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Abstract: In this paper, we clarified the relationship between continued fractions, determinants, and
identities, making it easier to apply these methods systematically in other settings. In particular, we
studied finite continued fractions from the perspective of incomplete numbers (restricted or associated
numbers) and also explored their relationships with determinant representations and identities. Most
of the new results in this paper concern g-analogues of special numbers, whereas the classical cases
mainly serve to illustrate and unify the general framework. The framework developed here is flexible
and allows one to derive continued fractions, determinant formulas, and coeflicient identities in a
uniform way for several new g-families, and it is expected to be applicable to other families of special
numbers, as well.
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1. Introduction

The continued fraction expansions of generating functions, functions, and series are not unique,
unlike the continued fractions of real numbers, which makes them rich but difficult to systematize. One
well-known example is the infinite series 3>, 27" with & = (1 + V/5)/2, which can be expressed as a
continued fraction whose convergents involve powers of two with Fibonacci exponents [2]. This result

has been generalized a little [3], but has not been extended systematically. Another famous example
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concerns the Bernoulli numbers B,, defined by the generating function

- X" X
B,— = . 1.1
Z n! e-1 (I.D

n=0

By using their continued fractions, Kaneko [4] obtained the recurrence relations. Frame [5] gave
continued fraction expansions of the divergent Bernoulli number series 3 B,,x*" and some related
series. More continued fraction expansions of Bernoulli numbers are given by D. Zagier in [6, A.5].
However, no concrete method for obtaining continued fractions has been found. Some analytical
theories can be found in [7, 8].

On the other hand, it is interesting to attempt to express numbers themselves using determinants.
This may be regarded as a special case of the so-called Hankel determinant, but historically, Glaisher’s
results [9] are classically famous. He expressed the Bernoulli numbers as

% 1 0
I 1
o 1
B, =(-D)"n!| : 0
1 1 ..
n! -0 -1
_1 1 1 1
(n+1)! n! 3! 2!

and more in various forms, and also provided determinant representations for Cauchy numbers ¢, (also
known as Gregory numbers or Bernoulli numbers of the second kind), Euler numbers E,, and others.
Such forms of determinants were studied by Trudi [10] and by Brioschi [11] before Glaisher. Further
theory and historical background can be found in [12]. These determinantal expressions have been
generalized (see, e.g., [1,13—16]) and applied to the finite (incomplete) cases (see, e.g., [17-20]).

Classically, continuant theory starts from a prescribed continued fraction and derives determinant
formulas for its convergents (see, e.g., [8,21]). Likewise, Trudi- or Jacobi—-Trudi-type formulas provide
determinant expressions once the relevant coeflicient sequence is fixed (see, e.g., [10, 12]). Our point
of view in this paper is different. Rather than treating continued fractions and determinant formulas
as separate outputs, we regard continued fractions, reciprocal coefficient identities, and Toeplitz—
Hessenberg determinant expressions as different manifestations of the same mechanism. We make this
mechanism explicit in a form that can be transferred systematically from one family of special numbers
to another, and we also develop its finite/incomplete version, where truncation on the continued-
fraction side naturally corresponds to restricted or associated numbers on the coefficient side.

The purpose of this paper is to formulate this unified framework explicitly and to show how it can
be applied systematically. After presenting the general correspondence between continued fractions,
determinant expressions, and coefficient identities, we develop its finite/incomplete analogue and
apply it to several families of special numbers, including g-Bernoulli numbers, g-Cauchy numbers,
g-hypergeometric Euler numbers, Lehmer—Euler numbers, and generalized harmonic numbers. The
same viewpoint is expected to be useful in other contexts, as well; see, for example, [22].

Section 3 applies this framework to g-Bernoulli, g-Cauchy, and g-hypergeometric Euler-type
numbers, where the resulting statements are new g-analogues of known classical formulas. Section 4
treats the finite/incomplete setting, and Sections 5 and 6 discuss applications to Lehmer—Euler and
hyperharmonic-type numbers.
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The main contributions of the paper are therefore: a unified framework theorem, its systematic
application to new g-families, and its finite/incomplete analogue.

