AIMS Mathematics, 11(4): 9819-9844.
DOI: 10.3934/math.2026406
ATMS Mathematics Received: 06 February 2026

Revised: 20 March 2026

Accepted: 30 March 2026
https://www.aimspress.com/journal/Math Published: 13 April 2026

Research article

Automorphisms of the totally isotropic subspace inclusion graph of unitary
spaces

Jianmei He', Lanxin Chen' and Zhengyu Guo**

I School of Science, Shijiazhuang University, Shijiazhuang 050035, China
2 School of Sciences, Hebei University of Science and Technology, Shijiazhuang 050018, China

* Correspondence: Email: zyguo@hebust.edu.cn.

Abstract: Let F . be a finite field of ¢* elements, where ¢ is a power of a prime and U, an n-
dimensional unitary space over F,.. The inclusion graph of the totally isotropic subspace of U,, written
as In(U,), is a graph which has all totally isotropic subspaces of U, as its vertices and two distinct,
totally isotropic subspaces Uy, U, of U, which are adjacent if and only if U; C U, or U, C U,. In this
paper, all automorphisms of 7n(U,) are determined definitely.
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1. Introduction

Let F» be a finite field of any characteristic and n > 2 an integer. Then, F > has an involutive
automorphism

—ZFq2—>Fq2,
a—a=al,

and the fixed field of this automorphism is F,. Let
A= (aij)lsiSm,lSan

be an m X n matrix over Fp. We use A to denote the matrix obtained from A by applying the
automorphism a — a to all the mn elements of A, that is,

A= (a_ij)lsiSm,lstn'
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) L e —t . —=
An n X n matrix H over F is said to be Hermitian, if H = H, where H is the transpose of H. Any
n X n nonsingular Hermitian matrix over F is necessarily cogredient to the n X n identity matrix, and
it is also cogredient to

0 I

0o v
— = )
HO_(I(") 0 ) or H =1 0 1 ,

when n = 2viseven or n = 2v+ 1 is odd, respectively, where I is the v X v identity matrix. In order to
cover these two cases, we use the notation n = 2v + ¢ and Hs, where 6 = 0 or 1. Sometimes, Hj is also
simplified as H. Now, let H be an n X n nonsingular Hermitian matrix over F 2. Annxn matrix T over
F, is called a unitary matrix with respect to H if THT =H. Allnxn unitary matrices with respect to
a nonsingular Hermitian matrix A form a group with respect to matrix multiplication called the unitary
group of degree n with respect to H over F . and are denoted by U,(F 2, H). Let S = {a € Fplaa = 1}
and Z, = {al™|a € S}, and let U,,(F 2> H)/Z, be denoted by PU,(F 2, H), which is called the projective
unitary group of degree n over Fp. Let

FY ={(@,....a)la € Fp,i=1,....n)

be the n-dimensional row vector space over F,.. There is an action of U,(F,, H) on F ;’;) defined as
follows:

F) X U (Fp,H) = F,
((xl’ x2’ cee -xl’l)’ T) 4 (.X], x2’ e -xn)T-

The vector space F,(;), with the above action of the unitary group U,(Fp,H), is called

the n-dimensional unitary space over F,.. Throughout this paper, let U, be n-dimensional unitary
space over a finite field 2. Let U be an m-dimensional vector subspace of U,, and we use the same
letter U to denote a matrix representation of the vector subspace U. For an n X n nonsingular
Hermitian matrix H, it is clear that UHﬁt is Hermitian. If UHEI is of rank r, we say that U is a
subspace of type (m, r) with respect to H. In particular, subspaces of type (m, 0) with respect to H are
called m-dimensional totally isotropic subspaces with respect to H, and subspaces of type (m, m) with
respect to H are called m-dimensional nonisotropic subspaces with respect to H. Then, U is called a
totally isotropic subspace if and only if UHU = 0 and is nonisotropic if and only if UHU' is
nonsingular. A vector @ € U, is called totally isotropic if and only if aHa' = 0. By [1, Corollary 5.9],
totally isotropic subspaces of U, are of dimension < v = [n/2], and v-dimensional totally isotropic
subspaces are called maximal totally isotropic subspaces.

By [1, Lemma 5.12], let P, and P, be two m X n matrices of rank m; then, there exists an element
T € U,(F,p, H) such that P = P,T if and only if P\HP, = P,HP; .

Denote by M(m, r; n) the set of subspaces of U,, of type (m, r) with respect to H, and put N(m, r; n) =
|M(m, r;n)|. By [1, Theorem 5.19], the number of subspaces of type (m, r) in the n-dimensional unitary
space over F, is given by

H?:n+r—2m+l(qi - (_1)1)
M@ = DY TS (@ = 1)

N(m r I’l) — qr(n+r—2m)
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In particular, by [1, Corollary 5.20], the number of m-dimensional totally isotropic subspaces in the
n-dimensional unitary space over Fp is

H?:r1—2m+l(qi - (_l)l)
?il(qﬁ -1 .
Let U be a fixed subspace of type (m, r) in U,. Denote by M(m, ri;m, r;n) the set of subspaces of

type (my, r1) contained in U. Let N(my, ry;m, r;n) = |M(m,, r; m, r;n)|. Then, by [1, Theorem 5.28],
we obtain

N(m,0;n) =

min{m—r,m;—ry}

N(my,ri;m,r;n) = Z q
k:max{O,{MJ}

y H;:r+r1—2m|+2k+1(qi —(=DY-T1mr (@@ = 1) .

[Ti(q" = (D) - T2 (g = 1) - TTizi (g% = 1)

Suppose r; = r = 0. It follows that the number of m;-dimensional totally isotropic subspaces in U,
contained in U is

r1(r+r1=2my+2k)+2(m;—k)(m—r—k)

m

M @-0

i=m—my+1

N(my,0;m,0;n) = —
[T -1

Now, let U; be a fixed subspace of type (my,r) in U,. Denote by M’(m, ri;m,r;n) the set of
subspaces of type (m, r) containing U;. Let N'(my,ri;m,r;n) = |M'(my,r;;m,r;n)l. Then, by [1,
Theorem 5.37], we have

min{m—r,my—r;}

N'(ml, rLm,r; l’l) — Z q(n—2m+r)(r+r1—2m1+2k)+2(n—m—k)(m1—r1—k)

k:max{O,I_L;lHJ}
Hn—2m1+r| ( i (_l)z) . nml—rl ( 2i _ 1)
% i=r+ri—2my+2k+1\94 i=my—r1—k+1\9
[T (g = (D) - TIE @ = D - TTiea(¢® = D)

Suppose r; = r = 0. It follows that the number of m-dimensional totally isotropic subspaces in U,
containing U is

n—2m; . .
[T (¢ -DH
i=n—2m+1

N'(my,0;m,0;n) =

m—m;

[T (g - 1)

Generally, determining the full automorphisms of a graph is an important and yet difficult problem
both in graph theory and in algebraic theory. Searching the literature, we find that a few results have
been known on the automorphisms of a graph associated to a vector space; see [2—4]. In particular,
we consider automorphisms of the graphs related to the finite classical spaces. For symplectic spaces,
see [5]. For orthogonal spaces, see [6—8]. For unitary spaces, see [9,10]. In [11], Wan et al. introduced
the concept of unitary graphs over finite fields and determined their automorphism groups. In [12],
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the authors introduced the symplectic totally isotropic subspace inclusion graphs over finite fields and
determined their automorphism groups. Motivated by previous studies, we introduce a new graph on
nontrivial unitary spaces over a finite field for studying the interplay between properties of unitary
totally isotropic subspaces and the structure of graphs.

