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Abstract: Let Fq2 be a finite field of q2 elements, where q is a power of a prime and Un an n-
dimensional unitary space over Fq2 . The inclusion graph of the totally isotropic subspace ofUn, written
as In(Un), is a graph which has all totally isotropic subspaces of Un as its vertices and two distinct,
totally isotropic subspaces U1, U2 of Un which are adjacent if and only if U1 ⊂ U2 or U2 ⊂ U1. In this
paper, all automorphisms of In(Un) are determined definitely.
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1. Introduction

Let Fq2 be a finite field of any characteristic and n ≥ 2 an integer. Then, Fq2 has an involutive
automorphism

− : Fq2 → Fq2 ,
a 7→ a = aq,

and the fixed field of this automorphism is Fq. Let

A = (ai j)1≤i≤m,1≤ j≤n

be an m × n matrix over Fq2 . We use A to denote the matrix obtained from A by applying the
automorphism a 7→ a to all the mn elements of A, that is,

A = (ai j)1≤i≤m,1≤ j≤n.
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An n × n matrix H over Fq2 is said to be Hermitian, if H
t
= H, where H

t
is the transpose of H. Any

n × n nonsingular Hermitian matrix over Fq2 is necessarily cogredient to the n × n identity matrix, and
it is also cogredient to

H0 =

(
0 I(ν)

I(ν) 0

)
or H1 =


0 I(ν)

I(ν) 0
1

 ,
when n = 2ν is even or n = 2ν+1 is odd, respectively, where I(ν) is the ν×ν identity matrix. In order to
cover these two cases, we use the notation n = 2ν + δ and Hδ, where δ = 0 or 1. Sometimes, Hδ is also
simplified as H. Now, let H be an n×n nonsingular Hermitian matrix over Fq2 . An n×n matrix T over
Fq2 is called a unitary matrix with respect to H if T HT

t
= H. All n× n unitary matrices with respect to

a nonsingular Hermitian matrix H form a group with respect to matrix multiplication called the unitary
group of degree n with respect to H over Fq2 and are denoted by Un(Fq2 ,H). Let S = {a ∈ Fq2 |aa = 1}
and Zn = {aI(n)|a ∈ S }, and let Un(Fq2 ,H)/Zn be denoted by PUn(Fq2 ,H), which is called the projective
unitary group of degree n over Fq2 . Let

F(n)
q2 = {(a1, . . . , an)|ai ∈ Fq2 , i = 1, . . . , n}

be the n-dimensional row vector space over Fq2 . There is an action of Un(Fq2 ,H) on F(n)
q2 defined as

follows:

F(n)
q2 × Un(Fq2 ,H)→ F(n)

q2 ,
((x1, x2, ..., xn),T ) 7→ (x1, x2, ..., xn)T .

The vector space F(n)
q2 , with the above action of the unitary group Un(Fq2 ,H), is called

the n-dimensional unitary space over Fq2 . Throughout this paper, let Un be n-dimensional unitary
space over a finite field Fq2 . Let U be an m-dimensional vector subspace of Un, and we use the same
letter U to denote a matrix representation of the vector subspace U. For an n × n nonsingular
Hermitian matrix H, it is clear that UHU

t
is Hermitian. If UHU

t
is of rank r, we say that U is a

subspace of type (m, r) with respect to H. In particular, subspaces of type (m, 0) with respect to H are
called m-dimensional totally isotropic subspaces with respect to H, and subspaces of type (m,m) with
respect to H are called m-dimensional nonisotropic subspaces with respect to H. Then, U is called a
totally isotropic subspace if and only if UHU

t
= 0 and is nonisotropic if and only if UHU

t
is

nonsingular. A vector α ∈ Un is called totally isotropic if and only if αHαt
= 0. By [1, Corollary 5.9],

totally isotropic subspaces of Un are of dimension ≤ ν = [n/2], and ν-dimensional totally isotropic
subspaces are called maximal totally isotropic subspaces.

By [1, Lemma 5.12], let P1 and P2 be two m × n matrices of rank m; then, there exists an element
T ∈ Un(Fq2 ,H) such that P1 = P2T if and only if P1HP1

t
= P2HP2

t
.

Denote by M(m, r; n) the set of subspaces ofUn of type (m, r) with respect to H, and put N(m, r; n) =
|M(m, r; n)|. By [1, Theorem 5.19], the number of subspaces of type (m, r) in the n-dimensional unitary
space over Fq2 is given by

N(m, r; n) = qr(n+r−2m)
∏n

i=n+r−2m+1(qi − (−1)i)∏r
i=1(qi − (−1)i)

∏m−r
i=1 (q2i − 1)

.
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In particular, by [1, Corollary 5.20], the number of m-dimensional totally isotropic subspaces in the
n-dimensional unitary space over Fq2 is

N(m, 0; n) =
∏n

i=n−2m+1(qi − (−1)i)∏m
i=1(q2i − 1)

.

Let U be a fixed subspace of type (m, r) in Un. Denote by M(m1, r1; m, r; n) the set of subspaces of
type (m1, r1) contained in U. Let N(m1, r1; m, r; n) = |M(m1, r1; m, r; n)|. Then, by [1, Theorem 5.28],
we obtain

N(m1, r1; m, r; n) =
min{m−r,m1−r1}∑

k=max
{
0,
⌊

2m1−r−r1+1
2

⌋} qr1(r+r1−2m1+2k)+2(m1−k)(m−r−k)

×

∏r
i=r+r1−2m1+2k+1(qi − (−1)i) ·

∏m−r
i=m−r−k+1(q2i − 1)∏r1

i=1(qi − (−1)i) ·
∏m1−r1−k

i=1 (q2i − 1) ·
∏k

i=1(q2i − 1)
.

Suppose r1 = r = 0. It follows that the number of m1-dimensional totally isotropic subspaces in Un

contained in U is

N(m1, 0; m, 0; n) =

m∏
i=m−m1+1

(q2i − 1)

m1∏
i=1

(q2i − 1)
.

Now, let U1 be a fixed subspace of type (m1, r1) in Un. Denote by M′(m1, r1; m, r; n) the set of
subspaces of type (m, r) containing U1. Let N′(m1, r1; m, r; n) = |M′(m1, r1; m, r; n)|. Then, by [1,
Theorem 5.37], we have

N′(m1, r1; m, r; n) =
min{m−r,m1−r1}∑

k=max{0,⌊ 2m1−r−r1+1
2 ⌋}

q(n−2m+r)(r+r1−2m1+2k)+2(n−m−k)(m1−r1−k)

×

∏n−2m1+r1
i=r+r1−2m1+2k+1(qi − (−1)i) ·

∏m1−r1
i=m1−r1−k+1(q2i − 1)∏n−2m+r

i=1 (qi − (−1)i) ·
∏m−r−k

i=1 (q2i − 1) ·
∏k

i=1(q2i − 1)
.

Suppose r1 = r = 0. It follows that the number of m-dimensional totally isotropic subspaces in Un

containing U1 is

N′(m1, 0; m, 0; n) =

n−2m1∏
i=n−2m+1

(qi − (−1)i)

m−m1∏
i=1

(q2i − 1)
.

Generally, determining the full automorphisms of a graph is an important and yet difficult problem
both in graph theory and in algebraic theory. Searching the literature, we find that a few results have
been known on the automorphisms of a graph associated to a vector space; see [2–4]. In particular,
we consider automorphisms of the graphs related to the finite classical spaces. For symplectic spaces,
see [5]. For orthogonal spaces, see [6–8]. For unitary spaces, see [9,10]. In [11], Wan et al. introduced
the concept of unitary graphs over finite fields and determined their automorphism groups. In [12],
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the authors introduced the symplectic totally isotropic subspace inclusion graphs over finite fields and
determined their automorphism groups. Motivated by previous studies, we introduce a new graph on
nontrivial unitary spaces over a finite field for studying the interplay between properties of unitary
totally isotropic subspaces and the structure of graphs.