2. Unified framework

Several types of continued fractions of the (generating) functions have been introduced and studied.
For example, the generating function of Cauchy numbers ¢, has the continued fraction

n=0
X
=1+ N (2.1)
2—x+
3%x
3-2x+
4-3x+
[23, Chapter 8] and another continued fraction
i X" X
Ol T Tog(1 + x)
4 “nl o log(l +x
1°x
=1+ E (2.2)
2+
3 22x
_l_
A 22x
+
5 32x
+
6+---

(cf. [8, (90.1)]). The former type of continued fraction expansion, as in (2.1), has been often studied. A
similar but more general type of continued fraction is the Jacobi-type continued fraction (J-fraction),
which is usually written in the form

b,

1—-coz—
by

l-ciz— —m—
1 —cz—.

One of the advantages of such fractions is that they yield the continued fraction expansions and
determinant expressions more easily. In [24], several continued fraction expansions and determinant
expressions of hypergeometric Cauchy numbers, shifted Cauchy numbers, and leaping Cauchy
numbers are given. Some special types are known as J-fractions, C-fractions, T-fractions, M-fractions,
and Hankel continued fractions (see, e.g., [5,7,8,21]).

For a certain class of T-fractions, there are useful relations yielding determinant expressions and
further identities. The next result combines familiar ingredients from continued-fraction theory,
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inversion relations, and Trudi-type determinant identities, and arranges them in a single framework
convenient for the applications developed below. Its significance is that the same formal mechanism
simultaneously produces continued fractions, determinant expressions, and reciprocal coeflicient
identities, and can then be transferred systematically to new g-families and truncated settings.

Theorem 1. For three sequences { f,}ns0 (With fo = 1), {gu}n>1, and {h,},51, we have (assuming g—g =1)

< ey o (H )
anxn = [Z mx’] = (Z EXJJ

n=0 j=0 j=0 —J
- hlx p
X
g1 +hix— i
goh3x
&+ hgx —
g3+ h3x -
—
H
G—: 1 0
H o H
Gy G
fo=CED" P 0
H,y Hy» ﬂ 1
W mom
Gy G-t G, Gy
>y i H,- 1 ifn=0,
= Y Ao gl
Gy 0 ifnx1,
=
A1 0
H, iy f fl 1
G, = : 0
Jo-1 Ju2 fi 1
Joo Jao Lo
=

~ 4+t 1\t &tl étz...
Jo = Z (; ! )( D (Gl) (GZ)

H+2t 4+t =n Laeeesin

. Hi| Hi
20 2 GG,

l-lJr..,H'k:n D!
i]senig 21
—
Hn B tl g [’n 1 t+-+t, £ gt Tn
G, t p JOD (R
n 1 +2tp+-+nty=n e
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:i(—nk D fihi
k=1

i +etig=n
i penig 21

Proof. We begin by collecting several ingredients from the literature into a single framework that will
serve as the basis for the finite/incomplete extensions and the applications developed later. The first
part comes from [25, p. 696]. The n-th convergent P,(x)/Q,(x) is given by

"N hy--h;
Pix)=gi-g and Qux)=gi- g ) ’
j:()gl...gj

x,

respectively, satisfying the recurrence relations

Pn(x) = (gn + hnx)Pn—l(x) - gn—lhnxPn—Z(x) (l’l 2 2) ’
Qn(x) = (gn + hnx)Qn—l(x) - gn—lhnxQn—Z(x) (I’l 2 2)

with P_;(x) = Py(x) = Qo(x) = 1 and Q_;(x) = 0. Hence,

Py(x) _ N k +1
0.00 - kz_(; fixt (mod X1

or

- - -1
anx" = lim Pu) {Z hl—hjxj] :
=0 n—e0 O (x) =0 81°°8j

See also [24].

The second part is due to Cameron’s operator [26], which transforms one sequence {f,},>o into
another sequence {h,/g,}.>0. Consequently, it applies to a wide range of special numbers; for further
details, see [1]. Very recently, by combining this approach with methods involving Hessenberg
matrices—beginning with generalized Fibonomial, Fibonacci, Pell, and Lucas sequences [27-29],
continuing with Toeplitz—Hessenberg determinants and permanents for generalized Fibonacci-type
sequences [30-32], and extending to related Lorentz-type matrices [33]—one can extend matrix
identities for Fibonacci numbers to the setting of Fibonacci polynomials [34,35].