The totally isotropic subspace inclusion graph relative to U, over F ., denoted by Zn(U,), is the
graph defined on all totally isotropic subspaces of U, with an edge between vertices U, and U,, denoted
by U, ~ U, if and only if U; € U, or U, C U;. The set of all vertices and all edges of 7n(U,) is
denoted by V(Zn(U,)) and E(In(U,)), respectively. When n = 2 or 3, we know the dimension of a
totally isotropic subspace of U, is 1. Clearly, 7n(U,) is a null graph (has no edge), and any permutation
of vertices of 7n(U,) is an automorphism of 7n(U,). Thus, the automorphism group of 7n(U,) is
isomorphic to a symmetric group. Next, we always assume that n > 4. In this paper, we consider
the automorphisms of 7n(U,) for the case when n > 4. We first introduce two classes of standard
automorphisms of 7n(U,), and then we prove that every automorphism of 7n(U,) can be generated by
some standard automorphisms.

e Unitary automorphism
Let U be an m-dimensional totally isotropic subspace and T' € U,(F 2, H). We define o7 from
V(In(U,)) to itself by

U UT.

Obviously, U, C U, if and only if o7(U;) C o7(U,). It follows that o7 is an automorphism of
In(U,), which is called a unitary automorphism of 7n(U,).

Example 1.1. Let g = 2 so that Fp = Fy = {0,1,w,w*} with &> + w + 1 = 0. Let Uy be the
4-dimensional unitary space over F, and

0 I?
ae( 8.
Take
0100
1 000
r= 00 01
0010

It is easy to check that THT = H, and thus, T is a unitary matrix. Consider the subspaces
Pi=lext+es], Pr=[es+es, eg+ertes], Qr=ler+es], Or=ler+es, e +er+es),
all of which are clearly totally isotropic. Moreover, we have
or(Py) = P\T = Q1, or(P2) = P,T = 0,

together with the inclusions Py C P, and Q C Q,. Consequently, the map or induced by T is a unitary
automorphism.

AIMS Mathematics Volume 11, Issue 4, 9819-9844.
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¢ Field automorphism
Let  be an automorphism of the base field F ., and let o, be the mapping on U, defined by

[Zn: aei] = [an n(a;)ei].
i=1

i=1

Then, we define a mapping on the vertex set of 7n(U,), also written as o, by
0(U) ={o (o)l € U}, YUe€VInU,)).

We can easily see that U; c U, if and only if 0,(U;) C 0,(U,), which implies that the mapping
o, on the vertices of 7n(U,) is an automorphism of 7n(U,). Sometimes, we also call o, to be the
field automorphism of 7n(U,).

Example 1.2. Keep the same unitary space Uy over F,. Let
n:Fy— Fy, n(a)=d°
be the Frobenius automorphism. It is easy to check that
P, =[e; + wey], Q) =[e) + w’er], Py =[e) +wey, e3+wesl, O =[e) +wer e3+wes
are totally isotropic subspaces. Moreover, we have

0x(P1) = Q1, 0(P2) =0

together with the inclusions Py C P, and Q, C Q,. Consequently, the map o, induced by r is a field
automorphism.

2. Automorphisms of 7n(U,)

Theorem 2.1. Let o be an automorphism of In(U,). Then, a mapping o on V(In(U,)) is an
automorphism of In(U,) if and only if o can be uniquely decomposed as o = o o o, where o and
o, are two standard automorphisms defined as above.

We now give a proof of Theorem 2.1. The sufficiency condition is obvious. For the necessity, we
complete the proof by establishing several lemmas. In [13], the degree of x € G is defined as the
number of edges of the form x ~ y in G and is denoted by deg(x).

Lemma 2.2. Let U be an m-dimensional totally isotropic subspace. Then, the degree of U in In(U,)
is
n—2m