The totally isotropic subspace inclusion graph relative to Un over Fq2 , denoted by In(Un), is the
graph defined on all totally isotropic subspaces ofUn with an edge between vertices U1 and U2, denoted
by U1 ∼ U2 if and only if U1 ⊂ U2 or U2 ⊂ U1. The set of all vertices and all edges of In(Un) is
denoted by V(In(Un)) and E(In(Un)), respectively. When n = 2 or 3, we know the dimension of a
totally isotropic subspace ofUn is 1. Clearly, In(Un) is a null graph (has no edge), and any permutation
of vertices of In(Un) is an automorphism of In(Un). Thus, the automorphism group of In(Un) is
isomorphic to a symmetric group. Next, we always assume that n ≥ 4. In this paper, we consider
the automorphisms of In(Un) for the case when n ≥ 4. We first introduce two classes of standard
automorphisms of In(Un), and then we prove that every automorphism of In(Un) can be generated by
some standard automorphisms.

• Unitary automorphism
Let U be an m-dimensional totally isotropic subspace and T ∈ Un(Fq2 ,H). We define σT from
V(In(Un)) to itself by

U 7→ UT.

Obviously, U1 ⊂ U2 if and only if σT (U1) ⊂ σT (U2). It follows that σT is an automorphism of
In(Un), which is called a unitary automorphism of In(Un).

Example 1.1. Let q = 2 so that Fq2 = F4 = {0, 1, ω, ω2} with ω2 + ω + 1 = 0. Let U4 be the
4-dimensional unitary space over F4 and

H =
(

0 I(2)

I(2) 0

)
.

Take

T =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 .
It is easy to check that T HT

t
= H, and thus, T is a unitary matrix. Consider the subspaces

P1 = [e2 + e4], P2 = [e2 + e4, e1 + e2 + e4], Q1 = [e1 + e3], Q2 = [e1 + e3, e1 + e2 + e3],

all of which are clearly totally isotropic. Moreover, we have

σT (P1) = P1T = Q1, σT (P2) = P2T = Q2,

together with the inclusions P1 ⊂ P2 and Q1 ⊂ Q2. Consequently, the map σT induced by T is a unitary
automorphism.
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• Field automorphism
Let π be an automorphism of the base field Fq2 , and let σπ be the mapping on Un defined by

[
n∑

i=1

aiei] 7→ [
n∑

i=1

π(ai)ei].

Then, we define a mapping on the vertex set of In(Un), also written as σπ, by

σπ(U) = {σπ(α)|α ∈ U}, ∀U ∈ V(In(Un)).

We can easily see that U1 ⊂ U2 if and only if σπ(U1) ⊂ σπ(U2), which implies that the mapping
σπ on the vertices of In(Un) is an automorphism of In(Un). Sometimes, we also call σπ to be the
field automorphism of In(Un).

Example 1.2. Keep the same unitary space U4 over F4. Let

π : F4 → F4, π(a) = a2

be the Frobenius automorphism. It is easy to check that

P1 = [e1 + ωe2], Q1 = [e1 + ω
2e2], P2 = [e1 + ωe2, e3 + ωe4], Q2 = [e1 + ω

2e2, e3 + ω
2e4]

are totally isotropic subspaces. Moreover, we have

σπ(P1) = Q1, σπ(P2) = Q2

together with the inclusions P1 ⊂ P2 and Q1 ⊂ Q2. Consequently, the map σπ induced by π is a field
automorphism.

2. Automorphisms of In(Un)

Theorem 2.1. Let σ be an automorphism of In(Un). Then, a mapping σ on V(In(Un)) is an
automorphism of In(Un) if and only if σ can be uniquely decomposed as σ = σT ◦ σπ, where σT and
σπ are two standard automorphisms defined as above.

We now give a proof of Theorem 2.1. The sufficiency condition is obvious. For the necessity, we
complete the proof by establishing several lemmas. In [13], the degree of x ∈ G is defined as the
number of edges of the form x ∼ y in G and is denoted by deg(x).

Lemma 2.2. Let U be an m-dimensional totally isotropic subspace. Then, the degree of U in In(Un)
is

deg(U) =
m−1∑
k=1

m∏
i=m−k+1

(q2i − 1)

k∏
i=1

(q2i − 1)
+

[ n
2 ]∑

k=m+1

n−2m∏
i=n−2k+1

(qi − (−1)i)

k−m∏
i=1

(q2i − 1)
.
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Proof. It is easily seen that deg(U) is the number of vertices adjacent to U inIn(Un), that is, the number
of totally isotropic subspaces with inclusion relation with U in Un. From the above preliminaries, we
obtain that the number of totally isotropic subspaces of Un properly contained in U is

m−1∑
k=1

N(k, 0; m, 0; n) =
m−1∑
k=1

m∏
i=m−k+1

(q2i − 1)

k∏
i=1

(q2i − 1)
.

Moreover, we obtain that the number of totally isotropic subspaces of Un properly containing U is

[ n
2 ]∑

k=m+1

N′(m, 0; k, 0; n) =
[ n

2 ]∑
k=m+1

n−2m∏
i=n−2k+1

(qi − (−1)i)

k−m∏
i=1

(q2i − 1)
.

Therefore,

deg(U) =
m−1∑
k=1

N(k, 0; m, 0; n) +
[ n

2 ]∑
k=m+1

N′(m, 0; k, 0; n)

=

m−1∑
k=1

m∏
i=m−k+1

(q2i − 1)

k∏
i=1

(q2i − 1)
+

[ n
2 ]∑

k=m+1

n−2m∏
i=n−2k+1

(qi − (−1)i)

k−m∏
i=1

(q2i − 1)
.

This completes the proof. □

The following lemma follows from Lemma 2.2 immediately.

Lemma 2.3. Let σ be an automorphism of In(Un) and U be a 1-dimensional totally isotropic subspace
of In(Un). Then, dim(σ(U)) = 1.

Proof. Suppose that N is an m-dimensional (m , 1) totally isotropic subspace of In(Un). By
Lemma 2.2, we obtain

deg(U) =
ν∑

k=2

n−2∏
i=n−2k+1

(qi − (−1)i)

k−1∏
i=1

(q2i − 1)

and

deg(N) =
m−1∑
k=1

m∏
i=m−k+1

(q2i − 1)

k∏
i=1

(q2i − 1)
+

ν∑
k=m+1

n−2m∏
i=n−2k+1

(qi − (−1)i)

k−m∏
i=1

(q2i − 1)
.
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We only prove the assertion for the case when 2 ≤ m < (ν + 1)/2. The proof for the case when
(ν + 1)/2 ≤ m ≤ ν is similar and thus omitted. Let 2 ≤ m < (ν + 1)/2. Then,

deg(U) − deg(N) =
ν∑

k=2

n−2∏
i=n−2k+1

(qi − (−1)i)

k−1∏
i=1

(q2i − 1)
−

m−1∑
k=1

m∏
i=m−k+1

(q2i − 1)

k∏
i=1

(q2i − 1)
−

ν∑
k=m+1

n−2m∏
i=n−2k+1

(qi − (−1)i)

k−m∏
i=1

(q2i − 1)

=
(qn−3 + 1)(qn−2 − 1) − (q2m − 1) − (qn−2m−1 + 1)(qn−2m − 1)

q2 − 1

+

n−2∏
i=n−5

(qi − (−1)i) −
m∏

i=m−1
(q2i − 1) −

n−2m∏
i=n−2m−3

(qi − (−1)i)

(q2 − 1)(q4 − 1)
+ · · ·

+

n−2∏
i=n−2m+1

(qi − (−1)i) −
m∏

i=2
(q2i − 1) −

n−2m∏
i=n−4m+3

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(m−1) − 1)

+

n−2∏
i=n−2m+1

(qi − (−1)i) −
n−2m∏

i=n−4m+1
(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2m − 1)
+ · · · +

n−2∏
i=2m−1

(qi − (−1)i) −
n−2m∏

i=n−2ν+1
(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−m) − 1)

+

n−2∏
i=2m−3

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−m+1) − 1)
+ · · · +

n−2∏
i=n−2ν+1

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−1) − 1)
.

