AIMS Mathematics, 11(4): 9989-10003.
DOI: 10.3934/math.2026412
ATMS Mathematics Received: 05 February 2026

Revised: 20 March 2026

Accepted: 27 March 2026
https://www.aimspress.com/journal/Math Published: 14 April 2026

Research article

A second-order linear energy-stable scheme for slope-selection epitaxial
thin-film growth

Hyun Geun Lee*
Department of Mathematics, Dongguk University, Seoul 04620, Republic of Korea
* Correspondence: Email: leeh1 @dongguk.edu.

Abstract: The slope-selection epitaxial thin-film growth model was formulated as the L-gradient
flow of an energy functional with a nonlinear potential of the surface slope. We developed a second-
order, linear, and energy-stable scheme for this model based on a linear convex splitting in which
the nonlinear potential term was treated explicitly together with an auxiliary term that ensured the
convexity of the explicit part. The scheme was constructed using a second-order strong-stability-
preserving implicit—explicit Runge—Kutta method. We explicitly identified the range of Runge—Kutta
coeflicients for which the original discrete energy decay property held, and proved that the scheme was
unconditionally energy-stable with respect to the original discrete energy functional. Numerical results
were presented to verify the accuracy, computational efficiency, and long-time energy stability of the
scheme.
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1. Introduction

The slope-selection epitaxial thin-film growth model describes the morphological evolution of thin-
film surfaces during epitaxial deposition by favoring a specific slope. It is formulated as the L2-gradient
flow of the energy functional [1]

T P V- (IVoI*V) + Ap + 6A*¢ (1.1)

with

1 0
&(9) = f(Z(|V¢|2 - 1%+ EIAflﬁl2 dx. (1.2)
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Here ¢ is the scaled height function of the thin film in a co-moving frame, 6 > 0 is a constant, % denotes
the variational derivative, and periodic boundary conditions are imposed in all spatial directions. The
first term in (1.2) selects the slope of the film surface. For this reason, Eq. (1.1) is referred to as the
growth equation with slope selection (SS equation), which satisfies the energy decay property.

The physically interesting coarsening dynamics occur over very long time scales. The SS equation
predicts E(r) ~ O(t‘%) and w(r) ~ O(t%) as t — oo [1-3], where w(¢) is the roughness defined by

1 1 ?
w(t) = \/@L(qﬁ(x, t)_@L¢(X’ 1) dx) dx.

Therefore, numerical simulations of the coarsening dynamics require long-time accuracy and energy
stability. Various second-order and energy-stable schemes have been proposed to solve the SS equation.
In [4], Shen et al. constructed the second-order convex splitting scheme by combining the convex
splitting idea [5] and the secant method [6], where the energy stability was established with respect to
the following modified discrete energy functional:

< 1
&, ¢ = E@") + fg 7 V@™ - ¢ dx.

In [7], Yang et al. developed the second-order backward differentiation formula based on the
invariant energy quadratization method [8], where the energy stability was proved with respect to the
following modified discrete energy functional:

n+1y)2 n+ly _ ny\\2 n+1y2 n+l _ n\2
g = f(l (U@DP + QU™ - UGP 587+ 2A¢™! = Ag") ) i
al\4 2 2 2

where U(¢) = |V¢|>—1. In [9], Feng et al. presented the second-order backward differentiation formula
with a second-order Douglas—Dupont regularization, where the energy stability was established with
respect to the following modified discrete energy functional:

~ 1 1
8(¢n+1’¢n) — 8(¢n+1) +f _(¢n+1 _¢n)2 + —|V(¢n+l _¢n)|2 dx.
o \4At 2
In [10], Cheng et al. developed the second-order backward differentiation formula based on the
scalar auxiliary variable approach [11], where the energy stability was proved with respect to the
following modified discrete energy functional:

(V(¢")* + V(g™ = V(¢™M)® N f 8 (Ag™1)? + QAP — AP Ix
Q

Sroan+l  gny
8(¢ ’¢)_ 2 2 2 s

where V(¢) = \/fQ 2(IV¢P> = 1)? dx + C and C > 0 is a constant such that fQ HIVeP* = 12 dx + C > 0.