[T (¢ -1

l m—k+1 i=n—2k+1

:l 3
~~~
Q

S

|
—_
p—
el

m—

deg(U)

k=1 ﬁ(q21 — 1) k=m+1 H (qu — 1)
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Proof. ltis easily seen that deg(U) is the number of vertices adjacent to U in Zn(U,), that is, the number
of totally isotropic subspaces with inclusion relation with U in U,. From the above preliminaries, we
obtain that the number of totally isotropic subspaces of U, properly contained in U is

m—1 m—1 ] H (q2i_ 1)
Nk, 0;m,0;n) = Z ’:’";k“
k=1 = I(g% - 1)
=1

Moreover, we obtain that the number of totally isotropic subspaces of U,, properly containing U is

n—2m ) .
31 131 ng 1(61’ - (=1
, X . _ i=n—2k+
D N0k, 0sm) = > =t
k=m+1 k=m+1 H (qu _ 1)
i=1
Therefore,
m—1 (5]
deg(U) = » N(k,0;m,0:m)+ > N'(m, 03k, 0;n)
k=1 k=m+1
m ) n-2m . .
met I1 (@ =1 I (¢ =1
i=m—k+1 i=n—2k+1
- k + k—m
k=1 H(q2i _ 1) k=m+1 H (q2i _ 1)
i=1 i=1
This completes the proof. O

The following lemma follows from Lemma 2.2 immediately.

Lemma 2.3. Let o be an automorphism of In(U,) and U be a 1-dimensional totally isotropic subspace
of In(U,). Then, dim(o(U)) = 1.

Proof. Suppose that N is an m-dimensional (m # 1) totally isotropic subspace of In(U,). By
Lemma 2.2, we obtain

n-2 . .
o T @ =)
deg(U) — Z i=n—2k+

k-1

2 Tl
i=1
and
m . n—2m . .
e T @ =D o Tl @ =)
i=m—k+ i=n-2k+
deg(N)= » =4 )

k—m
k=1 H(qu _ 1) k=m+1 H (qu _ 1)
i=1

i=1

AIMS Mathematics Volume 11, Issue 4, 9819-9844.
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We only prove the assertion for the case when 2 < m < (v + 1)/2. The proof for the case when
(v + 1)/2 < m < vis similar and thus omitted. Let 2 < m < (v + 1)/2. Then,

n n—2m

n-2 . . .
v I @ =) an @ -1 , I ¢-EDH
i=n—-2k+1 1 i=n—2k+1

deg(U)  deg(V) = Y. =4 -2 T
k=2 g(qzi _ 1) k=1 (qu — 1) k=m+1 I:_Il (q2i _ 1)

_ @+ D@ =D =@ - D= @+ D@ - D)
q* -1
n—2m

I—[S(q - (=1)) - Hl(qz’—l)— _I;I_3(qi—(—1)i)
(> - D(* -1

n-2 . . m . n—2m . .

[ @-ED)=-TI" =D~ T (¢-D)

i=n—2m+1 i=2 i=n—4m+3

(* = D(g* = D) (g% D = 1)
n-2 . . n—2m . . n—=2m . .
[1 ¢-DH- 11 (@ -(1D) H @-ED)= I (@ - (1))

i=n—2m+1 i=n—4m+1 i=2m—1 i=n-2v+1

@ =D = 1) (g2 = 1) oot (P -G = 1) (2™ = 1)
n-2 . . n-2 . .
[T (¢ = (1)) [1 (@ -ED)

i=2m-3 i=n—-2v+1
@G D@m= @ g - D@ - 1)
n-2 . . m . n=2m , .
G T @=L @-D- T @- D)

i=m—k+1 i=n—-2m+1-2k

(= D(g* =D (g% -1

3

i
1
x

:]»

1l
—

+ ...

3

n-2 n=2m
vem I (@ =GEDY= TT 0 (¢ = (=1))

i=n—2k~-1 i=n-2m+1-2k
(*=D(g* =D (g* =1
n-2 . . n-2 . .
T (@ =(=DH I (@ =(=DH
i=2m-3 i=n—-2v+1

T@ DG D@D T @ DG - D @@ - )

m—1 A B C v—m A—C
D,
Z(q 2 g - 1) Z(q VO s SN

+

k=m

where
m n—2m

2
@ - B= [ @-n.c= ] @-¢D

i=n—-2k—1 i=m—k+1 i=n—2m+1-2k

n—

and
n=2 . . n-2 . .
[T (¢ - (1)) [T (-1
— i=2m-3 I i=n—2v+1
(> — D(g* = 1)+ (g™ = 1) (@ = D(g* =D (g* "= 1)
It follows immediately that D > 0 with g > 2.
Next, we aim to show that A - B—C >0forl <k<m-1landthat A-C >0form<k<v-m
We first determine the highest power of ¢ appearing in each product. For A, B, and C, it is easy to see
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that the highest powers of g are Dy = k(2n—2k—3), Dg = k2m—k+1),and D¢ = k(2n—4m -2k + 1),
respectively. Because 2 < m < (v+ 1)/2, and v = [n/2], we have n > 4m. From 1 <k <m -1, we
also conclude that

Dy—Dp=k(2n-2k-3)—k(2m—-k+1)
=k@2n-2m—-k—-4)>k@m-2m-m+1-4)

= k(5m—3) > 7,
Da — D¢ = k(2n — 2k — 3) — k(2n — 4m — 2k + 1)
= k(4m — 4) > 4.

Furthermore, we establish upper and lower bounds for A, B, and C in terms of powers of g.
Lower bound for A: Pairing the factors in A as (¢*~! + 1)(¢* — 1), we observe that

(qu—l + 1)(q21 _ 1) > q4i—l'

Multiplying this inequality over all k pairs yields A > g"4.
Upper bound for B: It is clear that B < ¢g”%. Because Dy < D, — 7, we obtain B < gP477,
Upper bound for C: For each factor in C, we have

. . ) . . 1 ,
(qll—l + 1)(q21 _ 1) > q4l—1 +q21 < q41—1(1 + _) < 1‘5q41—1,
q

where ¢ > 2. Multiplying this estimate over all k factors gives C < 1.5°¢”¢. From the earlier degree

comparison, D4 — D¢ > 4k. Hence,
(o< 3 o0

1.5
C 15/( Ds—4k — (== k _Da <
< LS = (g < o

3
ﬁ) q
Combining these bounds, we obtain

EqDA.

3 1 3 1 3
B Dy—-17 Dy — Da — P =
+C<qg™ + (q7 354" > (g 33 128

31 32 128

Because A > ¢P4, it follows that B + C < A, and consequently, A — B — C > 0.
On the other hand, it is easy to see that A and C are each products of 2k factors. The rth factor of A
is ¢"" =247 — (=1)""2k=2*" "and the rth factor of C is g"2"~2*" — (=1)"=2m=2*" Then, we conclude that

n—2k=2+r __ (_l)n—Zk—2+r) n—2m-2k+r _ (_l)n—2m—2k+r) — qn—2k+r(q—2 _ q—Zm) >0

(q - (q

for each 1 < r < 2k. Because every factor in A is strictly greater than its corresponding positive factor
in C, the product A is greater than the product C. Therefore, we obtain A — C > 0.
Then, we deduce that

m—1 A-B-C Y_m A-C
deg(U)_deg(N):;(QZ—l)(q“—l)---(qZk—l) +;(q2—1)(q4—1)'~(q2k— 1) +D>0,

which implies that only the 1-dimensional totally isotropic subspace has the same degree as U.
Therefore, we have dim(o(U)) = 1. This completes the proof. O