=

m−1∑
k=1

n−2∏
i=n−2k−1

(qi − (−1)i) −
m∏

i=m−k+1
(q2i − 1) −

n−2m∏
i=n−2m+1−2k

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2k − 1)

+

ν−m∑
k=m

n−2∏
i=n−2k−1

(qi − (−1)i) −
n−2m∏

i=n−2m+1−2k
(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2k − 1)

+

n−2∏
i=2m−3

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−m+1) − 1)
+ · · · +

n−2∏
i=n−2ν+1

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−1) − 1)

=

m−1∑
k=1

A − B −C
(q2 − 1)(q4 − 1) · · · (q2k − 1)

+

ν−m∑
k=m

A −C
(q2 − 1)(q4 − 1) · · · (q2k − 1)

+ D,

where

A =
n−2∏

i=n−2k−1

(qi − (−1)i), B =
m∏

i=m−k+1

(q2i − 1), C =
n−2m∏

i=n−2m+1−2k

(qi − (−1)i),

and

D =

n−2∏
i=2m−3

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−m+1) − 1)
+ · · · +

n−2∏
i=n−2ν+1

(qi − (−1)i)

(q2 − 1)(q4 − 1) · · · (q2(ν−1) − 1)
.

It follows immediately that D > 0 with q ≥ 2.
Next, we aim to show that A − B −C > 0 for 1 ≤ k ≤ m − 1 and that A −C > 0 for m ≤ k ≤ ν − m.

We first determine the highest power of q appearing in each product. For A, B, and C, it is easy to see
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that the highest powers of q are DA = k(2n−2k−3), DB = k(2m− k+1), and DC = k(2n−4m−2k+1),
respectively. Because 2 ≤ m < (ν + 1)/2, and ν = [n/2], we have n > 4m. From 1 ≤ k ≤ m − 1, we
also conclude that

DA − DB = k(2n − 2k − 3) − k(2m − k + 1)
= k(2n − 2m − k − 4) > k(8m − 2m − m + 1 − 4)
= k(5m − 3) ≥ 7,

DA − DC = k(2n − 2k − 3) − k(2n − 4m − 2k + 1)
= k(4m − 4) ≥ 4.

Furthermore, we establish upper and lower bounds for A, B, and C in terms of powers of q.
Lower bound for A: Pairing the factors in A as (q2i−1 + 1)(q2i − 1), we observe that

(q2i−1 + 1)(q2i − 1) > q4i−1.

Multiplying this inequality over all k pairs yields A > qDA .

Upper bound for B: It is clear that B < qDB . Because DB < DA − 7, we obtain B < qDA−7.
Upper bound for C: For each factor in C, we have

(q2i−1 + 1)(q2i − 1) > q4i−1 + q2i ≤ q4i−1(1 +
1
q

) ≤ 1.5q4i−1,

where q ≥ 2. Multiplying this estimate over all k factors gives C < 1.5kqDC . From the earlier degree
comparison, DA − DC ≥ 4k. Hence,

C < 1.5kqDA−4k = (
1.5
q4 )kqDA ≤ (

3
32

)kqDA ≤
3

32
qDA .

Combining these bounds, we obtain

B +C < qDA−7 +
3

32
qDA = (

1
q7 +

3
32

)qDA > (
1

128
+

3
32

)qDA =
13

128
qDA .

Because A > qDA , it follows that B +C < A, and consequently, A − B −C > 0.
On the other hand, it is easy to see that A and C are each products of 2k factors. The rth factor of A

is qn−2k−2+r − (−1)n−2k−2+r, and the rth factor of C is qn−2m−2k+r − (−1)n−2m−2k+r. Then, we conclude that

(qn−2k−2+r − (−1)n−2k−2+r) − (qn−2m−2k+r − (−1)n−2m−2k+r) = qn−2k+r(q−2 − q−2m) > 0

for each 1 ≤ r ≤ 2k. Because every factor in A is strictly greater than its corresponding positive factor
in C, the product A is greater than the product C. Therefore, we obtain A −C > 0.

Then, we deduce that

deg(U) − deg(N) =
m−1∑
k=1

A − B −C
(q2 − 1)(q4 − 1) · · · (q2k − 1)

+

ν−m∑
k=m

A −C
(q2 − 1)(q4 − 1) · · · (q2k − 1)

+ D > 0,

which implies that only the 1-dimensional totally isotropic subspace has the same degree as U.
Therefore, we have dim(σ(U)) = 1. This completes the proof. □
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Lemma 2.4. Let σ be an automorphism of In(Un) and U be an m-dimensional totally isotropic
subspace of In(Un). Then, σ sends U to a totally isotropic subspace of the same dimension for
1 ≤ m ≤ ν.

Proof. Obviously, the lemma holds for m = 1. Suppose 2 ≤ m ≤ ν. For any α ∈ U, we have [α] ∼ U.
After applying σ to it, we obtain σ([α]) ∼ σ(U). By Lemma 2.3, it holds that σ([α]) ⊂ σ(U). This
indicates that the number of one dimensional totally isotropic subspaces of σ(U) is greater than or
equal to the number of one dimensional totally isotropic subspaces of U. Then, we conclude that
dim(σ(U)) ≥ dim(U) = m.

Let W be a maximal totally isotropic subspace containing U. Clearly, U ∼ W, and σ(U) ∼ σ(W).
The discussion of the above paragraph implies that dim(σ(W)) ≥ dim(W) = ν. Moreover, totally
isotropic subspaces of Un are of dimension ≤ ν. Hence, we have dim(σ(W)) = ν. It follows that
σ(U) ⊂ σ(W), which further implies that the number of maximal totally isotropic subspaces containing
U is not greater than the number of maximal totally isotropic subspaces containing σ(U). That is,
dim(σ(U)) ≤ dim(U) = m. Therefore, dim(σ(U)) = m.

This completes the proof. □

Lemma 2.5. Let σ be an automorphism of In(Un) and U be an m-dimensional totally isotropic
subspace spanned by {α1, α2, . . . , αm}, where 1 ≤ m ≤ ν. Then,

σ(U) = [σ(α1), σ(α2), . . . , σ(αm)].

Proof. Clearly, the result holds when m = 1. Next, we consider 2 ≤ m ≤ ν. As [αi] ⊂ U, it holds that
σ([αi]) ⊂ σ(U) for each i = 1, 2, . . . ,m. That is, [σ([α1]), σ([α2]), . . . , σ([αm])] ⊂ σ(U). We assert
that {σ([α1]), σ([α2]), . . . , σ([αm])} are linearly independent, and thus,

dim([σ([α1]), σ([α2]), . . . , σ([αm])]) = dim(σ(U)) = m,

thus completing the proof. □

Indeed, if σ([α1]), σ([α2]), . . . , σ([αm]) are linearly dependent, then there exist elements
k1, k2, . . . , km such that

k1σ([α1]) + k2σ([α2]) + · · · + kmσ([αm]) = 0,

where ki ∈ Fq2 is not all zero for i = 1, . . . ,m. Without loss of generality, let k1 , 0. Then, we get

σ([α1]) = −k1
−1k2σ([α2]) − k1

−1k3σ([α3]) − · · · − k1
−1kmσ([αm]).

It follows that [σ([α1])] ⊂ [σ([α2]), σ([α3]), · · · , σ([αm])].
Moreover, we also have [σ([αi])] ⊂ [σ([α2]), σ([α3]), · · · , σ([αm])] for all i = 2, 3, . . . ,m. By

applying σ−1, we conclude that [α1, α2, . . . , αm] ⊂ [α2, α3, . . . , αm]. This is a contradiction.
Consequently,

σ(U) = [σ(α1), σ(α2), . . . , σ(αm)].

Lemma 2.6. Let σ be an automorphism of In(Un) so that there exists a matrix Tn ∈ Un(Fq2 ,H) such
that σTn ◦ σ([ei]) = [ei] in In(Un), where i = 1, 2, . . . , 2ν.
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Proof. By Lemma 2.3, we can assume that σ([ei]) = [αi] for i = 1, 2, . . . , 2ν, where αi is a nonzero
isotropic vector ofUn. It is obvious that {α1, α2, . . . , α2ν} are linearly independent. Moreover, αiHα j

t
=0

for |i − j| , ν, and αiHα j
t , 0 for |i − j| = ν. It follows that



e1
...

eν
eν+1
...

e2ν


H



e1
...

eν
eν+1
...

e2ν



t

=



α1
α1Hαν+1

t

...
αν

ανHα2ν
t

αν+1
...

