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Abstract: We study the shift map on a non-compact symbolic space X endowed with a metric p
that is not compatible with the usual product topology. While abstract, this setting is motivated by
symbolic codings arising from transcendental entire maps with Cantor bouquet Julia sets, where the
natural metric differs from the standard product topology. We study a spectral theory of lonescu-
Tulcea and Marinescu type for transfer operators acting on Banach spaces of locally Holder functions
adapted to this non-standard metric. We prove quasi-compactness of the transfer operator and establish
the existence of a spectral gap, showing that the spectral radius is isolated and corresponds to a
simple leading eigenvalue equal to the topological pressure. We identify the associated eigenfunction,
conformal measure, and Gibbs state and establish a variational principle. The arguments rely on
general symbolic assumptions and do not rely on the product topology. As an application, we consider
symbolic models arising from hyperbolic transcendental entire maps of finite order.
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1. Introduction

The Ionescu-Tulcea and Marinescu theorem, established in their seminal paper [11], is a core result
in functional analysis and has provided one of the key analytic tools for the spectral study of transfer
operators acting on non-compact symbolic spaces with a countable alphabet (see [15,20]). When an
operator satisfies a Lasota-Yorke-type inequality, contracting with respect to a strong norm (typically
Holder regularity) and bounded with respect to a weaker norm (such as L'), the theorem yields quasi-
compactness of the operator. As a consequence, the spectral radius is isolated and corresponds to
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a finite-dimensional dominant eigenspace, while the remainder of the spectrum lies strictly inside a
smaller disk. This spectral structure produces a positive eigenfunction and a conformal eigenmeasure,
which together yield a Gibbs state.

We consider a symbolic model for the shift map acting on a non-compact space with an infinite
alphabet, endowed with a metric p that is not compatible with the standard product topology generated
by cylinders. While abstract in formulation, this setting is motivated by codings arising from
transcendental entire maps with Cantor bouquet Julia sets, such as the exponential family E,(z) = we®
for 0 < w < 1/e (see [6-8]). The endpoints of hairs admit symbolic encodings, but the metric reflecting
their Euclidean geometry does not behave like the usual shift metric. This places our setting in a
different geometric context from the classical countable Markov shift theory studied in [15, 19]; the
latter serves as an important inspiration for our approach.

We define the shift map acting on a symbolic metric space (X, p) that satisfies topological mixing,
local expansion, and approximation by compact subshifts of finite type Xy. These properties capture
key dynamical features of transcendental entire maps with Cantor bouquet geometry. Under suitable
mild assumptions on the metric and on the local Holder regularity of the potential, the authors in [10]
established the existence of a conformal measure on X, obtained as a weak limit of conformal measures
on the compact approximations Xy, together with an invariant measure satisfying the Gibbs property
on dynamically relevant subsets of X, constructed by averaging iterates of the conformal measure via
a Banach limit.

The approximation in [10] does not provide a spectral description of the transfer operator on X,
nor does it establish quasi-compactness adapted to the non-standard metric p. The present work
provides this missing perspective and develops a thermodynamic formalism adapted to this non-
standard symbolic setting. The novelty of this paper lies in adapting the quasi-compactness framework
of the Ionescu-Tulcea and Marinescu theorem adapted to the metric p. Under additional spectral
assumptions introduced here, we prove that the normalized transfer operator £, acting on the Banach
space H, of locally Holder continuous functions on (X, p), is quasi-compact and admits a spectral gap.
As a consequence, the leading eigenvalue is simple and equal to the exponential of the pressure P(¢),
and we obtain a strictly positive eigenfunction hy € H,. These objects together with the conformal
measure m, constructed in [10] yield a o-invariant measure pu, = hym,, which is ergodic. Here, the
pressure P(¢) is defined as the supremum of the pressures on the compact approximating subshifts Xy,
with respect to the metric p.

In the present work, our approach is based on the spectral properties of the normalized transfer
operator. Since its leading eigenvalue is simple, the associated invariant probability measure u is
unique. Consequently, the invariant Gibbs measure constructed in [10] (see Remark 2.4) coincides
with u, provided that ¢ satisfies the hypotheses of both frameworks.

The structure of the paper is as follows: Section 2 introduces the setting, symbolic space, the
metric, hypotheses, and remarks about assumptions. Section 3 states the results and Section 4 studies
locally Holder potentials, the transfer operator, and the pressure. Section 5 applies the lonescu-Tulcea
and Marinescu theorem to obtain the spectral results. Section 6 establishes the variational principle.
Section 7 discusses the symbolic models arising from transcendental entire dynamics with Cantor
bouquet geometry.
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2. Symbolic framework and definitions

This section gathers the dynamical hypotheses of our non-standard symbolic framework together
with the key definitions. These elements are needed to establish the main results.

2.1. The symbolic metric space

Let
Y= {C_l:(do,al,...)ZajEZ, ]ZO}

be the one-sided full shift over the countable alphabet Z, endowed with the usual metric: For some
e (0,1),
dﬁ(ﬁ, z) = einf{kZ():skil‘k}’ 0<8< 1’

where, by convention, 6~ = 0. The shift map o : £ — X is given by o(apaa; - --) = (ajaxaz - - +).
For each integer N > 1, define the compact subshift

YXy:={a€X:a;e{-N,...,N}forall j > 0},

which represents the symbolic space restricted to a finite alphabet.
We now introduce a symbolic space X C X that will serve as the central object of study. The space
X satisfies the following properties:

e The space X is invariant under the shift, that is,
oX) =X = '(X).

Hence, all iterates 0|y are well defined.
e The space X is endowed with a metric p that is not compatible with the standard metric dj.
e For every N > 1, the finite subshift Xy C X is compact with respect to p.
e For any compact, forward-invariant subset A C X, there exists N > 1 such that A C Xy.

These assumptions ensure that X behaves as a locally compact symbolic space approximated by an
increasing sequence of compact subshifts Zy.
A fundamental example of such a symbolic space arises in the dynamics of the exponential map

E (2) = we, w e 0,1/e),

which is a prototypical transcendental entire function in the Eremenko-Lyubich class 8. The most
interesting dynamics occur in the Julia set J(E,,), which forms a Cantor bouquet. Its set of endpoints
can be encoded by a symbolic space X of allowable sequences. Specifically, X consists of all sequences
a = (apa; ...) € X corresponding to the itinerary of some endpoint z € C under the dynamics of E,,.
Not all sequences appear as itineraries of endpoints, hence X is a proper, completely invariant subset
of X encoding the dynamically relevant part of E,, (see [6, 13]). See the simplified graph (Figure 1).

More generally, for transcendental entire functions f of finite order, with a bounded set of singular
values and rapid derivative growth, the Julia set J(f) is a Cantor bouquet. The endpoints of its dynamic
rays are in one-to-one correspondence with symbolic sequences in X C X, and the dynamics of f
restricted to the set of endpoints is conjugate to the shift map restricted to X.
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To clarify this correspondence, we briefly recall the symbolic representation and the class of
potentials satisfying the required properties in the general setting described in Section 7, as first
established in [10].

Complex plane C Symbolic space (X, o)

Basin H
Rez < q,
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p(a,b) = |p(a) — p(b)

reflects Euclidean distance of endpoints

NOT compatible with cylinders

Figure 1. ExpoNeENTIAL MAP: the basin of attraction H (left of g,,) attracts all orbits to p,,. “The
fingers C; lie in strips” —m+2 jmr < Imz < 7+2 jn, and contain the hairs of the Cantor bouquet
J(E,). Each hair carries a unique endpoint z,, coded by an allowable sequence a € X. The
metric p(a, b) = |z, — zp| reflects Euclidean geometry and is not compatible with the standard
symbolic metric dy. See [2] and references therein.

2.2. A metric defined on X and assumptions

Let
p: XXX —[0,+00)

be a metric on X.
For a = (apa; ...) € X and a finite word b* = by ... b,_; € Z", define the concatenation

b*a := (bo,...,by_1,a0,a1,...), andforA C X, b*A:={b"a:ac A}.
For a € X and 6 > 0, define

B(a,0) :={b€ X :p(a,b) <o}, Bo(a,o):=1{b€ B(a,o) : by = ap},
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and the (n, §)-dynamical ball
Bu(a,0) := {b € X : /(b) € Bo(0(a),6) forall 0 < j <n— 1},
Assume that there exists g = dp(0) > 0 such that p satisfies the following:

(H1) There exist C > 0 and A > 1 such that for all n € N, any a,b € X with p(a, b) < ¢y, and every
cteZ",

p(c’a,c’b) < CA™"p(a, b).