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Lemma 2.4. Let o be an automorphism of In(U,) and U be an m-dimensional totally isotropic
subspace of In(U,). Then, o sends U to a totally isotropic subspace of the same dimension for
I<m<w

Proof. Obviously, the lemma holds for m = 1. Suppose 2 < m < v. For any @ € U, we have [a] ~ U.
After applying o to it, we obtain o([a]) ~ o(U). By Lemma 2.3, it holds that o([@]) € o(U). This
indicates that the number of one dimensional totally isotropic subspaces of o(U) is greater than or
equal to the number of one dimensional totally isotropic subspaces of U. Then, we conclude that
dim(o(U)) > dim(U) = m.

Let W be a maximal totally isotropic subspace containing U. Clearly, U ~ W, and o(U) ~ o(W).
The discussion of the above paragraph implies that dim(oc(W)) > dim(W) = v. Moreover, totally
isotropic subspaces of U, are of dimension < v. Hence, we have dim(c(W)) = v. It follows that
o(U) c (W), which further implies that the number of maximal totally isotropic subspaces containing
U is not greater than the number of maximal totally isotropic subspaces containing o(U). That is,
dim(o(U)) < dim(U) = m. Therefore, dim(c(U)) = m.

This completes the proof. O

Lemma 2.5. Let o be an automorphism of In(U,) and U be an m-dimensional totally isotropic
subspace spanned by {a1, as, . ..,a,}, where 1 < m < v. Then,

oU) = [o(ay),0(az), . ..,o(au)].

Proof. Clearly, the result holds when m = 1. Next, we consider 2 < m < v. As [«@;] C U, it holds that
o([a;]) € o(U) foreach i = 1,2,...,m. That is, [oc([a1]), c([a2]), ..., o([a,])] C o(U). We assert
that {o([a1]), o([@2)), . .., o([@,])} are linearly independent, and thus,

dim([o([a1]), o([@2)), ..., ([ D] = dim(o(U)) = m,
thus completing the proof. O

Indeed, if o([a1]),0([a@2)),...,0([a,]) are linearly dependent, then there exist elements
ki, ko, ..., k, such that
kio([a1]) + koo ([e2]) + -+ - + kpo([an]) = 0,

where k; € Fp is not all zero for i = 1,...,m. Without loss of generality, let k; # 0. Then, we get
o([a1]) =~k ko(l@]) - k7' ko(es]) = -+ = ki~ kao (@)

It follows that [o([a;1])] C [o([az]), o([@3]), - - - , o([a,D].

Moreover, we also have [o([a;])] C [o([a2]), o([a3)), - ,0([@,])] for all i = 2,3,...,m. By
applying o', we conclude that [@,as,...,an] C [a2,@s,...,a,]. This is a contradiction.
Consequently,

o(U) = [o(an), 0(az), . .., o(an)].

Lemma 2.6. Let o be an automorphism of 1n(U,) so that there exists a matrix T, € U,(F 2, H) such
that o7, o 0 ([e;]) = [e;] in Tn(U,), where i =1,2,...,2v.

AIMS Mathematics Volume 11, Issue 4, 9819-9844.



9828
Proof. By Lemma 2.3, we can assume that o([¢;]) = [a;] fori = 1,2,...,2v, where «; is a nonzero
isotropic vector of U,,. It is obvious that {a@, a»,

.., @y, } are linearly independent. Moreover, a;Ha jt:O
for |i — jl # v, and a;Ha; # 0 for |i — jl = v. It follows that

t

J— _—
| |
€l €l a1 Hayry' a1 Hay'
e e @y @y
" lH| 7 | =| oHw' [H| oH®
€yl €yl Qi1 Ayil
€2y €2y sy sy

By [1, Lemma 5.12], there exists T, € U,(F 2, H) such that

aq
€1 a Hay'
e =
v = (IVHQZVI Tn
ev+l QV+1
€2y (02%;

Therefore, there exists a unitary matrix 7, such that o7, oo fixes each [e;] of 7n(U,) fori = 1,2,...,2v
Thus, the proof is completed.

O
n
In the following, we denote o7, o o by oy, and we will denote [ }; a;e;] by [a;,as, ..., a,]. Note that
i=1
o1 sends every totally isotropic subspace to a totally isotropic subspace of equal dimension. Next, we

will consider the action of an automorphism on any one dimensional totally isotropic subspace of U,,.
Lemma 2.7. Let [}, a;e;] in In(U,), and suppose that
i=1

n n

i) el = 1) beil

i=1 i=1

Then, for each j = 1,2,...,2v, it holds that a; = 0 if and only if b; = 0.

Proof. If aj = 0, then [e,. j, 3] a;e;] is totally isotropic. By Lemmas 2.5 and 2.6, we have
i=1

n n

0'1([€v+j, Z aie]) = [€v+j, Z bie;l,
i=1

i=1

which is also totally isotropic. It follows that b; = 0. If b; = 0, then [e,.;, )] b;e;] is totally isotropic.
i=1

i=1

n
By considering o, we deduce that [e,. ;, 3} a;e;] is also totally isotropic. Hence, a; = 0.

O
AIMS Mathematics

Volume 11, Issue 4, 9819-9844.
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Lemma 2.8. Whenn =2v+1, if[ay,a,,...,a,11] € VIn(Uy,11)), and [ay, ay, . . . ,az,] € V(In(U,))),
then az,.1 = 0.

Proof. Because [ay,ay,...,a,+1] € V(In(Uy,.1)) and [ay,ay, ..., az,] € V(In(U,,)), it follows that
a\ay 1 + aray0 + -+ aydy, + aya) + -+ aga, =0,
and
aA1Qys) + 20y + -+ ayayy, + A4y + 0o+ Ay + Asygiaoygg = 0,

which together suggest that as,.1a2,+1 = a2..19"" = 0. In a finite field, no positive integer power of a
nonzero element can be zero, so we have a,,,; = 0. O

Forl<i< j<2v,a,be€Fp, Lemmas 2.7 and 2.8 show that o-; sends [e; + ae;] to a vertex of the
form [e; + be;]. Thus, we can define a function 7; on F 2 such that 7;(0) = 0, and o([e,4| + ae;]) =
le,11 + mi(a)e;], where i = 2,...,v,v+2,...,2v. Next, we will study the other properties of ;.

We consider first the case n = 2v.

v 2v
