive form in order to facilitate the following study.
In Section 3, we calculate the cyclotomic number of order 2 and investigate relationships between
cyclotomic cosets.

In Section 4, we investigate arithmetic properties of the polynomials in the ring Fl[x]
⟨xpsqt

−1⟩
that have

the form
χγ =

∑
i∈Cγ

xi,

where Cγ is the cyclotomic coset containing γ. The results in Section 3 will be used to prove the
theorems in Section 4. For convenience, the lemmas in Section 3 and theorems in Section 4 are one-
to-one, that is, Lemma 3. (X + 1)→ Theorem 4. X, for 1 ⩽ X ⩽ 16.

In Section 5, we calculate the explicit expressions of primitive idempotents. Theorem 6 in Chapter 8
of [12] gives the expressions over F2, and G.K. Bassi and M. Raka [8] generalized it into Fl for any
primes. By classifying the psqt-th roots of a unit, we can see that primitive idempotents can be written
in the form of a linear combination of χγ, which is defined in Section 4. We then obtain the explicit
expressions of primitive idempotents of minimal ideals in Fl[x]

⟨xpsqt
−1⟩

.
The terminology and assumptions throughout this paper are as follows:

(1) p, q, l are three distinct primes with p and q odd and p ≡ 3 (mod 4).

(2) Z∗m denotes the set of units modulo m, for any positive integer m.

(3) ordm(k) denotes the multiplicative order of k modulo m and ϕ(·) denotes Euler’s phi function.

(4) ordps(l) = ϕ(ps)/2, ordqt(l) = ϕ(qt), and gcd(ϕ(ps), ϕ(qt)) = 2.

(5) Rk denotes the set of quadratic residues in Z∗pk and Nk denotes the set of quadratic nonresidues in
Z∗pk . It is easy to find that

Rk = {x + pλ : x ∈ R1, 0 ⩽ λ ⩽ pk−1 − 1}
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and
Nk = {x + pλ : x ∈ N1, 0 ⩽ λ ⩽ pk−1 − 1}.

2. Cyclotomic classes of order 2 and l-cyclotomic cosets modulo psqt

2.1. l-cyclotomic cosets

In this section, we obtain all the l-cyclotomic cosets modulo n = psqt, when ordps(l) = ϕ(ps)/2,
ordqt(l) = ϕ(qt), and gcd(ϕ(ps), ϕ(qt)) = 2. To obtain these cosets, we first prove some results.

Definition 2.1. The l-cyclotomic coset modulo n containing γ denoted by Cγ is defined as

Cγ = {γli mod n : i = 0, 1, · · · , τ − 1},

where τ is the least positive integer such that

γlτ ≡ γmod n.

We know that these cyclotomic cosets partition the set {0, 1, · · · , n− 1}. A subset {γ1, γ2, · · · , γm} of
Zn is said to be a complete set of representative l-cyclotomic cosets modulo n if Cγ1 ,Cγ2 , · · · ,Cγm are
distinct and

m⋃
i=1

Cγi = Zn.

Lemma 2.2 ( [1], Lemma 2.1, p. 3). ordn(l) = ϕ(n)/2.

Lemma 2.3 ( [1], Lemma 2.2, p. 3). If g is a primitive root modulo qt, then g is also a primitive root
modulo qt− j with 0 ⩽ j < t.

Lemma 2.4 ( [1], Lemma 2.3, p. 3). If ordps(l) = ϕ(ps)/2, then ordps−i(l) = ϕ(ps−i)/2 with 0 ⩽ i < s.

Now we will find all the l-cyclotomic cosets modulo psqt using the results above.

Theorem 2.5. There are (2s + 1)(t + 1) l-cyclotomic cosets modulo psqt, which are given as follows:

C0 = {0};
Cpsq j = {psq jlm : 0 ⩽ m ⩽ ϕ(qt− j) − 1}, 0 ⩽ j ⩽ t − 1;
Cpiq j = {piq jlm : 0 ⩽ m ⩽ ϕ(ps−iqt− j)/2 − 1}, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t;
Cpiq jg = {piq jglm : 0 ⩽ m ⩽ ϕ(ps−iqt− j)/2 − 1}, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t,

where g is a common primitive root of both ps and qt.

Proof. Obviously, the sets given above are distinct. Also,

#C0 +

t−1∑
j=0

#Cpsq j +

s−1∑
i=0

t∑
j=0

#Cpiq j +

s−1∑
i=0

t∑
j=0

#Cpiq jg = n,

which implies that these are all the l-cyclotomic cosets modulo n, and hence this proves the results. □
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2.2. Cyclotomic classes of order 2

In this section, we will try to write l-cyclotomic cosets in Theorem 2.5 in an addictive form, which
will make our subsequent calculations more convenient.

Lemma 2.6 ( [13], Theorem 8.10, p. 162). An integer n > 1 has a primitive root if and only if
n = 2, 4, ps, or 2ps for some odd prime p.

Let g1 and g2 be the primitive roots modulo ps and qt, respectively, and g be the solution of
simultaneous congruences

g ≡ g1 mod ps,

g ≡ g2 mod qt.

Then the existence of g is guaranteed by the Chinese remainder theorem. g is a common primitive root
of both ps and qt.

Further, let v be the solution of simultaneous congruences

v ≡ 1 mod ps,

v ≡ g mod qt.

Then the cyclotomic classes of order 2 with respect to psqt are given by

Dpsqt

0 =

{
g2i : i = 0, 1, · · · ,

ϕ(psqt)
4

− 1
}
∪

{
g2iv : i = 0, 1, · · · ,

ϕ(psqt)
4

− 1
}
,

and
Dpsqt

1 = gDpsqt

0 .

Lemma 2.7 ( [14], Theorem 83). An integer a is a quadratic residue modulo with an odd prime p if
and only if aϕ(p)/2 ≡ 1 mod p.

Lemma 2.8. Let p be an odd prime and a be an integer coprime with p, Then a is a quadratic residue
modulo ps if and only if a is a quadratic residue modulo p.

Proof. Obviously, a is a quadratic residue modulo p if a is a quadratic residue modulo ps. If a is an
quadratic residue modulo pi, there exists an integer b such that b2 ≡ a mod pi. We claim that there
exists an integer k ∈ {0, 1, · · · , p − 1} such that (b + kpi)2 ≡ a mod pi+1 for (2, p) = 1, and hence this
proves the result. □

Lemma 2.9. Let p and q be two distinct odd primes. If x runs through reduced residue system modulo
qt and y runs through reduced residue system modulo ps, then the set {psx + qty} containing ϕ(ps)ϕ(qt)
number of integers forms the reduced residue system modulo psqt.

Proof. Obviously, elements in the set {psx+qty} are coprime with both p and q. If psx+qty = psx′+qty′,
then ps(x − x′) = −qt(y − y′). For p, q to be distinct, x ≡ x′mod qt and y ≡ y′mod ps. Also, since there
are exactly ϕ(ps)ϕ(qt) elements in the reduced residue system modulo psqt, the result is proved. □

Theorem 2.10. Let v ≡ 1 mod ps and v ≡ g mod qt, and then:
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(i) If q is a quadratic residue modulo p, then

Dpsqt

0 =
{
qtx + psy : x ∈ Rs, y ∈ Z∗qt

}
and

Dpsqt

1 =
{
qtx + psy : x ∈ Ns, y ∈ Z∗qt

}
.

(ii) If q is a quadratic nonresidue modulo p, then

Dpsqt

0 =
{
qtx + psy : x ∈ Ns, y ∈ Z∗qt

}
,

Dpsqt

1 =
{
qtx + psy : x ∈ Rs, y ∈ Z∗qt

}
,

if 2 ∤ t and
Dpsqt

0 =
{
qtx + psy : x ∈ Rs, y ∈ Z∗qt

}
,

Dpsqt

1 =
{
qtx + psy : x ∈ Ns, y ∈ Z∗qt

}
,

if 2 | t.

Proof. We only prove the first result, and the second result can be proved similarly. By the definition
of Dpsqt

0 , elements in Dpsqt

0 are all quadratic residue modulo ps and Dpsqt

0 (mod ps) contains ϕ(qt) copies
of Rs. Similarly, Dpsqt

1 (mod ps) contains ϕ(qt) copies of Ns.
Let ωr = {qtx+ psy : x ∈ Rs, y ∈ Z∗qt} and ωn = {qtx+ psy : x ∈ Ns, y ∈ Z∗qt}, and then by Lemma 2.9,

ωr ⊔ ωg = Z
∗
psqt . If q is a quadratic residue modulo p, then ωr(modps) contains ϕ(qt) copies of Rs and

ωn(modps) contains ϕ(qt) copies of Ns. So ωr = Dpsqt

0 and ωn = Dpsqt

1 . □

Lemma 2.11. C1 = Dpsqt

0 and Cg = Dpsqt

1 .

