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1. Introduction

The theory of cyclotomy is a significant tool in the research of codes. Classical cyclotomy is
cyclotomy with respect to an odd prime. C. Ding and T. Helleseth [2] introduced a generalized
cyclotomy of order 2 with respect to a composite number n and includes classical cyclotomy as a
special case. The last two decades have witnessed a lot of research on cyclic codes by using the
theory of cyclotomy [3].

Let I, be a finite field of order /, where [ is a prime. A cyclic code of length n over F, is viewed as an
ideal in the ring F;[x]/{x" — 1), where gcd(n, [) = 1. It is well known that an ideal in 5,’,[_’% can be written
as a direct sum of minimal ideals. Further, each minimal ideal (minimal cyclic code) is generated by a
primitive idempotent. Thus it is useful to obtain the explicit expressions for primitive idempotents in
Filx]1/¢(x" = 1).

A lot of papers have investigated cyclic codes and their primitive idempotents by using the theory
of cyclotomy. In [2], generalized cyclotomy of order 2 was applied for constructing codes of length
n=pi--- p¢ with each p; being an odd prime. In [4], Ding studied the codes of length pq over F, by
using generalized cyclotomy, where [ is a quadratic residue modulo with both p and q.
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In [5], R. Singh and M. Prunthi obtain the explicit expressions of the primitive of the irreducible
quadratic residue cyclic codes of length p*q’ and ord,(/) = ¢(p*)/2, ord,(I) = ¢(¢')/2, which in fact
generalizes C. Ding’s results. In [6], F. Li and Q. Yue investigated irreducible cyclic codes of length
n = p°q' over F, with pg | [ — 1. In [7], Z. Shi and F. Fu found the primitive idempotents of irreducible
constacyclic codes and Linear codes with complementary-duals(LCD) cyclic codes of length n = p°q’
over F; with gcd(pgq, [(I — 1)) = 1. In [8], G.K. Backshi and M. Raka obtained minimal cyclic codes of
length p°q, where [ is a primitive root of both p* and ¢, and gcd(¢(p)/2, ¢(q)/2) = 1. In [9], A. Sahni
and P.T. Sehgal also investigated minimal cyclic codes of length p*q, where [ is a primitive root of both
p* and g, and ged((p), ¢(g)) = d.

S. Jain, S. Betra, and K. Kmar considered a case different from all of the research above. In [1, 10,
11], p, g are distinct odd primes, p = 3 (mod 4), and gcd(¢d(p*), ¢(g")) = 2. [ is a primitive root modulo
g and ord,s(I) = ¢(p*)/2. However, S. Jain et al. only investigated primitive idempotents when n = pgq.

Arithmetic properties of some families and primitive idempotents in <x§’q[,"j 5 where [ is a primitive root

modulo ¢' and ord,:(/) = ¢(p*)/2, were unstudied.

In this paper, we first generalize the results of S. Jain et al. and obtained the arithmetic properties
of some families in <x§?g‘l % where p, g are distinct odd primes, p = 3mod4, gcd(¢(p?), d(qg")) = 2,
ord,s(l) = ¢(p*)/2, and ord,(I) = ¢(g"). In Section 2, we give the cyclotomic classes of order 2 and
write [-cyclotomic cosets modulo p°q’ in an additive form in order to facilitate the following study.
In Section 3, we calculate the cyclotomic number of order 2 and investigate relationships between
cyclotomic cosets.

Fylx]

In Section 4, we investigate arithmetic properties of the polynomials in the ring T

the form
X}’ = Z xl7

i€C,

that have

where C, is the cyclotomic coset containing y. The results in Section 3 will be used to prove the
theorems in Section 4. For convenience, the lemmas in Section 3 and theorems in Section 4 are one-
to-one, that is, Lemma 3. (X + 1) —» Theorem 4. X, for 1 < X < 16.

In Section 5, we calculate the explicit expressions of primitive idempotents. Theorem 6 in Chapter 8
of [12] gives the expressions over F,, and G.K. Bassi and M. Raka [8] generalized it into F; for any
primes. By classifying the p*q’-th roots of a unit, we can see that primitive idempotents can be written
in the form of a linear combination of y,, which is defined in Section 4. We then obtain the explicit
expressions of primitive idempotents of minimal ideals in —2

. . . (e’ 1)
The terminology and assumptions throughout this paper are as follows:

(1) p,q,! are three distinct primes with p and ¢ odd and p = 3 (mod 4).

(2) Z;, denotes the set of units modulo m, for any positive integer m.

(3) ord,, (k) denotes the multiplicative order of kX modulo m and ¢(-) denotes Euler’s phi function.
(4) ord,:(D) = ¢(p*)/2, ordy (1) = ¢(q"), and ged(¢(p*), (¢") = 2.

(5) Ry denotes the set of quadratic residues in Z;k and N, denotes the set of quadratic nonresidues in
Z;k. It is easy to find that

Ri={x+pl:xeR,0<A<p -1}
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and
Ne={x+pl:xeN,0<A<p-t -1}

2. Cyclotomic classes of order 2 and /-cyclotomic cosets modulo p*q’

2.1. l-cyclotomic cosets

In this section, we obtain all the /-cyclotomic cosets modulo n = p°q’, when ord,«(l) = ¢(p*)/2,
ord, () = ¢(¢"), and ged(¢(p*), ¢(q")) = 2. To obtain these cosets, we first prove some results.

Definition 2.1. The I-cyclotomic coset modulo n containing 'y denoted by C, is defined as
C,={yl'modn:i=0,1,--- ,7—1},

where T is the least positive integer such that

y[" = ymodn.
We know that these cyclotomic cosets partition the set {0, 1,--- ,n—1}. A subset {yy,¥2,:--,¥m} of
Z, is said to be a complete set of representative /-cyclotomic cosets modulo n if C,,,C,,, - ,C,, are

distinct and

o=z

i=1

Lemma 2.2 ([1], Lemma 2.1, p. 3). ord,(l) = ¢(n)/2.

Lemma 2.3 ( [1], Lemma 2.2, p. 3). If g is a primitive root modulo ¢', then g is also a primitive root
modulo ¢~ with 0 < j < t.

Lemma 2.4 ([1], Lemma 2.3, p. 3). If ord,«(]) = ¢(p*)/2, then ord,-i(l) = ¢(p*)/2 with 0 < i < s.
Now we will find all the /-cyclotomic cosets modulo p*q’ using the results above.