Lemma 2.9. Suppose that [e; + ), aje; + ). aje;] € V(In(Uy,)), and
)

j=2 Jj=v+
v 2v v 2v
o1([e; + Zajej + Z ajejl) = [e; + ijej + Z bje;].
=2 j=vi2 j=2 j=v+2
For2 <k <v, we have
S —
b= -mp(-a;')  if 4 #0 2.1)
and .
byk = —mi(=Gyer ) if ayix £ 0. (2.2)
2v
Proof. If a; # 0 for some 2 < k < v, then [e; + ), ajej, e, — @ le,]isa totally isotropic subspace.
=2
Applying o to it, we deduce that
2v
[61 + Z bjeja €yy1 T 7Tv+k(_a_k_1)ev+k]
=2
is also a totally isotropic subspace, which means that
—— !
by = —myu(—ay )
2v
If a,. # 0 for some 2 < k < v, then [e; + ), ajej, e, —av+k_lek] is totally isotropic, which suggests
j=2
that
2v
[e1 + Y bjej, vt + m(—aunx ex]
=2
is also totally isotropic. That is,
S —
byik = —m(—ar )
Therefore, the lemma follows. O
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v 2v
Lemma 2.10. Suppose [e; + Y, ajej+ Y, aje;] € V(In(Uy)), and
Jj=v+2

Then,

and

j=irl
v 2v v 2v
0'1([6,' + Z ae; + Z aje‘,-]) = [e,- + Z bjej + Z bjej].
Jj=i+l Jj=v+2 Jj=i+l j=v+2
_ mla) .
by=———= for i+1<k<v (2.3)
mi(—1)
7TV+k(aV+k) .
by = — ) s ki<, (2.4)
mi(=1)

Proof. If a; = 0, then Eq (2.3) holds automatically. Now, we consider a; # 0 forsome i+ 1 <k <v. It

2v

is easily seen that [e; + ), ajej,e; +e,.;— a_k_lev+k] is totally isotropic. Using (2.2) and o7y, we deduce

that

Jj=i+l

2v
1 1
[e: + Z bjej,er = mi(=1) eni —mlar) eyl

=i+l

is also totally isotropic, which suggests that

Hence, we obtain

(-7 =D) )+ by - (—7p@p) ) =0.

)

b=y

If a,,x = 0, then Eq (2.4) is clearly true. Let a,,;y # O for some 2 < k < v, k # i. As [e; +

2v

2, ajej,e; — av+k_lek + e,4;] 1s totally isotropic, it holds that

=i+l

2y
1 1
[ei + Z bjej,er = tyilay) e —mi(=1) eyl
Jj=i+l

is also totally isotropic, which indicates that

and thus,

bywi - (~Tori(@ree) )+ (—m(=1) ) =0,

7Tv+k(av+k)

b, -
+ mi(~1)

This completes the proof. O

Lemma 2.11. Let [e,,| + ZV: a,.ievii]l € V(In(U,,)), and
i=2

v y
0-1([6\/+1 + Z av+iev+i]) = [ev+1 + Z bv+iev+i]-
i=2 i=2

Then, b,y = myy(aywi) for2 <k <.
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Proof. Obviously, the lemma holds for a,,, = 0. If a,,x # O for some 2 < k < v, then [e,;; +
> ayyieyyi, €1 — m_lek] is a totally isotropic subspace. By Lemma 2.9, we conclude that
i=2

v
_ 1
[ey+1 + Z byiieyiiser — myulayr) ekl
=2

is also a totally isotropic subspace, which implies that

T
I+ bv+k ' (_ﬂv+k(av+k) ) =0.

That is, b,y = m,x(a,+r). This completes the proof. O

Lemma 2.12. Let [e,; + . ayejers;] € V(In(Un)), and

J=i+l

v v
0-1([ev+i + Z av+jev+j]) = [ev+i + Z bv+jev+j]

j=i+1 j=i+1
for2 <i<v-—1. Then,

vek(—1
bv+k:_L)l if 4 #0, i+1<k<w (2.5)
ﬂv+i(av+k_ )

Proof. If a,, # 0 for some i + 1 < k < v, then

4
[eysi + Z AyijCyij, €1 — Qyii€i + €]
jmit]
is a totally isotropic subspace. From Lemma 2.9 and o7, we deduce that

v

1 1
[eysi + Z bysjeysj,er — Myri(ay™) € — myu(—1) el
j=i+l

is also a totally isotropic subspace. It follows that

I T 1
(_ﬂ'v+i(av+k_1) ) + bv+k . (_7TV+]<(_1) ) = O
Hence, we obtain
7Tv+k(_ 1 )
ﬂ'v+i(av+k_ ! ) ‘
This completes the proof. O

bv+k = -

Lemma 2.13. For any a,b € F;z, 2 <i,j<v, wehave
) mi(@)m,i(1) = mi(a)m,, (1) = 7 i(@mi(l) = 7,y j(@)m;(1).
(i) mi(—a) = —mi(a), m,.i(—a) = —n,.i(a).
(iii) mi(a™") = mi(a) 'mi(1)%, 7@t = myai@) w2
(iv) mi(ab) = m@)mb)n (1), mi(ab) = wy i@y, i(B)my (1) 7
(v) mi(a + b) = mi(a) + my(b), myii(a+b) =m,i(a) + (D).
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Proof of Lemma 2.13. We see at once that
—1 —1
ler —a e —a eyivr,er + €1 — eyl

—1 —1
[ei—a ‘ei—a ei,e1 — e+ eypiv]

and
—1 —1
[ei —a ei—a eyivi,e1 — e+ el

are totally isotropic. Applying o and (2.1), (2.2), it holds that

1 | | !
[e) —myi(a) e —mipi(a) eyivi,er — My (—=1) e —mi(l) ey4il,

1 1 1 1
[e; —myi(a) e —mysivi(a) eirr,er —mi(l) eyyi —mip1 (1) eyyiv]

and

1 —1 1 1
e —mi(a) eyyi—mipi(a) eypivi,er — (1) e —mypii(=1) el

are also totally isotropic. This shows that
7Tv+i(a) ﬂi(l)_l + 7T,‘+1(a) 7Tv+i+1(_1)_1 =0,

| _1
tysi(@) ()™ + @) ma(=1)""=0

and . .
7@ (D + (@) T (=D =0

Hence, from Eqs (2.6)—(2.8), we deduce that

i@ (D) = m(@)m,i(1) = =71 (@41 (= 1) = =701 (@i (= 1).

Similarly,
—1 —1
el —a e —a ey,er+e—e il

—1 —1
[es —a ‘ei—a eirr,e1 + ey — €ypivi]

and
—1 —1
[ei —a ei—a eyivi1,e1 +e — el

are totally isotropic subspaces. In the same manner, we can see that

1 —1 1 1
[er —myrivi(a) e —mi(a) eysiser —m(=1) e —mipi (1) eyrivil,

1 1 _1 _1
el — myii(a) e —myrivi(a) e, er —mi(=1) ey —mii(1) eyiisi]

and

1 -1 1 1
e —mi(a) eyyi—mipi(a) eyiivr,e1 — (1) e — w1 (1) el

are also totally isotropic subspaces, which means that

Tyriv1 (@i (1) + mi(a)myi(=1) = 0,

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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myi(@mi(=1) + myyi(@mi (1) = 0 (2.11)
and
ri(@)myi(—1) + mip (@, (1) = 0. (2.12)
Using (2.10)—(2.12), we get
(@), (1) = mi(@ni(=1) = =@ (1) = —mi (@) (1). (2.13)

Moreover, because [e,.; + ae,,; +ae,,;11,€; —e;41] 1s a totally isotropic subspace, it follows that [e,,; +
