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mapping. Unlike existing methods, our schemes initiate the process by computing a Mann-type
iteration that incorporates both an inertial extrapolation and a fixed-point iteration. The Yosida
approximation operators associated with the corresponding monotone mappings are employed. We
establish strong convergence theorems for the proposed schemes under suitable assumptions without
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is provided. Finally, an application of our schemes for solving the split common fixed point
problem (SCFPP) is also discussed.
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1. Introduction
The fixed point problem (FPP) of a nonexpansive mapping 7 : V — V is defined as:

Find z € V such that 7'(z) = z.
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The set of fixed points of 7" is denoted by Fix(7T'). Notice that z € Fix(7T") can equivalently be expressed
as a zero of the operator I — 7', where I denotes the identity operator on Hilbert space V. This
reformulation offers a natural and coherent framework for studying various nonlinear problems, with
applications in optimization, finance, and analysis, see, [10, 13,20].

A widely used scheme for estimating fixed points of nonlinear mappings in Hilbert or Banach spaces
is the Mann iterative scheme [22], given by

Zr+l = (1 - {r)Zr + {rTZra (11)

where {{,} C (0, 1) is a control sequence. This iteration process guarantees the weak convergence,
meanwhile it is noted that the convergence of {z,} is slow toward the fixed point of nonexpansive
mappings 7.

To improve the rate of convergence, various modifications of the classical Mann iteration have
been proposed. One of such extensions introduces an additional control parameter 6,, resulting in the
efficiency of the iterative process

1 = (1 = ¢ = 0,)z, + & Tz (1.2)

This modified scheme generalizes the classical Mann iteration (recovered when 6, = 0) and accelerates
the rate of convergence under suitable assumptions.

One of the most notable and widely used problems studied in [15] is referred to as a split
feasibility problem (SFP), which is the extension of the convex feasibility problem. A broad range
of inverse problems including phase retrieval, reconstruction of medical images, signal and data
recovery, computed tomography, and treatment of radiation therapy can be formulated within the SFP
framework. For comprehensive discussions and additional applications, see, [12, 14, 16] and the
references therein.

Byrne [12] investigated the CQ method together with several iterative schemes and their
convergence properties for approximating solutions of the SFP. In parallel, various forms of feasible
sets have been explored within the SFP framework. Building on these developments, Moudafi [24]
instigated the split monotone variational inclusion problem (SMVIP), formulated as below:

Find x* € V| such that 0 € G1(x") + F;(x") and 0 € Go(Mx") + Fo(Mx"), (1.3)

where M : V| — V, is a bounded linear operator; F; : V; — 21, F, : V, — 22 are monotone
mappings; and G| : V| —» Vy, G, : V, — V, are two single-valued mappings. To examine SMVIP, he
proposed the following scheme: For arbitrary zo € V; and u > 0, compute

Zre1 = Wz, + O-M*(X - DMz,], (1.4)

where o € (0, i) and « is the spectral radius of M*M, W = R,fl (I —uGy), X = Rﬁz(l —uGs), Rﬁ' =+
uF ™! and R52 = (I + uF,)™! are resolvents of F; and F,, respectively. The split variational inclusion
problem (SVIP) is a special case of SMVIP, which can be obtained by considering G; = G, =0
in (1.3):

Find x* € V; such that 0 € F;(x*) and 0 € F,(Mx").
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Byrne et al. [11] conducted a detailed study of the SVIP, analyzed it through the following method:
Zr+1 :R51[2r+O'M*(R52 - Mz,], (15)

and proved that the weak limit of {z,} approximates the solution of the SVIP. Subsequently, the common
solution to the SVIP and FPP for a mapping 7" : V; — V; was reported by Kazmi and Rizvi [19], using
the following iterative approach:

(1.6)

uy = R [z + oM*(R;* = DMz,],
Zr+l = grf(zr) + (1 - gr)Tur’

where f is a contraction mapping, T is nonexpansive, u > 0, o € (0, W)’ and the sequence ¢, € (0, 1)

satisfies l1m s =0, Z ¢, = oo, and Z I§r — Sro1] < 00.
r=1
More recently, Akram et al. [1] presented a modification of scheme (1.6) and estimated a common

solution of the SVIP and FPP, using the following method:

(1.7)

u, =z, — o[(I = Ri)z, + M*(I — RI2)Mz,],
Xr+l = grf(zr) + (1 - gr)T(ur)’

where o = m

The study of solutions to split problems and FPP, along with their applications in Banach and Hilbert
spaces, has attracted considerable interest. Numerous authors have contributed to this area for more
details; see [6,31,33].