Theorem 2.5. There are (2s + 1)(t + 1) I-cyclotomic cosets modulo p*q', which are given as follows:

Co = {0};

Cpg ={P°¢I" 0<m<Plg™) -1}, 0<j<i-1;

Cpg =PI 0<m< p(p* g™ H/2-1}, 0<i<s-1,0<j<n
Cpigis = {P'’gl" : 0 <m < ¢(p*'q™)/2 -1}, 0<i<s-1,0<j<1,

where g is a common primitive root of both p* and q'.
Proof. Obviously, the sets given above are distinct. Also,

§—

#C0+Z#C q,+ZZ#C q,+ZZ#C e = T,

i=0 j=0 i=0 j=0

which implies that these are all the /-cyclotomic cosets modulo 7, and hence this proves the results. O
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2.2. Cyclotomic classes of order 2

In this section, we will try to write /-cyclotomic cosets in Theorem 2.5 in an addictive form, which
will make our subsequent calculations more convenient.

Lemma 2.6 ( [13], Theorem 8.10, p. 162). An integer n > 1 has a primitive root if and only if
n=2,4,p° or2p® for some odd prime p.

Let g; and g, be the primitive roots modulo p® and ¢', respectively, and g be the solution of
simultaneous congruences

g = giymod p°’,
g=g modqg.
Then the existence of g is guaranteed by the Chinese remainder theorem. g is a common primitive root

of both p* and ¢'.
Further, let v be the solution of simultaneous congruences

v = 1 mod p*,

v=gmodqg.

Then the cyclotomic classes of order 2 with respect to p*q’ are given by

- . s ot _ st
Dy’ ={g2’:i=0,1,---,¢(p4(”—I}U{gz‘v:izo,l,---,mlw—l},

and
pqu _ p.th
D" =gDy".

Lemma 2.7 ( [14], Theorem 83). An integer a is a quadratic residue modulo with an odd prime p if
and only if a®?’?> = 1 mod p.

Lemma 2.8. Let p be an odd prime and a be an integer coprime with p, Then a is a quadratic residue
modulo p* if and only if a is a quadratic residue modulo p.

Proof. Obviously, a is a quadratic residue modulo p if a is a quadratic residue modulo p°. If a is an
quadratic residue modulo p', there exists an integer b such that b*> = amod p’. We claim that there
exists an integer k € {0,1,---, p — 1} such that (b + kp')> = amod p**! for (2, p) = 1, and hence this
proves the result. m|

Lemma 2.9. Let p and q be two distinct odd primes. If x runs through reduced residue system modulo
q' and y runs through reduced residue system modulo p*, then the set {p*x + q'y} containing ¢(p*)p(q")
number of integers forms the reduced residue system modulo p°q'.

Proof. Obviously, elements in the set { p*x+¢'y} are coprime with both p and g. If p*x+4'y = p*x’ +4'y’,
then p*(x — x’) = —¢'(y — y’). For p, g to be distinct, x = x’ mod ¢’ and y = y’ mod p*. Also, since there
are exactly ¢(p*)¢(g") elements in the reduced residue system modulo p°q’, the result is proved. O

Theorem 2.10. Let v = 1 mod p*® and v = g mod ¢', and then:
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(i) If q is a quadratic residue modulo p, then
qu {qx+py xERS,yEZ*}

and
qu {qx+py x€N,y€eZ, }

(ii) If q is a quadratic nonresidue modulo p, then

qu {qx+py xENS,yEZZ,},

qu {qx+py xERS,yGZZ,},
if2 1 tand

qu {qx+py xeRs,yEZZ,},

qu {qx+py xeNS,yGZZI},
if2 1t

Proof. We only prove the first result, and the second result can be proved similarly. By the definition
of Dy 7, elements in Pg 7 are all quadratic residue modulo p* and Df ¢ (mod p*) contains ¢(¢') copies
of R,. Similarly, D} (mod p*) contains ¢(g") copies of N;.

Letw, ={¢'x+p’y: x€eR,,y € ZZ,} and w, = {¢'x+p'y: x € N,y € ZZ,}, and then by Lemma 2.9,
w, Uw, = Z;xq,. If g is a quadratic residue modulo p, then w,(modp*) contains ¢(g") copies of R, and

w,(modp*) contains ¢(q") copies of N. So w, = Df)’xqt and w, = DY v m]
Lemma 2.11. C, = Dgsqt and C, = Dfxqt.

Proof. By Lemma 2.7, [ is a quadratic residue modulo p. Since ord,s,; = ¢(p*q')/2, we can see that
C(modp®) contains ¢(g') copies of R; and C,(modp®) contains ¢(g’) copies of N,. Also, C; U C, =
L s SO WE have C; = Dé’)qt and C, = D’l’éqr. O

Now we can give the main result of this setion below.
Theorem 2.12. The I-cyclotomic coset obtained in Theorem 2.5 can also be represented as follows:
(i) If q is a quadratic residue modulo p, then

Co = {0}

Cpq;—{pqx+pqy X€ER, l,qEZ,_}, 0<i<s-1,0<j<r-1;
Cpiqt:{plth:xERs_i} 0<i<s-—-1;

Crigig = {pqx+p g’y xENS_i,qEZZ,_j}, 0<i<s-1,0<j<r—-1;

Crigg = {pqx xeNs_i}, 0<i<s-—-1;

Cpogi = {psqjy (Y€ ZZ,_j}, O0<j<t-1L
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(ii) If q is a quadratic nonresidue modulo p, then

= {0};
pq,—{ ’q’x+psqjy:xeNS_,-,qEZ;__,-}, 0<i<s-1,0<j<t-1,24¢t-j;
pq,—{’q’x+psqjy:xeRS_,-,qEZ;__,}, 0 0<
pqt—{’q’x:xeRH}, 0<i<s-1;

Cpigig = {’q’x+psqjy:xeRS_i,qEZ*,_,} 0 0<
Cpigig = {p’th+pqy xeNS,,qEZ*,,} O0<i<s-L0<j<t-12]t—-j
Cpigg = {pqx xeNS_i}, O<i<s—-1;
Cpg={p'dy:yezZ, }, 0<j<t-1.
Proof. Note that

S—i t—j

Cpigi = PiququH and Cpgg = p'g’D}
and then it can be proved easily using Lemma 2.11. O

3. Cyclotomic number of order 2

Lemma 3.1. Let p be a prime of the form 4k — 1, and then

(i) For any r € R, we have

-3
#r+ R) (R, = #(r+ N) N R, = #(r+ N) N N, = E==p,
and
+1
#(r+R) NN, = 7] p
(ii) For any n € Ny, we have
_ _ _ p— 3 s—1
#n+ N)NN;=#n+R)NR, =#(n+ R,) NN, = Tp ,
and q
+ )
#n+N)NR, =2 .

Proof. We only prove the first result, and the second one can be proved similarly. By Lemma 2.7, —1
is a quadratic nonresidue modulo p, so there is no element in (r + R;) N pZ,s. Then

-1
#(r+ R) O Ry + (r + R) NNy = #(r + R) N Z,ps — #(r + R,) O pZ,s = pT L.
Since —r is nonresidue modulo p, there are p*~! elements in (r + N,) N pZ,s, and then
-3
#r+N)NR;+(r+ NN Ny =#r+N)NZys —#(r + Ny) N\ pZys = prH.
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Also, since r + pZ,s C R,

~3
#(r + R) N R, + #(r + N,) N R, = #R, — #(r + pZ,) N R, = prH

and

~1
#(r + R,) O N, +#(r + N,) \ N, = #N, — #(r + pZ,)) N Ny = prH.