α2ν


H



α1
α1Hαν+1

t

...
αν

ανHα2ν
t

αν+1
...

α2ν



t

.

By [1, Lemma 5.12], there exists Tn ∈ Un(Fq2 ,H) such that

e1
...

eν
eν+1
...

e2ν


=



α1
α1Hαν+1

t

...
αν

ανHα2ν
t

αν+1
...

α2ν


Tn.

Therefore, there exists a unitary matrix Tn such that σTn◦σ fixes each [ei] of In(Un) for i = 1, 2, . . . , 2ν.
Thus, the proof is completed. □

In the following, we denote σTn ◦σ by σ1, and we will denote [
n∑

i=1
aiei] by [a1, a2, . . . , an]. Note that

σ1 sends every totally isotropic subspace to a totally isotropic subspace of equal dimension. Next, we
will consider the action of an automorphism on any one dimensional totally isotropic subspace of Un.

Lemma 2.7. Let [
n∑

i=1
aiei] in In(Un), and suppose that

σ1([
n∑

i=1

aiei]) = [
n∑

i=1

biei].

Then, for each j = 1, 2, . . . , 2ν, it holds that a j = 0 if and only if b j = 0.

Proof. If a j = 0, then [eν+ j,
n∑

i=1
aiei] is totally isotropic. By Lemmas 2.5 and 2.6, we have

σ1([eν+ j,

n∑
i=1

aiei]) = [eν+ j,

n∑
i=1

biei],

which is also totally isotropic. It follows that b j = 0. If b j = 0, then [eν+ j,
n∑

i=1
biei] is totally isotropic.

By considering σ1, we deduce that [eν+ j,
n∑

i=1
aiei] is also totally isotropic. Hence, a j = 0. □
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Lemma 2.8. When n = 2ν+ 1, if [a1, a2, . . . , a2ν+1] ∈ V(In(U2ν+1)), and [a1, a2, . . . , a2ν] ∈ V(In(U2ν)),
then a2ν+1 = 0.

Proof. Because [a1, a2, . . . , a2ν+1] ∈ V(In(U2ν+1)) and [a1, a2, . . . , a2ν] ∈ V(In(U2ν)), it follows that

a1aν+1 + a2aν+2 + · · · + aνa2ν + aν+1a1 + · · · + a2νaν = 0,

and
a1aν+1 + a2aν+2 + · · · + aνa2ν + aν+1a1 + · · · + a2νaν + a2ν+1a2ν+1 = 0,

which together suggest that a2ν+1a2ν+1 = a2ν+1
q+1 = 0. In a finite field, no positive integer power of a

nonzero element can be zero, so we have a2ν+1 = 0. □

For 1 ≤ i < j ≤ 2ν, a, b ∈ Fq2 , Lemmas 2.7 and 2.8 show that σ1 sends [ei + ae j] to a vertex of the
form [ei + be j]. Thus, we can define a function πi on Fq2 such that πi(0) = 0, and σ1([eν+1 + aei]) =
[eν+1 + πi(a)ei], where i = 2, . . . , ν, ν + 2, . . . , 2ν. Next, we will study the other properties of πi.

We consider first the case n = 2ν.

Lemma 2.9. Suppose that [e1 +
ν∑

j=2
a je j +

2ν∑
j=ν+2

a je j] ∈ V(In(U2ν)), and

σ1([e1 +

ν∑
j=2

a je j +

2ν∑
j=ν+2

a je j]) = [e1 +

ν∑
j=2

b je j +

2ν∑
j=ν+2

b je j].

For 2 ≤ k ≤ ν, we have

bk = −πν+k(−ak
−1)
−1

if ak , 0 (2.1)

and
bν+k = −πk(−aν+k

−1)
−1

if aν+k , 0. (2.2)

Proof. If ak , 0 for some 2 ≤ k ≤ ν, then [e1 +
2ν∑
j=2

a je j, eν+1 − ak
−1eν+k] is a totally isotropic subspace.

Applying σ1 to it, we deduce that

[e1 +

2ν∑
j=2

b je j, eν+1 + πν+k(−ak
−1)eν+k]

is also a totally isotropic subspace, which means that

bk = −πν+k(−ak
−1)
−1
.

If aν+k , 0 for some 2 ≤ k ≤ ν, then [e1+
2ν∑
j=2

a je j, eν+1−aν+k
−1ek] is totally isotropic, which suggests

that

[e1 +

2ν∑
j=2

b je j, eν+1 + πk(−aν+k
−1)ek]

is also totally isotropic. That is,

bν+k = −πk(−aν+k
−1)
−1
.

Therefore, the lemma follows. □
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Lemma 2.10. Suppose [ei +
ν∑

j=i+1
a je j +

2ν∑
j=ν+2

a je j] ∈ V(In(U2ν)), and

σ1([ei +

ν∑
j=i+1

a je j +

2ν∑
j=ν+2

a je j]) = [ei +

ν∑
j=i+1

b je j +

2ν∑
j=ν+2

b je j].

Then,

bk = −
πk(ak)
πi(−1)

for i + 1 ≤ k ≤ ν (2.3)

and
bν+k = −

πν+k(aν+k)
πi(−1)

for 2 ≤ k , i ≤ ν. (2.4)

Proof. If ak = 0, then Eq (2.3) holds automatically. Now, we consider ak , 0 for some i+ 1 ≤ k ≤ ν. It

is easily seen that [ei +
2ν∑

j=i+1
a je j, e1 + eν+i − ak

−1eν+k] is totally isotropic. Using (2.2) and σ1, we deduce

that

[ei +

2ν∑
j=i+1

b je j, e1 − πi(−1)
−1

eν+i − πk(ak)
−1

eν+k]

is also totally isotropic, which suggests that

(−πi(−1)
−1

) + bk · (−πk(ak)
−1

) = 0.

Hence, we obtain

bk = −
πk(ak)
πi(−1)

.

If aν+k = 0, then Eq (2.4) is clearly true. Let aν+k , 0 for some 2 ≤ k ≤ ν, k , i. As [ei +
2ν∑

j=i+1
a je j, e1 − aν+k

−1ek + eν+i] is totally isotropic, it holds that

[ei +

2ν∑
j=i+1

b je j, e1 − πν+k(aν+k)
−1

ek − πi(−1)
−1

eν+i]

is also totally isotropic, which indicates that

bν+k · (−πν+k(aν+k)
−1

) + (−πi(−1)
−1

) = 0,

and thus,

bν+k = −
πν+k(aν+k)
πi(−1)

.

This completes the proof. □

Lemma 2.11. Let [eν+1 +
ν∑

i=2
aν+ieν+i] ∈ V(In(U2ν)), and

σ1([eν+1 +

ν∑
i=2

aν+ieν+i]) = [eν+1 +

ν∑
i=2

bν+ieν+i].

Then, bν+k = πν+k(aν+k) for 2 ≤ k ≤ ν.
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Proof. Obviously, the lemma holds for aν+k = 0. If aν+k , 0 for some 2 ≤ k ≤ ν, then [eν+1 +
ν∑

i=2
aν+ieν+i, e1 − aν+k

−1ek] is a totally isotropic subspace. By Lemma 2.9, we conclude that

[eν+1 +

ν∑
i=2

bν+ieν+i, e1 − πν+k(aν+k)
−1

ek]

is also a totally isotropic subspace, which implies that

1 + bν+k · (−πν+k(aν+k)
−1

) = 0.