Notice that all the aforementioned techniques required the step size based on the computationally
challenging operator norm ||M]|. This limitation was addressed by Lopez et al. [21] by designing the
new scheme with a step size independent of the matrix norm:

21 = Pcll — oM™ (I = Po)M]z,, Yn > 1, (1.8)

where o, = 2 with f(x) = (I - PoMxIP, Vf(x) = M*(I - Po)Mx, r >0, 0 <y, <4,infy,(4 -
¥-) > 0, and Pc and Py are the orthogonal projections on closed and convex subsets C and Q,
respectively. Moudafi [25] addressed the SFP without requiring prior computation of the operator
norm. Some iterative schemes that investigated the SVIP without the need for estimating the norm of
the bounded linear operator can be seen in [18,28,34].

To enhance convergence, Polyak [30] proposed the scheme involving the inertial term for smooth
convex optimization problems. Its efficiency has motivated the integration of inertial terms in many
algorithms. Alvarez and Attouch [4] developed an inertial iterative method to deal with the null point

problem. Their method incorporates arbitrary initial points zy, z;, and parameter €, € [0, 1) is
Zr+l = RII;I [Zr + er(zr - Zr—l)]a nz 1’ (19)

where Rﬁ‘ is the resolvent of Fy, and u, > 0. To accelerate the convergence, inertial step has
been adopted and applied by numerous authors to solve nonlinear problems; see [26,27,35].

It is worth emphasizing that set-valued monotone mappings can be transformed into single-valued
monotone operators through the Yosida approximation, which serves as an effective tool for the
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analysis of variational inclusions and related problems in both linear and nonlinear spaces. The Yosida
approximation operator for a monotone mapping F; is characterized as Jf "= ;%(I - R,f "), where R5 !
denotes the resolvent of F;.

Following the research work discussed above, Dilshad et al. [17] investigated an inertial Yosida
approximation method to examine the SVIP and FPP, in which the computation of step-size was free
from the estimation of ||M||. They proved the weak as well as strong convergence theorems of the

suggested methods. The iterative scheme can be summarized as follows:

U = zp+ En(Zr - Zr—l)»
Ve = Up— O-r[Jlil (w,) + M*JZZ(MM,,)],
r¢l = (1 —-¢ =0y, + ng(vr)’

where T is nonexpansive mapping; JZ‘ and J,fl‘ are Yosida approximation operators of F; and Fj,

respectively; {¢,}, {6,} are control parameters and €,(z, — z,-1) is the inertial term. The step
I )P (M)
W )M T (M|

The Yosida approximation operators have been extensively employed as a fundamental tool in
the analysis of nonlinear problems, particularly in the study of variational inclusions. They provide
an effective framework for handling multivalued operators and facilitating the convergence analysis
of iterative schemes. Consequently, these operators have been widely utilized in the investigation
of variational inclusions [5, 7, 8], systems of variational inclusions [2, 3], as well as split variational
inclusions [17, 18].

Motivated by the above mentioned discussion, we propose Mann-type hybrid inertial iterative
schemes for the SVIP and FPP. Unlike the traditional methods, our schemes are designed in such a way
that the Mann iteration is computed jointly with the inertial extrapolation and fixed point iteration in the
starting of the iteration process. We use the Yosida approximation operators of monotone mappings F
and F, such that the estimation of norm of a bounded linear is not required. Our schemes are simple,
easily implementable, and significantly reduce the number of iterations and CPU time in comparison
to some related works.