(H2) For every R > 0, there exists n > 1 such that
o"(B(a,d0)) D B(O,R) forall a € B(O,R),

where 0 = (0,0,...).
(H3) For every ¢ € (0, dy], setting ¢’ := min{0, %}, there exists ¢ = €(6) > 1 such that for every a € X
and every b, c € By(a, 0), there is a finite chain

b=aya,....a,=¢

satisfying p(a;,a,,)) < 6" forall0 < j< £ - 1.
(H4) If p(a, b) < 6o, then ay = by.

The symbolic coding for the exponential map E,(z) = we* with w € (0, 1/e) is given by the map
p: X — C, ar— 2,

where z, is the endpoint of the dynamic ray (hair) K, associated with the allowable sequence a =
(ag,ay,...) € X C X. The non-standard metric on X is defined by

pla,b) = |p(@) = p(D)| = lza = 2l.

The metric p satisfies properties (H1)—(H4). See Subsection 7.4.

Note that the natural shift metric dy with 8 € (0, 1), satisfies the condition (H1). Indeed, if we put
6o =1,C =1and A = 1/0, then for every a,b € X, u* € 7", we have dy(a,b) < 1, d(a,b) = 6° with
s = inf{k : a; # b}, then dy(u*a, u*b) < 0" = 6"d(a, b).

Table 1 presents the main structural features of the classical shift metric dy and the non-standard
metric p on X. The two columns describe distinct geometric situations; no comparison of strength or
generality is intended.
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Table 1. The metric dy and the non-standard metric p on X.

Standard shift metric d,

Non-standard metric p

Defined by dy(a,b) = " #=0a#bd on the full
shift

A general metric defined on a non-compact
subset X of X (e.g., p(a,b) = |p(a) — p(b)|

induced from the Euclidean geometry of the
Julia set)

Not assumed compatible with the cylinder
topology; local structure is governed by
hypotheses (H1)—(H4)

Contraction along inverse branches controlled
by hypothesis (H1), with constants C > 0 and
A>1

Markov structure is not assumed; the
framework is motivated by transcendental
dynamics where this structure is not present,
requiring adapted analytic tools

Metric reflects Euclidean geometry of dynamic
rays (Cantor bouquet structure)

Compatible with the
generated by cylinders

product topology

Contraction determined uniformly by the
constant § € (0, 1)

Markov structure; a rich and complete
thermodynamic formalism has been developed
in this setting

Purely symbolic metric

Remark 2.1. Assumption (H2) ensures that the system (X, o) is topologically mixing, and it ensures
the existence of dense subsets in X (Lemma 4.3). Moreover, it guarantees the existence of controlled
preimages, which is necessary for comparing the values of the transfer operator at different points
and for constructing a conformal measure (see [10, Proposition 2.4]). Assumption (H3) guarantees
that any two close points within the same 1-cylinder can be connected by a finite path of uniformly
small steps (Lemma 4.4). This condition is crucial to extend Holder regularity from small to large
scales and to control the distortion of weakly Holder continuous potentials and the transfer operator
(see [10, Lemmas 2.9 and 2.10]).

Remark 2.2. Condition (H4) asserts that if two endpoints are sufficiently close in the Euclidean sense,
then they belong to the same fundamental tract of the map, and therefore share the same first symbol.
This property provides a minimal compatibility condition between the geometry of the bouquet and
the symbolic partition, ensuring that local closeness in p corresponds to belonging to the same tract,
without requiring global equivalence between the topologies induced by p and dj.

2.3. Potentials, transfer operator definitions, and remarks

Definition 2.1. Given 6, > 0 and a € (0, 1], a function ¢ : X — R is said to be uniformly 6;-locally
a-Holder continuous if there exists a constant L > 0 such that for all a, b, c € X with a,b € By(c, 0;),

#(a) — ¢(b)| < L(p(a, D))" (2.1)

We denote by H, s, the space of all bounded uniformly §;-locally a-Holder potentials. This space
is endowed with the norm

@lles, = 1@las, + [|Blleos
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where (|4l = sup,ey l#(@)] and

Bl = inf {L > 0:1¢(a) ~ ¢ < L(p(a b))" whenever p(a,b) < 61 2.2)

It follows from standard arguments that (H,,, || - |l..s,) 1s @ Banach space.

Let CB(X, R) denote the space of real-valued bounded continuous functions on X, equipped with
the uniform norm || - ||,. The transfer operator associated with a summable potential ¢ acts on CB(X, R)
as,

L@y = Y. e"Py(b), foraeX. (2.3)

bo(b)=a

We denote by 1 the constant function equal to 1 on X. Then the transfer operator applied to 1 is

$¢]1(2): Z Ay
bio(b)=a

For n > 0, denote the Birkhoff sum: §,¢ := Z’]’;(l) ¢poo’. Foreachn > 1 and a € X, the n-fold iterate
of the transfer operator is given by

Lipl@) = ) S g(ca).

creZlt

Let £ denote the dual operator of .Zj, acting on finite signed Borel measures on X by

fgod(f;m):f,;%godm.

Definition 2.2. A potential ¢ : X — R is called summable if

sup{ Z1(@)} < .

aeX

A potential ¢ is rapidly decreasing on X if

lim sup {Z;1(a)}=0. (2.4)

R=e0 4ex\B(O.R)

Denote by M, (X) the space of o-invariant probability measures on X. For v € M, (X), we write
h,(o) for the measure-theoretic entropy of v.

Definition 2.3. The topological pressure of o on X for a potential ¢ € H, is defined as

P(¢) := sup P(Zy, Pls, ), (2.5)
N>1
where
PZy, dls,) := sup {hy + frpd,u,,u is inv. prob. measure on EN} (2.6)

is the variational principle for the pressure on Zy.
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Definition 2.4. A probability measure m on X is called e”®~?-conformal if

m(o(A)) = f "D~ dm,
A

for all measurable sets A C X for which o : A — o(A) is a measurable bijection.

Remark 2.3. In the context of symbolic codings arising from transcendental entire maps, the existence
of a conformal measure was established in [10]. This conformal measure was constructed under a
summability condition on potentials and suitable structural assumptions on the space, formulated as
hypotheses (H1)—(H3). The construction builds upon the foundational theory of conformal measures
Jfor countable Markov shifts developed by Mauldin and Urbariski [15].

The key step is to approximate X by compact finite-state subsystems Xy, study the dual operator
.,2”; restricted to Xy, and use Schauder-Tychonoff to obtain a conformal measure my supported on Zy.
Under the summability hypothesis on ¢, the tightness of {my} holds (see [10, Section 3]). Hence by
Prohorov’s theorem [4], there exists a subsequence my, converging weakly to a probability measure m
on X. By continuity of the Radon-Nikodym derivatives and monotonicity Py(¢) /' P(¢), taking limits
in the conformal identity at level Ny yields

m(o(A)) = f "D~ dm, (2.7)
A

that is, m is ye~®-conformal, with y := e’?,

Remark 2.4. In [10], a probability measure n on X is called a Gibbs measure for a locally Holder
potential ¢ if it satisfies the Gibbs property: there is C > 1 such that for all a € X, there exists
M = M(a) with the property that for alln > 1 and c* € Z", we have

1(c"Bo(a, 6))

-1
€M@ < CoG.eca —nPen = ©

For more details about the existence of a conformal and o-invariant measure, we refer the reader to
the body of the paper [10].

For locally Holder potential ¢, we will denote such a measure by m, which will be used to construct
a o-invariant absolutely continuous measure with respect to m, by means of the transfer operator and
the Ionescu-Tulcea and Marinescu theorem, see Corollary 5.1.

3. Results

In this section, we first recall the Ionescu-Tulcea and Marinescu spectral theorem. It yields quasi-
compactness under a Lasota-Yorke inequality and will be key in our setting.