By the four equations above, we have

_3
#r+R)NR, =#(r + N)NR, = #(r + N) NN, = 22 -1

and
p+1

4

s—1

p

#(r+R,) NN, =

O

For simplicity, we denote C;; = C),; and C" = Cpigie- In particular, C;; = C ifi = sand Cy, = C,.
Then by Theorem 2.12 and Lemma 3.1 , we can calculate the size of the 1ntersect10ns of cyclotomic

cosets and their translations.

Lemmas 3.2-3.6 give the size of the intersections when two cosets have the same i and j.

Lemma 3.2. Leta € C;jwithO<i<s—1and0< j<t-1, then
(l) #((1 + CZJ) N CZJ = ;ps_l_l(q _ 2)qt—j—1’.
(ll) #(a + CU) N CZ*J [7+1 S i- l(q 2)qt j— l

(iii) If q is a quadratic residue modulo p, then for j < m < t,

-3 i —m
#a +Ci) 0 Cin = Fo=p (¢ ™)
and
p +1 s—i—1 t—my.,
#(a + Clj) m Clm - Tp ¢(q )’

(iv) If q is a quadratic nonresidue modulo p, then for j <m < t,

P+1 s i-1 t—m .

¢@™), 24m-—j

#(a+Cl~~)ﬂC,-m:{ Sl m .
! E3psi=lg(g™™), 2 |m - j,

and

—3 s—i—l t—k ;
. G, 24+m-j,
#((1 + Cij) N Cim = { P+1 s i— lz(gt m) 2 | m— j

Lemma 3.3. Leta” € C;; withO <i<s—1and0< j<t-1, and then
(i) #a' + C;) N Cij = B2 p (g = 2)g

(”) #(a*+cl>_kj)mc;kj — P 3 s i— l(q 2)ql J- 1
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(iii) If q is a quadratic residue modulo p, then for j < m < t,

* * +1 s—i— —-m
#a' +Ci) N Cip = Fomp ™ (¢ ™)

and

% * % _3 S—i— —-m
#a' +CyN G, = Fo=p (g

(iv) If q is a quadratic nonresidue modulo p, then for j <m < t,
v i—1 t—m .
* * ( ) 2 'f m-—j,
Ha+ €y 0 Cin :{ o i liér o 2 m-)

and

ptl s—i—l —k .
2 —

#a +C)NCy = { TP - #q . 2tm =

4 ¢(q )’ 2 | m — ].

Lemma34. Leta€ C;;, 0<i<s—1,and0< j<t-1. Then
(i) #Ha+C;)NCij=#a+C;)NC;; = 223 pritl(q = 2)g" I,

(ii) For j < m < t, we have

-3 .
fa + C) 0 C = #a + Ci N C;, = E=p" 0™,

(iii) Fori <k < s—1and j <m < t, we have
#(a + C}) N Cpw = #a + C;) N Cy,, = ¢(p*)p(g™™)/2.

(iv) #a+C;)NCyj = (g~ 2)q" -1

(v) For j < m < t, we have
#(a + C,*J) N Csm = ¢(qt_m)-

(vi) Fori <k < s—1, we have

#a+Cl)NCy=#a+C NG, =d(p g -24q7" /2

Lemma 3.5. Leta € Csjand 0 < j <t -1, and then
(i) #Ha+ C))NCy; = (q - 2)51[_1_1-
(ii) For j <m < t, we have #(a + C;) N Cyy = ¢(g'™™).
Lemma 3.6. Leta € Cy, a* € C}, and 0 < i < s — 1, and then
(i) #Ha+C)NCy =#a +C;))NC}, = p43ps =1,
(i) #a+ Ci) NC;, =#a" +C;) N Cy = p—”p‘y‘i‘l.

(iii) #a+ C;))NCyy =#a+C;,) N C;, = & 23 pysin1,
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(iv) Fori <k < s— 1, we have

P(p*~ ")
2

#Ha+C)NCy=@+CNC, =
(v) #a+C;)NCo = 1.

Lemmas 3.7 and 3.8 give the size of the intersections when i and j are both different.

Lemma 3.7. Leta € C;j, a* € C;;, 0 < <s-1,and0< j<j <t andthen
(i) #(a+ Cpy) N Cyj=#a+C;,)NCij =4 ) g gy,
(ii) #(a* + Ciy) N C;; = #(a* + C;,) N C}; = "“”%)mqf—f’).

Lemma 3.8. Leta € C;j, a” € C;j, 0 < i"'<s—-1,and0 < j < j<t and then

(i) #a+ Ciry) N Cyy = #a+C; ) N Cy = L >¢(qf i,
(ii) #(a" + Ciy) N C;) =#a +C; )N Cy) = & 20 b gy,

Lemmas 3.9-3.13 give the size of the intersections when two cosets have the same i but different j.

Lemma3.9. Letac€ C;;, 0<i<s—1,and0< j< j <t and then

(i) #(a + Ciy) N Cij = 2 po(g" 7).

(ii) Suppose q is a quadratic residue modulo p. Then

#m+anmC*— P (g ).

4
(iii) If q is a quadratic nonresidue modulo p and 2 | j’ — j, then

p+1

s—i—1 t—J

#(Cl + Cij’) N C:} =

(iv) If q is a quadratic nonresidue modulo p and 2 1 j' — j, then

-3 . ,
— 14 ps—l—l¢(qt—j )

#(a+C,-j/)ﬂC;~kj 4

Also, fori <k <s—1,

s—k
#a+Ciy) N Ciy = #a+Cy) N Cy, = ¢(p )

¢(qd),

and
#a+Ciy))NCyi=p(g™).
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Lemma 3.10. Let a* € C}"j, 0<i<s—1,and0< j< j <t Then
(i) #a" + C}) N Cly = 22 p 7 g(q ).
(ii) Suppose q is a quadratic residue modulo p. Then

* * +1 S—i— —-J
#a' + )N Cy = = p ™o ).

(iii) If q is a quadratic nonresidue modulo p and 2 | j’ — j, then

* * +1 S—i— —J
#a' + Ci) N €y = Fomp g ).

(iv) If q is a quadratic nonresidue modulo p and 2 | j — j, then

* * -3 s—i— -J
#a' + Cip) N Cy = E=p (g ).
Also, fori <k <s—1,
. . i ( s—k) -,
B(a" +C}y) N Cyy = #a+ Cy)n Cly = 2 1’2 5.

and
#a* +C;) N Cy;=p(g™).