Proof. By Lemma 2.7, l is a quadratic residue modulo p. Since ordpsqt = ϕ(psqt)/2, we can see that
C1(modps) contains ϕ(qt) copies of Rs and Cg(modps) contains ϕ(qt) copies of Ns. Also, C1 ⊔ Cg =

Z∗psqt , so we have C1 = Dpsqt

0 and Cg = Dpsqt

1 . □

Now we can give the main result of this setion below.

Theorem 2.12. The l-cyclotomic coset obtained in Theorem 2.5 can also be represented as follows:

(i) If q is a quadratic residue modulo p, then

C0 = {0};

Cpiq j =
{
piqtx + psq jy : x ∈ Rs−i, q ∈ Z∗qt− j

}
, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t − 1;

Cpiqt =
{
piqtx : x ∈ Rs−i

}
, 0 ⩽ i ⩽ s − 1;

Cpiq jg =
{
piqtx + psq jy : x ∈ Ns−i, q ∈ Z∗qt− j

}
, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t − 1;

Cpiqtg =
{
piqtx : x ∈ Ns−i

}
, 0 ⩽ i ⩽ s − 1;

Cpsq j =
{
psq jy : y ∈ Z∗qt− j

}
, 0 ⩽ j ⩽ t − 1.

AIMS Mathematics Volume 11, Issue 4, 10049–10078.



10054

(ii) If q is a quadratic nonresidue modulo p, then

C0 = {0};

Cpiq j =
{
piqtx + psq jy : x ∈ Ns−i, q ∈ Z∗qt− j

}
, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t − 1, 2 ∤ t − j;

Cpiq j =
{
piqtx + psq jy : x ∈ Rs−i, q ∈ Z∗qt− j

}
, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t − 1, 2 | t − j;

Cpiqt =
{
piqtx : x ∈ Rs−i

}
, 0 ⩽ i ⩽ s − 1;

Cpiq jg =
{
piqtx + psq jy : x ∈ Rs−i, q ∈ Z∗qt− j

}
, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t − 1, 2 ∤ t − j;

Cpiq jg =
{
piqtx + psq jy : x ∈ Ns−i, q ∈ Z∗qt− j

}
, 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t − 1, 2 | t − j;

Cpiqtg =
{
piqtx : x ∈ Ns−i

}
, 0 ⩽ i ⩽ s − 1;

Cpsq j =
{
psq jy : y ∈ Z∗qt− j

}
, 0 ⩽ j ⩽ t − 1.

Proof. Note that
Cpiq j = piq jDps−iqt− j

0 and Cpiq jg = piq jDps−iqt− j

1 ,

and then it can be proved easily using Lemma 2.11. □

3. Cyclotomic number of order 2

Lemma 3.1. Let p be a prime of the form 4k − 1, and then

(i) For any r ∈ Rs, we have

#(r + Rs) ∩ Rs = #(r + Ns) ∩ Rs = #(r + Ns) ∩ Ns =
p − 3

4
ps−1,

and
#(r + Rs) ∩ Ns =

p + 1
4

ps−1.

(ii) For any n ∈ Ns, we have

#(n + Ns) ∩ Ns = #(n + Rs) ∩ Rs = #(n + Rs) ∩ Ns =
p − 3

4
ps−1,

and
#(n + Ns) ∩ Rs =

p + 1
4

ps−1.

Proof. We only prove the first result, and the second one can be proved similarly. By Lemma 2.7, −1
is a quadratic nonresidue modulo p, so there is no element in (r + Rs) ∩ pZps . Then

#(r + Rs) ∩ Rs + (r + Rs) ∩ Ns = #(r + Rs) ∩ Zps − #(r + Rs) ∩ pZps =
p − 1

2
ps−1.

Since −r is nonresidue modulo p, there are ps−1 elements in (r + Ns) ∩ pZps , and then

#(r + Ns) ∩ Rs + (r + Ns) ∩ Ns = #(r + Ns) ∩ Zps − #(r + Ns) ∩ pZps =
p − 3

2
ps−1.
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Also, since r + pZps ⊂ Rs,

#(r + Rs) ∩ Rs + #(r + Ns) ∩ Rs = #Rs − #(r + pZps) ∩ Rs =
p − 3

2
ps−1

and
#(r + Rs) ∩ Ns + #(r + Ns) ∩ Ns = #Ns − #(r + pZps) ∩ Ns =

p − 1
2

ps−1.

By the four equations above, we have

#(r + Rs) ∩ Rs = #(r + Ns) ∩ Rs = #(r + Ns) ∩ Ns =
p − 3

4
ps−1,

and
#(r + Rs) ∩ Ns =

p + 1
4

ps−1.

□

For simplicity, we denote Ci j = Cpiq j and C∗i j = Cpiq jg. In particular, Ci j = C∗i j if i = s and Cst = C0.
Then by Theorem 2.12 and Lemma 3.1 , we can calculate the size of the intersections of cyclotomic
cosets and their translations.

Lemmas 3.2–3.6 give the size of the intersections when two cosets have the same i and j.

Lemma 3.2. Let a ∈ Ci j with 0 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, then

(i) #(a +Ci j) ∩Ci j =
p−3

4 ps−i−1(q − 2)qt− j−1;

(ii) #(a +Ci j) ∩C∗i j =
p+1

4 ps−i−1(q − 2)qt− j−1;

(iii) If q is a quadratic residue modulo p, then for j < m ⩽ t,

#(a +Ci j) ∩Cim =
p − 3

4
ps−i−1ϕ(qt−m)

and
#(a +Ci j) ∩C∗im =

p + 1
4

ps−i−1ϕ(qt−m);

(iv) If q is a quadratic nonresidue modulo p, then for j < m ⩽ t,

#(a +Ci j) ∩Cim =

{ p+1
4 ps−i−1ϕ(qt−m), 2 ∤ m − j,

p−3
4 ps−i−1ϕ(qt−m), 2 | m − j,

and

#(a +Ci j) ∩C∗im =
{ p−3

4 ps−i−1ϕ(qt−k), 2 ∤ m − j,
p+1

4 ps−i−1ϕ(qt−m), 2 | m − j.

Lemma 3.3. Let a∗ ∈ C∗i j with 0 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) #(a∗ +C∗i j) ∩Ci j =
p+1

4 ps−i−1(q − 2)qt− j−1;

(ii) #(a∗ +C∗i j) ∩C∗i j =
p−3

4 ps−i−1(q − 2)qt− j−1;
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(iii) If q is a quadratic residue modulo p, then for j < m ⩽ t,

#(a∗ +C∗i j) ∩Cim =
p + 1

4
ps−i−1ϕ(qt−m)

and
#(a∗ +C∗i j) ∩C∗im =

p − 3
4

ps−i−1ϕ(qt−m);

(iv) If q is a quadratic nonresidue modulo p, then for j < m ⩽ t,

#(a∗ +C∗i j) ∩Cim =

{ p−3
4 ps−i−1ϕ(qt−m), 2 ∤ m − j,

p+1
4 ps−i−1ϕ(qt−m), 2 | m − j,

and

#(a∗ +C∗i j) ∩C∗im =
{ p+1

4 ps−i−1ϕ(qt−k), 2 ∤ m − j,
p−3

4 ps−i−1ϕ(qt−m), 2 | m − j.

Lemma 3.4. Let a ∈ Ci j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j ⩽ t − 1. Then

(i) #(a +C∗i j) ∩Ci j = #(a +C∗i j) ∩C∗i j =
p−3

4 ps−i−1(q − 2)qt− j−1.

(ii) For j < m ⩽ t, we have

#(a +C∗i j) ∩Cim = #(a +C∗i j) ∩C∗im =
p − 3

4
ps−i−1ϕ(qt−m).

(iii) For i < k ⩽ s − 1 and j < m ⩽ t, we have

#(a +C∗i j) ∩Ckm = #(a +C∗i j) ∩C∗km = ϕ(ps−k)ϕ(qt−m)/2.

(iv) #(a +C∗i j) ∩Cs j = (q − 2)qt− j−1.

(v) For j < m ⩽ t, we have
#(a +C∗i j) ∩Csm = ϕ(qt−m).