Theorem 3.1 (Ionescu-Tulcea and Marinescu [11]). Let (F,|-|) be a Banach space and let E C F be a
linear subspace endowed with a stronger norm || - || such that it satisfies the following:

(E1) Every || - ||-bounded subset of E is relatively compact in (F,| - |).
(E2) If (x,) C E with sup, ||x,|| < K, and |x, — x| = 0in F, then x € E and ||x|| < K.

AIMS Mathematics Volume 11, Issue 4, 9910-9941.
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Let T : F — F be a bounded linear operator such that T(E) C E, the restriction T|g : E — E is
bounded with respect to || - ||, and which satisfies the following conditions:

(F1) There exists K > 1 foralln > 1, |T"x| < K |x| for all x € F.
(F2) (Lasota-Yorke inequality) There exist N € N, r € (0, 1) and K, > 0 such that

ITVx|| < rllxll + K> |x|, forall x € E.

Then T|g is quasi-compact. In particular:

(1) There are at most finitely many eigenvalues of T on the unit circle {|A] = 1}, say, y1,...,Yp.
(2) For each i, the eigenspace F; := {x € F : Tx = y;x} satisfies F; C E and dim F; < co.
(3) There exist bounded projections T; : E — F; and a bounded operator S : E — E such that

T =

i

with sup,.; |S"| < co and ||S"|| £ M 6" for some M > 0 and 6 € (0, 1).

)/,'Tl' + S, Tizle', T,T]:O(l?&]), T,S :ST,':O,

P
=1

3.1. Main results

Throughout the remainder of the paper, we assume that hypotheses (H1)—-(H4) are satisfied. Let
09 >0,C >0, and A > 1 be the constants from (H1).

Recall that H,s denotes the space of bounded potentials that are uniformly ¢-locally a-Holder
continuous. For simplicity, whenever no confusion arises, for a fixed J, we write H,s = H,, and
we denote the seminorm |gl, s defined in (2.2) simply by |g],.

Set y := ¢"® and ¢ := ¢ — P(¢), so that L5 =x"'"%

Theorem 3.2 (Spectral decomposition for the normalized operator). Let ¢ € H, be summable and
rapidly decreasing, and satisfy sup,, ||$q;“]l |Oo < oo. Then there exist finitely many eigenvalues
Y1s-..,Yp of modulus 1, finite rank projections Q; : H, — H,, and a bounded operator S : H, — H,
such that

)4
zr = Z:‘% 0;+S" foralln>1,

with Q;-Qj=0fori+ j Q;-S =S -0; =0, and ||S "||g,—u, < CE&" for some C > 0 and & € (0, 1).
In particular, 5 is quasi-compact on H,. Moreover, 1 is an eigenvalue of maximal modulus, as
established in Corollary 3.1.

Proof. The proof is based on several technical estimates that will be established in Section 5.
Lemma 5.1 gives a Lasota-Yorke inequality for £}, and after rescaling by y, the same holds for Xf

Lemma 5.2 provides the compact embedding required for condition (E1) in Theorem 3.1, while (E2)
is standard. We may therefore apply Theorem 3.1. O

Corollary 3.1. The number 1 is an isolated and simple eigenvalue of 25 : Hy, — H,. Its eigenspace
is generated by a strictly positive function h € H, with f hdmgy =1, and

lim sup h(a)=0.

R=eo gex\B(O.R)
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Proof. The proof is given in Section 5.1. O

Corollary 3.2. Let F = CB(X,R) with the norm |g| = ||gllc and let E = H, with the norm ||g|| =
lIglleo + |gla- Assume that the metric dynamical system (X, o, p) satisfies (HI)—(H4) and let ¢ € H, be
summable. Then £, : E — E is quasi-compact. Moreover,

(1) The spectral radius of £ is equal to the pressure e?.
(2) There exists a simple maximal eigenvalue e”? with a positive eigenfunction h, € H, and a Borel
probability measure my such that

g(ph(z, = €P(¢)h¢, Z;m(/, = eP(¢)m¢
(3) The rest of the spectrum of % is contained in a disk of radius strictly smaller than e"@.

Proof. Set ¢ := ¢ — P(¢), so that &} = eP9.Z,. Since ¢ € H, is summable, $ satisfies the same
hypotheses, and Theorem 3.2 applies to .£}. Items (1) and (3) follow from rescaling the spectrum of
2, by eP¥ using that its spectral radius equals 1 and its leading eigenvalue is simple and isolated by
Corollary 3.1. Item (2) follows directly from Corollary 3.1 and Remark 5.1. m|

4. Preliminary lemmas on (X, p) and locally Holder potentials

In the following lemma, we give some basic properties, which follow directly from the definitions
and will be used several times.

Lemma 4.1. Forall6 >0,a € X, n,m >0, and c* € Z", we have
0" Busn(a, 0)) € B,(c"a, o), 4.1)

and
Bnin(c'a, ) C c"B,(a,0). 4.2)

The following lemmas hold, each relying on at least one of the hypotheses (H1)—-(H4), and their
proofs were given in [10].

Lemma 4.2. Fix ny > 0 such that CA™™ < min{l1, 1/C}. Then for all § € (0,6¢], n,m >0, ¢* € Z", and
a € X, we have

(i) Bin(c*a,0) € ¢*B,(a,6) € B, (c*a, CA™"0). In particular, taking n = ny,
Byiny(c*a, 6) € B,y(c*a, min{o, 6/C}).
(ii) B,n(c*a, min{o,6/C}) C ¢*B,,(a, min{o,6/C}) C B,,,.(c"a, 9).
Lemma 4.3. The following hold:

(1). Forall a € X and r > 0, there exists n > 0 such that B(c"a, d9) € 0" B(a,r).
(2). The set | Jys1 Zy is dense in X.
(3). The system (X, o) is topologically mixing.

AIMS Mathematics Volume 11, Issue 4, 9910-9941.
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Fora,b € X and k > 1, define the metric

pr(a, b) := max p(O'ja, o’'b).
== 0< j<k = =

Lemma 4.4. Let 6 € (0,60] and set 6" = min{6,6/C}. Then for allk > 1, d € X, and a,b € B;(d, 9),
there exists a finite chain
(l = £0a£1’~ .. ’Egk = éa

such that pi(c, ¢, ) < & forevery 0 < j < -,

Proof. This follows directly from assumption (H3), applied successively to the iterates o/(d) for 0 <
J < k. For details, see [10] O

Lemma 4.5. For every sufficiently small 6 > 0 and any a,b € X, if b € B,(a,9), then, a; = bj, for
all0 < j<n-1

Proof. Immediate from assumption (H4). O

Remark 4.1. Let 6 € (0, 0] and set &' = min{6,6/C}. Let ¢ € H,, satisfying the summable condition,
then, there exists K > 0, such that

|esn¢(6*ﬂ) _ esn¢(c*é)| S Kes;l‘ﬁ(t*é) p(C_l, l_))(l’,

for all a, b satisfying p(a,b) < &'. Potentials satisfying this bound will be called dynamically a-Hélder.

Let 69 > 0 be the constant associated with the metric assumptions. Given ¢ € (0, p] and n > 0, we
define the (n, 0)-variation of the potential ¢ : X — R by

Var,(¢) :=sup sup [¢(D) — ¢(c)l.

aeX b,ceBy(a,0)

Definition 4.1. Let 6 € (0, 0y]. We say that a continuous potential ¢ has weak Holder regularity if there
exist C > 0and 0 < r < 1 such that, foralln > 0, we have

Var,(¢) < Cr". (4.3)

Notice that for ¢ € (0, dy] and @ € (0, 1], every uniformly d-locally a-Holder continuous potential is
weakly Holder continuous with constants r = A™* and C = LC%” (compare [10, Lemma 2.8]).

Lemma 4.6. Let 6 € (0,6¢] and set & = min{0, %}. Form >n—-1,c" €Z" and a,b € X, such that
pla,b) < &', we have

[

LC
Su(c'a) = Sugle'b)| < A =

p(a,b)*.

Proof. By the local Holder regularity of ¢ with respect to p and Lemma 4.2 part (i),

n—1 n-1
Sup(c’®) - S,p(c'D)| < Y |p(o(c' @) - ¢(o (¢ D)| < L Y plo(c’ @), o(c"b))"

J=0 J=0
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N
—_

— n—1
<L) (CAa" P p(a,b)" = LC" Y A" p(a, b)"
=0 =0
A—a(m—n+1)
<LC" 1_—/1_0,0(2, b)".