Lemma3.11. Letae€ C;;, 0<i<s—1,and0< j< j <t Then

ijs

(i) If q is a quadratic residue modulo p, then

* * % - 3 S—i— o
#a+Cj,) N Cy = (a+Cy)N €y = E=p o).
Also, fori<k<s—1,
% * % ( S—k) —
#a+C)NCyy=#Ha+C)NC; = 9 1?2 &(qg7),
and
#a+C;) N Cy;=p(g™).
(ii) If q is a quadratic nonresidue modulo p and 2 | j' — j, then
* _ p— 3 s—i—1 t—j
#a+Cj;)NCij = P é(q )
and .
* * + s—i— —J
#a+C)N G = pr 'o(q").
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(iii) If q is a quadratic nonresidue modulo p and 2 | j' — j, then

p-3
#a+C,)NCy=@+Cync, =22 P e ™).

Also, fori <k < s—1,

¢(p‘ )

#a+Cj)NCy=#a+C)NC; = (g7,

and
#a+Ci)NCy=p(gd™).

Lemma 3.12. Leta* € C;‘j, 0<i<s—1l,and0< j< j <t Then

(i) If q is a quadratic residue modulo p, then

p-3
#(a*+cij,)nc,.j:(a*+c,])mc*— 1 P o).
Also, fori <k <s—1,
s—k
#(a" +C,])0ij—#(a +C,])ﬂCk] ¢(p )qb(’f)

and
#a" +Ciy) N Cyy = dlg").

(ii) If q is a quadratic nonresidue modulo p and 2 1 j' — j, then

1 ) ,
mmfwm%:?}ﬂ+wa
and 3
mf+annC*— 1 P (g ).

(iii) If q is a quadratic nonresidue modulo p and 2| j' — j, then

- 3 —i— _
P22 pitg(q ).

#(a* +Cij')ncij = (a* +Cij')nc;kj = 4

Also, fori <k <s—1,

¢(ps “)

#a +Ciyp) NCy=#a +Ciy) NCy; = (g,

and
#a" +Ciy) N Cy; = ¢(q'™).

Lemma 3.13. (i) Leta€ C,;and0< j < j <t Then#(a+ Cyy) N Cy; = ¢p(q"™).

(i) Leta€ C;;, 0<i<s—1,and0< j< j <t Then#(a+ Cs;) N Cij = ¢p(q'™7).
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(iii) Leta* € C;" 0<i<s-1and0< j<j <t Then#(a +Cs)N C;‘j = ¢(q").
(iv) Leta€ C;, 0<i<s—1,and0< j < j<t Then#(a+ Csy) N Cij = $(g"™).
(v) Leta” € C;, 0<i<s—1,and0< j < j<t Then#a" +Csy) N C;j, = d(q").

Lemmas 3.14-3.17 give the size of the intersections when two cosets have the same j but different
i

Lemma 3.14. Leta € C;;, 0 < <s-1,and0< j<t-1. Then
(l) #(a + Ci’j) N Cij = _¢([J;' )(q — 2)qt—j—l.

(ii) If q is a quadratic residue modulo p, then for j < m < t, we have

¢(p5 )

#Ha+Crj)NCiy = (g"™).

(iii) If q is a quadratic nonresidue modulo p, then for j <m < tand 2 ¥ m — j, we have

#a+Cy)NC, _Mp M(”@
For j<m<tand?2|m— j, we have
#w+awmam—ﬂp D otqm.

Lemma 3.15. Leta* € C;‘j, 0<i<i"’<s-1,and0< j<t—1. Then

(i) #(a" + Cj, )N Cl,*_ = @(g —2)g" 1,

(ii) If q is a quadratic residue modulo p, then for j < m < t, we have

_¢w”>

#a* +C;)NC;, ¢(q™").

(iii) If q is a quadratic nonresidue modulo p, then for j <m < tand 2 ¥ m — j, we have

¢(ps )

#a' +C; )N Cip = 6 ™).

For j<m<tand?2|m-— j, we have
"+ Cipn €, = 22 g
Lemma 3.16. LetaECU,O <s—1,and0< j<t—1. Then
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(ii) If q is a quadratic residue modulo p, then for j < m < t, we have

¢(p‘ ")

#a+Cj) N Cip = $(q™).

(iii) If q is a quadratic nonresidue modulo p, then for j <m < tand 2 ¥ m — j, we have

_afw

#a+C;;) NG, &g ™).
For j<m<tand?2|m— j, we have
#m+cmmcm_ap M(”&

Lemma 3.17. Letra* € C};, 0<i<i’"<s-1,and0< j<t— 1 Then

(i) #(a* + Co)) N Cly = 222(g - 2)g .
(ii) If q is a quadratic residue modulo p, then for j < m < t, we have

(iii) If q is a quadratic nonresidue modulo p, then for j <m < tand 2 ¥ m — j, we have

¢(ps )

#a +Crj)NCyy = ———d(q .
For j<m<tand?2|m— j, we have
#a" +Ci) N C,, _“p D i,

These results will be used to study arithmetic of some specific families of polynomials in the next
section.

4. Arithmetic properties

In this section, we will study arithmetic properties of some families in the ring F;[x]/ (x?"?-1Y. For
that, let us define
Xij = Z x*

(IEC,‘]‘

Xij = Z x.

aeC’,
ij

and

In particular, y,; = x; for 0 < j <rand y, = 1.

They look like “some kind of characteristics”. In fact, primitive idempotents in the ring
Fy[x]/{x”"7~')y can be written in the form of a linear combination of these polynomials. So it is
necessary to study them.

In this section, the proof of Theorem 4. X needs the results in Lemma 3. (X + 1).
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Theorem 4.1. Let0<i<s—1and0< j<t—1, and then

(i) If q is a quadratic residue modulo p, then

p_3 S—i— —j— —j
X = P 1[(cJ—Z)q’ i+ 9@ ) Y Xm

Jj<ms<t
pP + 1 Ss—i— —j—=1_ = —j *
+TP 1((q—2)q’ ! 1)(1‘.,""(15(6]1 7) Zx\/im .
Jj<ms<t

(ii) If q is a quadratic nonresidue modulo p, then

-3 . . .
X = prS Na=-247 Y+ 6@ D| D X+ D Xim
Jj<ms<t Jj<m<t
29m—j 2lm—j
+ 1 [ j * - *
+ prS Na-2d7 "X+ 6@ D| D Xim+ D X
Jj<m<t j<m<t
2¢tm—j 2|lm—j

Proof. We will only prove result (i). Let a € C;;, and then by Lemma 3.2, we obtain

-3

#a+Ci) N Ciy = Fo=p™g(¢ ™, j<m<t. @.1)
We can choose b € Cj; such that a + b = ¢, where ¢ € Ci,. So we get Fa + I'b = [Fc¢ for
0<k< @qﬁ(qf‘f) — 1. When /¥a runs through C;;, for #C;, = %(ﬁ(qt‘m), I*c runs through C;,
exactly #C;;/#C;,, = #(q"7)/$(g"™™) times. So by (4.1), we obtain that the multiset C; ; + C;; contains

”4;3 P 1p(q'~) copies of Cj,. By a similar argument and by Lemma 3.2, we obtain that the multiset
Cij + Ci; contains 22 p*!(q — 2)¢'~~" copies of Cyj, Z1p*~!(q — 2)¢"/"! copies of Ct, and

21 ps=i=1(q'7) copies of C;, for j < m < .