The third part can be obtained by applying the inversion relation (see, e.g., [15]):

Z(—l)”_kakR(n —kH=0 (n>1)
k=0

—
R(1) 1 0 a1 0
_ [k — R(n) = |7
: | o ]
R(n) --- R(2) R(1) a, - @ @
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The remaining equivalences follow from Trudi’s formula [12, Vol. 3, p. 214], [10]:

a; Qo 0
a

o
al’l o« .. a2 al

H+---+t e
= Z "N(=ap) ™ ald} - alr
oot

H+2t0++nt,=n

where ("f +’") = (“[J',—J;t, is the multinomial coeflicient. The double summation parts are due to [13,

Theorem 1] with m — oo or [13, Theorem 3] withm = 1. O
3. Applications to g-Bernoulli and related numbers

The so-called g-numbers [n], are defined by
1-4"
1 —
Then the g-factorial is given by [n],! = [n],[n — 1], ---[2],[1], (n > 1) with [0],! = 1. The (Gauss)
g-binomial coefficients are given by
n\ [n],!
(k)q C k) n -k,

[nl,=1+qg+--+¢"" >n (g—1),

[n], = (g#1).

Observe that

so g-factorials tend to the usual factorials. In particular, for the two standard g-exponentials
n(n— ])/2

= Z( q()_zq(q Dn

n>0 n>0

one has, since (g; q), = (1 — g)"[n],!,
e,((1 = q)x) = e, E (1 -g)x) — e (g—1).

So e, and E, are distinct g-analogues away from g = 1, but both recover the ordinary exponential in
the classical limit.
There are many g-Bernoulli numbers. For example, Carlitz [36] defined them as

_ 1 N k+1
By = (1_q)n2< >()[k+1]

k=0
or

" (n e 1 ifn=1,

;(k)q P =P {o ifn>2.
Here, (Z) are the usual binomial coefficients. However, these g-Bernoulli numbers do not have a

beautiful determinant expression and/or a continued fraction expansion even though they satisfy other
elegant relations.
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3.1. g-Bernoulli numbers

For simplicity, we write [n] := [n], without g. Now, a g-Bernoulli number 8, = 8, , is defined by
the generating function

> xk X
By—=—, (3.1
kzz(; K E -1

where

[ Zn
E@ =

is a g-exponential function. Note that another g-exponential function is defined by

n

4

(@)= Z; (-1 (I-q")

(see, e.g., [37]). In fact, more generalizations of g-Bernoulli numbers can be defined (cf. [25,
Theorem 1]), but for simplicity, we give the results about g-hypergeometric Bernoulli numbers
BNn = Byng by applying Theorem 1 with g; = [N + jl,and hj = 1 (N > 1,j > 1). When N = 1,
8B, = B, , are g-Bernoulli numbers defined above.

Although the results follow immediately from Theorem 1, in this subsection, we shall see the details
independently to understand the structures more clearly.

The g-hypergeometric Bernoulli numbers 8y, have an explicit continued fraction expansion.

Theorem 2. We have

0o ) -1
BNJ{ ' [ ]
3By = | 2

J

X
=1- (3.2)
[N+ 1],x
[N+1],+x—
[N +2],x
[N +2],+x—
[N+3],+x-""

Remark 1. When N = 1 and ¢ — 1 in Theorem 2, we get the continued fraction expansion of the
generating function of the classical Bernoulli numbers (see, e.g., [25, Corollary 2]).

X

=) B—=1-
e* —1 — k! 2x
k=0 2+x—
3x
3+x—
4+x-"
Proof of Theorem 2. Forn > 0, set

[N +n],! y X

P,(x) ;= ——— and Q,(x):=[N+n]! ) ———.
[N],! 1 kZ:;J [N +k],!
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Note that Q,(x) are the polynomials with integer coefficients. Then, we can see that P,(x)’s and Q,(x)’s
satisfy the recurrence relations