Tsi(@)eysi + Tysin(@)eysist, € — (=) i (= 1eiq] is also a totally isotropic subspace. Hence,

4i(@) + 7y sin 1 (@(=m(=1) ' (=1)) = 0

holds. That is,

mysi@mi(=1) = mypi(@mi (= 1). (2.14)
Combining (2.9), (2.13), and (2.14) yields
ni(@ny.i(1) = mi@my. (1) = m(@mi(l) = my j(@m;(1). (2.15)
This completes the proof of (7).
As [e; + 5_1e2 - E‘ley+3, ey + e3 + e,2] 1is totally isotropic, it holds that

[e; — m42(—a) lez — m(a) lev+3,e1 - 7TV+3(—1)_1€3 - 7T2(—1)_1€y+2] is also totally isotropic, which
further implies that
m(@)my3(=1) + 1,0 (—a)ma(=1) = 0.

Note that we have actually proved that m;(—=1) = —m;(1), 7,,,(=1) = —m,4;(1), so

Ttya(—a)ma(1) = —ma(a)my.3(1). (2.16)
By (2.15) and (2.16), we obtain
oun(—a) = —m(@my3(1) _ —ma(@md) (@),
(1) mo(1)

Then, we see that

ty(am) _ ~maa@m) _ —m@m. 1) _

mi(—a) = —mi(a), (2.17)
7y4i(1) y4i(1) y4i(1)

Toni(—a) = Tra(=@)m(l) _ —mp(@m)  —ml@ml) . (2.18)
mi(1) mi(1) mi(1)

This completes the proof of ().

Let 3 < i < v. Itisclear that [e; + be, + abe,.;,e; — ae,;] is a totally isotropic subspace. Then,
1 1

[e; — 7rv+2(—5_1) ey — ﬂ'i(—%_l) i, i — (=171, 0 (=a)e,1n] is also a totally isotropic subspace,
which suggests that

1 _1
Tyr(—b ) (=1 Tpua(-0) — mi(—ab ) = 0.
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By (ii), we obtain

@b ) = 7@ (D@ .

Writing a for a ' and b for Eil, then

mi(ab) = mya(b)mya(a™) ().
Taking b = 1, we have
Tya(a™h) = mi(@) ' my(Dm(1).
Substituting (2.20) into (2.19), we get
nab) = wtyo(b)mia@)m, (1),
Using (2.15) and (2.20), we conclude that

@) = (@ ) 7@ WaDm) (@ (1

7y4i(1) 7y4i(1)

As e + abe, ., + be;, e; — ae, ;] is totally isotropic, it holds that

-1 B ——
— 1 —1 —
[e) —ma(—ab ) eyr—Mui(=b ) e es —ma(=1)""m,1i(—a)e,s]

is also totally isotropic, which leads to
—1 —1 __
n(ab ) = 10 (D@

Taking b = 1, we have
m@") = 2 (Dm(Dmy@)

This equality together with (2.15) proves

ma(a@ (1) _ ysi(@)” m(Dmy (Dm0 (1)

miah) = = 1y4i(a) (1)

mi(1) (1)
Thus, the result of (iii) follows.
For any a,b € F;z, 2 <i<v,using (2.15) and (2.21), we have

mi(a)myi(Dmi(b) _

mi(ab) = = mi(a)m(b)m (1)~
mo(Dm,4a(1)
Using (2.15) and (2.24), we also have
) = 2200E2(D
mi(1)

_ m@mb)m1) ' m.01)

B (1)

_ yi(@m,(b)m(1)
y2(Dma(1)

= i@, (b, (1)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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This proves (iv).
It is easy to check that [e; + e, + (a + b)es, e,. + a 'be,,» —a 'e,.3] is a totally isotropic subspace.
Then,

[e1 — T2 (=) €2 = Tys(—(@+ D)) €3, €vu1 + Tyea(@” BYeyr + mya(—a™eys]
is also a totally isotropic subspace, which means that
L (1) mya(@™'D) = ms(@ + b)) @) = 0.
This equality together with (2.23) and (2.25) shows
7ye3(@ + b) = 1,,3(a) + T.3(@)(a” (D) (1)
= 7y43(a) + 7y43(@)7y2(a) ™' 71,12(D)
7,43(@)7,43 (D)3 (1)

mﬂwz(a)
= my3(a) + m,43(D).

= ﬂv+3(a) +

Hence,
i(a+b) = my3(a+ b)ms(l) _ mys(@ms(l) + 13 (0)ms(1) 1) + m(b)

y4i(1) 7ty4i(1)

and

. b)ms(1 y 1 v3(D)ms(1
toa+b) =" wla+ birs(l) _ mya(@ms(l) + 1 (bms(l) ——

mi(1) mi(1)

This completes the proof of (v).

The proof of Lemma 2.13 is completed. O

Lemma 2.14. Let 7 = ny/mo(1). Then,

(D) = mi/m(1) = mysi/my(1), 2 < i <.
(2) m is an automorphism of F p.

Proof. By (i) of Lemma 2.13, it follows immediately that

Vo) mimy.i(1) mimy.i(1) e
T = = = = ,
o) (D) ma(Drl) )
T 7ty imi(1) _ 7tyimi(1) o Ty

TR0 T mam() maaD m)’

This proves (i).
From (iv), (v), We see at once that

m(a+Db) ma)+mD)

n(a+b) = o) e = n(a) + n(b)
nd (ab) (@)my(b)my(1)™! )2 (b)
_m(ab)  m(a)m(b)ma(l)  m(a)m(b)
e R R 0 s
which is clear from (iv) and (v) of Lemma 2.13. Thus, the lemma holds. O
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Substituting a = 1 into (i) of Lemma 2.13, we get
mi(Dry4i(1) = mi(Dmye (1) = m(Dmi(1) = 7y j(Drr(1).
This shows that m;(1)x,,;(1) is a constant in F ;2 for all 2 < i < v. Therefore, we may assume that
wi(D,i(1) = 7 (Dr1) = d d,

whered € F ;‘2.
Applying the above lemmas, one can easily obtain the following result.

2y

Lemma 2.15. Let [ aje;] be any one dimensional, totally isotropic subspace of In(U,,), where a; €
i=1

Fpfori=1,2,...,2v. Then,

7Tv+j(1)
d

ﬂ(av+j)ev+j]-

2y _ v ) 1 1 v
01([; aie)]) = [dn(ar)e; + ; %)nwj)ej b (i )ev + ;

\4
Proof. We first consider the cases oi([e,+1 + 2 ay+jev+j]). Let
j=2

v %
0-1([61/+1 + Z av+jev+j]) = [eys1 + Z bv+jev+j]-
J=2 J=2

By Lemmas 2.11 and 2.14, it holds that b,,; = m(a,+;)m,+x(1) for 2 < k < v. Hence, we obtain

o 7 (1)
d

- 1
oi([ey4 + Z Ayt jly+j]) = [2€v+1 + n(ays eyl (2.26)
=2

=2

v
For the case o([e,+; + 2. ay+jevsj]), let
j=itl

v v
Ul([evﬂ' + Z av+jev+j]) = [eyi Z bv+jev+j]-
Jj=i+1 Jj=i+1

By Lemmas 2.12 and 2.13, it follows easily that

b _ ﬂv+k(1)ﬂ'(av+k)
vtk = T
Tty+i(1)
fori+ 1 <k <v. Then,
X Tty4i(1) S 7y (1)
oi(leys + Z Aysjeysj]) = [ g G T Z +#ﬂ(aw.,-)em]- (2.27)
Jj=i+1 Jj=i+1
2v
Now, we discuss the general cases o ([e; + )] aje;]). Let
j=2

2y 2y
0'1([61 + Zajej]) =le + ijej].
= =
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We see at once that

1 ye(Dr(a,
by = ﬂk()—f(ak) and byx = M (2.28)
dd dd