In this paper, we develop a second-order, linear, and energy-stable scheme for the SS equation that
preserves the decay of the original discrete energy functional, rather than a modified one, without
sacrificing accuracy or computational efficiency. The proposed approach is based on a linear convex
splitting of the original energy functional, in which the nonlinear potential term is treated explicitly
together with an auxiliary term that ensures the convexity of the explicit part. The convex splitting
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idea has been widely applied to various gradient flow equations. However, the standard convex
splitting scheme leads to formally first-order accuracy. To improve its temporal accuracy, a variety of
higher-order schemes have been developed, including those based on backward differentiation
formulas [12] and implicit—explicit methods [13]. Here, we combine the proposed linear convex
splitting with a second-order strong-stability-preserving implicit—explicit Runge—Kutta
(SSP-IMEX-RK) method [14, 15] to achieve second-order temporal accuracy. Although all RK
coeflicients yield second-order temporal accuracy, they do not necessarily guarantee the decay of the
original discrete energy functional. We explicitly identify the range of RK coefficients for which the
original discrete energy decay property holds, and prove that the scheme is unconditionally
energy-stable with respect to the original discrete energy functional.

This paper is organized as follows. In Section 2, we construct a second-order, linear scheme and
establish the decay of the original discrete energy functional. In Section 3, numerical results are
presented to verify the accuracy, computational efficiency, and long-time energy stability of the
scheme. Section 4 concludes the paper. Appendix includes the MATLAB code for the scheme and
additional spatial refinement tests.

2. Numerical scheme

To preserve energy stability without sacrificing computational efficiency, we consider the following
splitting:

&(¢) Ec(P) — Ee(9)

6 2 A 2 1 2 2 A 2
fg (51807 + 51797 ) x - fQ (‘Z“W 17+ 5199 )dx. @1

The convexity of E.(¢) is obvious for A > 0.

Lemma 1. &(¢) is convex if A > 3 max Vo> - 1.
Proof. The convexity of &,(¢) follows from the convexity of the function
Fw =~ ~ 17 + S P
with u = V¢. A direct calculation gives
VoF@)=(A+1-[uP)u, V2F@)=(A+1-u)I-2uu’.
For any v € R?, we have
VIVZFu)v > (A + 1 = 3Ju)|v/>.
Therefore, if A+1 > 3 I’r(lea}zx |u|2, the Hessian is positive semi-definite, and, hence, F(u) is convex. 0O
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To achieve second-order temporal accuracy, we combine the linear convex splitting (2.1) with the
second-order SSP-IMEX-RK method:

o = g At(é&;w) _ 686<¢">),
¢ 6¢
6E(p?)  6E.(9")
5p ¢ )
6E (") 6E.(9?)

5p 50 )
where 2222 = 5A%¢ — AAg and 258 = V - ([V$V§) — (A + 1)A¢. We note that the convexity of E.(¢)
is ensured for A > 0, while that of E.(¢) is ensured for A > 3 rilea}zx |V<;S|2 — 1. Accordingly, for the first

¢? = ad" +ang' - b'At(

" = axd" + an ¢V + ane® — bzAf(

stage we take
A" = 3max |V¢"|,
XeQ

which is computed from the known solution ¢" and satisfies the required convexity conditions at the
first stage. Similarly, for the second and third stages we take

AV =3max V¢ and A® =3 max |V,
xeQ xeQ

respectively, both of which are computed from already available stage values. With this notation, the
first-stage term takes the form
6E(p'")  6E.(¢")
o o
The corresponding expressions for the second and third stages can be obtained in the same way.
Since A is chosen at each stage from already available quantities, it is independent of the unknown at
the current stage. Hence, each stage remains linear. Moreover, since the required convexity conditions
are satisfied by construction, the convex splitting structure is preserved at each stage of the SSP-IMEX-
RK update, and the unconditional energy stability analysis can be carried out in the same manner.
The RK coefficients ayg, a1, ax, a1, ax, by, b, are chosen to satisfy the second-order conditions:

= 600" — A"ApV - (V- (IV9"PV4") — (A" + 1DAG").