P,(x) = ([N +n]; + 0)Pp1(x) = [N + n— 1],xP,2(x) (n2=2),
0n(x) = (IN +nl; + )0p1(x) = [N+ n— 1];x0, 2(x) (n>2),

with Py(x) = Qo(x) = 1, Pi(x) = [N + 1],, and Qi(x) = [N + 1], + x. Therefore, we know that
P,(x)/Q,(x) 1s the n-th convergent of the continued fraction expansion of the right-hand side of (3.2).
Taking n — oo for P,(x)/Q,(x), we obtain the expression of the right-hand side of (3.2). On the other
hand, by the approximation property in [25, p. 696], we have

P, [ V]!
0,

-1
—— 1 (mod x"*1).
= [N + 1,

Hence, taking n — oo for P,(x)/Q,(x), we obtain the expression of the left-hand side of (3.2). |

The g-hypergeometric Bernoulli numbers 8y, have a determinant expression.

Theorem 3. For N,n > 1, we have

[V],!

[N+1],! 1 0
[N],! [N],!

[N+2],! [N+1],!

By = (=1)'n! : : 1 0
[N],! [N],! NI 1
[N+n—11,!  [N+n-2],! N+1],!

[N],! [N],! ! [N],!

[N+nl,!  [N+n—1],! [N+2],!  IN+1],!

We need the following relation.

Lemma 1. We have

Z”: [NI)!Bnye |0 ifn>1,
LIKIN+n—kl! |1 ifn=0,

Proof. By the definition,

_i S BN,k [N]q' xn
- L4 k! [N+n—kl )"

Comparing the coefficients on both sides, we get the desired result. O
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Proof of Theorem 3. For simplicity, set

[N],!

IN+1],! 1 0
[N],! [N],! 1
N+2],! IN+1],!
B, =] : 1 0 (3.3)
[N],! [N],! [N],!
[IN+n—11,!  [N+n-2],! N+1],!
[N],! [N],! [Nlg! (V]!
IN+nl,!  [N+n—11,! IN+2l,!  [N+1],!
By the definition,
o -1
Z [N],! o _ . [N],! . ( [N],!? B [N],! E
oy [N +n],! [N +1],! [N +1],2 [N +2],!
Hence, 8] = %, so the identity in Theorem 3 is valid for n = 1 (we can also see that it is valid for

n = 2). Assume that the identity is valid up to a certain n — 1 > 0. Then, expanding the determinant
along the first row repeatedly, the right-hand side of (3.3) is equal to

[N]g!

N+2],! 1 0
[N],! [N],!
N+31,! IN+1],!
B, V), | q .
[N+ 1],! N),! (V]!
N+n—1],! N+1],! 1
N, [N]! Ty
[N+nl,!  [N+n—1],! [N+1],!
[V],!
IN+3],! 1 0
[N],! [N],!
B [N, BNl [N+4],! N+1],!
= - : 0
! !
[N +1],!  [N+2],! V]! . .
INtn—1],! ' IN+11,!
NV ! [V, LI
IN+nl,!  [N4+n—1],! N+1],!
B _[N],! B _IN],! |
_ n—1 q _ n—2 q oo+ (_l)n [N+n—1]q!
= " " [N],! [N],!
[N +1],! [N +2]! Nenl,l NI
-1 e
_ Z BN
&4 [N +n-kl! "
In the last part, by Lemma 1, we used the relation
5 (-DMIB[N],! 0 ifn>1,
[N +n— k]! 1 ifn=0.
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3.2. g-Cauchy numbers
The g-logarithm function is defined by

s -1 n—1_n
Logq(l +2) = Z ([)n—]z
n=1 4q

Then, the g-Cauchy numbers C, = C, 4 are introduced via the generating function

> xk X

cr-—* (34)
; k! Logq(l + x)
More generally, we consider the g-hypergeometric Cauchy numbers Cy,, = Cn, 4, Which recover the g-
Cauchy numbers C,, = C;,, when N = 1. Thus the theorem above may be viewed as a g-generalization
of the classical result. By applying Theorem 1 with g; = [N + jl;and hj = =[N+ j— 1], (j > 1), we
can get the results about g-Cauchy numbers.