That is, bν+k = πν+k(aν+k). This completes the proof. □

Lemma 2.12. Let [eν+i +
ν∑

j=i+1
aν+ jeν+ j] ∈ V(In(U2ν)), and

σ1([eν+i +

ν∑
j=i+1

aν+ jeν+ j]) = [eν+i +

ν∑
j=i+1

bν+ jeν+ j]

for 2 ≤ i ≤ ν − 1. Then,

bν+k = −
πν+k(−1)
πν+i(aν+k

−1)
if aν+k , 0, i + 1 ≤ k ≤ ν. (2.5)

Proof. If aν+k , 0 for some i + 1 ≤ k ≤ ν, then

[eν+i +

ν∑
j=i+1

aν+ jeν+ j, e1 − aν+kei + ek]

is a totally isotropic subspace. From Lemma 2.9 and σ1, we deduce that

[eν+i +

ν∑
j=i+1

bν+ jeν+ j, e1 − πν+i(aν+k
−1)
−1

ei − πν+k(−1)
−1

ek]

is also a totally isotropic subspace. It follows that

(−πν+i(aν+k
−1)
−1

) + bν+k · (−πν+k(−1)
−1

) = 0.

Hence, we obtain

bν+k = −
πν+k(−1)
πν+i(aν+k

−1)
.

This completes the proof. □

Lemma 2.13. For any a, b ∈ F∗q2 , 2 ≤ i, j ≤ ν, we have

(i) πi(a)πν+i(1) = π j(a)πν+ j(1) = πν+i(a)πi(1) = πν+ j(a)π j(1).
(ii) πi(−a) = −πi(a), πν+i(−a) = −πν+i(a).
(iii) πi(a−1) = πi(a)−1πi(1)2, πν+i(a−1) = πν+i(a)−1πν+i(1)2.
(iv) πi(ab) = πi(a)πi(b)πi(1)−1, πν+i(ab) = πν+i(a)πν+i(b)πν+i(1)−1.
(v) πi(a + b) = πi(a) + πi(b), πν+i(a + b) = πν+i(a) + πν+i(b).
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Proof of Lemma 2.13. We see at once that

[e1 − a−1ei − a−1eν+i+1, e1 + ei+1 − eν+i],

[e1 − a−1ei − a−1ei+1, e1 − eν+i + eν+i+1]

and
[e1 − a−1eν+i − a−1eν+i+1, e1 − ei + ei+1]

are totally isotropic. Applying σ1 and (2.1), (2.2), it holds that

[e1 − πν+i(a)
−1

ei − πi+1(a)
−1

eν+i+1, e1 − πν+i+1(−1)
−1

ei+1 − πi(1)
−1

eν+i],

[e1 − πν+i(a)
−1

ei − πν+i+1(a)
−1

ei+1, e1 − πi(1)
−1

eν+i − πi+1(−1)
−1

eν+i+1]

and
[e1 − πi(a)

−1
eν+i − πi+1(a)

−1
eν+i+1, e1 − πν+i(1)

−1
ei − πν+i+1(−1)

−1
ei+1]

are also totally isotropic. This shows that

πν+i(a)
−1
πi(1)−1 + πi+1(a)

−1
πν+i+1(−1)−1 = 0, (2.6)

πν+i(a)
−1
πi(1)−1 + πν+i+1(a)

−1
πi+1(−1)−1 = 0 (2.7)

and
πi(a)

−1
πν+i(1)−1 + πi+1(a)

−1
πν+i+1(−1)−1 = 0. (2.8)

Hence, from Eqs (2.6)–(2.8), we deduce that

πν+i(a)πi(1) = πi(a)πν+i(1) = −πi+1(a)πν+i+1(−1) = −πν+i+1(a)πi+1(−1). (2.9)

Similarly,
[e1 − a−1ei+1 − a−1eν+i, e1 + ei − eν+i+1],

[e1 − a−1ei − a−1ei+1, e1 + eν+i − eν+i+1]

and
[e1 − a−1eν+i − a−1eν+i+1, e1 + ei − ei+1]

are totally isotropic subspaces. In the same manner, we can see that

[e1 − πν+i+1(a)
−1

ei+1 − πi(a)
−1

eν+i, e1 − πν+i(−1)
−1

ei − πi+1(1)
−1

eν+i+1],

[e1 − πν+i(a)
−1

ei − πν+i+1(a)
−1

ei+1, e1 − πi(−1)
−1

eν+i − πi+1(1)
−1

eν+i+1]

and
[e1 − πi(a)

−1
eν+i − πi+1(a)

−1
eν+i+1, e1 − πν+i(−1)

−1
ei − πν+i+1(1)

−1
ei+1]

are also totally isotropic subspaces, which means that

πν+i+1(a)πi+1(1) + πi(a)πν+i(−1) = 0, (2.10)
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πν+i(a)πi(−1) + πν+i+1(a)πi+1(1) = 0 (2.11)

and
πi(a)πν+i(−1) + πi+1(a)πν+i+1(1) = 0. (2.12)

Using (2.10)–(2.12), we get

πi(a)πν+i(−1) = πν+i(a)πi(−1) = −πν+i+1(a)πi+1(1) = −πi+1(a)πν+i+1(1). (2.13)

Moreover, because [eν+1 + aeν+i + aeν+i+1, ei − ei+1] is a totally isotropic subspace, it follows that [eν+1 +

πν+i(a)eν+i + πν+i+1(a)eν+i+1, ei − πi(−1)−1πi+1(−1)ei+1] is also a totally isotropic subspace. Hence,

πν+i(a) + πν+i+1(a)(−πi(−1)−1πi+1(−1)) = 0

holds. That is,
πν+i(a)πi(−1) = πν+i+1(a)πi+1(−1). (2.14)

Combining (2.9), (2.13), and (2.14) yields

πi(a)πν+i(1) = π j(a)πν+ j(1) = πν+i(a)πi(1) = πν+ j(a)π j(1). (2.15)

This completes the proof of (i).
As [e1 + a−1e2 − a−1eν+3, e1 + e3 + eν+2] is totally isotropic, it holds that

[e1 − πν+2(−a)
−1

e2 − π3(a)
−1

eν+3, e1 − πν+3(−1)
−1

e3 − π2(−1)
−1

eν+2] is also totally isotropic, which
further implies that

π3(a)πν+3(−1) + πν+2(−a)π2(−1) = 0.

Note that we have actually proved that πi(−1) = −πi(1), πν+i(−1) = −πν+i(1), so

πν+2(−a)π2(1) = −π3(a)πν+3(1). (2.16)

By (2.15) and (2.16), we obtain

πν+2(−a) =
−π3(a)πν+3(1)

π2(1)
=
−πν+2(a)π2(1)

π2(1)
= −πν+2(a).

Then, we see that

πi(−a) =
πν+2(−a)π2(1)

πν+i(1)
=
−πν+2(a)π2(1)

πν+i(1)
=
−πi(a)πν+i(1)

πν+i(1)
= −πi(a), (2.17)

πν+i(−a) =
πν+2(−a)π2(1)

πi(1)
=
−πν+2(a)π2(1)

πi(1)
=
−πν+i(a)πi(1)

πi(1)
= −πν+i(a). (2.18)

This completes the proof of (ii).
Let 3 ≤ i ≤ ν. It is clear that [e1 + be2 + abeν+i, ei − aeν+2] is a totally isotropic subspace. Then,

[e1 − πν+2(−b
−1

)
−1

e2 − πi(−ab
−1

)
−1

eν+i, ei − πi(−1)−1πν+2(−a)eν+2] is also a totally isotropic subspace,
which suggests that

πν+2(−b
−1

)
−1

πi(−1)−1πν+2(−a) − πi(−ab
−1

)
−1

= 0.
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By (ii), we obtain
πi(ab

−1
) = πν+2(b

−1
)πi(1)πν+2(a)−1.