Further it is easy to verify that the coefficients of the terms on the both sides in result (i) are equal.
This together with the argument above proves the result (i). m|

In a similar way to the proof of Theorem 4.1, we can prove the results in Theorems 4.2—4.6.
Theorem 4.2. Let0<i<s—1and0< j<t—1, and then

(i) If q is a quadratic residue modulo p, then

(x;) = pT_3pH_l [(q =20 ¢+ ¢d ) ) x;*m]

j<m<t

+1 , _
+ prS"‘l [(q =247 i +9(d ) ) )(,-m]-

j<ms<t
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(ii) If q is a quadratic nonresidue modulo p, then

(i) = ”T_3p“'-1 @=247" X+ 6@ D D Xim+ D Xim

Jj<m<t Jj<m<t
2¢m—j 2|lm—j
P+l iy —j-1 - «
= N @D+ 8| D Xt D K
Jj<ms<t Jj<m<t
2m-—j 2Am-—j

Theorem 4.3. Let0<i<s—1and0< j<t—1, and then

s p_3 c i— Y i-
Xi]Xij = T 1(q Z)qt J I(le +Xz])+ 4 l¢( - J) Z (le +sz

Jj<m<t

¢(p ) 6q) D) (ka+)(zm)+¢(p2_)(q_2)qt_j_])(sj
i<k<s-—1
j<ms<t

255y S w+ B2 g2 Y g
Jj<m<t i<k<s—1

Theorem 4.4. Let 0 < j<t—1,and then x;; = (q=2)4" 7" 'xsj + #(q"™7) T Xom

j<ms<t
Theorem 4.5. Let 0 <i < s—1, and then

. 2 _ p-3_s—i-1 17+1 s—i—1, *
(i) iy =P " Xi+ 7P " X

.o ® 2 -3 S—i— * 1 s—i—
(i) (x;) = 52 x + 5

(iii) xux; = 5 p*! (Xﬂ +)(;§) + #r0 (KES l(xkt +xp) + 1).

Theorem 4.6. Let 0 < <s—1and0< j<j <t and then
() XiiXvj = XiXpy = ¢(p ¢(Clt Wij-

(i) Xty = X3y = 25200 i,

Theorem 4.7. Let 0 < <s—1land0<j < j<t andthen
(i) xixiy :Xi])(;:jr = @ﬂqw))(ij'-

(ii) X;xry = XX, = 2520,
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Proof. We will prove the first part of result (i) for the case where ¢ is a quadratic residue modulo p.
That means, we need to show that, in the multiset

P (g~ x+p~g"y: x e Ry € Zi Y+ Ap g X + pTY s X € Ry €2, Y,

every element appears exactly ‘b(p ¢(q’ /) times.
Note that
Ciy =p'¢{q¢ 7 x+p'y :xeR,,y € ZZ"/}'
Let xo € Ry;, since i > i, for any X' € R,_», and there is exactly one x € R,_; such that xo =
p7ix’ + xmod p*~i. Also, let y, € Z;,;, forany y € Z ;. and there is exactly one ' € Z’_, such that

t—jo 1—jo 1—
J J q'=/

yo = ¢/ /'y +y mod g~/ Hence every element appears

s )

Ry HL,, = ———0(q")

times. The result is proved. O

The results in Theorems 4.8—4.16 can be proved by using the methods in the proof of Theorem 4.1
or Theorem 4.7.

Theorem 4.8. Let 0 <i<s—1and0 < j< j <t and then

(i) If q is a quadratic residue modulo p, then

p-3 s—i— —j 1 s—i— —7'\
XiXip = =7 P 'o(q i + P G

4

(ii) If q is a quadratic nonresidue modulo p and 2 | j’ — j, then

p_3 s—i— —j 1 s—i— — N
XiXip = =3P (g Wi + P Wi

p
4
(iii) If q is a quadratic nonresidue modulo p and 2 {1 j' — j, then

——¢(q ”)[ Z (e +xi) + X7 |-

i<k<s—1

ips_i_lgb(qt_j/)(/vij +X:<j) ¢(Ps l)

)('X"':p
ijXij 4
Theorem 4.9. Let 0 <i<s—1and0< j< j <t and then

(i) If q is a quadratic residue modulo p, then

p+1
4

P

— 3 S i— S—i— _
XiXiy = '@ W+ ——p T (g .

(ii) If q is a quadratic nonresidue modulo p and 2 | j' — j, then

1 i o
+ Tps '(qd Wi

* % p_3 S—i— — %
XiXip = — P ]¢(qt ! )Xij

4
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(iii) If q is a quadratic nonresidue modulo p and 2 {1 j — j, then

p ¢(ps )

* % _3 S—i— - %
XiiXij = TP 'o(q’ ])()(ij +Xij)

i<k<s—1

Theorem 4.10. Let 0 <i<s—1and0< j< j <t andthen

(i) If q is a quadratic residue modulo p, then

p

XiXij = %pri—l‘p(qt—j/)(xﬁ i)+ L l)¢( - )( Z (v +xi)) +ij).

i<k<s—1
(ii) If q is a quadratic nonresidue modulo p and 2 1 j' — j, then

p_3 s—i— -7
— D 1¢(qtj))(ij+

| o
4 p’ 1¢(qt]))(ij'

XiiXip = 2

(iii) If q is a quadratic nonresidue modulo p and 2 | j’ — j, then

XiXiy = pT_3Ps_i_l¢(qt_jl)(Xij +X?}) iU l)¢( " )[ Z (ij +X}ij) +ij]-

i<k<s—1

Theorem 4.11. Let0<i<s—1and0 < j< j <t and then
(i) If q is a quadratic residue modulo p, then

*
XiiXij

i<k<s—1
(ii) If q is a quadratic nonresidue modulo p and 2 1 j' — j, then

p+1

4 PH_IQS(qt_j, Xi e

% p - 3 S—i— — '\
Xiip = =" 8@+
(iii) If q is a quadratic nonresidue modulo p and 2 | j’ — j, then

* p - 3 S—i— — % ¢(ps l)
XiXiy = =3P 'o(q' ")(Xij +X,-j)

i<k<s—1
Theorem 4.12. (i) Let 0 < < t, and then yjx i = $(q"™7 W)
(ii) Let 0 <i<s—1and 0 < j< j <t and then
XiXsj = ¢(qt_j,)/\/ij

and
X;'kj)(sj' = ¢(q"™’ )X:'}-

¢(q ”)( > (ij+)(7§j)+)(s,~]-

= pT_3ps_i_l¢(qt_j/)(Xif+XZ) i l)¢( ”)( 2 (ij+)(}ij)+xsf].