The organization of the paper is as follows: In Section 2, we present some pivotal tools and basic
definitions. In Section 3, Mann-type hybrid inertial Yosida approximation schemes are derived, and
strong convergence theorems are proved. In Section 4, we verify the effectiveness of the considered
schemes by comparing them with some related works with the help of some numerical examples.
Section 5 describes the application of the proposed schemes to solve the split common fixed point
problem (SCFPP) for firmly nonexpansive mappings.

will be further discussed in Section 3.

size o,

2. Preliminaries

Let V denote a real Hilbert space endowed with the inner product (-, -) and its induced norm || - |.
Strong and weak convergence will be written as — and —, respectively.
Definition 2.1. For all o,5 €V, an operator F : V — V is called
(i) contraction, if

IFo - Fgll < «llo =<l k € [0, 1);
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(ii) firmly nonexpansive, if
IFo - Fel* < {0 — ¢ Fo - F¢);
(iii) T-inverse strongly monotone, if At > 0 such that

(Fo-Fso—-¢)>1|lFo- Fgl.

If T =1, then F is nonexpansive.

Remark 2.1. Forall 0,5, € V,ay,as, a3 € [0, 1] with ay + a; + a3 = 1, the following characteristic

equalities and inequality hold:

(i)
laio + axs + azell® = ailoll® + aallsl® + asllell” — areallo — ¢lI?
- maslls - &’ — azaillo — &l
(ii)
s + &ll” = llsI* £ 2, &) + ll]l*.
(iii)

lls + &l* < llslP* + 2(e, s + &).
Definition 2.2. [19] Let ¢ € V and the projection Ppg of ¢ onto D C 'V is expressed as
lls — Posll < lls — &ll, Ve € D.
The following key relations hold for Ppg:

|Pps — Ppell* < (s — &, Pog — Ppe), Vs, e € V

and Pps=p & {(c—0,e—0)>0, c€D.

Definition 2.3. [9] A mapping F : V — 2V is said to be monotone if (¢ — 0, x —y) > 0,Y¢ €

F(x)and o € F(y).
Lemma 2.1. [29] Let D(# 0) C V and {u,} be a bounded sequence in 'V such that

(i) lim,_ ||u, — pl| exists for every p € D,
(ii) w,(u,) CD.

Then, there exists p € D such that u, — p as r — oo.
Lemma 2.2. [32] If {w,} is a nonnegative real sequence satisfying
Wl < (1 - gr)wr + @,

where {¢,} € (0, 1) and {¢,} € (—o0, +0) are sequences such that
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(i) X216 =00,
(ii) limsup £ <0 or lim sup |¢,| < oo,

r—00 r—00

then lim w, = 0.

r—00

Lemma 2.3. [23] Let {I',} € (—o0,+00) be a sequence that does not decrease at infinity in the sense
that there exists a subsequence {I',,} of {I',} such that I',, < T',.4; for all k > 0. Also, consider the

sequence of integers {g(r)},»,, defined by
gry=max{k <r:I', <T,}.
Then, {g(r)};sy, is a nondecreasing sequence verifying lim,_,., g(r) = oo, and for all r > ry,

max{ly,), ')} < Tgiryet-

3. Main results

We denote by S; and S, the solution set of the FPP and SVIP, respectively, such that S; N S, # 0.

We suppose the following assumptions.

Assumption 3.1. (A;) Suppose Jfll and J,Zz are Yosida approximation operators of monotone mappings

F,:V,3Vyand F, : V, 3 V,, respectively, and T : V| — V| is nonexpasnive mapping;
(Ay) M : V| —> V, is a bounded linear operator;
(A3) {s,},16,} € (0,1) 50 that lim 6, = 0 and ) 0, = oo, inf¢,(1 — ¢, —6,) > 0;

r=1

(Ay) {0,} is a positive sequence for which io: 8, < oo holds and lim & = 0.

=1 r—oo 6r

Algorithm 3.1. Hybrid inertial Yosida approximation iterative scheme-I1

Step 0: Choose € € [0, 1), uy > 0,u; > 0 and u = min{uy, wo} such that u > %

Step 1: For arbitrary zo and z; and r > 1, choose 0 < €, < g, where

. 6)‘ .
g = min (==, €}, ifz # 21y
€, otherwise.
Compute
U, = (1 —Sr— er)zr + ngZr + Er(Zr - Zr—1)7
F F
A e N UBES M*Jﬂ;(Mur)],
where i i
el @PHTL2ZMuP o F .
,  if |, (u,) + M*J,2(Mu,)|| # 0,
Or =1 Wy ) +M T2 (Mup)P 1 Ctr) wo (M)
0, otherwise.