app+ap =1,

ax + as; +ap =1,

ay + anap +anb; + by =1,

axy + apay + aypay by + azzb% + ax by + ayay by + ayb by + b% =
anpb, + ay1by + b1b, = %

1
2’

Letting by = by, = b(> 0) y1€1dS ayp = dxy = b - ZLb’ ay = —-b+ 2_1b +1,a, = -b+ ZLb + 2, and
ajyy = —1, i.e.,
¢(1) ¢ — At 580(¢(1)) _ 68e(¢n)
1Y) op )’
1 1 6E(¢?)  6E.(9")
@ (p- — —b 1" — bAt - , 22
¢ ( 2b)¢ +( T )¢ 56 56 (22)
1 1 6E(¢"")  68.(¢?)
Ml=(b-—|¢"+[-b+ == +2|¢" - ¢® —bAL - :
¢ ( b)¢+( +2b+)¢ ¢ ( 56 5
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Lemma 2. Let

V| 203 1 1 28
b -+ —
- 83 2N Vri+n+14 12 3 3
and
— Vr+n+14 1 20V3 1 1 28
b I+ ———+ =+ —=,

—_— —_—’/‘_
83 2\ Vn+nr1d 120 3773

where r| = \3/2(31 —-3v105) and r, = 3/2(31 +3V105). Forb<b < b, the following matrix induces
a positive semi-definite quadratic form:

1 0 0
M=| 2 1o
-5 b-xp b

Proof. Since the skew-symmetric part of M does not contribute to the quadratic form, it suffices to

. . T T .
consider the symmetric part % Indeed, for any vector z, z' Mz = ZT%Z. The eigenvalues of

T V124 —16b3+8b2 V12b%—16b3+8D2 .
M+M 12b*—~16b°+8b>+2 12b lflf +8b +2. Since /ll =0and /13 > 0’

= N
Tare/h—O,/lz—2+1 m
M+M”

== is positive semi-definite if and only if 2, > 0. Solving the inequality 4, > 0 yields b < b < b.

,and A3 = 5+1+

Therefore, for b < b < b, M induces a positive semi-definite quadratic form. O

Remark 1. Under the choice by = b, = b, the second-order conditions determine the remaining RK
coefficients in terms of the single free parameter b, and this leads to the scheme (2.2). The bounds b
and b are then derived by requiring the quadratic form appearing in the discrete energy estimate to be
nonnegative (see the proof of Theorem 1). Equivalently, b must be chosen so that M induces a positive
semi-definite quadratic form. This yields the admissible range b < b < b.

Before proving the decay property of the original discrete energy, we note that the intermediate
energy terms E(¢'") and E(¢®) arise naturally from the multistage structure of the SSP-IMEX-RK
method. Since the convex splitting structure is preserved at each stage, the convexity inequality can be
successively applied to the stage values, and the resulting stage-wise estimates lead to the final discrete
energy decay.

Theorem 1. For b < b < b, the scheme (2.2) satisfies the original discrete energy decay property:
&™) < &M,
Proof. The convexity of E.(¢) and E,(¢) gives the following inequality:

(5&(@ 0
5p ¢

&(¢) - 8W) < f ) 6 — ) d.

Q

Using the inequality, we have
E@" - E¢"
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= (&(¢™") - &™) + (86 - E@™)) + (&) - Eg™)
< f((éac(qs"“) ~ 686<¢<2>>) @ — ) + (68c(¢<2>) _ 68.(0")
o\l o ¢ 5¢ ¢
N (6&@(”) 584"
¢ ¢
1

- n+l _ 1(2) 2) _ (D _i) 1) _ n) n+l _ 1(2)
= Q((¢ o7 +267 - ¢ >+(b )@ =)@ = o)

) CRE

)(¢<“ - ¢")) dx

(0700 (b= 55 )0 - ) 02 - 0 4 b6 - 07 )t
= —i ‘fg;((pn‘*l _ ¢(2), ¢(2) _ ¢(1), ¢(1) _ ¢n)M(¢n+1 _ ¢(2)’ ¢(2) _ ¢(1), ¢(1) _ ¢n)T dx

<0.
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Figure 1. Evolution of (a) ¢(x,y, ) and (b) its &(r) (left) and w(¢) (right) with 6 = 0.1.
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3. Numerical results

The spatial domain is discretized using the Fourier spectral method. Since the slope-selection
epitaxial thin-film growth equation is not an interfacial model such as the Cahn—Hilliard equation, the
usual transition-layer resolution criterion is not directly applicable here. Instead, the adequacy of the
spatial resolution is verified through additional spatial refinement tests, which show that, for
sufficiently fine Fourier discretizations, further spatial refinement has a negligible effect on the
measured errors; see Appendix and Figure 8.