——2(q") Z (ij"‘)(zj)*‘)(sj .
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(iii) Let 0 < i< s—1and 0 < j < j < t, and then

XijXsj = ¢(Clt_j))( ij’

and

)(;'kj)(xj’ = o(q" iy

Theorem 4.13. Let 0 < <s—1and0 <

(i) If q is a quadratic residue modulo p, then

)
XijXvj = >

(ii) If q is a quadratic nonresidue modulo p, then

¢(p*")

XiXij= ) ( 2) = 1)(1]

Theorem 4.14. Let 0 < <s—1land0<j<

(i) If q is a quadratic residue modulo p, then

* %

iXirj =

(ii) If q is a quadratic nonresidue modulo p, then

* *

XiXvj = 2

Theorem 4.15. Let 0 < <s—1land0<j<

(i) If q is a quadratic residue modulo p, then
. o)
XiXvj = Y

(ii) If q is a quadratic nonresidue modulo p, then

. _ o)

Xini’j = 2 ( 2) == lej

AIMS Mathematics

(¢ =2)qxij +

(g =247 xij +

<t-1, and then

W)wnzm

Jj<ms<t

WWWQZMIZM~

J<m<t
2¢m—j

j<m<t
2|lm—j

t — 1, and then

=22 g+ 22 iy S v

j<m<t

207 (g -2+ 22 0| S vt Y|

]<m<t
2lm—j

J<m<t
2¢m—j

t— 1, and then

¢(q"™) Z Xim-

J<m<t

$(p*™)
2

0D o] 3wt x|

Jj<ms<t Jj<ms<t
2fm—j 2|m—j
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Theorem 4.16. Let0<i<i' <s—1and0 < j<t-1, and then

(i) If q is a quadratic residue modulo p, then

. $(p*™) N AR DV ,
XiXvj = ) (g—2)q"’ Xij t T¢(qt ’) Z Xim-
J<ms<t
(ii) If q is a quadratic nonresidue modulo p, then
* _ ¢(ps_i/) t—j—1_ * ¢(ps—i’) t—j %
Xiptes = =5 =70+ =50 Y Xt D X
Jj<m<t Jj<m<t
2¢m—j 2|lm—j

Corollary 4.17. Let0<i<i' <s—1and0 < j<t-1, and then
XijXij :)(iy(;j

and
XiXij = XiXi

5. Primitive idempotents in the ring F,[x]/(x”'¢"")

Let a be a fixed primitive nth root of unit in some extension field of IF;. Then the polynomial
My(x) = [ Jx = o)
ieC,
is the minimal polynomial of @” over F,. Let .#, be the minimal ideal in F;[x]/(x" — 1) generated by

(x" = 1)/M,(x) and 6,(x) be the primitive idempotent of .#,, that is,

" 1, uecC,;
n@={ o ugc,

Lemma 5.1 ( [8], Theorem 1, p. 433).
0,(x) = Z €x"
O<u<n

where

€, = l/nZa_”j, u>0.

JjeCy

In this section, let a be a fixed primitive p*q’-th root of the unit in some extension field of F,. Also,
for simplicity, we denote

Qij = Gpiqj
and
* —_— . .
01] —_ eplqjg.

In particular, 6;; = Ojj when i = s and 0, = 6,.
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Case 1: g is a quadratic residue modulo p

We first calculate y;;(@"), 0 <i< s—1,0 < j<t By Theorem 2.12, we get

uy _ E E up'q!(q'Ix+p*ly) _ up'q'x up*qly
xij(@") = @ = o a

X€R_; yezzt_j XERs—I yeZ;t_ j
_ Z aupith Z a,MPMW Z a,upsq.iy'
xeR) 0<A<ps=i-1 yGZ;,_J-
Similarly, we have . , A
X;‘kj(a/u) — Z a,up’q’x Z a,u,D'Ht]t/l Z a,uqufy.
xeN| 0<A<ps=i-1 yGZ;,,j

The results below are obvious:

Lemma 5.2. If p*~'¢"~/ | u, then y;(a") = X (@) = WTH)gb(qf‘j).

Lemma 5.3. If p* "' Y uor ¢"7=' t u, then y;;(@") = x;(@) = 0.

Lemma 5.4. If ¢~/~! exactly divides u, then

S —i-1
§ Q"' = g

yeZq —j

Letg = a7, and then B is a pth root of the unit. We denote

R=) B

XER,

and
YEDW

XeN|

and then .
+
BN =-1 and BN =T
So %, ./ are two roots of the equation
+1
Lrx+ oo

If I = 2, then p = —1 mod 8 for 2 € R,. Without loss of generality, we may suppose
Z=1, N =0.

If [ is an odd prime, then
-1+06 -1-96
) '/V = = >
2 2
where 6 € F; such that 6> = —p. Note that, by quadratic reciprocity law,

(7)-()-

B =

so § is well defined.
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Lemma 5.5. Let g be a quadratic residue modulo p.

(i) If u € Cs_j_14—j-1, then
xij@) = -%p*~q" !

and
X?j(au) — _JVp.v—i—lqt—j—l'
(ii) If u € C:_i_l’t_j_l, then
Xij(a'u) — —JVps_i_lqt_j_l
and

xia"y = -Zp g
Lemma 5.6. Let g be a quadratic residue modulo p andt— j<m < t.

(l) Ifl/l € Cs—i—l,m’ then
xif(@) = Zp~ (g
and

Xi{@) = A p ).

(ii) If u € C;iil’m, then
xij@) = A pleg')
and
X"y = Zp~ (g

If i = s, then
XU(G'M) — Z aupquy’

€L .
Y e

where these values are easy to calculate.

Now we consider the explicit expressions for primitive idempotents. Note that if # and u” are in the
same cyclotomic coset, then €, = €,. So we can evaluate, for example, 6;; by classifying u according
to different cyclotomic cosets, that is,

0= . axy (5.1)

yell

where I is the set of the representatives of all cyclotomic cosets. By Lemma 5.1, we know that
a, = Z)(ij((l_"), -u € C,,

and then by the argument above, we can get the results below.