(vi) For i < k ⩽ s − 1, we have

#(a +C∗i j) ∩Ck j = #(a +C∗i j) ∩C∗k j = ϕ(ps−k)(q − 2)qt− j−1/2.

Lemma 3.5. Let a ∈ Cs j and 0 ⩽ j ⩽ t − 1, and then

(i) #(a +Cs j) ∩Cs j = (q − 2)qt− j−1.

(ii) For j < m ⩽ t, we have #(a +Cs j) ∩Csm = ϕ(qt−m).

Lemma 3.6. Let a ∈ Cit, a∗ ∈ C∗it, and 0 ⩽ i ⩽ s − 1, and then

(i) #(a +Cit) ∩Cit = #(a∗ +C∗it) ∩C∗it =
p−3

4 ps−i−1.

(ii) #(a +Cit) ∩C∗it = #(a∗ +C∗it) ∩Cit =
p+1

4 ps−i−1.

(iii) #(a +C∗it) ∩Cit = #(a +C∗it) ∩C∗it =
p−3

4 ps−i−1.
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(iv) For i < k ⩽ s − 1, we have

#(a +C∗it) ∩Ckt = (a +C∗it) ∩C∗kt =
ϕ(ps−k)

2
.

(v) #(a +C∗it) ∩C0 = 1.

Lemmas 3.7 and 3.8 give the size of the intersections when i and j are both different.

Lemma 3.7. Let a ∈ Ci j, a∗ ∈ Ci j, 0 ⩽ i < i′ ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t, and then

(i) #(a +Ci′ j′) ∩Ci j = #(a +C∗i′ j′) ∩Ci j =
ϕ(ps−i′ )

2 ϕ(qt− j′).

(ii) #(a∗ +Ci′ j′) ∩C∗i j = #(a∗ +C∗i′ j′) ∩C∗i j =
ϕ(ps−i′ )

2 ϕ(qt− j′).

Lemma 3.8. Let a ∈ Ci j, a∗ ∈ Ci j, 0 ⩽ i < i′ ⩽ s − 1, and 0 ⩽ j′ < j ⩽ t, and then

(i) #(a +Ci′ j′) ∩Ci j′ = #(a +C∗i′ j′) ∩Ci j′ =
ϕ(ps−i′ )

2 ϕ(qt− j).

(ii) #(a∗ +Ci′ j′) ∩C∗i j′) = #(a∗ +C∗i′ j′) ∩C∗i j′) =
ϕ(ps−i′ )

2 ϕ(qt− j).

Lemmas 3.9–3.13 give the size of the intersections when two cosets have the same i but different j.

Lemma 3.9. Let a ∈ Ci j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t, and then

(i) #(a +Ci j′) ∩Ci j =
p−3

4 ps−i−1ϕ(qt− j′).

(ii) Suppose q is a quadratic residue modulo p. Then

#(a +Ci j′) ∩C∗i j =
p + 1

4
ps−i−1ϕ(qt− j′).

(iii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

#(a +Ci j′) ∩C∗i j =
p + 1

4
ps−i−1ϕ(qt− j′).

(iv) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

#(a +Ci j′) ∩C∗i j =
p − 3

4
ps−i−1ϕ(qt− j′).

Also, for i < k ⩽ s − 1,

#(a +Ci j′) ∩Ck j = #(a +Ci j′) ∩C∗k j =
ϕ(ps−k)

2
ϕ(qt− j′),

and
#(a +Ci j′) ∩Cs j = ϕ(qt− j′).
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Lemma 3.10. Let a∗ ∈ C∗i j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t. Then

(i) #(a∗ +C∗i j′) ∩C∗i j =
p−3

4 ps−i−1ϕ(qt− j′).

(ii) Suppose q is a quadratic residue modulo p. Then

#(a∗ +C∗i j′) ∩Ci j =
p + 1

4
ps−i−1ϕ(qt− j′).

(iii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

#(a∗ +C∗i j′) ∩Ci j =
p + 1

4
ps−i−1ϕ(qt− j′).

(iv) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

#(a∗ +C∗i j′) ∩Ci j =
p − 3

4
ps−i−1ϕ(qt− j′).

Also, for i < k ⩽ s − 1,

#(a∗ +C∗i j′) ∩Ck j = #(a +Ci j′) ∩C∗k j =
ϕ(ps−k)

2
ϕ(qt− j′),

and
#(a∗ +C∗i j′) ∩Cs j = ϕ(qt− j′).

Lemma 3.11. Let a ∈ Ci j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t. Then

(i) If q is a quadratic residue modulo p, then

#(a +C∗i j′) ∩Ci j = (a +C∗i j′) ∩C∗i j =
p − 3

4
ps−i−1ϕ(qt− j′).

Also, for i < k ⩽ s − 1,

#(a +C∗i j′) ∩Ck j = #(a +C∗i j′) ∩C∗k j =
ϕ(ps−k)

2
ϕ(qt− j′),

and
#(a +C∗i j′) ∩Cs j = ϕ(qt− j′).

(ii) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

#(a +C∗i j′) ∩Ci j =
p − 3

4
ps−i−1ϕ(qt− j′)

and

#(a +C∗i j′) ∩C∗i j =
p + 1

4
ps−i−1ϕ(qt− j′).
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(iii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

#(a +C∗i j′) ∩Ci j = (a +C∗i j′) ∩C∗i j =
p − 3

4
ps−i−1ϕ(qt− j′).

Also, for i < k ⩽ s − 1,

#(a +C∗i j′) ∩Ck j = #(a +C∗i j′) ∩C∗k j =
ϕ(ps−k)

2
ϕ(qt− j′),

and
#(a +C∗i j′) ∩Cs j = ϕ(qt− j′).

Lemma 3.12. Let a∗ ∈ C∗i j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t. Then

(i) If q is a quadratic residue modulo p, then

#(a∗ +Ci j′) ∩Ci j = (a∗ +Ci j′) ∩C∗i j =
p − 3

4
ps−i−1ϕ(qt− j′).

Also, for i < k ⩽ s − 1,

#(a∗ +Ci j′) ∩Ck j = #(a∗ +Ci j′) ∩C∗k j =
ϕ(ps−k)

2
ϕ(qt− j′),

and
#(a∗ +Ci j′) ∩Cs j = ϕ(qt− j′).

(ii) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

#(a∗ +Ci j′) ∩Ci j =
p + 1

4
ps−i−1ϕ(qt− j′)

and
#(a∗ +Ci j′) ∩C∗i j =

p − 3
4

ps−i−1ϕ(qt− j′).

(iii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

#(a∗ +Ci j′) ∩Ci j = (a∗ +Ci j′) ∩C∗i j =
p − 3

4
ps−i−1ϕ(qt− j′).

Also, for i < k ⩽ s − 1,

#(a∗ +Ci j′) ∩Ck j = #(a∗ +Ci j′) ∩C∗k j =
ϕ(ps−k)

2
ϕ(qt− j′),

and
#(a∗ +Ci j′) ∩Cs j = ϕ(qt− j′).

Lemma 3.13. (i) Let a ∈ Cs j and 0 ⩽ j < j′ ⩽ t. Then #(a +Cs j′) ∩Cs j = ϕ(qt− j′).

(ii) Let a ∈ Ci j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t. Then #(a +Cs j′) ∩Ci j = ϕ(qt− j′).
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(iii) Let a∗ ∈ C∗i j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j < j′ ⩽ t. Then #(a∗ +Cs j′) ∩C∗i j = ϕ(q
t− j′).

(iv) Let a ∈ Ci j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j′ < j ⩽ t. Then #(a +Cs j′) ∩Ci j′ = ϕ(qt− j).

(v) Let a∗ ∈ C∗i j, 0 ⩽ i ⩽ s − 1, and 0 ⩽ j′ < j ⩽ t. Then #(a∗ +Cs j′) ∩C∗i j′ = ϕ(q
t− j).

Lemmas 3.14–3.17 give the size of the intersections when two cosets have the same j but different
i.

Lemma 3.14. Let a ∈ Ci j, 0 ⩽ i < i′ ⩽ s − 1, and 0 ⩽ j ⩽ t − 1. Then

(i) #(a +Ci′ j) ∩Ci j =
ϕ(ps−i′ )

2 (q − 2)qt− j−1.

(ii) If q is a quadratic residue modulo p, then for j < m ⩽ t, we have

#(a +Ci′ j) ∩Cim =
ϕ(ps−i′)

2
ϕ(qt−m).