Writing a for a−1 and b for b
−1

, then

πi(ab) = πν+2(b)πν+2(a−1)−1
πi(1). (2.19)

Taking b = 1, we have
πν+2(a−1) = πi(a)−1πν+2(1)πi(1). (2.20)

Substituting (2.20) into (2.19), we get

πi(ab) = πν+2(b)πi(a)πν+2(1)−1. (2.21)

Using (2.15) and (2.20), we conclude that

πi(a−1) =
πν+2(a−1)π2(1)

πν+i(1)
=
πi(a)−1πν+2(1)πi(1)π2(1)

πν+i(1)
= πi(a)−1πi(1)2. (2.22)

As [e1 + abeν+2 + bei, e2 − aeν+i] is totally isotropic, it holds that

[e1 − π2(−ab
−1

)
−1

eν+2 − πν+i(−b
−1

)
−1

ei, e2 − π2(−1)−1πν+i(−a)eν+i]

is also totally isotropic, which leads to

π2(ab
−1

) = πν+i(b
−1

)π2(1)πν+i(a)−1.

Taking b = 1, we have
π2(a−1) = πν+i(1)π2(1)πν+i(a)−1.

This equality together with (2.15) proves

πν+i(a−1) =
π2(a−1)πν+2(1)

πi(1)
=
πν+i(a)−1π2(1)πν+i(1)πν+2(1)

πi(1)
= πν+i(a)−1πν+i(1)2. (2.23)

Thus, the result of (iii) follows.
For any a, b ∈ F∗q2 , 2 ≤ i ≤ ν, using (2.15) and (2.21), we have

πi(ab) =
πi(a)πν+i(1)πi(b)

π2(1)πν+2(1)
= πi(a)πi(b)πi(1)−1. (2.24)

Using (2.15) and (2.24), we also have

πν+i(ab) =
π2(ab)πν+2(1)

πi(1)

=
π2(a)π2(b)π2(1)−1πν+2(1)

πi(1)

=
πν+i(a)πν+i(b)πi(1)

πν+2(1)π2(1)
= πν+i(a)πν+i(b)πν+i(1)−1.

(2.25)
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This proves (iv).
It is easy to check that [e1 + e2 + (a + b)e3, eν+1 + a−1beν+2 − a−1eν+3] is a totally isotropic subspace.

Then,

[e1 − πν+2(−1)
−1

e2 − πν+3(−(a + b)−1)
−1

e3, eν+1 + πν+2(a−1b)eν+2 + πν+3(−a−1)eν+3]

is also a totally isotropic subspace, which means that

1 + πν+2(1)−1πν+2(a−1b) − πν+3((a + b)−1)−1
πν+3(a−1) = 0.

This equality together with (2.23) and (2.25) shows

πν+3(a + b) = πν+3(a) + πν+3(a)πν+2(a−1)πν+2(b)πν+2(1)−2

= πν+3(a) + πν+3(a)πν+2(a)−1πν+2(b)

= πν+3(a) +
πν+3(a)πν+3(b)π3(1)

π2(1)πν+2(a)
= πν+3(a) + πν+3(b).

Hence,

πi(a + b) =
πν+3(a + b)π3(1)

πν+i(1)
=
πν+3(a)π3(1) + πν+3(b)π3(1)

πν+i(1)
= πi(a) + πi(b)

and

πν+i(a + b) =
πν+3(a + b)π3(1)

πi(1)
=
πν+3(a)π3(1) + πν+3(b)π3(1)

πi(1)
= πν+i(a) + πν+i(b).

This completes the proof of (v).
The proof of Lemma 2.13 is completed. □

Lemma 2.14. Let π = π2/π2(1). Then,

(1) π = πi/πi(1) = πν+i/πν+i(1), 2 ≤ i ≤ ν.
(2) π is an automorphism of Fq2 .

Proof. By (i) of Lemma 2.13, it follows immediately that

π =
π2

π2(1)
=
πiπν+i(1)

πν+2(1)π2(1)
=
πiπν+i(1)

πν+i(1)πi(1)
=
πi

πi(1)
,

π =
π2

π2(1)
=
πν+iπi(1)

πν+2(1)π2(1)
=
πν+iπi(1)

πν+i(1)πi(1)
=
πν+i

πν+i(1)
.

This proves (i).
From (iv), (v), We see at once that

π(a + b) =
π2(a + b)
π2(1)

=
π2(a) + π2(b)
π2(1)

= π(a) + π(b)

and

π(ab) =
π2(ab)
π2(1)

=
π2(a)π2(b)π2(1)−1

π2(1)
=
π2(a)π2(b)
π2(1)π2(1)

= π(a)π(b),

which is clear from (iv) and (v) of Lemma 2.13. Thus, the lemma holds. □
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Substituting a = 1 into (i) of Lemma 2.13, we get

πi(1)πν+i(1) = π j(1)πν+ j(1) = πν+i(1)πi(1) = πν+ j(1)π j(1).

This shows that πi(1)πν+i(1) is a constant in F∗q2 for all 2 ≤ i ≤ ν. Therefore, we may assume that

πi(1)πν+i(1) = πν+i(1)πi(1) = d d,

where d ∈ F∗q2 .
Applying the above lemmas, one can easily obtain the following result.

Lemma 2.15. Let [
2ν∑
i=1

aiei] be any one dimensional, totally isotropic subspace of In(U2ν), where ai ∈

Fq2 for i = 1, 2, . . . , 2ν. Then,

σ1([
2ν∑
i=1

aiei]) = [dπ(a1)e1 +

ν∑
j=2

π j(1)
d
π(a j)e j +

1
d
π(aν+1)eν+1 +

ν∑
j=2

πν+ j(1)
d
π(aν+ j)eν+ j].

Proof. We first consider the cases σ1([eν+1 +
ν∑

j=2
aν+ jeν+ j]). Let

σ1([eν+1 +

ν∑
j=2

aν+ jeν+ j]) = [eν+1 +

ν∑
j=2

bν+ jeν+ j].

By Lemmas 2.11 and 2.14, it holds that bν+k = π(aν+k)πν+k(1) for 2 ≤ k ≤ ν. Hence, we obtain

σ1([eν+1 +

ν∑
j=2

aν+ jeν+ j]) = [
1
d

eν+1 +

ν∑
j=2

πν+ j(1)
d
π(aν+ j)eν+ j]. (2.26)

For the case σ1([eν+i +
ν∑

j=i+1
aν+ jeν+ j]), let

σ1([eν+i +

ν∑
j=i+1

aν+ jeν+ j]) = [eν+i +

ν∑
j=i+1

bν+ jeν+ j].

By Lemmas 2.12 and 2.13, it follows easily that

bν+k =
πν+k(1)π(aν+k)
πν+i(1)

for i + 1 ≤ k ≤ ν. Then,

σ1([eν+i +

ν∑
j=i+1

aν+ jeν+ j]) = [
πν+i(1)

d
eν+i +

ν∑
j=i+1

πν+ j(1)
d
π(aν+ j)eν+ j]. (2.27)

Now, we discuss the general cases σ1([e1 +
2ν∑
j=2

a je j]). Let

σ1([e1 +

2ν∑
j=2

a je j]) = [e1 +

2ν∑
j=2

b je j].

AIMS Mathematics Volume 11, Issue 4, 9819–9844.



9837

We see at once that
bk =

πk(1)π(ak)

d d
and bν+k =

πν+k(1)π(aν+k)

d d
(2.28)

for 2 ≤ k ≤ ν, which is clear from Lemmas 2.9, 2.13, and 2.14. What is left is to show that

bν+1 =
π(aν+1)

d d
.

If aν+1 = 0, then the conclusion is clearly true. In the following, we assume that aν+1 , 0.

If there exists some k such that ak , 0 for 2 ≤ k ≤ ν, then [e1 +
2ν∑
j=2

a je j, e1 − ak
−1aν+1eν+k] is totally

isotropic. It holds that [e1 +
2ν∑
j=2

b je j, e1 − (π(ak
−1aν+1)πν+k(1)/d d)eν+k] is also totally isotropic, which

implies that

bν+1 = bk ·
π(ak

−1aν+1)
πk(1)

=
π(ak)πk(1)

d d
·
π(ak

−1aν+1)
πk(1)

=
π(aν+1)

d d
.