O

Lemma 4.7. Let 6 € (0,80] and set ' = min{0, %}. Form > n—-1, ¢ € Z", and a,b, such that
p(a,b) < &', we have

2LC”

S0 _ 5D
B

|e /l—a(m—n+l) esn¢(C*Q) p(c_l, Q)a

Proof. Set K, := A7*m=+h By [emma 4.6,

I-a

Sap(c"a) = S ,(c"b)| < K, p(a, b)".

Then,
S _ esn¢(c*é)|

_ (S-S0 _ Kaplab)" _
oSadcD) = e [ <e I

Taking 6 > O sufficiently small such that K,p(a,b)* < 1, weuse ¢’ — 1 < 2t for 0 < ¢ < 1 to conclude

D — S| <K, 51D p(a, b)".

For a potential ¢ € H,, we define

A= Ay@) = exp[Z Vark<¢>) .

k>n

Then Ay > A =2 A, > ---.
Forn>0,a € X, 6 >0, and n,m > 0, we define

IS 2 PllB,.a0) := sup S,é(b).

beBu(a,0)

Lemma 4.8. Let ¢ € H, and let m,n > 0 with m > n. Then for every a € X, the following statements
hold.

(i) Var,(S,¢) <logA,,_,.
(ii) For all b,c € B,(a,9),

Sn¢(£) - 10g Am—n < Sn¢(é) < Sn¢(£) + log Am—n-
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(iii) For every a € X,

AIZ § elIS;1+m¢||]Bn+m+| (Brsbp—1 Q1 0:0)

(D05 sDn—1,€COrererCi1)

S [ E e||Sn¢||Bn+l(h0,...,hnl,a,ﬁ)]{ % ellsmqjlanHl(L‘O,...,z‘m,l,a,ﬁ)
(co

(bO ----- brhl) ~~~~~ Cm—l)
SA% § IS mem®lIE, By Oy )

(D0seresbn=15 €05 esCm—1)

Proof. (1) Let b,c € B,,(a,0). By property (4.1), we have o(B,(a,6)) C B,,—1(c(a), ), and therefore
for every 0 < j < m, 07/ (b), 0/(¢) € B,,—j(07(a), 6). Hence,

n-1 n—1
1S, = $,0(0] = | D (@b = g0 < D Var, j(#) = Y Var(@) = log An.
J=0 j=0

k>m—-n

(i1) For b, ¢ € B,,(a, 6), by part (i),
|Sn¢(é) - Sn¢(£)| < Varm(S n¢) < log Am—n,

which yields the desired two-sided bound.
(lll) Let d S Bn+m+1(b0, ... b1, COs e sCip—1,0, 6) Then

Snim®(d) = S,$(d) + S ("' d).

By Lemma 4.5 and part (i1) with m = 1, we obtain

Sn¢(é) + ”S m¢”Bm+1(Co,...,c,,,,l,a,é) - 2 10gA1 < Sn+m¢(¢_i) < Sn¢(d) + ||Sm¢|IBm+|(co,...,cm,l,a,é) + 2 10g Al-

Taking the supremum over d in the corresponding (n + m + 1)-ball, then exponentiating and summing
over all admissible words, yields the desired inequalities. O

For a € X, define the partition function
Z, (6,q) := Z 51D _ Z oS n9dody..dy10)
d:o"(d)=a (0serdn-1)

Lemma 4.9. Let ¢ € H, be a summable potential. Then for alln > 1 and a € X,
ACRIEY EALS

Proof. It is immediate from the definition. For completeness, we provide a proof by induction on n.
For n = 1, we have

Z@ga)= ), = (L@ < %],

o(b)=a
Assume that the statement holds for n < k — 1. Then, using the decomposition of k-preimages through
one-step extensions,

Zga)= Y S0 = N DN S < L0 LT = 1L10E

ok(b)=a o(d)=a ok l(b)=d

O
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Let Y € X C X be a shift-invariant subset, that is, c~!(Y) = Y. Define the restricted partition
function

= ), .

o"(b)=a, beY
Lemma 4.10. Let ¢ € H,. Then the following properties hold:

(i) Forevery a,b € X, there exist constants C > 0 and € > 1 such that

Z,(, @) < Ao Zt($, ).

(ii) Foralla € X and m,n > 1,
Z,($, ) Z($, @) < A} Zy($, ).
Proof. (1) By assumption (H3), there exist £ > 1 and a finite word d* = dy...d,-; such that d*b €
B(a,¢’). Moreover, for each n > 1 and ¢* € Z", we have ¢*d*b € B,(c*a,6). Then, by Lemma 4.8
part (ii),
D, YAy Y Y <A Z,(9.b).

creZ creZn

(i1) By Lemma 4.8 part (iii),

( Z eSn¢(b0~~~bn—1£))( Z eSm¢(co...cm_1g)) SA% Z eSn+m¢(b0...bn—1Co...cm—lﬂ) :A% Z+m(¢’g)

bo,...,.by-1 C05-+5Cm—1 bo,...sbn—1,€050.sCim—1

O

1 —~
Proposition 4.1. Let ¢ € H,. Then the limit lim —log Z,($, a) exists, is finite, and does not depend
n—oo N1

on a. Moreover, it is never —oo. If in addition ||.Z1|« < oo, then this limit is finite.

Proof. Fix a € X and set a,, = log Z((ﬁ, a). By Lemma 4.10 part (i1), the sequence {a,},>; satisfies
an, + apy < Ay +10g Ay

Hence, {a,} is almost subadditive. By the generalized Fekete lemma®, the limit lim,_,. % =
lim, e % log Z(d), a) exists.

Lemma 4.10 part (i) implies that the limit does not depend on a. To see that it is never —oo, note
that we can take a € Xy C X, so that

1, = 1. =
lim —log Z,(¢,a) > lim —log Z,(Zy, ¢, a) > —oco.
n—oo N n—oo n

Finally, if ||.£31]| < oo, then by Lemma 4.9, Zn(qﬁ, a) < |I.Z,1]|%,, which ensures that the limit is
finite. O

. . a
“Let {a,},., be a sequence of real numbers such that a, + a, < @, for all n,m > 1, then ’}Lnolo “7" exists and equals sup,., 7"

. a . a c
Let c be a fixed constant such that for all n,m > 1, a, + @, < dpsm + c. Then b = lim — exists and — < b + —.

n—oo N n n
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For each integer N > 1, consider the restricted pressure on Xy, defined as follows:

N
Py, dlsy) := r}l_{g p log Z,(Zy, ¢, a),

which exists by the almost-subadditivity established in Lemma 4.10 part (i), restricted to Xy and

satisfies the variational principle in thermodynamics; see Eq (2.6).

1 —~
Proposition 4.2. If ¢ € H,, then lim —log Z,(¢,a) = sup P(Zy, ¢ls,) = P(¢).
n—eo R Nz1

Proof. Set Z(¢) = lim,_,« % log Z,(gb, a). To prove the upper bound, observe that for every N > 1,

Z,(E, ¢, a) < Z,($,a), hence

1 - 1 —_
P(EN’ ¢|2N) = hm - 10g Zn(zNa ¢’ C_l) < hm - 10an(¢’ C_l) = QF((ﬁ)
n—oo N n—oon

Taking the supremum, it yields supy., P(Zy, @ls,) < Z(¢).
To prove the lower bound, we split the argument into two cases:
Case 1. Z'(¢) < 0. Fix £ > 0. Choose m € N large so that
2logA,

Z(p) < llogzn(qﬁ,g) +& and m > .
m £

Since £y ' X and the sums are over words of fixed length m, there exists M such that
1 —~ 1 —~
—logZ,(¢,a) < —logZ,(Zy, d,a) + €.
m m

Let a, := log Z,(Zy, ¢, a). By Lemma 4.10 part (ii) (applied on =),
ap + apy < Ay +210g Ay

Thus, by the almost-subadditive Fekete lemma,

a . a 2log A,
dm o fim & 4 208
m ~ nooco pn

2log A
Onf L < PG dls,) + &,

= PZu,9ls,) +

where we use (4.4) for the last inequality. Equivalently,

1 —
— log Z,,(Zy, ¢, a) < P(Zw, Pls,,) + €.