(iii) If q is a quadratic nonresidue modulo p, then for j < m ⩽ t and 2 ∤ m − j, we have

#(a +Ci′ j) ∩C∗im =
ϕ(ps−i′)

2
ϕ(qt−m).

For j < m ⩽ t and 2 | m − j, we have

#(a +Ci′ j) ∩Cim =
ϕ(ps−i′)

2
ϕ(qt−m).

Lemma 3.15. Let a∗ ∈ C∗i j, 0 ⩽ i < i′ ⩽ s − 1, and 0 ⩽ j ⩽ t − 1. Then

(i) #(a∗ +C∗i′ j) ∩C∗i j =
ϕ(ps−i′ )

2 (q − 2)qt− j−1.

(ii) If q is a quadratic residue modulo p, then for j < m ⩽ t, we have

#(a∗ +C∗i′ j) ∩C∗im =
ϕ(ps−i′)

2
ϕ(qt−m).

(iii) If q is a quadratic nonresidue modulo p, then for j < m ⩽ t and 2 ∤ m − j, we have

#(a∗ +C∗i′ j) ∩Cim =
ϕ(ps−i′)

2
ϕ(qt−m).

For j < m ⩽ t and 2 | m − j, we have

#(a∗ +C∗i′ j) ∩C∗im =
ϕ(ps−i′)

2
ϕ(qt−m).

Lemma 3.16. Let a ∈ Ci j, 0 ⩽ i < i′ ⩽ s − 1, and 0 ⩽ j ⩽ t − 1. Then

(i) #(a +C∗i′ j) ∩Ci j =
ϕ(ps−i′ )

2 (q − 2)qt− j−1.
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(ii) If q is a quadratic residue modulo p, then for j < m ⩽ t, we have

#(a +C∗i′ j) ∩Cim =
ϕ(ps−i′)

2
ϕ(qt−m).

(iii) If q is a quadratic nonresidue modulo p, then for j < m ⩽ t and 2 ∤ m − j, we have

#(a +C∗i′ j) ∩C∗im =
ϕ(ps−i′)

2
ϕ(qt−m).

For j < m ⩽ t and 2 | m − j, we have

#(a +C∗i′ j) ∩Cim =
ϕ(ps−i′)

2
ϕ(qt−m).

Lemma 3.17. Let a∗ ∈ C∗i j, 0 ⩽ i < i′ ⩽ s − 1, and 0 ⩽ j ⩽ t − 1. Then

(i) #(a∗ +Ci′ j) ∩C∗i j =
ϕ(ps−i′ )

2 (q − 2)qt− j−1.

(ii) If q is a quadratic residue modulo p, then for j < m ⩽ t, we have

#(a∗ +C∗i′ j) ∩C∗im =
ϕ(ps−i′)

2
ϕ(qt−m).

(iii) If q is a quadratic nonresidue modulo p, then for j < m ⩽ t and 2 ∤ m − j, we have

#(a∗ +Ci′ j) ∩Cim =
ϕ(ps−i′)

2
ϕ(qt−m).

For j < m ⩽ t and 2 | m − j, we have

#(a∗ +Ci′ j) ∩C∗im =
ϕ(ps−i′)

2
ϕ(qt−m).

These results will be used to study arithmetic of some specific families of polynomials in the next
section.

4. Arithmetic properties

In this section, we will study arithmetic properties of some families in the ring Fl[x]/⟨xpsqt−1⟩. For
that, let us define

χi j =
∑
α∈Ci j

xα

and
χ∗i j =

∑
α∈C∗i j

xα.

In particular, χs j = χ
∗
s j for 0 ⩽ j ⩽ t and χst = 1.

They look like “some kind of characteristics”. In fact, primitive idempotents in the ring
Fl[x]/⟨xpsqt−1⟩ can be written in the form of a linear combination of these polynomials. So it is
necessary to study them.

In this section, the proof of Theorem 4. X needs the results in Lemma 3. (X + 1).
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Theorem 4.1. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) If q is a quadratic residue modulo p, then

χ2
i j =

p − 3
4

ps−i−1

(q − 2) qt− j−1χi j + ϕ(qt− j)
∑
j<m⩽t

χim


+

p + 1
4

ps−i−1

(q − 2) qt− j−1χ∗i j + ϕ(q
t− j)

∑
j<m⩽t

χ∗im

 .
(ii) If q is a quadratic nonresidue modulo p, then

χ2
i j =

p − 3
4

ps−i−1

(q − 2) qt− j−1χi j + ϕ(qt− j)


∑
j<m⩽t
2∤m− j

χ∗im +
∑
j<m⩽t
2|m− j

χim




+
p + 1

4
ps−i−1

(q − 2) qt− j−1χ∗i j + ϕ(q
t− j)


∑
j<m⩽t
2∤m− j

χim +
∑
j<m⩽t
2|m− j

χ∗im


 .

Proof. We will only prove result (i). Let a ∈ Ci j, and then by Lemma 3.2, we obtain

#(a +Ci j) ∩Cim =
p − 3

4
ps−i−1ϕ(qt−m), j < m ⩽ t. (4.1)

We can choose b ∈ Ci j such that a + b = c, where c ∈ Cim. So we get lka + lkb = lkc for
0 ⩽ k ⩽ ϕ(ps−i)

2 ϕ(q
t− j) − 1. When lka runs through Ci j, for #Cim =

ps−i

2 ϕ(q
t−m), lkc runs through Cim

exactly #Ci j/#Cim = ϕ(qt− j)/ϕ(qt−m) times. So by (4.1), we obtain that the multiset Ci j + Ci j contains
p−3

4 ps−i−1ϕ(qt− j) copies of Cim. By a similar argument and by Lemma 3.2, we obtain that the multiset
Ci j + Ci j contains p−3

4 ps−i−1(q − 2)qt− j−1 copies of Ci j,
p+1

4 ps−i−1(q − 2)qt− j−1 copies of C∗i j, and
p+1

4 ps−i−1ϕ(qt− j) copies of C∗im for j < m ⩽ t.
Further it is easy to verify that the coefficients of the terms on the both sides in result (i) are equal.

This together with the argument above proves the result (i). □

In a similar way to the proof of Theorem 4.1, we can prove the results in Theorems 4.2–4.6.

Theorem 4.2. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) If q is a quadratic residue modulo p, then

(
χ∗i j

)2
=

p − 3
4

ps−i−1

(q − 2) qt− j−1χ∗i j + ϕ(q
t− j)

∑
j<m⩽t

χ∗im


+

p + 1
4

ps−i−1

(q − 2) qt− j−1χi j + ϕ(qt− j)
∑
j<m⩽t

χim

 .
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(ii) If q is a quadratic nonresidue modulo p, then

(
χ∗i j

)2
=

p − 3
4

ps−i−1

(q − 2) qt− j−1χ∗i j + ϕ(q
t− j)


∑
j<m⩽t
2∤m− j

χim +
∑
j<m⩽t
2|m− j

χ∗im




+
p + 1

4
ps−i−1

(q − 2) qt− j−1χi j + ϕ(qt− j)


∑
j<m⩽t
2∤m− j

χ∗im +
∑
j<m⩽t
2|m− j

χim


 .

Theorem 4.3. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

χi jχ
∗
i j =

p − 3
4

ps−i−1(q − 2)qt− j−1(χi j + χ
∗
i j) +

p − 3
4

ps−i−1ϕ(qt− j)
∑
j<m⩽t

(χim + χ
∗
im)

+
ϕ(ps−i)

2
ϕ(qt− j)

∑
i<k⩽s−1

j<m⩽t

(
χkm + χ

∗
km

)
+
ϕ(ps−i)

2
(q − 2)qt− j−1χs j

+
ϕ(qs−i)

2
ϕ(qt− j)

∑
j<m⩽t

χsm +
ϕ(ps−i)

2
(q − 2)qt− j−1

∑
i<k⩽s−1

(χk j + χ
∗
k j).

Theorem 4.4. Let 0 ⩽ j ⩽ t − 1, and then χ2
s j = (q − 2)qt− j−1χs j + ϕ(qt− j)

∑
j<m⩽t
χsm.

Theorem 4.5. Let 0 ⩽ i ⩽ s − 1, and then

(i) χ2
it =

p−3
4 ps−i−1χit +

p+1
4 ps−i−1χ∗it.

(ii)
(
χ∗it

)2
=

p−3
4 ps−i−1χ∗it +

p+1
4 ps−i−1χit.