Stopping criteria: Stop if 7.1 = z, = u,, otherwise, go to Step 1.

3.1

(3.2)
(3.3)

(3.4)
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Remark 3.1. From (3.1), we have €|z, — z,_1|| < 9,. With the assumption on 6,, we obtain lim €,||z, —
r—00

Z_1ll = 0. Since lim & — 0 as r — oo, we have ©i=z=1l —

r—o0 Or Or

i u)|? Fa u)|?)? . .
Lemma 3.1. [17] If lim S @ W OWIE 6 pon fim (15 (u,)]) = Tim 1J22(Mu,)|| = 0.

F F
r—co 1y w)+M*J, 2 (Mu,)|?

Lemma 3.2. [I7] The assertions given below for the operators Rﬁf and J,fl‘ of the monotone
mapping F are analogous.

(i) p € V, is the solution of (F;)~'(0),
(ii) Ry (p) = p,
(iii) J5(p) = 0.

Lemma 3.3. [9] Let T : V — V be an operator. If T is nonexpansive, then I — T is demiclosed at
zero. Moreover, if T is firmly noexpansive, then I — T is also firmly nonexpansive.

Remark 3.2. If F| is maximal monotone, then Rﬁf and [I — Rﬁll] are firmly nonexpansive [9,

Corollary 23.10]. Hence, by [5, Lemma 1(v)], we conclude that the operator J,’;' = 17 - R,fl]] is

T ou
Ui-inverse strongly monotone.

Remark 3.3. Let z,,1 = z, = u,. Then, ifllJff1 (u,) + M*Jff(Mu,)ll = 0, it implies that

1

0 = 51 (z) + MU T(Mz)IP = 215 )IP + 20M T2 (Mz)IP = 0.

1 1

Hence, we get ||ijl (z)l = 0 and IIM*JIZZ(MZr)II = 0. Since M is bounded, we have ”JE;(MZ}’)” =0,

1

hence, z, € S. If||J,f] (z,) + M*JLZ(MZ,)H # 0, then recalling (3.3), we acquire

1

5 @I + 152 (Mz,)|?
15 (z,) + M* T2 (Mz,)|2

1

F * yF —
[IE1(z) + M*JE(Mz,)] = 0.

Now implementing the norm on both sides, we get

I @OIP + 12 (M)l 0

1

15 (z) + M T2 (Mz,)|

1

Lemma 3.1 yields, ||J51(z,)|| = ||J52(Mzr)|| = 0, and Lemma 2.1 implies that z, € S|. Furthermore,

1 2

from (3.2), 2,11 = (1 — ¢, — 0,)z, + ¢, Tz, implies that {z,} converges strongly to some fixed point of T
in Sz.

Theorem 3.1. If Assumptions (A\)—(As) hold and {z,} is produced by Algorithm 3.1, then the
sequence {z,} converges to p € S| N Sy such that p = Ps,qs,(0).

Proof. Let p = Pg,s,(0). Now, using Remark 2.1 (ii7) and (3.3), we obtain

lzoe1 = pIF = llu, — o [T () + MF T2 (Mu,)] — plP?
< llu, = plP* + 2L () + M* T2 (Mu,)|?

r 1

=20 (J ) + MU TE(Mu,),  u, = p). (3.5)

1
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For p € S;NS,, Lemma 3.2 yields J/fl' (p) = 0 and JHF;(M p) = 0. Utilizing the u-inverse strongly

monotone property of ‘]lll:ll (Remark 3.2), we can write
(J5 () + MPT2 (M), u, — p)
= (i), = p) (M (M), u,~ p)
= (I ) = I p).  up = py+ (M (J2(Mu,) = J2(Mp)),  u, - p)
= (0 w) = T (p). ue = p) + (I2(Mu,) - J2(Mp).  M(u,) - M(p))
> w15 @) = I PP + gl (Muy) — I (M )P
> minfy, g} IVE @)I? + 122 (Mu,)|P)
> {5 @IP + 52 (Mu)IP), (3.6)

and

+

T W)+ MTIEMu)IP = 20 (I ) + MPI2(Muy), e~ p)

1

5 () + M* T2 (Mu,)| 2 5 () + M* T2 (Mu,)| 2
2
(I @I + 12 (M) )

1

2 2
(I @IP + 2 (Mu,)|P) , (175 @I + 12 (M) ?)