for 2 < k < v, which is clear from Lemmas 2.9, 2.13, and 2.14. What is left is to show that
by+1 = ﬂ-(atl)-
If a,,; = 0, then the conclusion is clearly true. In the following, we assume that a,; # 0.
2v
If there exists some & such that q; # 0 for 2 < k < v, then [e; + ) ajej, e; — a_k_]mewk] is totally

j=2
2v —
isotropic. It holds that [e; + ) bjej, e — (ﬂ(ch_lm)ﬂ'H.k(l) /d d)e,.] is also totally isotropic, which
j=2
implies that

7@ @) _ mapm) 7@ @) _ waya)

b, = by - — —
T dd (1) dd
2v
If there exists some k such that a,,; # 0 for 2 < k < v, then [e; + ) aje;, e; — m_lmek] is a totally
=2
2v

isotropic subspace. From (2.28), we deduce that [e; + )] bjej, e; — (7 j(l)ﬂ(ay+k_1ay+ D/d E)ek] is also a
j=2

Jj=

totally isotropic subspace, which suggests that

1 (Dn@r @) Ay (Dmay)  may) ' ma) _ @y
dd dd 7y (1) dd
Ifa,=0,a,,=0forallk=2,...,v, then

bv+l = bv+k : (

2y
[er + Z ajejl = ler + ayriey].
j=2

It is clear that [e; + a,.1€,41,€1 + €2 — ay11€,41] 1S totally isotropic. By (2.28), we conclude that [e; +

b,i1e,01,e1 + (m(Dr(1)/d E)ez —(n(a,+1)/d E)ewl] is also totally isotropic, which means that

bv+1 — ﬂ'(av+1) .

dd

Hence, we have

7y (1)
d

2v v v
- (1) 1
ailler + Y aze))) = [dey + ) = Fnlae; + ~ml@r)er + ) @y eyl (2.29)
Jj=2 j=2 j=2

2v
Finally, for the case o([e; + ). aje;]), let
j=itl

2y 2y
0'1([61' + Z ajej]) =[e; + Z bjej].

Jj=i+1 Jj=i+l
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Lemmas 2.10 and 2.14 make it obvious that

1
b= D@ o <k, (2.30)
(1)
4 1 vV .
bv+k=M for 2<k#i<v (2.31)
mi(1)
Now, let’s prove
b — 7T((1V+1)
T )
2v
If a,.; = 0, then the result holds. If a,,; # O, then [e; + ). ajej,e; — a,;1e,.;] is a totally isotropic
j=itl
2v
subspace. Using (2.28), we deduce that [e;+ ), bjej,e;— ”(T e,+] 1s also a totally isotropic subspace,
=i+l i
which leads to
b — ﬂ(av+1)
T )

Next, we consider a,.,;. If a,,; = 0, then

by = Ty (Dm(ay i)
mi(1)

holds automatically. If a,,; # 0, then we distinguish the following cases:
2v

(1) If there exists some k such that a, # O fori + 1 < k < v, then [e; + Z 1 aej,e; — a_k_lﬂewk] is
J=i+
2y o lg— .
a totally isotropic subspace. From (2.31), it follows easily that [e; + .Z bjej, e — Wewk] is

Jj=i+1
also a totally isotropic subspace, which arrives at

m(ay )y m(Dm(ar)  wlayi)my(D)  wyi(D7(ays)

byyi = by - — = ——
: (a1 (1) (a1 (1)
2v
(2)If a,.1 # 0, then [e; + ), ajej e — ay+1av+l~_1e,-] is totally isotropic. Applying oy and (2.28),
j=itl
2v [
we conclude that [e; + )} bjej, e + (ﬂ(—av+1av+,~_1) /m,+i(1))e;] s also totally isotropic, which suggests
Jj=i+1
that
b =b ni(Dn(ay)  mlay) mp(Dnay) — mpg(Dn(ayy)
v+i — Uy+l ® - . -
T aan) (1) 7(ays1) (1)
2v
(3) If there exists some k such that a,,, # Ofor2 < k <i—1,then[e;+ } ajej e, — m_lm&]
j=itl

2y

is a totally isotropic subspace. By o and (2.30), it follows immediately that [e; + . bjej, ex —
j=i+l

(n(av+i_1av+k)7ri(1)/7rk(1))ei] is also a totally isotropic subspace, which leads to

-  1—
m(a,+; a0l
bv+k+bv+i'( ( +7I'k(1+)k) ( )):0
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Hence, we have

b = TeDm(av) (1) _ mwiDm(aysi)
™ (1) m(ay1) " @y )mi(1) mi(1)
2v
(4) If there exists some k such that a,.; # Ofori+ 1 <k < v,then[e; + ) ajej e — m_lmek]
Jj=i+l
2v
is a totally isotropic subspace. From o and (2.30), it follows immediately that [e; + }, bje;, e; —
Jj=i+l

(7r(av+k_ a,+i)m(1)/m(1))ei] 1s also a totally isotropic subspace, which implies that

7@y (@)D wyl(Dray)
(1) mi(1)

O Ifa,=0forallk=i+1,...,vanda, =0forallk=1,...,v,k # i, then

bv+i = bv+k :

2v

[e; + Z aje;l = [e; + ayie,].
j=itl

Because [e; + a,e,+i, €1 + €; — a,+;e,4;] 1s a totally isotropic subspace, it follows that [e; + b,;e,.;, €1 +

a(l)/m,+i(De; + m(—a,+;)/mi(1)e,;] is also a totally isotropic subspace, which leads to

myi(Dm(ay.i)

boi = =210

Hence, we obtain

! 1 Ty
O-l( e + Z aje]]) - [7[( ) Z j( )ﬂ.(aj)ej + ﬂ'(av+l)ev+l + Z ]( ) (av+j)ev+j]- (232)

Jj=i+l Jj=i+l
Therefore, the lemma follows from (2.26), (2.27), (2.29), and (2.32). O

Lemma 2.16. There exists a unitary matrix A,, such that o1 o o4, © 0 fixes each one dimensional
totally isotropic subspace of U,,.

2v

Proof. Let [Z] a;e;] be any one dimensional totally isotropic subspace of U,,. By Lemma 2.15, we have

7y (1)

m([Zae]) = [dn(a)ey +Z "D e + - (@ )ev +Z

(av+j)ev+j] .

Let d d d d
=diag(= . ,d, e .
g( oD e )

It is easy to check that

2v 2v
—t
AsyHoAz, = Ho, and o, 0 (1) aieil) = [ waieil

i=1 i=1
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Then, we conclude that
2v 2v
Ox-1004,, © 0'1([2 aiej]) = [Z ae;).
i=1 i=1

Therefore, there is a unitary matrix As, € U,,(F,, Hy) such that 0,1 o 0y, o o fixes each one
dimensional totally isotropic subspace. O

We now show that for n = 2v + 1, there exists a unitary matrix As,,; € U,,.1(Fgp, Hy) such that
O -1 © 0a,,., © 0 fixes each one dimensional totally isotropic subspace of Uy, ..

By the same method of the proof of Lemma 2.15 and taking Lemma 2.8 into account, we can prove
2v+1