(iii) χitχ
∗
it =

p−3
4 ps−i−1

(
χit + χ

∗
it

)
+
ϕ(ps−i)

2

( ∑
i<k⩽s−1

(
χkt + χ

∗
kt

)
+ 1

)
.

Theorem 4.6. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j < j′ ⩽ t, and then

(i) χi jχi′ j′ = χi jχ
∗
i′ j′ =

ϕ(ps−i′ )
2 ϕ(qt− j′)χi j.

(ii) χ∗i jχi′ j′ = χ
∗
i jχ
∗
i′ j′ =

ϕ(ps−i′ )
2 ϕ(qt− j′)χ∗i j.

Theorem 4.7. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j′ < j ⩽ t, and then

(i) χi jχi′ j′ = χi jχ
∗
i′ j′ =

ϕ(ps−i′ )
2 ϕ(qt− j)χi j′ .

(ii) χ∗i jχi′ j′ = χ
∗
i jχ
∗
i′ j′ =

ϕ(ps−i′ )
2 ϕ(qt− j)χ∗i j′ .
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Proof. We will prove the first part of result (i) for the case where q is a quadratic residue modulo p.
That means, we need to show that, in the multiset

piq j′
(
{qt− j′ x + ps−iq j− j′y : x ∈ Rs−i, y ∈ Z∗qt− j} + {pi′−iqt− j′ x′ + ps−iy′ : x′ ∈ Rs−i′ , y′ ∈ Z∗qt− j′ }

)
,

every element appears exactly ϕ(ps−i′ )
2 ϕ(qt− j) times.

Note that
Ci j′ = piq j′{qt− j′ x + ps−iy′ : x ∈ Rs−i, y′ ∈ Z∗qt− j′ }.

Let x0 ∈ Rs−i, since i > i, for any x′ ∈ Rs−i′ , and there is exactly one x ∈ Rs−i such that x0 ≡

pi′−ix′ + x mod ps−i. Also, let y0 ∈ Z
∗

qt− j , for any y ∈ Z∗qt− j , and there is exactly one y′ ∈ Z∗
qt− j′ such that

y0 ≡ q j− j′y + y′mod qt− j′ . Hence every element appears

#Rs−i′ · #Z∗qt− j =
ϕ(ps−i′)

2
ϕ(qt− j)

times. The result is proved. □

The results in Theorems 4.8–4.16 can be proved by using the methods in the proof of Theorem 4.1
or Theorem 4.7.

Theorem 4.8. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j < j′ ⩽ t, and then

(i) If q is a quadratic residue modulo p, then

χi jχi j′ =
p − 3

4
ps−i−1ϕ(qt− j′)χi j +

p + 1
4

ps−i−1ϕ(qt− j′)χ∗i j.

(ii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

χi jχi j′ =
p − 3

4
ps−i−1ϕ(qt− j′)χi j +

p + 1
4

ps−i−1ϕ(qt− j′)χ∗i j.

(iii) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

χi jχi j′ =
p − 3

4
ps−i−1ϕ(qt− j′)

(
χi j + χ

∗
i j

)
+
ϕ(ps−i)

2
ϕ(qt− j′)

 ∑
i<k⩽s−1

(
χk j + χ

∗
k j

)
+ χs j

 .
Theorem 4.9. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j < j′ ⩽ t, and then

(i) If q is a quadratic residue modulo p, then

χ∗i jχ
∗
i j′ =

p − 3
4

ps−i−1ϕ(qt− j′)χ∗i j +
p + 1

4
ps−i−1ϕ(qt− j′)χi j.

(ii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

χ∗i jχ
∗
i j′ =

p − 3
4

ps−i−1ϕ(qt− j′)χ∗i j +
p + 1

4
ps−i−1ϕ(qt− j′)χi j.
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(iii) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

χ∗i jχ
∗
i j′ =

p − 3
4

ps−i−1ϕ(qt− j′)
(
χi j + χ

∗
i j

)
+
ϕ(ps−i)

2
ϕ(qt− j′)

 ∑
i<k⩽s−1

(
χk j + χ

∗
k j

)
+ χs j

 .
Theorem 4.10. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j < j′ ⩽ t, and then

(i) If q is a quadratic residue modulo p, then

χi jχ
∗
i j′ =

p − 3
4

ps−i−1ϕ(qt− j′)
(
χi j + χ

∗
i j

)
+
ϕ(ps−i)

2
ϕ(qt− j′)

 ∑
i<k⩽s−1

(
χk j + χ

∗
k j

)
+ χs j

 .
(ii) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

χi jχ
∗
i j′ =

p − 3
4

ps−i−1ϕ(qt− j′)χi j +
p + 1

4
ps−i−1ϕ(qt− j′)χ∗i j.

(iii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

χi jχ
∗
i j′ =

p − 3
4

ps−i−1ϕ(qt− j′)
(
χi j + χ

∗
i j

)
+
ϕ(ps−i)

2
ϕ(qt− j′)

 ∑
i<k⩽s−1

(
χk j + χ

∗
k j

)
+ χs j

 .
Theorem 4.11. Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j < j′ ⩽ t, and then

(i) If q is a quadratic residue modulo p, then

χ∗i jχi j′ =
p − 3

4
ps−i−1ϕ(qt− j′)

(
χi j + χ

∗
i j

)
+
ϕ(ps−i)

2
ϕ(qt− j′)

 ∑
i<k⩽s−1

(
χk j + χ

∗
k j

)
+ χs j

 .
(ii) If q is a quadratic nonresidue modulo p and 2 ∤ j′ − j, then

χ∗i jχi j′ =
p − 3

4
ps−i−1ϕ(qt− j′)χ∗i j +

p + 1
4

ps−i−1ϕ(qt− j′)χi j.

(iii) If q is a quadratic nonresidue modulo p and 2 | j′ − j, then

χ∗i jχi j′ =
p − 3

4
ps−i−1ϕ(qt− j′)

(
χi j + χ

∗
i j

)
+
ϕ(ps−i)

2
ϕ(qt− j′)

 ∑
i<k⩽s−1

(
χk j + χ

∗
k j

)
+ χs j

 .
Theorem 4.12. (i) Let 0 ⩽ j < j′ ⩽ t, and then χs jχs j′ = ϕ(qt− j′)χs j.

(ii) Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j < j′ ⩽ t, and then

χi jχs j′ = ϕ(qt− j′)χi j

and
χ∗i jχs j′ = ϕ(qt− j′)χ∗i j.
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(iii) Let 0 ⩽ i ⩽ s − 1 and 0 ⩽ j′ < j ⩽ t, and then

χi jχs j′ = ϕ(qt− j)χi j′

and
χ∗i jχs j′ = ϕ(qt− j)χ∗i j′ .

Theorem 4.13. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) If q is a quadratic residue modulo p, then

χi jχi′ j =
ϕ(ps−i′)

2
(q − 2)qt− j−1χi j +

ϕ(ps−i′)
2
ϕ(qt− j)

∑
j<m⩽t

χim.

(ii) If q is a quadratic nonresidue modulo p, then

χi jχi′ j =
ϕ(ps−i′)

2
(q − 2)qt− j−1χi j +

ϕ(ps−i′)
2
ϕ(qt− j)


∑
j<m⩽t
2∤m− j

χ∗im +
∑
j<m⩽t
2|m− j

χim

 .
Theorem 4.14. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) If q is a quadratic residue modulo p, then

χ∗i jχ
∗
i′ j =

ϕ(ps−i′)
2

(q − 2)qt− j−1χ∗i j +
ϕ(ps−i′)

2
ϕ(qt− j)

∑
j<m⩽t

χ∗im.

(ii) If q is a quadratic nonresidue modulo p, then

χ∗i jχ
∗
i′ j =

ϕ(ps−i′)
2

(q − 2)qt− j−1χ∗i j +
ϕ(ps−i′)

2
ϕ(qt− j)


∑
j<m⩽t
2∤m− j

χim +
∑
j<m⩽t
2|m− j

χ∗im

 .
Theorem 4.15. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) If q is a quadratic residue modulo p, then

χi jχ
∗
i′ j =

ϕ(ps−i′)
2

(q − 2)qt− j−1χi j +
ϕ(ps−i′)

2
ϕ(qt− j)

∑
j<m⩽t

χim.