Theorem 5.7. Let g be a quadratic residue modulo p.
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(i) Fori=0and j =1t

-

1 - 1
() =~ | 5= D Xm0+ D X+ B ) Xl

osm<t Osms<t O<sms<t

and

G = 2L S 0+ % Y a0+ A Y x|

pq osm<t o<sms<t o<sms<t

(ii) Fori=0and0 < j<t—1,

(p—1D

1
00, (x) = W( @=1 ), Xm0

J<m<t

F@=D(A Y X+ A Y Keul)

t—j<m<t t—j<m<m

-1
(‘/V)(s 1,t—j— l(x)+‘%)(s 1,t—j— l(x)) A Xsi— = 1(X))

2
and
. 1 ((p—-1)
0, ()C) = : ( ( - 1) sm(x)
0 pq/+1 . ;QX
F@-D(Z Y @+ A Y K1)
1—j<m<t t—j<m<m
-1
(‘@Xs 1,t—j— l(x)+'/1//\/s 1,r—j— 1(X)) 2 A Xsi—j- I(X))
(iii) For 1 <i<s—1and0 < t—1,
1
6,0 = — M((” )< S0 D) ) D+ Y Kon)
q St_—ljéfni_tl t—j<m<t
CEE) D P W R 2 S e))
1= j<ms<t = j<m<m
1
(A it + B 1) = (i1 00 + X 1<x>))
and
ey 1 (p 1) ;
0(x) = ——7 (g-1 Z W am (%) + X (X)) + Z X sm(X)
p q] s—i<k<s—1 t—j<ms<t
t—j<ms<t
F@-D# Y i@+ )
t—j<m<t t—j<m<m

-1
- (%Xs—i—l,t—j—l(x) + WX?—i—l,t—j—l(x)) - p—(Xs—i,t—j—l(x) +X§—i,t—j—1(x)))-

2
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(iv) For1<i<s—landj=t,

1 -1 -1
0u(x) = (”T D 0+ i) + o= D an)

i+1 4t
P4q s—i<k<s—1 O<m<t
O<sm<t

+ N Z )(s—i—l,m(x) + X Z X:—i—l,m(x))’
Osms<t O<sm<t

and

B 1 P - 1 * p— 1
o) = - (T > ) + i) + = 3 o
Pq s—6<k<s—l osm<t
<m<t

+ % Z Xs—icim(X) + A Z X?—i—l,m(x))'
O<sms<t osms<t

(v) Fori=sand0< j<t-1,

0,/(x) = ps;ﬂ((q—n( D W) + XD+ D Xsm<x>)

0<k<s—1 t—j<m<t
t—j<m<t
- ( (Xk,t—j—l(x) +Xz,t_j_1(x)) +Xs,t—j—1(x)))~
0<k<s—1

(vi) Fori=sand j=1t,

1 . 1 .
O,(x) = psq’( Z (i (%) + xi;(x0) + Z ij(x)) = g Z r

O<k<s—1 O<m<t

0<u<psql
O<mst

Case 2: ¢ is a quadratic nonresidue modulo p

Let g be a quadratic nonresidue modulo p and u € Cy,, or C}, . If k <i—1or k > i, then we can
evaluate y;;(@™) in a similar way as in Case 1, for whether u is a quadratic residue modulo p does not
influence the coeflicient of y, or x;,,- However, if k = i — 1, by theorem 2.12, whether the coeflicient
of xim (or x; ) is a multiple of % or .4” depends on j — mmod 2. Then by (5.1), we can archive the

results below.

Theorem 5.8. Let g be a quadratic nonresidue modulo p.

(i) Fori=0and j =t

Ooi(x) = é(’%l D xom+ A (D HetnD+ Y )

O<mst o<sms<t O<ms<t
2|t—-m 24t—m
*
+ t@( Z Xx—l,m(x) + Z Xs—l,m(x)))a
0<m<t o<m<t
2|t—m 24t—m
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and

D+ F( Y i@+ Y i)

O<sms<t O<sms<t osm<t

o (x) = (
2|t—-m 24t—m

+ JV( Z Xoo1m(X) + Z Xs—l,m(x))).

O<sms<t O<sms<t
2|t—-m 24t—m

(ii) Fori=0and0 < j<t-1,

L (=D
0;() =T( Po2@-1D D) xa®
pq t—j<m<t
F@= DAY @+ Y Ko )
t—j<m<t t—j<ms<t
2|lm—j 2¢m—j
H@= DAY K@ Y Kea0)
g
1+(-1)6 -1-(-1)¢ -1
(T 0+ ) - 0],

and

1 -1
Ooj(x)" = qu+1((p Ya-1 Y

t—j<m<t
+@= D2 Y @ Y Kia)
t—j<ms<t t—j<m<t
2|lm—j 24m—j
F@= DAY K@ Y Kea0)
t_2j|,\<nni§m t_2];1m<jm
1= (=16 1+ (=1)6 | ~1
- (FE 0+ ) - P )

(iii) For 1 <i<s—-1and0< j<t-1,

0,/(x) =pi+qu+l((” Dig S0 D) ) D E Y o)

s—i<k<s—1

< t—j<m<t
t—j<m<t
Fa@- DA D e+ Y i)
t—j<ms<t t—j<ms<t
2|lm—j 2¢m—j
F@-DA( Y K+ Y Ko@)
t—j<m<m t—j<m<m
2lm—j 24m—j
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1+ (=1)'6 -1-(=D'o ,
- (f)(s—i—l,t—j—l(x) + T)(s—i—l,z—j—l(x))
p-1 ;
- T(Xs—i,z—j—l(x) +Xs—i,t—j—1(x))),
and
; L ((p-1) \
0,00 = — -+1( P - 1)( D W) + XD+ Y m(x))
p qJ 2 s—i<k<s—1 t—j<ms<t
t—j<m<t
+@-DA( Y i@+ D K 0)
t—j<m<t t—j<m<t
2lm—j 24m—j
t@- DA Y K+ Y xeta)
t—j<m<m t—j<m<m
2|lm—j 24m—j
—1= (=16 -1+ ,
- (#Xs—i—l,t—j—l(x) + T)(s—i—l,z—j—l(x))
-1 .
- pT(Xs—i,t—j—l (x) +Xs—i,z—j_1(x)))-

(iv) For1<i<s—-landj=t,

1 (p—-1 . p—1
O(x) = — (T 20 o)+ X + 75— D xon(0)
Pq s—i<k<s—1 O<m<t
O<m<t
+ =/V( Z Xs—i-1m(X) + Z X:—i—l,m(x)) + 55( Z Xsmictn(X) + Z Xs—i—l,m(x)))a
O<smst O<m<t O<sm<t O<ms<t
2|t—-m 24t—m 2|t—-m 24t—m
and
1 (p—-1 . p—1
6,0 =~ | 75— DL @ X+ 5 D X
pPq s—i<k<s—1 O<sms<t
O<m<t
+ %( Z Xs—i—l,m(x) + Z X:—i—],m(x)) + ’/V( Z X:—i—l,m(x) + Z Xs—i—l,m(-x)))-
O<sm<t O<sms<t O<sms<t O<ms<t
2|t—m 24t—-m 2|t—m 24t—-m

(v) Fori=sand 0 < j<t-1,

0,(x) = — ((q—l)( > WD) +Xin )+ D )

s qj+1
rq 0<k<s—1 t—j<ms<t
1—j<m<t
- ( kr—j-1(x) +)(/t,;_j_1(x)) +Xs,t—j—1(x)))-

0<k<s—1
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(vi) Fori=sand j=t,

Os(x) =

1
vqt( Dt X+ ij(x)) =

0<k<s—1 O<sm<t
O<sms<t

Remark 5.9. In Theorem 5.8, if | = 2, we set

-1+9 -1-9
) =%=1 and T:JI/:O,

are, respectively, the definitions of # and N above.