Theorem 4. Forn > 1, we have

[N],
[N+1]4 1 0
[N], [N],
[N+2]q [N+1]4
CN,n =n! e 1 0
[N, N, Nl 1
[N+n—1], [N+n-2], [N+1],
[N, N, INlg [Nl
[N+nl,  [N+n-1], [N+2], [N+1],
Proof. By Theorem 1, we have
[N]
_[N+lq]q 1 0
[N, N,
N+2], N+1],
Cnp =nl(=1)" : : 1 0
-1 [N] 2 IN] [N]
=1 [N+n—ql]q =17 [N+n—qz]q _[N+lq]q 1
(V] 1 IN] IN] [N]
=D" [N+rqu =D [N+nj1]q [N+2q],, _[N+1qjq

Factoring the alternating signs from rows and columns removes the factor (—1)", and we get the desired
result. O

Lemma 2. We have

i(‘l)n_k Chy _Jo ifnz1,
e k![N +n—k], 1 ifn=0.

The g-hypergeometric Cauchy numbers Cy,, have an explicit continued fraction expansion.

Theorem 5. We have

AIMS Mathematics Volume 11, Issue 4, 9712-9735.



9722

0 k [N],x
Sews = 1+ ‘ (3.5)
AT

[N + 11, - [N] N+ 1y
T e [N +22x

[N+2],—[N+1],x+
[N +3], =[N +2],x-"".

Remark 2. When ¢ — 1 and N = 1 in Theorem 5, we get the continued fraction expansion of the
generating function of the classical Cauchy numbers (see, e.g., [25, (8)], [23, Chapter 8]).

3.3. g-Euler numbers

For N > 0, the g-hypergeometric Euler numbers Ey, = &y, are introduced as the generating

function |
S x (& [2N], ]‘
Enp— = —_— . 3.6
; Mk [; [2N + 2n],! .6)
Note that when g — 1, Ey,, = Ey,1 are hypergeometric Euler numbers [16]. When N =0 and g — 1,
E, = &y, are the classical Euler numbers because the right-hand side of (3.6) becomes 1/ cosh x.

Many different kinds of g-Euler numbers and their generalizations have been introduced (see,
e.g., [38]). However, the g-Euler numbers introduced in this way (3.6) have the advantage of admitting
elegant determinant expressions and continued fraction expansions.

By applying Theorem 1 with g; = [2N + 2j — 1],[2N + 2j], and h; = 1 (j > 1), with x being
replaced by x?, we can get the results about g-hypergeometric Euler numbers. The determinant of the
g-hypergeometric Euler numbers is given as follows.

Theorem 6. For N > 0 and n > 1, we have

[2N],!
2N+2],! 1 0
[2N],! [2N],!
[2N+4],! 2N+2],!
Enan = (=1)"(2n)! : : 1 0
[2N],! [2N],! 2Ny 1
2N+2n-21,]  [2N+2n—4],! 2N+2],!
[2N],! [2N],! 2! [2N],!
2N+2nl,!  [2N+2n-2],! 2N+4],!  [2N+2],!

When ¢ — 1, Theorem 6 reduces to [16, Proposition 2]. When N = 0, we have the determinant
expression of g-Euler numbers &;.

Corollary 1. Forn > 1, we have

1

o1

i m L

& = (=1)"(2n)! : : .10

S H TS B
2n-21,] [2n-4],! 21,

1 - ... L _1
2nl,]  [2n-2],1 @, 2
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Further, taking ¢ — 1 yields the determinant expression of Euler numbers E, [9, p. 52].

Lemma 3. We have

- [2N]1,'En ok |0 ifn>1,
L4 (2k)\2N +2n=2k],! |1 ifn=0.

The g-hypergeometric Euler numbers Ey,, defined in (3.6) have the following continued fraction
expansion.

Theorem 7. We have
- X

Enk—

kZ:(; k!

=1-

2
[2N + 1],[2N + 2], + x* — BN+ N2V + 2lex

2
[2N +3],[2N + 4], + x? — IV + S1a[2N + 4y

[2N + 51,[2N + 6],+x2 — .

Remark 3. When ¢ — 1 in Theorem 7, we have [25, Theorem 3].

For N > 0, the g-hypergeometric Euler numbers of the second kind (g-complementary Euler
numbers) Ey,, = Eyn, are introduced as the generating function

S (S RN+ )
Eni = . 3.7
kZ:;J Mkl (Z [2N +2n + 1],! G-

n=0

When g — 1, EN,H = gN,n,l are hypergeometric Euler numbers of the second kind [16]. When N = 0
and g — 1, En = é\o,n,] are the classical Euler numbers of the second kind (complementary Euler
numbers) because the right-hand side of (3.7) becomes x/ sinh x. Then, similarly to Theorem 6, we
have the determinant expression.