R T TR S vy vae GD
From (3.5)—(3.7), we achieve
et = plIP <l = pIP + (1 = 2u)(”J“Fl Gl + W 2(Mur)”2)2. (3.8)
1, () + M* T2 (Mu,)|]?
Since u > 1, we can have
lzrer = pll < Ny = pll. (3.9)

Next, we show that {u,} is bounded. Since gllzr — 71/l = 0 as r — oo, it implies there exists a
constant K; such that 7|z, — z,_1|| < Ki. From (3.2), we have

”(1 Y er)zr + ng(Zr) + Er(zr - Zr—l) - P”
”(1 —Sr— Hr)(zr - P) + gr(T(Zr) - p) + 6)r(_p) + 6r(Zr - Zr—l)”

llu, = pll

< (1 —Sr— Hr)llzr - p” + gr”T(Zr) - P” + 9r||]9|| + 6r||Zr - Zr—lll
&

< (1 =6)llz, = pll + 6, |llpll + Q—IIZr - Zr—l“]

< (A =6)lz—pll+6,.[lpll + K]

Applying mathematical induction and using (3.9), we find that

lu, = pll < max{lizo = pll, Ipll + K1},
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that is, {u,} is bounded, and therefore {z,} is also bounded. Now, let x, = (1 — ¢, — 8,)z, + ¢, T(z,), then
by using Remark 2.1 (ii), we estimate
lur = plI* = llx, + €z — 2-1) — pIP
< ”xr - p”2 + 2<Er(Zr - Zr—l)a U, — P,>
< ”xr - P||2 + 2Erllzr - Zr—l”llur - P”
< |lx, = pIP? + 2Ka€ Iz, — zo-1 - (3.10)
Also,

lx, = plI* = (1 = ¢, — 6z, + 6, T(z) - plI*
=1 =6 = 0.)(z — p) + 6T (z) — p) + 6,(—p)II
<=6 =0z — pl* + T (z) - pII* + 6,lIpIP
—¢(1 =6 = 0)llz, — T(z)IP
= (1= 0)llz, — pI* + 6,lIpl* — s.(1 = 6, — O)llz, — Tz (3.11)

From (3.10) and (3.11), we have
”ur - P||2 < (1 - Hr)”Zr - P||2 + 9r||p||2 - gr(1 —Sr— gr)”Zr - T(Zr)||2 + 2K2€r”Zr - Zr—l”- (312)
Using (3.8) and (3.12), we obtain

lzee1 = pIF < (1 =6)lz = pIP + G IplP = (1 = 6 — O)llz — TP
(5 @OI? + 1752 (Mu,) P
5 () + MT22(Mu)|P

1

+2K26 1z, — Z1ll + (1 = 2) (3.13)
There are possible two cases.
Case L. If the sequence {||z, — p||} is monotonically decreasing, AN € N such that

lzrs1 = pll < llz = pll, Vr > N.

As the sequence {||z, — pl|} is nonnegative and is bounded below, {||z, — p||} converges. Hence,
from (3.13), it follows that
(1 @I + 2 (Mu,)] )

1

5 ) + M* T (Mu,)|2

1

<0, (IpIP = Iz = pI?) + 2Kaéllz, = 21l

g‘r(1 Y Or)”Zr - T(Zr)Hz - (1 - 2/1)

Since u > 1/2,inf ¢,(1 — ¢, — 6,) > 0 and using 6, — 0 and €|z, — z,_1|| = 0 as r — oo, we get
lim ||z, = T'(z)|l = 0, (3.14)
and

2
(I )P + 12 (M) |2

1

1m 3 7
oo |y (uy) + M*J) (Muy)|)?