Combining (4.4)—(4.6), we obtain

1 — 1 —
Z(p) < = log Z,(¢,a) + & < - log Z,,(Zpm, ¢, a) + 26 < P(Zy, dls,,) + 3€.

Since € > 0 is arbitrary, it follows that

Z(¢) < 511\1]P P(Zy, ¢ls,)-

4.4)

4.5)

(4.6)
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Case 2. Z'(¢) = oo. Then, for every R > 0, there exists m such that
1 —
—10gZ,(9,a) > R.
m

Since Xy C Xy C X, the partition functions satisfy Zm(EN,¢, a) / Zm(rp, a) as N — oco. Therefore,
there exists M > 1 such that

1 N 1 N
—logZ,Zy, ¢,a) > —logZ,(p,a) — > R — €.
m m

As in the previous case, by almost subadditivity,

1 —
- logZ,,(Ey, ¢, a) < Py, ¢lz,) + &,
and hence P(Zy, ¢lz,,) = R — 2¢. Since R > 0 is arbitrary, we conclude that

Sl]’\l]p P(ZNa ¢|EN) =00 = féw(gb)

In both cases, we have shown that 2°(¢) < supy P(Zy, ¢ls, ), which completes the proof.

5. Lasota-Yorke estimates and pre-compactness

This section is devoted to proving Theorem 3.2. We verify the hypotheses of Theorem 3.1 in the
following lemmas. In particular, we prove a type of Lasota-Yorke inequality for the transfer operator.

Lemma 5.1. Let ¢ € H, be summable, and dynamically a-Holder. Then,

(1) Forallg € H,and alln > 1,
15 8lleo < 1L LI 1g]lco-

(2) Zy(H,) C H,. Moreover, if
Qyp = sup [|Z4 1| < oo,

n>1

then there exists ¢, > 0 and N € N such that for all n > N and all g € H,, we have, the
Lasota-Yorke estimate,

1
1Z5'8lle < SlI8lla + cillgll. (.1

Proof. Ttem (1) follows immediately from the definitions, since

Z S0 — Z Snt@ Z o)

o(b)=a o Hd)=a o(b)=d
To prove part (2), set
K=K, = LCa —a(m—n+1)
- a Ll 1 _ A—(I .
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Then, we obtain

1Ly 2b) - Lyg@l = | ) e Pg(c'h) — ) ¥ Dg(ca)

crezZn crezn

< Z S g(c*b) —g(c*c_l)| + Z |esn¢(c*é) — S g(c*l_7)|
crezn creZn

< Z eSM(c*@lglap(c*Q, C*Q)a + Z ”g”oo |esn¢(c*é)| Kp(g, lz)a
crezn crezr

< >, Dl CU " p(b, @) + ) ligllee® " P Kp(a, b
crezn creZl

<lglo-Z, L@ C* A" p(b, @) + KlIgllw-Zy L(b)p(a, b)*

<IZF 118l C* A" + KlIglleo)o(a, b).

So, we have that,
1-Z58le < Z51(1gla CTA™" + Kllgllw) < ZHL(C A I8l + Kllgllew) < o0, (5.2)

and we also have Zf'g € H,,.
Suppose that Qy := supnzl{llofg]lllm} < oo. Then by Eq (5.2), we have

12} el = 1Zgla + 125 8lko < Z3LC T glo + Kllgllo) + 1L 8l
< CO U Qylglle + K Qpligllee + 121 8llec < CEA " Qyllglle + QoK + Dllgllco-

Taking n > 1 so large that C*A™*"Q, < 1/2, we obtain

. 1
1Z5'8lle < Sllglle + c1llglleo-
O

Lemma 5.2. Assume that ¢ € H, is summable and dynamically a-Holder, satisfies the rapidly
decreasing property (2.4), and

0. = w1, <o 3

Let B C H, be bounded in the || - ||-norm. Then Z,(B) is relatively compact in CB(X,R) with the
| - llo-norm (hence, precompact in H, with respect to || - ||co)-

Proof. Let (g,),>1 C B. By the dynamically Holder distortion (Lemma 4.7), there is K = K, > 0 such
that for all a, b with p(a, b) < ¢,

|e¢(0*@ _ e¢(C*Q)| < Ke‘p(c@p(c_l, b)".
Using (H1) and summability, for every n, we obtain the equicontinuity estimate
|- Zi(2)(b) = Zi(2)(@)] < 1L leo( C A 18ula + Kllgallss) pla, b,

AIMS Mathematics Volume 11, Issue 4, 9910-9941.



9927

so {-Z4(g,)} is equicontinuous on X. Boundedness follows from [|-Z(g:)ll < [-Z51Llloollgnlleo. Fix
€ > 0. By (2.4), choose R with sup gz Zyl(x) < &/(2M), where M := sup, ||g,llo < oo. Then
SUP gz 0.0 -Lo(8n)(X)| < /2 foralln.

By Arzela-Ascoli on the compact @(Q, R), extract a subsequence Z(g,;) converging uniformly on

ﬁ(g, R) to some ¢. The tail control gives uniform convergence on X, hence ||.$¢(g,,j) - Yl — O.
Since sup; |-Z5(gn;)le < oo (by the same distortion bound), we have ¥ € H,. Thus, Z4(B) is relatively
compact in || - ||c- O

Remark 5.1 (Conformal measure). Let my be a ye ®-conformal probability measure for o, stated
in [10], then my is a fixed point of the dual of 25, for ¢ := ¢ — P(¢). That is,

Z$m¢ = m¢.

Lemma 5.3. Assume ¢ is summable and rapidly decreasing, and satisfies (5.3). Then for every € > 0,
there exists R > 0 such that

inf sup {Z'l(a)} > 1 -e.
=20 Bor

Proof. Suppose by contradiction that, for some € > 0 and every R,

inf sup .i%"]l(g) <l-s
20 4eBOR)

Let m = m, be the ¢”®~-conformal probability measure whose existence was established in [10], as
mentioned in Remark 5.1. Use (5.3) and choose R large so that m(X \ B(0, R)) < &/(2Q,). Then, for all
n,

lzf.,iﬂf]ldmz Xl’]ldm+f L"dm
9 BoR) ° xnBor *

< (1-&)m@B(O. R) + Qm(X \ B(O.R) < 1 — &+ Qy3%-,

which is a contradiction.
For the uniform comparability on B(0,R), apply Lemma 4.6 to obtain Kz > 0 with |S,é(c*a) —
S.¢(c*b)| < Kg when a, b € B(0, R). Hence,

L)
CXP(—KR) < .,fa”]l(é)

< exp(KR)a
which yields the stated lower bound. O

5.1. Proof of Corollary 3.1

Proof. From Lemma 5.1, we have that, for some constant C; > 0 and for all n > 1,

120, < C.
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Thus, we have
n—1
1

SZPIEZ)

=0

1<
w4 =

=1

<(y, (5.4)

a a

for every n > 1. Then from Lemma 5.2, there exists a strictly increasing sequence of positive integers
{ni}x>1 and a function h € H, such that for every a,

1 <G
— L1 h(a), as k ,
nkZ 5 (@) — h(a), as k — oo

j=

where the convergence holds in CB(X,R), and by (5.4), we have ||A||, < C, thus & € H,. Moreover,
let m = my denote the ye ?-conformal measure as Remark 5.1. Since m is a fixed point of the operator

conjugate to £, for every j > 0,
f Lldm =1,

n—1

1 J

—E ! dim = > 1.
fnjzo%dm 1, foreveryn > 1

Now, applying Lebesgue’s dominated convergence theorem and the fact that ¢ has the
property (5.3), we obtain f hdm = 1. Since ¢ is summable and iﬂq{ 1 is uniformly bounded by Q4 < oo,

then,

dominated convergence also allows us to interchange the limit with the sum over o' (a). Then,

Y ey <Y e [klggnlkaN)@]
=1

beo(a) beo1(a)

ZLsh(a)

1 n ) 1 N )
: -1 o) J — 1 o | J
lim ) Z e ; ZW)(b) = lim Z5 [nk ; %(11)] (@)

beo(a)

k— o0 ng 4

lim — Z; %“(]1)(6_1).
<

Since ¢ is summable, Lemma 4.9 ensures that there is C; such that ||.$;‘5]l||oo < C;foralln > 0.
Therefore, for every k > 1,

1 S j 1 S j+ 1 g+ 2C
— > L) - — 2.2 111@‘ = Gl -2 ()l < =,

ng = k5o ng

which implies Z5h(a) < h(a).