(ii) If q is a quadratic nonresidue modulo p, then

χi jχ
∗
i′ j =

ϕ(ps−i′)
2

(q − 2)qt− j−1χi j +
ϕ(ps−i′)

2
ϕ(qt− j)


∑
j<m⩽t
2∤m− j

χ∗im +
∑
j<m⩽t
2|m− j

χim

 .
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Theorem 4.16. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

(i) If q is a quadratic residue modulo p, then

χ∗i jχi′ j =
ϕ(ps−i′)

2
(q − 2)qt− j−1χ∗i j +

ϕ(ps−i′)
2
ϕ(qt− j)

∑
j<m⩽t

χ∗im.

(ii) If q is a quadratic nonresidue modulo p, then

χ∗i jχi′ j =
ϕ(ps−i′)

2
(q − 2)qt− j−1χ∗i j +

ϕ(ps−i′)
2
ϕ(qt− j)


∑
j<m⩽t
2∤m− j

χim +
∑
j<m⩽t
2|m− j

χ∗im

 .
Corollary 4.17. Let 0 ⩽ i < i′ ⩽ s − 1 and 0 ⩽ j ⩽ t − 1, and then

χi jχi′ j = χi jχ
∗
i′ j

and
χ∗i jχi′ j = χ

∗
i jχ
∗
i′ j.

5. Primitive idempotents in the ring Fl[x]/⟨xpsqt−1⟩

Let α be a fixed primitive nth root of unit in some extension field of Fl. Then the polynomial

Mγ(x) =
∏
i∈Cγ

(x − αi)

is the minimal polynomial of αγ over Fl. Let Mγ be the minimal ideal in Fl[x]/⟨xn − 1⟩ generated by
(xn − 1)/Mγ(x) and θγ(x) be the primitive idempotent of Mγ, that is,

θγ(αu) =
{ 1, u ∈ Cγ;

0, u < Cγ.

Lemma 5.1 ( [8], Theorem 1, p. 433).

θγ(x) =
∑

0⩽u<n

ϵuxu

where
ϵu = 1/n

∑
j∈Cγ

α−u j, u ⩾ 0.

In this section, let α be a fixed primitive psqt-th root of the unit in some extension field of Fl. Also,
for simplicity, we denote

θi j = θpiq j

and
θ∗i j = θpiq jg.

In particular, θi j = θ
∗
i j when i = s and θst = θ0.

AIMS Mathematics Volume 11, Issue 4, 10049–10078.



10068

Case 1: q is a quadratic residue modulo p

We first calculate χi j(αu), 0 ⩽ i ⩽ s − 1, 0 ⩽ j ⩽ t. By Theorem 2.12, we get

χi j(αu) =
∑

x∈Rs−i

∑
y∈Z∗

qt− j

αupiq j(qt− j x+ps−iy) =
∑

x∈Rs−i

αupiqt x
∑

y∈Z∗
qt− j

αupsq jy

=
∑
x∈R1

αupiqt x
∑

0⩽λ<ps−i−1

αupi+1qtλ
∑

y∈Z∗
qt− j

αupsq jy.

Similarly, we have
χ∗i j(α

u) =
∑
x∈N1

αupiqt x
∑

0⩽λ<ps−i−1

αupi+1qtλ
∑

y∈Z∗
qt− j

αupsq jy.

The results below are obvious:

Lemma 5.2. If ps−iqt− j | u, then χi j(αu) = χ∗i j(α
u) = ϕ(ps−i)

2 ϕ(q
t− j).

Lemma 5.3. If ps−i−1 ∤ u or qt− j−1 ∤ u, then χi j(αu) = χ∗i j(α
u) = 0.

Lemma 5.4. If qt− j−1 exactly divides u, then∑
y∈Z∗

qt− j

αupsq jy = −qt− j−1.

Let β = αps−1qt
, and then β is a pth root of the unit. We denote

R =
∑
x∈R1

βx

and
N =

∑
x∈N1

βx,

and then
R +N = −1 and RN =

p + 1
4
.

So R,N are two roots of the equation

x2 + x +
p + 1

4
= 0.

If l = 2, then p ≡ −1 mod 8 for 2 ∈ R1. Without loss of generality, we may suppose

R = 1, N = 0.

If l is an odd prime, then

R =
−1 + δ

2
, N =

−1 − δ
2
,

where δ ∈ Fl such that δ2 = −p. Note that, by quadratic reciprocity law,(
−p
l

)
=

(
l
p

)
= 1,

so δ is well defined.
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Lemma 5.5. Let q be a quadratic residue modulo p.

(i) If u ∈ Cs−i−1,t− j−1, then
χi j(αu) = −Rps−i−1qt− j−1

and
χ∗i j(α

u) = −N ps−i−1qt− j−1.

(ii) If u ∈ C∗s−i−1,t− j−1, then

χi j(αu) = −N ps−i−1qt− j−1

and
χ∗i j(α

u) = −Rps−i−1qt− j−1.

Lemma 5.6. Let q be a quadratic residue modulo p and t − j ⩽ m ⩽ t.

(i) If u ∈ Cs−i−1,m, then
χi j(αu) = Rps−i−1ϕ(qt− j)

and
χ∗i j(α

u) = N ps−i−1ϕ(qt− j).

(ii) If u ∈ C∗s−i−1,m, then

χi j(αu) = N ps−i−1ϕ(qt− j)

and
χ∗i j(α

u) = Rps−i−1ϕ(qt− j).

If i = s, then
χs j(αu) =

∑
y∈Z∗

qt− j

αupsq jy,

where these values are easy to calculate.
Now we consider the explicit expressions for primitive idempotents. Note that if u and u′ are in the

same cyclotomic coset, then ϵu = ϵu′ . So we can evaluate, for example, θi j by classifying u according
to different cyclotomic cosets, that is,

θi j =
∑
γ∈Γ

aγχγ, (5.1)

where Γ is the set of the representatives of all cyclotomic cosets. By Lemma 5.1, we know that

aγ =
1
n
χi j(α−u), −u ∈ Cγ,

and then by the argument above, we can get the results below.

Theorem 5.7. Let q be a quadratic residue modulo p.
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(i) For i = 0 and j = t,

θ0t(x) =
1

pqt

 p − 1
2

∑
0⩽m⩽t

χsm(x) +N
∑

0⩽m⩽t

χs−1,m(x) +R
∑

0⩽m⩽t

χ∗s−1,m(x)

 ,
and

θ∗0t(x) =
1

pqt

 p − 1
2

∑
0⩽m⩽t

χsm(x) +R
∑

0⩽m⩽t

χs−1,m(x) +N
∑

0⩽m⩽t

χ∗s−1,m(x)

 .
(ii) For i = 0 and 0 ⩽ j ⩽ t − 1,

θ0 j(x) =
1

pq j+1

(
(p − 1)

2
(q − 1)

∑
t− j⩽m⩽t

χsm(x)

+ (q − 1)
(
N

∑
t− j⩽m⩽t

χs−1,m(x) +R
∑

t− j⩽m⩽m

χ∗s−1,m(x)
)

−

(
N χs−1,t− j−1(x) +Rχ∗s−1,t− j−1(x)

)
−

p − 1
2
χs,t− j−1(x)

)
,

and

θ∗0 j(x) =
1

pq j+1

(
(p − 1)

2
(q − 1)

∑
t− j⩽m⩽t

χsm(x)

+ (q − 1)
(
R

∑
t− j⩽m⩽t

χs−1,m(x) +N
∑

t− j⩽m⩽m

χ∗s−1,m(x)
)

−

(
Rχs−1,t− j−1(x) +N χ∗s−1,t− j−1(x)

)
−

p − 1
2
χs,t− j−1(x)

)
.