Example 5.10. Set p =11, q=5,s=t=1,g =2, andl = 3. Thenn = 55. 3 is a primitive of 5 and
ord;;(3) =5. Ry ={1,3,4,5,9,}and N, = {2,6,7,8, 10}. Note that 5 is a quadratic residue modulo 11,
by Theorem 2.12, and the 3-ary cyclotomic cosets modulo 55 are given below:

Co = {0},

Ci={5x+1ly:x€eR,yeZs}
={1,3,4,9,12,14,16,23,26,27,31,34,36,37,38,42,47,48, 49, 53},

Cy={5x+1ly:xe N,y € Zs}
={2,6,7,8,13,17,18,19,21,24,28,29,32,39,41,43,46,51, 52, 54},

Cs ={5x:x€ R} =1{5,15,20,25,45},

Cio = {5x: x € N;} = {10, 30, 35, 40, 50},

Cn={lly:yeZ} ={11,22,33,44}.

Set § = 2 € Fs. Let a be a 55-th root of the unit such that # = 2 and A = 0. Note that 117! = 57! =2
in B3, by Theorem 5.7, and the six primitive idempotents are given below.

Bo(x) = 1+ x+ -+ x,
01(x) = 2 + 2x10(x) + x2(x) + x11(x),
0 (x) = 2 + 2xs5(x) + x1(x) + x11(x),
O5(x) = 2 + 2y2(x) + 2x10(x) + 2y 11 (%),
O10(x) = 2 + 2x1(x) + 2x5(x) + 2Zx11(x),
O11(x) = 1+ 2y 1(x) + 2x2(x) + x5(x) + x10(x) + 2y 11(x).
Example 5.11. Set p=7,q=5,s=t=1,g =3, andl = 2. Then n = 35. 2 is a primitive root of 5

and ord;(2) = 3. Ry = {1,2,4} and N, = {3, 5, 6}. Note that 5 is a quadratic nonresidue modulo 7, by
Theorem 2.12, and the 2-ary cyclotomic cosets modulo 35 are given below:

= {0},
={5x+7y:xeN,,yeZ}=1{1,2,4,809,11,16,18,22,23,29,32},
C3 ={S5x+7y:x€eRy,yeZs =1{3,6,12,13,17,19,24,26,27,31, 33},
Cs ={5x:x€ R} ={5,10,20},
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Ci5 = {5x: x € N} = {15, 25,30},
C;={Ty:yeZ) ={7,14,21,28}.
Let a be a 35-th root of the unit such that # = 1 and & = 0. Note that 7' = 57! = 1 in F,, by
Theorem 5.8, and the six primitive idempotents are given below.
Oo(x) = 1+ x+ -+ x**,
01(x) = x3(x) + x7(x),
03(x) = x1(x) + x7(x),
O5(x) = 1 + x3(x) + xs5(x) + x7(x),
O15(x) = 1+ x1(x) + x7(x) + x15(x),
67(x) = x1(x) + x3(x) + x7(x).

6. Parameters of some cyclic codes of length p*q’

The dimension of the minimal code .#, is the number of non-zeros of the generating idempotent,
which is the cardinality of the class C,.

Lemma 6.1 ( [8], Lemma 10, p. 446). If € is a cyclic code of length n generated by g(x) and is of
minimum distance d, then the code € of length nk generated by g(x)(1+x"+- - -+ x%=Y") is a repetition
code of € repeated k times and its minimum distance is dk.

Proposotion 6.1. The generating polynomials of the code .# are clearly
xP'd 1

x—1

St
=l+x+---+x79"

and its minimum distance is p°q'.
Proposotion 6.2. For0 < j<t-1,
1= (1+ P AT U T S (1 + X074 0D,
The minimal polynomial of a’'? s
t—j—1 —j-1
Mygi(x) = 1+ x4 4o 4 ylamDe™
and therefore the generating polynomial of M s, is

G S D+ xT g DT,

Let €; be the code of length q'~/ generated by x?7" — 1, and then by Lemma 6.1, the code My, is the
repetition code of €; and its minimum distance is 2p*q’.
Proposotion 6.3. For0 <i < s—1and0 < j <t we denote dg.))(x) = M,,i(x) and d;jl.)(x) = M igig(X).
Let A = (a;)) € IF“;X(M). Let €, be the code of length p*q' generated by
_ (aij)
a@= ] 4",

0<i<s—1
o<t
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and then 6y is a [p*q’, by ”)q L code with minimum odd-like weight d > p*®. In fact, let A’
a;j)sxi+1) and €y be the codes generated by

g =[] ;" .

0<i<s—1
0gj<t

Suppose a(x) is a codeword of minimum odd-like weight d of €. Then the polynomial
b(x) = a(x)a(x*) mod (x"7 — 1)

is a codeword with odd-like weight of both €, and 6. It follows that b(x) is a multiple of

W~ 1 i 1+ x4 (-1’
x)8a(X) = = =14+x7 +---+x .
ga(x)gar(x) M Myy(x) 27 -1

0<j<t

Since there are at most d* terms in b(x), we have d* > p°.

Proposotion 6.4. Suppose 0 <i<s—1and0< j<t LetA = (ay,) € IF'(S XD We define

ga(x) = ]_[ dyim (),

i<k<s—1
Jj<m<t

and let 6 be the code generated by

Xltj

ga()(1 + xP 17 oy yP0P

).

1-

Then 6, is a [p*q’, M] code with minimum odd-like weight d > p“*"qJ. In fact, let €, be the
code of length p*~'q'~/ with the generator polynomial g,(x). We also define A’ = (1 — a;;)s-ixr+1-j and

C is the code of length p*~'q"~) with the generator polynomial

av =[] o).

i<k<s—1
Jj<m<t

Suppose a(x) is a codeword of minimum odd-like weight dy of €. Then the polynomial

S=i t—j

b(x) = a(x)a(x®*)mod (x¥ 7" —1)

is a codeword with odd-like weight of both €, and €. It follows that b(x) is a multiple of

Alf_[

— 1 -1 g7 (p*=yg~
gA(x)gA’(x) = 1_[ Mpsqm(x) = xqtfj ~ 1 = 1 + X + -4+ Xx .

Jj<m<t

Since there are at most d(z) terms in b(x), we have dg > p*~i. Then by Lemma 6.1, we have

d=p'gdy > p*"q’.
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