Since .i”gm = m, integrating both sides yields f (h - .,%;h) dm = 0. Given that h — Z5h > 0 and m
has full support on X, we conclude that & = Z5h holds m-almost everywhere. By continuity of both
functions in H,, this equality in fact holds everywhere on X, that is, .;S%h = hon X.

Moreover, by Lemma 5.3, i(a) > 0, for all a € X. Since h = Z5h, we have that for all g,

Zh(a) < 1Ll < LDl
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and
lim  sup {ZGl(a)} =0.
k=% aex\BOR)
Then
lim sup ({h(a)} =0.
R—0 4ex\B(0,R)
Now, applying Theorem 3.2, we find that 1 is an isolated eigenvalue of .Z5. O

We construct a o-invariant absolutely continuous measure with respect to the conformal measure
mg, which follows from the Ionescu-Tulcea and Marinescu theorem for the Perron-Frobenius operator.

Corollary 5.1. The measure s = hmy is o-invariant; that is, py o 0" = ug4, which is absolutely
continuous with respect to the ye ®-conformal measure my. It is ergodic with respect to o. In
particular, pg(X) = 1.

Proof. Let :ﬁ = ¢ — P(¢) and let my be the e”?~?-conformal measure. By Theorems 3.1 and 3.2, the
normalized operator %5 is quasi-compact, 1 is a simple isolated eigenvalue, and there exists 1 € H,,

h > 0, such that D?Eh = hand fhdm¢ =1.
Define p4 by duy = hdmg. Then py(X) = 1, hence g is a probability and clearly uy << my.
For every g € CB(X,R),

fwawﬁjawmmwwm:f%@w%.

Since .ngd) = my and Z5h = h, we obtain f gooduy = f g duy. Therefore, p, is o-invariant.

Let kK > 1 and let A be a o*-invariant measurable set. Set u = hl, € Ll(m¢). Then for all

¢ € CB(X,R),
fgudm¢,:fg00'kudm¢:f.féf(gu)dm¢.

Hence, fé‘u = u in L'(my). By quasi-compactness and simplicity of the peripheral eigenvalue 1, the
eigenspace for 1 is span{h}. Therefore, u = ch mg4-a.e., and thus 14 = ¢ uy-a.e., implying p4(A) € {0, 1}.
Hence, u, is ergodic.

Since the leading eigenvalue of the normalized transfer operator is simple, the corresponding
invariant probability measure is unique. Consequently, the invariant Gibbs measure constructed in [10]
coincides with the measure 1, obtained here whenever both constructions apply. O

6. Variational principle

For each u € M, (X), we write h, (o) for the measure-theoretic entropy of o~ with respect to u.
Write N = {1,2,---}. Let = {&,},er be a countable partition of X such that
(1) diam(&,) < 9, for all n;
M(N)
(2) for every N, there exists M(N) such that U &, = B(O,N);
n=0

(3) Int(&,) > &,
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LetPy =1{& :n < M(N)} U { U &,}. We denote { U &} BY Es iy

n=M(N) n=M(N)
Then {Py} is an increasing sequence of partitions, each of finite entropy, whose union |, Py,
generates the Borel o-algebra of X. Moreover, Py, C Py, C --- and H,(Py,) < oo for every
u € My (X). Then,
1
h,(o) = Al/im h, (o, Py), with h,(o, Py) = lim —H,(Rp). 6.1)
—00 n—oo N

Now, we fix N, and by R, we denote Py. Let
RE:=RVII R V...V (R).

By a*, we denote finite sequences «y . . . @, of elements from R. Then

[a@"] = [ag,...,,] = ﬂa‘j(ozj).

J=0

Let

1
Pn ., —— “Sn(b”[ar*]-
Bo):=log 3 e
@ =By

[a*]eR?
Lemma 6.1. Let ||.Z,1]|e < +oo.

(1) sup.cy ¢(c) < co.
(2) If Bn # E=mvy, then limsup, ., P,(Bo,B,) < P().
(3) If Bn = Epwy, then limsup, ., P,(Bo, B,) < supy ¢ + log [|-L51 |-

Proof. (1) Since ||.Z1 ||l < +o0, there exists C such that

L@ = ) #P<C.

o(b)=a

Let c € X, 0(c) = a, then ¢?© < /0 < C.
o(b)=a
Therefore, ¢(c) < C.
(2) We assume that g8, # &> m(n). Fix a € B,,. Since, by Lemma 4.8(i1),

Z Sl < A, Z eSntd)

" i’
then,
PulBo.fr) <~ Tog s+~ log( £ 1,)(@.
Therefore,

lim sup P,(Bo, Bn) < P(9).

n—oo
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(3) Suppose that 8, = &smv)- For every [a”] € Rf}, we choose a point x,- € [@"] such that
IS wllier) < Snp(xe+) + log 2. (6.2)
For k > 0, we define
A ={la"] € Ry : @ = Po, ax # Brand «; = B,,Vj > ki,

Ay :={la"]1 e R} : o =Poand a; =,,Vj> 0},
S, = Z S
a*:[a* e Ay
and by k,, we denote the index k such that §; = maxp<,<, S,. Note that
Sk, = Z eSS d () < exp (1 — ky) sup (c)) Z et
ceX -

n
a*:[a*]eAy, ¢ a*:[a*]eAy,

Since k, < n — 1 by definition of A,, we have A,_;, < A;. Now, we choose arbitrary y;, € &;.
Then, by Lemma 4.8 (ii),

M(N)
Skn S eXp ((n - kn) Sup ¢(£))An—kn Z Z eskn¢@)
<t = o
bepo
< Ay exp ((n — ky) sup ¢(0)) M(N)||Z 1 |1
ceX

< Ay M(N) exp (1 sup ()L Lg, I

ceX

Hence, using (6.2), we get

1. & U B log(nA; M(N))
PuBo )< —log) |y elntmei< o log; 28 <sup ¢(c) + log Ll gy o + ————.

k=0 a*:[a*]eAy ceX

Theorem 6.1. Let ¢ € H, such that ||.£1]| < +oco. Then,

P(¢)=Sup{hp(0)+f¢dﬂ:ﬂeMU(X);—f¢<°0}<°<>-

Proof. Let P = {£,},en be the countable partition given in the setup. Recall the block version of the
pressure

1 "
P(Bo, Bn) := ;log Z Sl

@*=Bo-Bn
CRE
Then,
X n | ) | ) R
Z(H#(RO) + f¢dﬂ = Z(W#(RO) + fSn¢d,u) < n Z #(la’]log u([e*]

[o*]eR?
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! _ ula) e
_ 1 "B, 1 .
2 2 BT D oo D

BoBueR a*=Po-pB

[a*]eR?

By the standard convexity argument (Jensen’s inequality for log) applied to the conditional distribution
of a* given the endpoints S, 8,, we obtain

1
L4, R + f ddu

1 1
<= ), mBonaB)log Y Mg~ B —u(By N o (B) log (B N o (B)

BoLneR @ =oPn BoBrnER

[a"]eR]

1
= >, KB NG BPBB) + ~H(RY T R)

Bo ,,3,1673

Then, since u is o-invariant and R is a finite partition with H,(R) < oo, we have H,(c™"R) = H,(R),
and hence by subadditivity of entropy,

H,(RV 0™"R) < Hy(R) + Hy(07"R) = 2H,(R) < oo,

and then . . 2H(R)
~H,(Rg) + f g <~ > p(Bo N T BPuBo, ) + ——.
" " popmeR "

Fix € > 0. By Lemma 6.1 and finiteness of R, there exists ny = ny(N, €) such that, for all n > ny and
for all By, 8, € R,

Bn # E-mwy = Pu(Bo,Br) < P(¢) + &, Bn = Emwny = Pu(Bo.Bn) < Cy + &,

where C,, := supy ¢ + log ||} 1| < oo (Lemma 6.1 part (1)). Hence, for n > n,

Z H(Bo N " B)Pu(Bos Br) < HESyyny N 0" E pyny) (P(P) + &) + uExmny Y 0 "Exmwy) (Cy + €)
BoBn

< (I = p(&smmvy) P(@) + u(Espavy) Cp + €.