3.1. Accuracy, computational efficiency, and energy stability

We verify the accuracy, computational efficiency, and energy stability of the proposed scheme using
the following initial condition [3]:

¢(x,y,0) = 0.1 (sin3xsin 2y + sin Sx sin 5y)

with Q = [0,27]%,6 = 0.1, and Ax = Ay = E—Z. Figures 1 (a) and (b) show the evolution of ¢(x, y, ) and
its (1) and w(z), respectively, with b = 0.4 and At = 0.01 - 27°. Figures 2 (a) and (b) show the relative
ly-errors of ¢(x,y,t) at t = 2.5 and 5.5 and the central processing unit (CPU) times for the scheme,
respectively, with b = 0.4, 1.3, 2.3, 3.3, and 4.2 for At = 0.01 - 277,0.01 - 27,...,0.01. The errors are
computed with respect to the reference solution obtained using At = 0.01 - 27, and the CPU times are
measured on an Intel Core i5-14400 CPU at 2.50GHz with 8GB RAM. It is observed that the scheme
achieves second-order convergence in time, and the CPU time scales almost linearly with the number
of time steps, independently of b.

We also perform simulations using larger time steps. Figure 3 shows the evolution of &(f) with
b =0.4,1.3,2.3, 3.3, and 4.2 for At = 0.000625, 0.0025, 0.01, 0.1, 1, and 10. As proved in Theorem
1, the energy does not increase in time for b < b < b. Based on the results in Figures 2 and 3, we fix
b = 0.4 and Ar = 0.0025 for the remainder of the paper.

relative lo-error
>

relative ly-error
>
S

CPU time (s)

10°F 4 - 7 — 04
/// e —e—b= [).;1

(1 - s—b=13

L 2 b=23 :
o(AR)”7 ——b=33 —e—b=33
b=42 b=42

o time stcl‘)OZ/, o o time sm;vOZ/, o o time s:g; At o
(a)
Figure 2. (a) relative /,-errors of ¢(x,y, ) at t = 2.5 (left) and 5.5 (right) and (b) CPU times

with different values of b for various At.
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Figure 3. Evolution of &(¢) with different values of b for various At.
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3.2. Coarsening dynamics

To evaluate the applicability of the scheme to simulating coarsening dynamics, we take an initial
condition as follows:

#(x,y,0) = rand(x, y),

where rand(x, y) is a uniformly distributed random number in the interval [-0.001,0.001]. We use
Q=10,12.8]%> and Ax = Ay = % to resolve small-scale structures in the numerical solution. Figures
4-6 show the evolution of ¢(x,y,?) and its Laplacian with § = 0.032, 0.06, and 0.12, respectively.
The coarsening dynamics and the evolution of hill-and-valley structures become apparent, and the
coarsening speed exhibits a clear dependence on 6. Figure 7 shows the evolution of &(f) and w(?), where
the energy decays like 13 and the roughness grows like 13. The results in Figures 4-7 indicate that the
proposed scheme demonstrates long-time accuracy and energy stability, and is therefore suitable for

simulating coarsening dynamics.

t=0

Figure 4. Evolution of ¢(x, y, f) (left) and its Laplacian (right) with ¢ = 0.03.
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t =500

Figure 5. Evolution of ¢(x, y, f) (left) and its Laplacian (right) with 6 = 0.062.

Figure 6. Evolution of ¢(x, y, f) (left) and its Laplacian (right) with § = 0.12.
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0.12. In each figure, the solid line represents the simulation result, whereas the dashed line
corresponds to its least-squares fit.

AIMS Mathematics

Volume 11, Issue 4, 9989-10003.