Theorem 8. For N > 0 and n > 1, we have

[2N+1],!

[2N+3],! 1 0
[2N+1],! [2N+1],! 1

_ [2N+5],! [2N+3],!

Enon = (=1)"(2n)! : : 1 0
[2N+1],! [2N+1],! 2N+, 1
2N+2n—1],!  [2N+2n-3],! [2N+3],!
[2N+1],! [2N+1],! N+l 2N+,
RN+2n+1],!  [2N+2n-11,! [2N+51,!  [2N+3],!

When g — 1, Theorem 8 reduces to [39, Theorem 2.1].
Similarly to Theorem 7, we have the following continued fraction expansion.

AIMS Mathematics Volume 11, Issue 4, 9712-9735.
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Theorem 9. We have

o~ K
;SN,kH

=1-

[2N + 2],[2N + 3],x*

[2N + 2],[2N + 3], + 22 —

[2N +4],[2N + 5], + x% —

When g — 1, Theorem 9 reduces to [25, Theorem 4].

4. Finite (incomplete numbers)

[2N + 4],[2N + 5,22

[2N + 6],[2N + 7], +x> =

The infinite versions of Theorem 1 can be generalized into the finite versions. When r = 1, f, are
known as restricted numbers. When R — oo, f, are known as associated numbers. Both families are
examples of incomplete numbers (see, e.g., [17-20]). Hence, Theorem 1 is a special case when r = 1
and R — oo in Theorem 10. In contrast to the classical infinite setting, the incomplete/truncated case
naturally encodes restricted or associated numbers, and this viewpoint is one of the main structural

extensions developed in this paper.

Theorem 10. Let 1 < r < R hold for integers r and R. For three sequences {f,},>0 (with fo = 1),

(g%, and {h,)%_,, we have

0 R -1 R -1
h h; . H; .
anxnz[l+z ! Jx/] ::[1+ZG—J)C/]
n=0 Jj=r 81 gj j=r J
. hy---hx"
81 "'grhr+1-x
g]...gr+h1...hrxr_
gr+lhr+2x
8r+l +hr+1x_
g2t heox—  gp_ hpx
._gR +/’ZR)C
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0 1 0
: 1
0
H,
G
fornz>r, f,=(-1)
Hg
Gr
0
H, H,
0 0 G_i SO
n—-R R—r+1
— i kan—k _ 1 l:fn = 05
k=max(0,n—R) G-k 0 lfi’l >1
=
bil 1 0
HLoh 1
(=1 . . % ifr<n<R,
- : : 01=9"
£ £ y; 0  otherwise
n—1 n-2 °°° 1
o S o S
—
fi= (lr 4+t tR)(_l)[r"'“"HR
rty+(r+ 1)ty ++Rtg=n lrseeos IR
X H, " Hrt tm... Hg "
Gr Gr+l GR
C H; H;
=) (=D 3
; ilé_n Gil Gik
r<iy i <R
=
fo+e+t,
DI PR S e R

tH+20++nt,=n

n H, .
= ifr<n<R,
=D D S fi=iC
=1 i trig=n 0  otherwise.

i i 21

Proof. For finite versions, we also apply [13, Lemmas 1-8].
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4.1. Examples

Let r = 2 and R = 4. We illustrate Theorem 10 in the case where n = 6. First, consider the formula

11 H;,
Z( 1t Z GG

i+t =n Ik
r<ip . <R

For r =2, R = 4, and n = 6, we must sum over all compositions of 6 with parts in {2, 3,4}. These are

6=2+2+2, 6=3+3, 6=2+4, 6=4+2.

R oNC e
22 (2

Next, consider the last relation in Theorem 10:

Z( 1) Z P — ifr<mn<R,

i 0 otherwise.
11 ..... lk>

Hence

Il
@

Since 6 > R = 4, its right-hand side is 0. Thus

Z(Djﬂﬁw =

i +eetip =6
i1 g 21

Now f; = 0, so only the compositions
6, 3+ 3, 2+4, 442, 24242
contribute. Therefore
—fo+ f3 +2fafs— 15 =0,
that is,
~fo—f+fi+2hfi=0

Thus, for n = 6, Theorem 10 gives both an explicit expression for fg in terms of H;/G; and,
independently, a polynomial relation among the f;.