Therefore,

> 1Bo O T BPu(Bos i)

BOa,BnER
<UE v N T E ) (P(@) + &) + p(Epvy U G'_nsz(N))(SI;(P ¢ +logl-Z3 1l + &)

<1 = uEpm))(P(P) + &) + u(Expmn) )(Cy + €)
=(1 = u(&=pn))P() + (Sl)l(P ¢ + 1og [|-Z5 Ut (Ex ) + €.

Therefore, for all n > ny,

1 2H (R
L4,R) + f bt < (1 = fEamn)) P@) + iEamn) Co + & + 280,

n
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passing to the limit as n — oo (for fixed N), gives

(0, R) + f b it < (1 = wEmn)) P@) + i(Emtin) Co + 6.

Now, let N — oo. Since {Py} exhausts X and & pyy | 0, we have u(&spnvy) — 0. Using hy(o) =
limy_ 1, (0, Py), we obtain

h,(o) + fqﬁdy < P(¢) +&.

As g > 0 1s arbitrary, h,(0) + f ¢ du < P(¢) for all invariant p.

On the other hand, for each fixed N, the subshift Xy is compact with respect to the metric p. The
classical Ruelle variational principle on compact shifts yields a Gibbs state uy € M,(Zy) such that
P(Zn, ¢lsy) = hyy(0) + f ¢ duy. Taking the supremum over N, we get

P(9) = sup P(Ey, dhs,) < sup (R (0) + f ¢ dy}

HEM(X)

7. Symbolic dynamics for transcendental entire maps

This section collects the main structural and dynamical ingredients concerning symbolic codings
induced by transcendental entire maps that are needed for the applications developed in this paper. Part
of the material was established in [10]; we include it here in a self-contained form for the convenience
of the reader, together with the verification of hypotheses (H1)-(H4) for the exponential map E,,.

Denote by Sing(f~!) the set of finite singularities of the inverse function f~!, which is the set of
critical values (images of critical points) and asymptotic values of f together with their finite limit
points. The post-singular set PS (f) of f is defined as

PS(f):= ) f" (Sing ().
n=0
Definition 7.1. Let f : C — C be a transcendental entire map.

logl
(1) We say that f is of finite order if p; := lim sup oglog ||]|C @l
7—00 og |z
(2) f satisfies the rapid derivative growth condition: There are @, > 0, a; > a», and k > 0 such that

for every z € J(f), we have

is finite.

I @ = &Mzl f ()|

(3) The set Sing(f™') is contained in a compact subset of the immediate basin B = B(zy) of an
attracting fixed point zy € C.

Denote by ¥ the class of transcendental entire functions f satisfying (1)—(3).
Remark 7.1. Each f € .F belongs to the Eremenko-Lyubich class

B:={f:C — C:Sing(f ") is bounded).

It was proved in [9] that for f € B, all the Fatou components of f are simply connected. Hence, the
immediate basin B is simply connected.
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Remark 7.2. Each f € .% is hyperbolic in the sense that the closure PS (f) is disjoint from the Julia set
and PS (f) is compact. We have that f has no wandering and no Baker domains, so B is the only Fatou
component of f; see [8,9,12]. Examples in the class .% include the family Aexp(z) for A € (0, 1/e), and
the family of maps Asin(z) for A € (0, 1); other examples are the expanding entire maps Zf:g a;eldre,
p.q >0, a; € C, studied early in [5].

Remark 7.3. Note that, if f satisfies (3), then f is in the class of transcendental entire maps of disjoint-
type, which is a class of maps satisfying a strong form of hyperbolicity. This was studied in several
papers including [1, 18]. For more details, see [17, Section 3.3].

7.1. Symbolic representation

Fix f € .#. Since the immediate attraction basin B = B(z) of an attracting fixed point z, is simply
connected, there exists a bounded simply connected domain D c C, such that its closure D c B, and
its boundary dD is an analytic Jordan curve. Moreover, Sing(f~!) ¢ D and m C D; for more details,
see [2, Lemma 3.1]. Following [2], the pre-images of C\D by f consist of countably many unbounded
connected components called tracts of f. We denote the collection of all these tracts by Z.

Since the closure of each tract is simply connected, there exists an open simple arc « : (0, 00) —
C\D, which is disjoint from the union of the closures of all tracts and such that a(7) tends to a point of
0D as t tends to 0", and a(t) tends to oo as ¢ tends to +co. We use this curve to define the fundamental
domains on each tract as follows: Since for every T € Z, the map f|r is a cover of C\D, and T\ ()
is the union of infinitely many disjoint simply connected domains S, such that the function

fls : S - C\(DU )

is bijective. Given T € %, we denote by Sy the collection of connected components of 7\ £~ (a). The
elements of

S:= UST (7.1)

TeR

are called fundamental domains.

For each § € S, we have that the restriction flg is univalent, so we denote its inverse branch by
gs = (fls)™': C\(EU @) — S.Forn > 1and each j € {0, 1,--- ,n}, denote by S ; an element of S and
put gSoSl-»»Sn = gso 0---0g,- Then,

8,5, (C\DU @) = [z€C: fiz) €S, forevery j=0,--- ,n}. (7.2)
For each sequence S = (S¢S1---) € SY, let Ks = ﬂ 85581-5n (C\(D U @)). Then, the Julia set of fis

n=0
given by the disjoint union of Ky, that is,

Jh=| | ks

SeSN

Since f satisfies conditions (1) and (3), it follows from [2, 18], that the Julia set J(f) is a Cantor
bouquet, that is, a union of uncountably many pairwise disjoint curves called hairs that tend to infinity.
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Each hair is attached to a unique point in J(f) that is accessible from the immediate basin B, referred
to as the endpoint of the hair. More precisely, for each symbolic sequence S, the associated set K is
either empty, or there exists a homeomorphism

hii [0, +00) — Kg,

such that lim,_,, hg(f) = oo, and for every ¢ > 0, lim,,_, ., f"(hs(f)) = oo. In the latter case, the point
zs := hg(0) is the unique point of K that is accessible from the immediate basin B, in the sense that
there exists a continuous curve v : [0, c0) — B, such that

lim v(¢) = zg.
[—0o0 -

See [1] for this construction, which generalizes earlier results for the exponential map with an attracting
fixed point in [6].
LetX := {5 = (s081...) : 5; € Z, for all j > 0} be the full shift space, and the shift metric for some
6 € (0, 1) is given by
d(s, 1) = gitkscFluie), (7.3)

For every n > 1, we denote a finite word sy --- 5,_; in Z" simply by s*, so we use the notation for
cylinders:
[s]={weZ:w=s5,0<i<n-1},

and for s € Z, we simply denote [s] = {w € X : wy = s}. Let o : £ — X be the left-sided shift map,
given by o(sos1 ) = (5182 ).

Observe that by definition, the set S given in (7.1) is countably infinite, so we identify S with Z.
Put

X:={SeS": Ky #0} X (7.4)
Let
z=| Jks.
SeXx

From (7.2), we have, for each § € S, f(Ks) = Kys), then the function f on the Julia set J(f) is
semi-conjugate to o- on X; however, f on the set

EP :={zg = hs(0) : § € X}

is conjugate to o|y. Hence, the set X is completely o-invariant.

The set EP defined above, is the set of endpoints of hairs Ky and it satisfies the following properties:
It is the set of accessible points from the immediate attraction basin B. It is totally disconnected,
however, EP U {0} is connected, see [3]. Moreover, the Hausdorff dimension of this set is equal to 2
(see [2]), generalizing previous results of Karpinska [13] for the exponential map E,(z) = we® with
parameters w € (0, 1/e). This exponential map is probably the best known example in the family .%, its
Julia set is a Cantor bouquet, and the set of endpoints is modeled by the symbolic space of all allowable
sequences; see [6,14]. T

TA sequence S = (5051 ...) € 2 is allowable if there exists a unique dynamic ray K of f such that, for each n > 0, the point f"(z)
lies in the fundamental domain indexed by s, for every z € K.
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7.2. Induced metric on X

Let X be a symbolic space encoding the itineraries of endpoints of J(f). We define a metric p on X,
which does not necessarily generate the topology induced by the cylinder sets

p(s,w) := |hy(0) = hy(0)].