1

=0. (3.15)
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Applying Lemma 3.1 to (3.15), we get

lim ||J51‘(u,)|| =0, lim ||J522(Mur)|| =0. (3.16)
Hence, from (3.3), we get
lim ||z41 — u,|| = 0. (3.17)

Since {z,} is bounded, there exists a subsequence {z,, } of {z,} such that z,, — z*. Therefore, from (3.14)
and (3.16), we can have

lim 175 Gl = 15 = 0, Jim I2(Mu)ll = 52 (M2 = 0, Jim [z, = Tzl = 0, (3.18)

which conclude that z* € S;NS,. Next, we show that z, — z*. Moreover, letting v, = (1-¢,)z,+¢,7(z,),
thenu, = (1 -6,)v, — ¢ 0,(z, — Tz,) + &(z, — z,-1), We estimate

v, =pll = 0 -¢)z + 6Tz - pll

(1 =)@ = p)+ 6T — p
(I =¢)llzr = pll + s/llz- = pll
llz- — pll.

IA I

IA

In particular,
2 2
v = plI* < llz = pII*.

Now,

||, — P||2 =1 =6)v, — ¢ 0.(z, — Tz,) + €z, — 2-1) — p||2
= Il(l - Hr)(vr - P) - grgr(zr - Tzr) + Hr(_p) + er(Zr - Zr—l)”2
< (1 - Hr)llvr - p||2 - 2<gr0r(zr - T(Zr) + Qrp - er(zr - Zr—l)’ u, — p>
< (1= 0)llz, = pI* = 26,5z = Tz) uy = p) + {puy = p)

€
-(g @ =z —p)| (3.19)
From (3.9) and (3.19), we get

liz,e1 = pIP < (1 = 6)llz, = pIP + 6,X,. (3.20)

where X, = -2 [gr<zr -Tz),u, — P> + <Pa ur — P> - <;_:(Zr = Z-1), Uy — P>]
From the property of the projection operator, we have the following:

lim inf (p, z,+1 — p) =2 _min {(p,Z - p) = 0. (3.21)

7eS1NSy

Keeping in mind (3.14) and (3.21) and applying Lemma 2.2, we obtain ||z, — p|| — O, thatis, z, = p =
Ps,~s,(0). Again, by metric projection, it follows that

(p,z—=py=20,Yze S NS,,
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which means that (p, z) > ||p||*, hence ||p|| < ||zl|, that is, p is the solution with minimum norm.
Case II. If Case I is not true, then we can define the function g : N :— N by g(r) = max{r > m :
Iz = pll < llzms1 — plI} to be an increasing sequence, g(r) — oo as r — oo, and

0 < llzgey = Pll < llzgryr — pll, Vr = m. (3.22)

Applying the arguments used in the proof of Case I, we compare ||y — T(24)Il — 0 and |[zg(y41 —
Ugnll = 0 as r — oco. Using (3.20) and (3.22), we obtain the following.

0 < llzgin+1 — Il < X... (3.23)
Thus, we get ||z, — pll = 0 as r — oco. Using Lemma 2.3, we get the following:

0 < Ilz, = pll < max{liz; = pll lzgen = PlIf < llzger = I

So, we can say z, — p as r — oo. In both cases, we can say that {z,} converges to p, which solves
the SVIP and FPP. |

Algorithm 3.2. Hybrid inertial Yosida approximation iterative scheme-II

Step 0: Choose € € [0,1), uy > 0,4, > 0 and u = min{uy, yo} such that u > %

Step 1: For arbitrary zy,z, and r > 1, choose 0 < €. < &, and estimate

u = (1 —Cr— gr)zr + gr[TZr + Er(zr - Zr—l)]a (324)
G = = oL )+ MU (M), (3:29)

where {€,} and {0} are the same as defined in Algorithm 3.1.
Stopping criteria: Stop if z,.1 = z, = u,, otherwise, go to Step 1.

Theorem 3.2. If Assumptions (Ay)—(A4) hold, then the sequence {z,} produced by Algorithm 3.2
converges to p € S| N S, such that p = Pg,ns,(0).