5. Applications to Lehmer-Euler numbers

In 1935, D. H. Lehmer [40] introduced and investigated generalized Euler numbers W, defined by
the generating function
o1 3
DW= (5.1)

nl el + e + et
n=0
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where w = (-1 + V-3)/2 is the primitive cubic root of unity. In [41], more general numbers were
studied in terms of determinants, which involve Bernoulli, Euler, and Lehmer’s generalized Euler
numbers. In [42, Propositions 3.,4], several expressions of incomplete versions of Lehmer-Euler
numbers were given, except for continued fractions. Here, we obtain results for the incomplete version
of g-Lehmer-Euler numbers ‘W, := W by applying Theorem 10 with g; = [3N + 3 - 2],[3N + 3 —
11,[3N +3jl, and h; = 1 (j > 1), with x being replaced by x.

Theorem 11. Let N e N. For 1 < r < R, we have

= PR X S 1 3j B
wis =Y Wy —— =1+ 3
; "l Z(; " En)! 2 BN+ 31,1

=

=1-

[3N + 3,15

3N +3r],! + X3 =
: o [T [3N +3r + jl,2°

[T BN +3r + j], + -

[5-BN +3r+ jlg+2% = . [[72[3N +3R + j],»°
[15.L[3N +3R + jl, + x°

0
0 1 0
: 1
0
1
BN+3r1,!
Wi = (=1)"(3n)!
1
[3N+3R],! .
0 :
1 0
0 .0 ol 1 !
[BN+3R],! [3N+3r],! 0 0
n—-R R—r+1 S e’
r—1
"Z_i W7, 1 ifn=0,
! — ! :
k:max(o’n_R)(3k).[3N+3n 3k],! 0 ifn>1.
W*
L0
w; w; 1
6! 31 1 ifr<n<R
(-1)" : : . 0 | = { BN+ SN,
Wiy W W 0 otherwise .
Gn-3)!  Gn-6)! 6! .
Mo Was 0 We W5
Gl (Gn-3)! 6! 3!

W;n — (3n)! tr + .o + tR)(_l)tr+"'+tR

R §
rt,+(r+1)t,+1+---+RtR:n( r » IR
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1 Iy 1 Ir+1 1 IR
><([3N+3r] v) ([3N+3r+3]q!) "'([3N+3R]q!)

1 1
—(3n)'2( V2 BNean BV

i +etig=n
r<ip i <R

h+: 4ty Etl thz... &tﬂ
2 (e 5] (&) )

1 +2t+-+nt,=n

n oo, * 1 .
:Z(—Dk M: By Sr<n<R,
k=1 Gip)!---Gin)! 0 otherwise .

i) +tig=n
i eenig 21

6. Applications to determinantal harmonic numbers

In [14], for r > 0, the determinantal hyperharmonic numbers h\” of order r are defined by the
generating function

(o8]

= Y AOK (< 1), 6.1)

n=0

1
1 —log(1 + x)/(1 + x)"

while the generating function of hyperharmonic numbers H” of order r is given by

log(l - Z) (r) n
T Z H¢ 6.2)

Then the numbers H.” are produced iteratively by

n

1
HY =Y HY (2 1) with HY ==, (6.3)
n
k=1

It is known by [43] that Hf,r) can be expressed in terms of binomial coefficients and harmonic numbers
with the formula

n+r—1
Hl(1r) = ( )(Hn+r—1 - Hr—l) .

r—1
In order to generalize the previous results, we introduce the partial summation of log(1 + z) by
2 m—1_m
z -D"'z
Fm(z):z——+--~+L. (6.4)
2 m

The restricted determinantal hyperharmonic numbers h;r)s , of order r are defined by

¢ -1
thjg [1+Z(—1)J’H§’>xf] (x <D. 6.5)

J=1

Then we have the following.
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Proposition 1. For 1 < € < n, we have