that the vertex [ ). a;e;] is mapped into
i=1

[dr(aer + Y (xi()/d)m(ape; + (1/d)n(@v)eys + ) (i (D/dr(@y ey + bavireni]
j=2 J=2
2v+1
under o, where b,,,; is to be determined. Because [ ), a;e;] is a totally isotropic subspace, it holds

i=1
that

A1Qyry + + 0+ A0y, + Ayp1A) + 00+ A2y + Aoyy iAoy = 0. (2.33)

Similarly, we obtain

m(Dr(ar) np(Dmayn) - m(Dray) mo(Dr(az,)

m(aym(ay+) +

d d d d
+ 7y )(ar) + "V”OZT(“V”) ”2(1);(“2) 4o (2.34)
+ ﬂZv(l)ﬂ(aZV) ﬂv(l)_ﬂ'(av) + b2v+lm — 0

d d
Combining (2.33) with (2.34), we have

m(aay+1)
by = - (azy41).
2v+1
As
m(az+1) _ ban
b2V+1 ﬂ(a2v+1) ’
it holds that

nm(azy+1) '(ﬂ(azm)) -1

b2v+1 b2v+1

that is, m(az,+1)/b2v41 € S.

Lemma 2.17. There exists a unitary matrix As,, € Uy, 1(Fp, Hy) such that o1 0 0y,,, © 0 fixes
each one dimensional totally isotropic subspace of Uy, .
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2v+1
Proof. Suppose [ ., a;e;] is any one-dimensional totally isotropic subspace of 7n(U,,.;). The above
i=1

discussions shows that

2v+1

1
01([Zae]) = [dn(a))e, +Z s )ﬂ(a,)e,+ ﬂ(av+1)ev+1
i=1

7,4 (1 ) n(ay,
+ Z +cjl m(aysj)eysj + mﬂ(azvn)ezvn]-
j=2 2v+1
Set
d d d d N
A2V+l dlag(— 9d9 PRI ) s ﬂ.(az +1))'
m() T (1) my(1) (1) by,
Obviously, Az, € Uz 1(Fype, Hy). Then, we deduce that
2v+1 2v+1
T © T gy 0 i) @ie]) = [ aieil
i=1 i=1
This completes the proof. O

With the above lemmas in hands, we can easily prove the main result of this paper.
Lemma 2.18. 0,-1 0 04, o 0 fixes every vertex of In(U,).

Proof. Let U = [ay,ay, ..., a,] be an m-dimensional totally isotropic subspace of 7n(U,), where 1 <
m < v. From Lemmas 2.5, 2.16, and 2.17, we obtain

1004, 00(U)=[0p1004001(q1),0,1 004, 001(@2),...,0,1004001(Qp)]
= [all’a/2"~"am] =U
This indicates that 0,1 0 04, 0 0 fixes every vertex of 7n(U,). O

Lemma 2.18 shows that o,-1 0 04, o 0, o 0" 1s an identical automorphism of Z7n(U,), which implies
that ¢ = o o oy, where T = A,”'T,,”'. We now prove the uniqueness of the decomposition of o
Suppose that

O=0700,=0p 00,

where T € U,(F 2> H), n € Aut(F »)- From the equality above, we obtain

O.-100T =0

- 10 O gt

4

Because o o 0,1 fixes the vertices [e;] foralli = 1,2,...,2v, it follows that

O -1 0 or([ei]) = ([eiD.

Consequently, we have e, T = kie;T" for some k; € F;2 and for each i = 1,2,...,2v. Moreover, the
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same automorphism o,-1 o o7 also fixes the vertices [e; + €], [e2 + €3] -+ - [e2,-1 + €2,]. From these

conditions, we deduce that k; =k, = --- = ky, = k forsome k € F ;2. Let us write
aq (1’,1
a , a'z
T = and T =| .
a, a,

If n = 2v, then we have T = kT . If n = 2v + 1, then we have a; = ka;. fori=1,2,...,2v. Furthermore,
since TH,T' = T'H, T = H,, a block matrix computation yields a;,,; = ka/zv ., and kk = 1. Hence,
we also obtain 7 = k7T . In both cases, we have shown that o = o and 0, = o,. Thus, the
decomposition is unique, and the proof of Theorem 2.1 is completed.

Corollary 2.1. Let U, be an n-dimensional unitary space over the finite field Fp. Then, the
automorphism group of In(U,) is isomorphic to PU,(F 2, H) % Zy,,.

Proof. The proof will be divided into three steps:

(1) The automorphism group of F . is a cyclic group of order 2m, which is isomorphic to the additive
group of Z,,,, where g = p™.

2o, =0r, ©T, =kT,, where k€ S.

Obviously, T = kT,, k € S shows o, = or,. Conversely, assume that oy, = or,. Then, for any
[a] € V(I n(U,)), we have aT; = kaT, for some k € F 22, where k depends on [a].

When n = 2v, let

la] = [ei], [e2], ..., [ex],

so we obtain T = diag(k, k,, ..., ks, )T, for some ki, ks, ..., ky, € F;z. Taking

[a] = [e; +ex],[ex +e3],...,[e2-1 + €3],
it follows that k; = k, = - -+ = ky,.
Whenn =2v + 1, let
[a] = [ei],[ez],....[ex], [e1 + Aeyiq + €2y41],

where A € F;z, and 1+ A+ 1 = 0. We then obtain

diag(kla k29 LI k2v) )
T, = T )
! ( B ket )7

where kl,kz, ce ,kzy S F;z, and,B = (k2V+1 — k1)61 — /l(kgw_] — kv+1)€y+1. Taklng
[a] = [e1 + ex]. [ex + €3], ..., [ea—1 + €3], [a] =[e1 + e+ deyy1 + €2y41],

we deduce that k) =k, = --- = ko, = kpypq.

Thus, 7; = kT,, and it holds that kI = T, T, € U,(F 22> H), which further implies that (kI)H@t =
H. Therefore, kkH = H, and hence, kk = 1, thatis, k€ S.

Therefore, the subgroup of Aut(In(U,)) consisting of all o7 with T € U,(F ., H) is isomorphic to
PU,(Fp,H).

(3) The subgroup of Aut(In(U,)) consisting of all o7 with T € U, (F 2, H) is a normal subgroup of
Aut(In(U,)) because 0, © 07 © O g1 = Oy

Then, the proof is completed. O
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3. Conclusions

In this study, we extended the previous research on graphs of finite classical spaces by introducing
the inclusion graph of totally isotropic subspaces in the unitary space. We constructed two types of
standard automorphisms of the inclusion graph of unitary totally isotropic subspaces and proved that
any automorphism of this graph can be generated by these two types of standard automorphisms.
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