If there exists some k such that aν+k , 0 for 2 ≤ k ≤ ν, then [e1 +
2ν∑
j=2

a je j, e1 − aν+k
−1aν+1ek] is a totally

isotropic subspace. From (2.28), we deduce that [e1 +
2ν∑
j=2

b je j, e1 − (π j(1)π(aν+k
−1aν+1)/d d)ek] is also a

totally isotropic subspace, which suggests that

bν+1 = bν+k · (
π j(1)π(aν+k

−1aν+1)

d d
) =
πν+k(1)π(aν+k)

d d
·
π(aν+k)−1π(aν+1)
πν+ j(1)

=
π(aν+1)

d d
.

If ak = 0, aν+k = 0 for all k = 2, . . . , ν, then

[e1 +

2ν∑
j=2

a je j] = [e1 + aν+1eν+1].

It is clear that [e1 + aν+1eν+1, e1 + e2 − aν+1eν+1] is totally isotropic. By (2.28), we conclude that [e1 +

bν+1eν+1, e1 + (π2(1)π(1)/d d)e2 − (π(aν+1)/d d)eν+1] is also totally isotropic, which means that

bν+1 =
π(aν+1)

d d
.

Hence, we have

σ1([e1 +

2ν∑
j=2

a je j]) = [de1 +

ν∑
j=2

π j(1)
d
π(a j)e j +

1
d
π(aν+1)eν+1 +

ν∑
j=2

πν+ j(1)
d
π(aν+ j)eν+ j]. (2.29)

Finally, for the case σ1([ei +
2ν∑

j=i+1
a je j]), let

σ1([ei +

2ν∑
j=i+1

a je j]) = [ei +

2ν∑
j=i+1

b je j].
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Lemmas 2.10 and 2.14 make it obvious that

bk =
πk(1)π(ak)
πi(1)

for i + 1 ≤ k ≤ ν, (2.30)

bν+k =
πν+k(1)π(aν+k)
πi(1)

for 2 ≤ k , i ≤ ν. (2.31)

Now, let’s prove

bν+1 =
π(aν+1)
πi(1)

.

If aν+1 = 0, then the result holds. If aν+1 , 0, then [ei +
2ν∑

j=i+1
a je j, e1 − aν+1eν+i] is a totally isotropic

subspace. Using (2.28), we deduce that [ei+
2ν∑

j=i+1
b je j, e1−

π(aν+1)
πi(1)

eν+i] is also a totally isotropic subspace,

which leads to
bν+1 =

π(aν+1)
πi(1)

.

Next, we consider aν+i. If aν+i = 0, then

bν+i =
πν+k(1)π(aν+i)
πi(1)

holds automatically. If aν+i , 0, then we distinguish the following cases:

(1) If there exists some k such that ak , 0 for i + 1 ≤ k ≤ ν, then [ei +
2ν∑

j=i+1
a je j, ei − ak

−1aν+ieν+k] is

a totally isotropic subspace. From (2.31), it follows easily that [ei +
2ν∑

j=i+1
b je j, ei −

π(ak
−1aν+i)πν+k(1)
πi(1) eν+k] is

also a totally isotropic subspace, which arrives at

bν+i = bk ·
π(aν+i)πν+k(1)

π(ak)πi(1)
=
πk(1)π(ak)
πi(1)

·
π(aν+i)πν+k(1)

π(ak)πi(1)
=
πν+i(1)π(aν+i)
πi(1)

.

(2) If aν+1 , 0, then [ei +
2ν∑

j=i+1
a je j, e1 − aν+1aν+i

−1ei] is totally isotropic. Applying σ1 and (2.28),

we conclude that [ei +
2ν∑

j=i+1
b je j, e1 + (π(−aν+1aν+i

−1)/πν+i(1))ei] is also totally isotropic, which suggests

that
bν+i = bν+1 ·

πν+i(1)π(aν+i)
π(aν+1)

=
π(aν+1)
πi(1)

·
πν+i(1)π(aν+i)
π(aν+1)

=
πν+i(1)π(aν+i)
πi(1)

.

(3) If there exists some k such that aν+k , 0 for 2 ≤ k ≤ i − 1, then [ei +
2ν∑

j=i+1
a je j, ek − aν+i

−1aν+kei]

is a totally isotropic subspace. By σ1 and (2.30), it follows immediately that [ei +
2ν∑

j=i+1
b je j, ek −

(π(aν+i
−1aν+k)πi(1)/πk(1))ei] is also a totally isotropic subspace, which leads to

bν+k + bν+i · (
π(aν+i

−1aν+k)πi(1)
πk(1)

) = 0.
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Hence, we have

bν+i =
πν+k(1)π(aν+k)
πi(1)

·
πk(1)

π(aν+i)−1π(aν+k)πi(1)
=
πν+i(1)π(aν+i)
πi(1)

.

(4) If there exists some k such that aν+k , 0 for i + 1 ≤ k ≤ ν, then [ei +
2ν∑

j=i+1
a je j, ei − aν+k

−1aν+iek]

is a totally isotropic subspace. From σ1 and (2.30), it follows immediately that [ei +
2ν∑

j=i+1
b je j, ei −

(π(aν+k
−1aν+i)πk(1)/πi(1))ek] is also a totally isotropic subspace, which implies that

bν+i = bν+k ·
π(aν+k

−1)π(aν+i)πk(1)

πi(1)
=
πν+i(1)π(aν+i)
πi(1)

.

(5) If ak = 0 for all k = i + 1, . . . , ν and aν+k = 0 for all k = 1, . . . , ν, k , i, then

[ei +

2ν∑
j=i+1

a je j] = [ei + aν+ieν+i].

Because [ei + aν+ieν+i, e1 + ei − aν+ieν+i] is a totally isotropic subspace, it follows that [ei + bν+ieν+i, e1 +

π(1)/πν+i(1)ei + π(−aν+i)/πi(1)eν+i] is also a totally isotropic subspace, which leads to

bν+i =
πν+i(1)π(aν+i)
πi(1)

.

Hence, we obtain

σ1([ei +

2ν∑
j=i+1

a je j]) = [
πi(1)

d
ei +

ν∑
j=i+1

π j(1)
d
π(a j)e j +

1
d
π(aν+1)eν+1 +

ν∑
j=2

πν+ j(1)
d
π(aν+ j)eν+ j]. (2.32)

Therefore, the lemma follows from (2.26), (2.27), (2.29), and (2.32). □

Lemma 2.16. There exists a unitary matrix A2ν such that σπ−1 ◦ σA2ν ◦ σ1 fixes each one dimensional
totally isotropic subspace of U2ν.

Proof. Let [
2ν∑
i=1

aiei] be any one dimensional totally isotropic subspace ofU2ν. By Lemma 2.15, we have

σ1([
2ν∑
i=1

aiei]) = [dπ(a1)e1 +

ν∑
j=2

π j(1)
d
π(a j)e j +

1
d
π(aν+1)eν+1 +

ν∑
j=2

πν+ j(1)
d
π(aν+ j)eν+ j].

Let
A2ν = diag(

1

d
,

d
π2(1)

, . . . ,
d
πν(1)

, d,
d

πν+2(1)
, . . . ,

d
π2ν(1)

).

It is easy to check that

A2νH0A2ν
t
= H0, and σA2ν ◦ σ1([

2ν∑
i=1

aiei]) = [
2ν∑
i=1

π(ai)ei].
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Then, we conclude that

σπ−1 ◦ σA2ν ◦ σ1([
2ν∑
i=1

aiei]) = [
2ν∑
i=1

aiei].

Therefore, there is a unitary matrix A2ν ∈ U2ν(Fq2 ,H0) such that σπ−1 ◦ σA2ν ◦ σ1 fixes each one
dimensional totally isotropic subspace. □

We now show that for n = 2ν + 1, there exists a unitary matrix A2ν+1 ∈ U2ν+1(Fq2 ,H1) such that
σπ−1 ◦ σA2ν+1 ◦ σ1 fixes each one dimensional totally isotropic subspace of U2ν+1.