H” 1 0
'(r)
(r H{f
hn <t~ 0 0
. 1
() (
0 Hf cen [—]1
n—{ t
Remark 4. When € > n, we have b, = Iy,

In [14], for m,n, r > 0, the shifted determinantal hyperharmonic numbers hgfﬁn are defined by

-1

(59

r (j)
F-1(x) —log(1 + x) H
(" n _ 1
E Iy X" =1+ E a

g (_x)m—l(l + x)r + x)r ]+1

(6.6)

Then we have the determinant expressions

HY 1 0
HYOHD
h;rz)n = : . 1 0
Hr(r:)nZ H;(;irm H(r) 1
Hy, . Hp,, - H», H)
and
n 1 0
h% h, 1
Hy\ oy = o 10
hfj)lm AT
A R T}

One of the main aims of this section is to give a determinantal expression, as shown in Proposition 2.
For convenience, we set

HEESY i— 6.7)
k=1

so when m — oo,

>k
W =Y 5 =LiE
k=1

hyperharmonic numbers hilr’)n - are defined by

is the polylogarithm function. For m,n,r > 0 and ¢ > 1, the restricted shifted determinantal

n,m,<{

0 (V)
PR AR
1+x

n=0
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0 ") ”) “ 3\
+£5[+m_](—x) - LL(0  (0THL, - HLD) ‘ (6.8)
(1 + x)(=x)ym! I+x

Notice that when £ — oo, this expression reduces to that of (6.6). Hence, hﬁ,’}n = p"

n,m,<oco*

Proposition 2. For 1 < <n,m> 1, andr > 0, we have

HY) 1 0
(r)
Hm+€—1

(r) _ .
hn,m,st’ - 0 t- I 0
.. 1
(r) (r)
0 H,ypy - Hu

n—{ 4

A continued fraction expansion of the generating function of 1 can be obtained indirectly because
it is difficult to determine g; and h; in Theorem 1 or in Theorem 10 from (6.1). See also [25,
Corollary 8]. The structure of the hyperharmonic numbers is similar, see (6.3). Note that a continued
fraction expansion of higher-order harmonic numbers Z’}: ,(1/j™) 1s given in [25, Corollary 7].

Theorem 12. We have

= 1
h(r)xn —
HZ:(; " 1 —1log(1+ x)/(1 + xy

1
B X
- (1+x)
x(1 + x)"
(1+x)+
22x
2—-x+
3%x
3-2x+ —-+—
4 —-3x—"-.
and
i HOW = _log(l - X)
n=1 ! (1 - x)r
X
- x(1 = x)’
1-x) -
( ) e
2+ x-—
32x
3+2x—
42 x
4+3x+
S5+4x-"-
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Proof. By using the continued fraction expansion of Cauchy numbers in (3.5) with ¢ — 1, from (6.1),
we have

- 1
ROx" =
ZO " 1 —log(1 + x)/(1 + x)"

1
B X
1 -
1+ x)f—m— M8
( x)log(1+x)
1
B X
- (1+x)
x(1 + x)"
(1+x)+
) 22x
2—x+
32x
3-2x+
4 —-3x—"-.

Remark 5. As we use the continued fraction of Cauchy numbers, it holds that

- 1

> Hpx = (mod x™*1y.
n=0 X
o (1 +x)
x(1 + x)”
(1+x)+
22x
2—x+
(m—1)>x
= (m-1)x
That is, this continued fraction can yield the terms h,(f) (n=1,2,...,m) correctly.

7. Concluding remarks

In this paper, we focus on the relations between the determinant expressions and the continued
fraction expansions. In particular, for continued fractions of the type (2.1), we obtained several
determinant formulas and coefficient identities. However, with type of (2.2) and its modification

ch— =1+
n!

=0
" 2+

X
2x
2x

3x
2+_'

3+

2+
5+
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(cf. [44]), as well as other types, few relations are currently known, though one generalization is given
in [25, Theorem 9]. Because of the complicated structures, nontrivial relations have been derived [45,
Theorem 1].

On the other hand, there also exist modifications of Trudi-type determinant expressions. See, e.g.,
[46, Lemma 4] and [47, Lemma 1]. It would be interesting to find out whether or not there are some
continued fraction expansions or further identities.
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