(iii) For 1 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1,

θi j(x) =
1

pi+1q j+1

(
(p − 1)

2
(q − 1)

( ∑
s−i⩽k⩽s−1
t− j⩽m⩽t

(χkm(x) + χ∗km(x)) +
∑

t− j⩽m⩽t

χsm(x)
)

+ (q − 1)
(
N

∑
t− j⩽m⩽t

χs−i−1,m(x) +R
∑

t− j⩽m⩽m

χ∗s−i−1,m(x)
)

−

(
N χs−i−1,t− j−1(x) +Rχ∗s−i−1,t− j−1(x)

)
−

p − 1
2

(
χs−i,t− j−1(x) + χ∗s−i,t− j−1(x)

))
,

and

θ∗i j(x) =
1

pi+1q j+1

(
(p − 1)

2
(q − 1)

( ∑
s−i⩽k⩽s−1
t− j⩽m⩽t

(χkm(x) + χ∗km(x)) +
∑

t− j⩽m⩽t

χsm(x)
)

+ (q − 1)
(
R

∑
t− j⩽m⩽t

χs−i−1,m(x) +N
∑

t− j⩽m⩽m

χ∗s−i−1,m(x)
)

−

(
Rχs−i−1,t− j−1(x) +N χ∗s−i−1,t− j−1(x)

)
−

p − 1
2

(
χs−i,t− j−1(x) + χ∗s−i,t− j−1(x)

))
.
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(iv) For 1 ⩽ i ⩽ s − 1 and j = t,

θit(x) =
1

pi+1qt

(
p − 1

2

∑
s−i⩽k⩽s−1

0⩽m⩽t

(χkm(x) + χ∗km(x)) +
p − 1

2

∑
0⩽m⩽t

χsm(x)

+N
∑

0⩽m⩽t

χs−i−1,m(x) +R
∑

0⩽m⩽t

χ∗s−i−1,m(x)
)
,

and

θ∗it(x) =
1

pi+1qt

(
p − 1

2

∑
s−i⩽k⩽s−1

0⩽m⩽t

(χkm(x) + χ∗km(x)) +
p − 1

2

∑
0⩽m⩽t

χsm(x)

+R
∑

0⩽m⩽t

χs−i−1,m(x) +N
∑

0⩽m⩽t

χ∗s−i−1,m(x)
)
.

(v) For i = s and 0 ⩽ j ⩽ t − 1,

θs j(x) =
1

psq j+1

(
(q − 1)

( ∑
0⩽k⩽s−1
t− j⩽m⩽t

(χkm(x) + χ∗km(x)) +
∑

t− j⩽m⩽t

χsm(x)
)

−

( ∑
0⩽k⩽s−1

(χk,t− j−1(x) + χ∗k,t− j−1(x)) + χs,t− j−1(x)
))
.

(vi) For i = s and j = t,

θst(x) =
1

psqt

( ∑
0⩽k⩽s−1

0⩽m⩽t

(χi j(x) + χ∗i j(x)) +
∑

0⩽m⩽t

χs j(x)
)
=

1
psqt

∑
0⩽u<psqt

xu.

Case 2: q is a quadratic nonresidue modulo p

Let q be a quadratic nonresidue modulo p and u ∈ Ckm or C∗km. If k < i − 1 or k ⩾ i, then we can
evaluate χi j(α−u) in a similar way as in Case 1, for whether u is a quadratic residue modulo p does not
influence the coefficient of χkm or χ∗km. However, if k = i − 1, by theorem 2.12, whether the coefficient
of χkm (or χ∗km) is a multiple of R or N depends on j − m mod 2. Then by (5.1), we can archive the
results below.

Theorem 5.8. Let q be a quadratic nonresidue modulo p.

(i) For i = 0 and j = t,

θ0t(x) =
1

pqt

(
p − 1

2

∑
0⩽m⩽t

χsm(x) +N
( ∑

0⩽m⩽t
2|t−m

χs−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χ∗s−1,m(x)
)

+R
( ∑

0⩽m⩽t
2|t−m

χ∗s−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χs−1,m(x)
))
,
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and

θ∗0t(x) =
1

pqt

(
p − 1

2

∑
0⩽m⩽t

χsm(x) +R
( ∑

0⩽m⩽t
2|t−m

χs−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χ∗s−1,m(x)
)

+N
( ∑

0⩽m⩽t
2|t−m

χ∗s−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χs−1,m(x)
))
.

(ii) For i = 0 and 0 ⩽ j ⩽ t − 1,

θ0 j(x) =
1

pq j+1

(
(p − 1)

2
(q − 1)

∑
t− j⩽m⩽t

χsm(x)

+ (q − 1)N
( ∑

t− j⩽m⩽t
2|m− j

χs−1,m(x) +
∑

t− j⩽m⩽t
2∤m− j

χ∗s−1,m(x)
)

+ (q − 1)R
( ∑

t− j⩽m⩽m
2|m− j

χ∗s−1,m(x) +
∑

t− j⩽m⩽m
2∤m− j

χs−1,m(x)
)

−

(
−1 + (−1)tδ

2
χs−1,t− j−1(x) +

−1 − (−1)tδ

2
χ∗s−1,t− j−1(x)

)
−

p − 1
2
χs,t− j−1(x)

)
,

and

θ0 j(x)∗ =
1

pq j+1

(
(p − 1)

2
(q − 1)

∑
t− j⩽m⩽t

χsm(x)

+ (q − 1)R
( ∑

t− j⩽m⩽t
2|m− j

χs−1,m(x) +
∑

t− j⩽m⩽t
2∤m− j

χ∗s−1,m(x)
)

+ (q − 1)N
( ∑

t− j⩽m⩽m
2|m− j

χ∗s−1,m(x) +
∑

t− j⩽m⩽m
2∤m− j

χs−1,m(x)
)

−

(
−1 − (−1)tδ

2
χs−1,t− j−1(x) +

−1 + (−1)tδ

2
χ∗s−1,t− j−1(x)

)
−

p − 1
2
χs,t− j−1(x)

)
.

(iii) For 1 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t − 1,

θi j(x) =
1

pi+1q j+1

(
(p − 1)

2
(q − 1)

( ∑
s−i⩽k⩽s−1
t− j⩽m⩽t

(χkm(x) + χ∗km(x)) +
∑

t− j⩽m⩽t

χsm(x)
)

+ (q − 1)N
( ∑

t− j⩽m⩽t
2|m− j

χs−i−1,m(x) +
∑

t− j⩽m⩽t
2∤m− j

χ∗s−1,m(x)
)

+ (q − 1)R
( ∑

t− j⩽m⩽m
2|m− j

χ∗s−i−1,m(x) +
∑

t− j⩽m⩽m
2∤m− j

χs−1,m(x)
)
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−

(
−1 + (−1)tδ

2
χs−i−1,t− j−1(x) +

−1 − (−1)tδ

2
χ∗s−i−1,t− j−1(x)

)
−

p − 1
2

(
χs−i,t− j−1(x) + χ∗s−i,t− j−1(x)

))
,

and

θ∗i j(x) =
1

pi+1q j+1

(
(p − 1)

2
(q − 1)

( ∑
s−i⩽k⩽s−1
t− j⩽m⩽t

(χkm(x) + χ∗km(x)) +
∑

t− j⩽m⩽t

χsm(x)
)

+ (q − 1)R
( ∑

t− j⩽m⩽t
2|m− j

χs−i−1,m(x) +
∑

t− j⩽m⩽t
2∤m− j

χ∗s−1,m(x)
)

+ (q − 1)N
( ∑

t− j⩽m⩽m
2|m− j

χ∗s−i−1,m(x) +
∑

t− j⩽m⩽m
2∤m− j

χs−1,m(x)
)

−

(
−1 − (−1)tδ

2
χs−i−1,t− j−1(x) +

−1 + (−1)tδ

2
χ∗s−i−1,t− j−1(x)

)
−

p − 1
2

(
χs−i,t− j−1(x) + χ∗s−i,t− j−1(x)

))
.

(iv) For 1 ⩽ i ⩽ s − 1 and j = t,

θit(x) =
1

pi+1qt

(
p − 1

2

∑
s−i⩽k⩽s−1

0⩽m⩽t

(χkm(x) + χ∗km(x)) +
p − 1

2

∑
0⩽m⩽t

χsm(x)

+N
( ∑

0⩽m⩽t
2|t−m

χs−i−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χ∗s−i−1,m(x)
)
+R

( ∑
0⩽m⩽t
2|t−m

χ∗s−i−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χs−i−1,m(x)
))
,

and

θit(x) =
1

pi+1qt

(
p − 1

2

∑
s−i⩽k⩽s−1

0⩽m⩽t

(χkm(x) + χ∗km(x)) +
p − 1

2

∑
0⩽m⩽t

χsm(x)

+R
( ∑

0⩽m⩽t
2|t−m

χs−i−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χ∗s−i−1,m(x)
)
+N

( ∑
0⩽m⩽t
2|t−m

χ∗s−i−1,m(x) +
∑

0⩽m⩽t
2∤t−m

χs−i−1,m(x)
))
.