By the same method of the proof of Lemma 2.15 and taking Lemma 2.8 into account, we can prove

that the vertex [
2ν+1∑
i=1

aiei] is mapped into

[dπ(a1)e1 +

ν∑
j=2

(π j(1)/d)π(a j)e j + (1/d)π(aν+1)eν+1 +

ν∑
j=2

(πν+ j(1)/d)π(aν+ j)eν+ j + b2ν+1e2ν+1]

under σ1, where b2ν+1 is to be determined. Because [
2ν+1∑
i=1

aiei] is a totally isotropic subspace, it holds

that
a1aν+1 + · · · + aνa2ν + aν+1a1 + · · · + a2νaν + a2ν+1a2ν+1 = 0. (2.33)

Similarly, we obtain

π(a1)π(aν+1) +
π2(1)π(a2)

d
πν+2(1)π(aν+2)

d
+ · · · +

πν(1)π(aν)
d

π2ν(1)π(a2ν)

d

+ π(aν+1)π(a1) +
πν+2(1)π(aν+2)

d
π2(1)π(a2)

d
+ · · · (2.34)

+
π2ν(1)π(a2ν)

d
πν(1)π(aν)

d
+ b2ν+1b2ν+1 = 0.

Combining (2.33) with (2.34), we have

b2ν+1 =
π(a2ν+1)

b2ν+1

π(a2ν+1).

As
π(a2ν+1)

b2ν+1

=
b2ν+1

π(a2ν+1)
,

it holds that
π(a2ν+1)

b2ν+1

· (
π(a2ν+1)

b2ν+1

) = 1,

that is, π(a2ν+1)/b2ν+1 ∈ S .

Lemma 2.17. There exists a unitary matrix A2ν+1 ∈ U2ν+1(Fq2 ,H1) such that σπ−1 ◦ σA2ν+1 ◦ σ1 fixes
each one dimensional totally isotropic subspace of U2ν+1.
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Proof. Suppose [
2ν+1∑
i=1

aiei] is any one-dimensional totally isotropic subspace of In(U2ν+1). The above

discussions shows that

σ1([
2ν+1∑
i=1

aiei]) = [dπ(a1)e1 +

ν∑
j=2

π j(1)
d
π(a j)e j +

1
d
π(aν+1)eν+1

+

ν∑
j=2

πν+ j(1)
d
π(aν+ j)eν+ j +

π(a2ν+1)

b2ν+1

π(a2ν+1)e2ν+1].

Set

A2ν+1 = diag(
1

d
,

d
π2(1)

, . . . ,
d
πν(1)

, d,
d

πν+2(1)
, . . . ,

d
π2ν(1)

,
π(a2ν+1)

b2ν+1

).

Obviously, A2ν+1 ∈ U2ν+1(Fq2 ,H1). Then, we deduce that

σπ−1 ◦ σA2ν+1 ◦ σ1([
2ν+1∑
i=1

aiei]) = [
2ν+1∑
i=1

aiei].

This completes the proof. □

With the above lemmas in hands, we can easily prove the main result of this paper.

Lemma 2.18. σπ−1 ◦ σAn ◦ σ1 fixes every vertex of In(Un).

Proof. Let U = [α1, α2, . . . , αm] be an m-dimensional totally isotropic subspace of In(Un), where 1 ≤
m ≤ ν. From Lemmas 2.5, 2.16, and 2.17, we obtain

σπ−1 ◦ σAn ◦ σ1(U) = [σπ−1 ◦ σA ◦ σ1(α1), σπ−1 ◦ σAn ◦ σ1(α2), . . . , σπ−1 ◦ σA ◦ σ1(αm)]
= [α1, α2, . . . , αm] = U.

This indicates that σπ−1 ◦ σAn ◦ σ1 fixes every vertex of In(Un). □

Lemma 2.18 shows that σπ−1 ◦σAn ◦σTn ◦σ is an identical automorphism of In(Un), which implies
that σ = σT ◦ σπ, where T = An

−1Tn
−1. We now prove the uniqueness of the decomposition of σ.

Suppose that
σ = σT ◦ σπ = σT ′ ◦ σπ′ ,

where T
′

∈ Un(Fq2 ,H), π
′

∈ Aut(Fq2). From the equality above, we obtain

σT ′ −1 ◦ σT = σπ′ ◦ σπ−1 .

Because σπ′ ◦ σπ−1 fixes the vertices [ei] for all i = 1, 2, . . . , 2ν, it follows that

σT ′ −1 ◦ σT ([ei]) = ([ei]).

Consequently, we have eiT = kieiT
′

for some ki ∈ F∗q2 and for each i = 1, 2, . . . , 2ν. Moreover, the
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same automorphism σT ′ −1 ◦ σT also fixes the vertices [e1 + e2], [e2 + e3] · · · [e2ν−1 + e2ν]. From these
conditions, we deduce that k1 = k2 = · · · = k2ν = k for some k ∈ F∗q2 . Let us write

T =


α1

α2
...

αn

 and T
′

=


α
′

1
α
′

2
...

α
′

n

 .
If n = 2ν, then we have T = kT

′

. If n = 2ν+1, then we have αi = kα
′

i for i = 1, 2, . . . , 2ν. Furthermore,
since T H1T t = T

′

H1T
′ t
= H1, a block matrix computation yields α2ν+1 = kα

′

2ν+1 and kk = 1. Hence,
we also obtain T = kT

′

. In both cases, we have shown that σT = σT ′ and σπ = σπ′ . Thus, the
decomposition is unique, and the proof of Theorem 2.1 is completed.

Corollary 2.1. Let Un be an n-dimensional unitary space over the finite field Fq2 . Then, the
automorphism group of In(Un) is isomorphic to PUn(Fq2 ,H) ⋊ Z2m.

Proof. The proof will be divided into three steps:
(1) The automorphism group of Fq2 is a cyclic group of order 2m, which is isomorphic to the additive

group of Z2m, where q = pm.
(2) σT1 = σT2 ⇔ T1 = kT2, where k ∈ S .
Obviously, T1 = kT2, k ∈ S shows σT1 = σT2 . Conversely, assume that σT1 = σT2 . Then, for any

[α] ∈ V(In(Un)), we have αT1 = kαT2 for some k ∈ F∗q2 , where k depends on [α].
When n = 2ν, let

[α] = [e1], [e2], . . . , [e2ν],

so we obtain T1 = diag(k1, k2, . . . , k2ν)T2 for some k1, k2, . . . , k2ν ∈ F∗q2 . Taking

[α] = [e1 + e2], [e2 + e3], . . . , [e2ν−1 + e2ν],

it follows that k1 = k2 = · · · = k2ν.
When n = 2ν + 1, let

[α] = [e1], [e2], . . . , [e2ν], [e1 + λeν+1 + e2ν+1],

where λ ∈ F∗q2 , and λ + λ + 1 = 0. We then obtain

T1 =

(
diag(k1, k2, . . . , k2ν)

β k2ν+1

)
T2,

where k1, k2, . . . , k2ν ∈ F∗q2 , and β = (k2ν+1 − k1)e1 − λ(k2ν+1 − kν+1)eν+1. Taking

[α] = [e1 + e2], [e2 + e3], . . . , [e2ν−1 + e2ν], [α] = [e1 + e2 + λeν+1 + e2ν+1],

we deduce that k1 = k2 = · · · = k2ν = k2ν+1.
Thus, T1 = kT2, and it holds that kI = T1T2

−1 ∈ Un(Fq2 ,H), which further implies that (kI)H(kI)
t
=

H. Therefore, kkH = H, and hence, kk = 1, that is, k ∈ S .
Therefore, the subgroup of Aut(In(Un)) consisting of all σT with T ∈ Un(Fq2 ,H) is isomorphic to

PUn(Fq2 ,H).
(3) The subgroup of Aut(In(Un)) consisting of all σT with T ∈ Un(Fq2 ,H) is a normal subgroup of

Aut(In(Un)) because σπ ◦ σT ◦ σπ−1 = σπ(T ) .
Then, the proof is completed. □
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3. Conclusions

In this study, we extended the previous research on graphs of finite classical spaces by introducing
the inclusion graph of totally isotropic subspaces in the unitary space. We constructed two types of
standard automorphisms of the inclusion graph of unitary totally isotropic subspaces and proved that
any automorphism of this graph can be generated by these two types of standard automorphisms.
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