10000

4. Conclusions

We developed a second-order, linear, and energy-stable scheme for the SS equation. The scheme
was constructed by combining a linear convex splitting of the original energy functional with a second-
order SSP-IMEX-RK method. For b < b < b, we proved that the scheme is unconditionally energy-
stable with respect to the original discrete energy functional.

Numerical experiments confirmed that the scheme achieves second-order convergence in time, is
computationally efficient, and preserves the original discrete energy decay property. Furthermore,
long-time simulations of coarsening dynamics demonstrated that the scheme accurately captures the
expected scaling laws, indicating its effectiveness and robustness for the SS model.

We also note that b is the single free parameter within the admissible range b < b < b. For any
choice of b in this range, the original discrete energy decay property is guaranteed theoretically. The
numerical results also show that the CPU times are nearly identical for different admissible values of
b. Although the observed convergence order remains second order for the tested admissible values of
b, the choice of b may affect the error constant. A rigorous characterization of how the error constant
depends on b, and hence the identification of an optimal choice of b, remains an interesting topic for
future work.

Appendix

MATLAB code

The MATLAB code for the scheme (2.2) used to generate Figure 4 is given below.

x1=0; xr=12.8; yl=0; yr=12.8; T=500; A=0.03"2; b=0.4; nx=512; ny=512; dt=0.0025;

dx=(xr-x1)/nx; dy=(yr-yl)/ny; x=xl:dx:xr-dx; y=yl:dy:yr-dy;
xix=1i#2xpixfftshift(-nx/2:nx/2-1)/(xr-x1); xiy=li*2«pixfftshift(-ny/2:ny/2-1)/(yr-yl);
[xiX ,xiY]=ndgrid (xix , xiy); xi-lap=xiX."2+xiY."2; nt=round(T/dt);

ophi=0.001=+(2+rand (nx,ny) -1);

for it=1:nt
Phin = fft2 (ophi);
[An, Ftn] = comp_A(Phin ,xiX,xiY); Rhsn = Phin + dt=«(Ftn-(An+1)xxi_lap.*Phin);
Phil = Rhsn./(1+dt«(Axxi-lap.” 2-Anxxi-lap));

I e Y e

_— = =
W= O 0o

[Al,Ftl] = comp-A(Phil ,xiX,xiY);
Rhs1 (b-1/(2%b))*Phin + (-b+1/(2xb)+1)%Phil + bxdtx(Ftl -(Al+1)xxi_lap.«Phil);
Phi2 Rhsl./(1+bxdtx(Axxi-lap.” 2-Alxxi_lap));

_— =
[ENEVIS
I

-

[A2,Ft2] = comp-A(Phi2 ,xiX,xiY);

18 Rhs2 = (b-1/(2%b))*Phin + (-b+1/(2%b)+2)*Phil - Phi2 + bxdt=«(Ft2 -(A2+1)«xi_lap.*Phi2);
19 nphi = real (ifft2 (Rhs2./(1+bxdt=(Axxi_lap."2-A2xxi_-lap))));

20 ophi = nphi;

21 end

NN
s W

function [A,Ft] = comp-A(Phi,xiX,xiY)

phix = real (ifft2 (xiX.«Phi)); phiy = real(ifft2(xiY.«Phi)); gradphi_sq = phix."2+phiy."2;
A = 3xmax(gradphi_sq (:));

Ft = xiX.«fft2 (gradphi_sq.+phix)+xiY.«fft2 (gradphi_sq.=phiy);

end

SRS IN )
PN
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Spatial refinement study

To verify the adequacy of the spatial resolution, we perform additional spatial refinement tests using
the parameter set from Section 3.1, while varying only the number of grid points N. Figure 8 shows
the relative l,-errors of ¢(x,y,2.5) for N = 16, 24, 32, 48, 64, 96, and 128, with the same values of b
and At as in Section 3.1. The errors are computed with respect to the reference solution obtained using
N =256 and At = 0.01 - 27°. In each subfigure, the vertical dashed line indicates the spatial resolution
used in the main computations. For sufficiently fine Fourier discretizations, further spatial refinement
has a negligible effect on the measured errors.
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Figure 8. Relative /,-errors of ¢(x,y,2.5) with different values of b for various N and Ar.
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