(v) For i = s and 0 ⩽ j ⩽ t − 1,

θs j(x) =
1

psq j+1

(
(q − 1)

( ∑
0⩽k⩽s−1
t− j⩽m⩽t

(χkm(x) + χ∗km(x)) +
∑

t− j⩽m⩽t

χsm(x)
)

−

( ∑
0⩽k⩽s−1

(χk,t− j−1(x) + χ∗k,t− j−1(x)) + χs,t− j−1(x)
))
.
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(vi) For i = s and j = t,

θst(x) =
1

psqt

( ∑
0⩽k⩽s−1

0⩽m⩽t

(χi j(x) + χ∗i j(x)) +
∑

0⩽m⩽t

χs j(x)
)
=

1
psqt

∑
0⩽u<psqt

xu.

Remark 5.9. In Theorem 5.8, if l = 2, we set

−1 + δ
2
= R = 1 and

−1 − δ
2
= N = 0,

are, respectively, the definitions of R and N above.

Example 5.10. Set p = 11, q = 5, s = t = 1, g = 2, and l = 3. Then n = 55. 3 is a primitive of 5 and
ord11(3) = 5. R1 = {1, 3, 4, 5, 9, } and N1 = {2, 6, 7, 8, 10}. Note that 5 is a quadratic residue modulo 11,
by Theorem 2.12, and the 3-ary cyclotomic cosets modulo 55 are given below:

C0 = {0},
C1 = {5x + 11y : x ∈ R1, y ∈ Z∗5}

= {1, 3, 4, 9, 12, 14, 16, 23, 26, 27, 31, 34, 36, 37, 38, 42, 47, 48, 49, 53},
C2 = {5x + 11y : x ∈ N1, y ∈ Z∗5}

= {2, 6, 7, 8, 13, 17, 18, 19, 21, 24, 28, 29, 32, 39, 41, 43, 46, 51, 52, 54},
C5 = {5x : x ∈ R1} = {5, 15, 20, 25, 45},
C10 = {5x : x ∈ N1} = {10, 30, 35, 40, 50},
C11 = {11y : y ∈ Z∗5} = {11, 22, 33, 44}.

Set δ = 2 ∈ F3. Let α be a 55-th root of the unit such that R = 2 and N = 0. Note that 11−1 = 5−1 = 2
in F3, by Theorem 5.7, and the six primitive idempotents are given below.

θ0(x) = 1 + x + · · · + x54,

θ1(x) = 2 + 2χ10(x) + χ2(x) + χ11(x),
θ2(x) = 2 + 2χ5(x) + χ1(x) + χ11(x),
θ5(x) = 2 + 2χ2(x) + 2χ10(x) + 2χ11(x),
θ10(x) = 2 + 2χ1(x) + 2χ5(x) + 2χ11(x),
θ11(x) = 1 + 2χ1(x) + 2χ2(x) + χ5(x) + χ10(x) + 2χ11(x).

Example 5.11. Set p = 7, q = 5, s = t = 1, g = 3, and l = 2. Then n = 35. 2 is a primitive root of 5
and ord7(2) = 3. R1 = {1, 2, 4} and N1 = {3, 5, 6}. Note that 5 is a quadratic nonresidue modulo 7, by
Theorem 2.12, and the 2-ary cyclotomic cosets modulo 35 are given below:

C0 = {0},
C1 = {5x + 7y : x ∈ N1, y ∈ Z∗5} = {1, 2, 4, 8, 9, 11, 16, 18, 22, 23, 29, 32},
C3 = {5x + 7y : x ∈ R1, y ∈ Z∗5} = {3, 6, 12, 13, 17, 19, 24, 26, 27, 31, 33},
C5 = {5x : x ∈ R1} = {5, 10, 20},
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C15 = {5x : x ∈ N1} = {15, 25, 30},
C7 = {7y : y ∈ Z∗5} = {7, 14, 21, 28}.

Let α be a 35-th root of the unit such that R = 1 and N = 0. Note that 7−1 = 5−1 = 1 in F2, by
Theorem 5.8, and the six primitive idempotents are given below.

θ0(x) = 1 + x + · · · + x34,

θ1(x) = χ3(x) + χ7(x),
θ3(x) = χ1(x) + χ7(x),
θ5(x) = 1 + χ3(x) + χ5(x) + χ7(x),
θ15(x) = 1 + χ1(x) + χ7(x) + χ15(x),
θ7(x) = χ1(x) + χ3(x) + χ7(x).

6. Parameters of some cyclic codes of length psqt

The dimension of the minimal code Mγ is the number of non-zeros of the generating idempotent,
which is the cardinality of the class Cγ.

Lemma 6.1 ( [8], Lemma 10, p. 446). If C is a cyclic code of length n generated by g(x) and is of
minimum distance d, then the code Ĉ of length nk generated by g(x)(1+ xn+ · · ·+ x(k−1)m) is a repetition
code of C repeated k times and its minimum distance is dk.

Proposotion 6.1. The generating polynomials of the code M0 are clearly

xpsqt
− 1

x − 1
= 1 + x + · · · + xpsqt−1

and its minimum distance is psqt.

Proposotion 6.2. For 0 ⩽ j ⩽ t − 1,

xpsqt
− 1 = (1 + xqt− j−1

+ · · · + x(q−1)qt− j−1
)(xqt− j−1

− 1)(1 + xqt− j
+ · · · + x(psq j−1)qt− j

).

The minimal polynomial of αpsq j
is

Mpsq j(x) = 1 + xqt− j−1
+ · · · + x(q−1)qt− j−1

,

and therefore the generating polynomial of Mpsq j is

(xqt− j−1
− 1)(1 + xqt− j

+ · · · + x(psq j−1)qt− j
).

Let C j be the code of length qt− j generated by xqt− j−1
− 1, and then by Lemma 6.1, the code Mpsq j is the

repetition code of C j and its minimum distance is 2psq j.

Proposotion 6.3. For 0 ⩽ i ⩽ s− 1 and 0 ⩽ j ⩽ t, we denote d(0)
i j (x) = Mpiq j(x) and d(1)

i j (x) = Mpiq jg(x).
Let A = (ai j) ∈ F

s×(t+1)
2 . Let CA be the code of length psqt generated by

gA(x) =
∏

0⩽i⩽s−1
0⩽ j⩽t

d(ai j)
i j (x),
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and then CA is a [psqt, (ps+1)qt

2 ] code with minimum odd-like weight d ⩾ ps/2. In fact, let A′ = (1 −
ai j)s×(t+1) and CA′ be the codes generated by

gA′(x) =
∏

0⩽i⩽s−1
0⩽ j⩽t

d(1−ai j)
i j (x).

Suppose a(x) is a codeword of minimum odd-like weight d of CA. Then the polynomial

b(x) = a(x)a(xg) mod (xpsqt
− 1)

is a codeword with odd-like weight of both CA and CA′ . It follows that b(x) is a multiple of

gA(x)gA′(x) =
xpsqt
− 1∏

0⩽ j⩽t
Mpsq j(x)

=
xpsqt−1

xqt
− 1
= 1 + xqt

+ · · · + x(ps−1)qt
.

Since there are at most d2 terms in b(x), we have d2 ⩾ ps.

Proposotion 6.4. Suppose 0 ⩽ i ⩽ s − 1 and 0 ⩽ j ⩽ t. Let A = (akm) ∈ F(s−1)×(t+1− j)
2 . We define

gA(x) =
∏

i⩽k⩽s−1
j⩽m⩽t

d(akm)
km (x),

and let CA be the code generated by

gA(x)(1 + xps−iqt− j
+ · · · + x(piq j−1)ps−iqt− j

).

Then CA is a [psqt, (ps−i+1)qt− j

2 ] code with minimum odd-like weight d ⩾ p(s+i)/2q j. In fact, let C̄A be the
code of length ps−iqt− j with the generator polynomial gA(x). We also define A′ = (1−ai j)(s−i)×(t+1− j) and
C̄A′ is the code of length ps−iqt− j with the generator polynomial

gA′(x) =
∏

i⩽k⩽s−1
j⩽m⩽t

d(1−akm)
km (x).

Suppose a(x) is a codeword of minimum odd-like weight d0 of C̄A. Then the polynomial

b(x) = a(x)a(xg) mod (xps−iqt− j
− 1)

is a codeword with odd-like weight of both C̄A and C̄A′ . It follows that b(x) is a multiple of

gA(x)gA′(x) =
xps−iqt− j

− 1∏
j⩽m⩽t

Mpsqm(x)
=

xps−iqt− j
− 1

xqt− j
− 1

= 1 + xqt− j
+ · · · + x(ps−i−1)qt− j

.

Since there are at most d2
0 terms in b(x), we have d2

0 ⩾ ps−i. Then by Lemma 6.1, we have

d = piq jd0 ⩾ p(s+i)/2q j.
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