7.3. A different class of potentials

Let py be the order of f, and let @y, a> > 0 be the constants given by the rapid derivative growth
condition of f. Fix 7 € (0, a;) and define y : C\{0} — RU{oco} by ¥(2) := |z| 7. Let 8 be the Riemannian
metric on C \ {0} defined by

do(z) = y(z)|dzl.

We differentiate f with respect to 6 instead of the Euclidean metric; for each z € C \ {0}, this gives

V@) R
o -

Definition 7.2. We denote by € the set of functions  : | Jges S — R* that are bounded from above
and constant on each S € S:

€ = {gl/:US — R*

SeS

1f'@le = 1" (7.5)

Y is bounded from above and constant on each S € S} .

The class of potentials associated with f € .7 is

Py = {%,z(z)=10g¢(z)—t10g|f’(z)|e yee€, 1> b }

a1+ T

Remark 7.4. The class & contains the potentials —tlog|f’le, which by (7.5) are cohomologous to
~tlog|f'l

Let C,(J(f),R) denote the Banach space of bounded continuous functions on J(f), equipped with
the supremum norm. For each potential ¢ € &}, the associated transfer operator .Z; acts continuously
on C,(J(f),R) by

L@ = Y vme™. e CUNR).
fw)=z

The following estimate is central to the summability properties of &;. Let f € .# and let ¢, =
logc —tlog|f’ly € &;. Using the conjugacy H : X — EP, a direct computation yields

Lo o H(W) = Z Y(zs) czo) 1 (zs)lg" = Z W(zs) @) 1 @)™ fzs ™ 1f ol

o(s)=w a(s)=w

= lewl™ D Wz e IF G sl

o(s)=w

Applying the rapid derivative growth condition gives

Lot DW) < K ™ Y 0@e) il LG Jasl ™™ = K Janl™ Y e(s) il [zl

o(s)=w o(s)=w

AIMS Mathematics Volume 11, Issue 4, 9910-9941.



9937

t

< ey Sup c(zs) Z A
|ZW| seSH o(s)=w

Since f is a transcendental entire function of finite order py and t > p¢/(7 + a;), the Borel-Picard
Theorem [16, Theorem 3.5] implies that the last series has an exponent of convergence equal to p, and
hence converges. By [16, Proposition 3.6], there exists M, > 0 such that, for all w € X,

M,
Ly ()W) < lz—sup (). (7.6)
SN

|t(a2 -7)
W SE.

Consequently, (7.6) implies both

lim Z exp( sup ¢ 0o H (w)) =0, and lim % on 1(w) =0,
R— Zyw—>00 ?

= welsIN(X\B(0.R))

which verify the rapidly decreasing condition for potentials in Z;.

7.4. The symbolic space X and properties (H1)—(H4) from the exponential map

The most representative example in the class .# is the exponential map
E (2) = we, w e (0,1/e).

The map E,, belongs to .%, and since it is an entire function of order 1, it satisfies the rapid derivative
growth condition with @; = 0 and @, = 1, and has a unique singular value at 0. Since this singular value
lies in the attracting basin of the fixed point, the map is hyperbolic. Moreover, the classical potentials

—tlog|z| = —tlog|E, (2)| + logy, — logy, o E,,,

where
v =7,
are tame and belong to the class g, .
Let D denote the open unit disk in C. Then
E,({z:Rez < In(l/w)}) =D\ {0}.

Since D c {z: Rez < 1} C {z: Rez < In(1/w)}, where the last inclusion holds because In(1/w) > 1 for
w € (0, 1/e), it follows that E(D) c D. Since Lhe immediate basin B of the attracting fixed point is the
unique Fatou component of E,,, we also have D C B. Furthermore,

E;}(C\D)={z:Rez>In(1/w)} = {z : Rez > q,},

where g, = In(1/w) is the repelling fixed point on the real axis. So, the unique tract of E,, is the right
half-plane T = {z : Rez > In(1/w)}.
To define the fundamental domains, consider the ray « : (0, 00) — C \ D defined by a(t) = —(1 +1).
Then,
EZ'(@(0, 00)) = U{x + 2k - Dri s x > In(1/w)}.

kezZ
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For each k € Z, the corresponding fundamental domain is
Sy =1{z:Rez>In(1/w), 2k - Drn <Imz < 2k + 1)r},

soT\ E;l (a(0, 00)) is the disjoint union of the domains {S  };cz.
For a finite word ¢* = (¢ ...c,_1) € Z", the corresponding inverse branch is

8cr = 8cp©8c; © 98¢, 1>

where g;: C\ D — S, is the univalent inverse branch of E,, over the strip S.
Note that, the inverse branch g is a branch of the complex logarithm, and its derivative satisfies

1 1 1

|gk(z)| = |E! (gx(2))| - |Ew(8k(2)) B E

Since |z7] — oo as Rez — oo, each branch g, is a contraction. Applying the chain rule to g. =
8¢ © -+ © &, , and using the rapid derivative growth condition

E,, ()] = |E,(2)] = we",
which grows exponentially in Re z, one obtains

Ip(c*a) — p(c*b)| = |g-(p(c'a)) — g+ (p(0"b)| < C e~ |p(a) — p(b)l,

for some @ > 0 coming from the expansion rate in the real direction. Setting 4 = e* > 1 verifies
hypothesis (HI).

On the other hand, geometrically, the expansion |E! (z)] = weR®? — oo as Rez — oo implies that
real parts of iterated preimages tend to +oco, while the 2ri-periodicity of E,, distributes them across all
strips S. Together, these two facts imply that, for any R > 0, there exists n > 1 such that E” maps a
neighbourhood of zy onto a region whose intersection with every strip S, with |k| < R is non-empty,
which is precisely (H2) in symbolic terms.

The condition (H3) is more intuitive. Note that all sequences in a ball By(a, 0) share the first symbol
ap = k, so their endpoints lie in the convex strip S. Then, any two such endpoints in S, can therefore
be joined by a straight segment inside Si; subdividing it into steps of length less than ¢ yields the
required finite chain.

Finally, condition (H4) is the most direct and follows immediately from the geometry of the
fundamental domains, because consecutive strips S and S, are separated by the line Imz = (2k+1)x,
so endpoints in different strips satisfy |z, — z,| > 27. Taking 6y < 27 gives the result.

A non-tame potential. Following [5], let ¢ : J(E,) — R* be a function that is constant on J(E,) N
(S _x U Sy), with value ¢, and assume that the sequence (c; )iz of positive numbers satisfies
log ¢y

li -
kl—>rg logk o0

For ¢ > 0, define the potential
#(z) = logc(z) 1z ™), c(x)=crifzeS_USy.
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Since ¢, — 0 as k — oo, the potential ¢ is not tame, that is, does not belong to the class introduced
in [16]:

Tg, = {d) =h—tlog|E |y | his a bounded weakly Holder function, ¢ > P } .
)+ ay
Nevertheless, it belongs to &g, because ¢ is bounded on each fundamental domain S and |E’ (2)|s = |z].

Although the class .% does not include most of the functions considered in [16], the exponential
map E,, satisfies Zg, N T, # 0 and P, \ T, # 0.

8. Conclusions

This abstract symbolic setting is motivated by symbolic codings of transcendental entire maps
whose Julia sets have Cantor bouquet structure. Our main contribution is the proof of quasi-
compactness and the existence of a spectral gap for the normalized transfer operator acting on spaces of
locally Holder functions adapted to the non-standard metric p. As a consequence, we obtain a simple
maximal eigenvalue equal to the topological pressure, a strictly positive eigenfunction, which, together
with the associated conformal measure, yields a unique o-invariant Gibbs state in this non-classical
symbolic setting.

These results complement the approach developed in [10], where the existence of a conformal and
an invariant Gibbs measure was established without a spectral description. The present work provides
the missing spectral structure and opens the way to the study of statistical properties in this framework,
without relying on compatibility with the cylinder topology.

Beyond the exponential family considered as the primary application, the framework introduced
here may be extended to other classes of transcendental entire maps exhibiting Cantor bouquet
geometry.
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