Proof. Initially, we establish that {z,} is bounded. Let p = Pgs,~s,(0) and y, = T(z,) + €(2, — z-1), then
we have

ly-—pll = IIT() + €z —z-1) = pll
< ”TZF - p” + er(zr - Zr—l)”
< ”Zr - P|| + Gr”Zr - Zr—1||~ (326)

Furthermore, from (3.3) and (3.26), we get

(1 =¢r =6z + yr — Pl

(A =6 = 0:)(zr = p) + & (yr = ) + 6:(=p)l

(1 =6 = )llz, — pll + s:(llz — pll + &llz, = z-1lD) + Gl pll
(1 =6 = Ollzy = pll + &illzr = pll + &z = 21l + 1Pl
(1 =0z = pll + 6, [lIpll + Ki]

llu, = pll

ININ

IA
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< max{llz, - pll. llpll + K1},
< max{llu,—, = pll lIpll + K1},
< max{llzo = pll, lIpll + K3},

that is, {u,} is bounded and hence so is {z,} and {y,} . We also have

Iy, = pIP = IT @) + &z — 2-1) — pIP
< ”T(Zr) - P||2 + 2<yr - D €r(Zr - Zr—1)>
< ”Zr - l?”2 + 2<yr - pv Gr(Zr - Zr—1)>a (327)

and

”yr - Zr”2 = ”T(Zr) + er(zr - Zr—l) - Zr”2
<T@ = 2l + 20, — 20 62 — Z,21))- (3.28)

Using (3.24) and (3.28), we get

e, = pIP < UI(1 = 6 = 6z, + 63, = plP
=1 = 6, = 6)(z — p) + 5, = P) + O,(=p)IP
< (=6 =0l = pIP + /lly, = pI* + 61l = pIP = 6,1 = 6 = )lze = yilP
< (=6 =0l = pIP + §/llz, = pIP +26,(y = P &z = 1)) + O,lIpI?
— 61 = 6 = O[IT@) = 2P +2(y, = 2 62 — 2-1))|
< (1= 0)llz, = pI* + 6,IpIP +26.(y: = p, €z = z-1))
— 61 =6, = 0)|IT@) = 2P +2(y, — 2, €z, = 2-)) |- (3.29)

From (3.8) and (3.29), we can express

et = pIP < (1= 09)llz, = pIP + 0IpIP + {2y, = p. €z — 2-1))

— (=6 =0T @) = 2l +2(y, — 2z, &z = 2-1))|
(M, @I + Iy (Mu )Y

1

+ (1 =2p) . (3.30)
P ) + M (M) P
Considering case I and using the same reason as in the proof of Theorem 3.1, we infer that
T @)I? + 152 (Mu,)|?)?
tim A (o 1 O, I 0, and lim|7(z) -zl = 0. (3.31)

roe ||V (uy) + M T2 (Mu,)| 2

1

Hence, from (3.25), we obtain lim,_,, ||z,+1 — u,|| = 0. Furthermore, let v, = (1 —¢,)z, + ¢, y,. Using the
boundedness of {y,} implies that there exist K3 such that ||y, — p|| < K3, then we have

v =pIP = (1= 6z + 6y = pIP

AIMS Mathematics Volume 11, Issue 4, 9633-9654.
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I(1 = 6 = p) + (v = PIP
(1= ¢z = pI* + sllys - pIP
(1 = 6)llzr = pIP + 6.|llz; = pI* + 20, = p, €z = 1))

IA

IA

”Zr - p”2 + 2§r<yr - D Er(Zr - Zr—1)>

”Zr - p”2 + 2||yr - p”er”Zr - Zr—l”
llz» = pII* + 2K3€ Iz, — z-1 I, (3.32)

IA

IA

and we estimate

i, = pIP = 111 = 6,)v, + 6,6,(v, — z) — pIP’
= ”(1 - gr)(vr - P) + grer(yr - Zr) - Hrp”z
< (1= 0)lv, = pIP + 2(5,0,(, — 2,) = 0, u, — p)

< (1=0))ller = pIP + 2Ks6llz; = 2ol | + 26,|(5: 0 = 2) = pou = )]

Er”Zr - Zr—l”

< (1= 6)llz - pI* + 6,[2K; + 26y = 2ty — ) — (P 1ty — )]

r

= (1= 6Dz - pIP* +6,W,, (3.33)
where W, = 2&@ + 26,y — 25, u, — p) — {p,u, — p). From (3.9) and (3.33), we get
Izt = pIF < (1 =0z — plI* + 6,W,. (3.34)

In view of (3.31), we see that ||y, — z,|| < [Tz, — z,|| + €llzr — Zo—1ll = 0 as r — oo, and by Remark 3.1,
Er“ng_erlll — 0. Therefore, we have

r

lim inf [2K; &lizr = zll

r—o00

+26:yr = Vs Zr = P) = P> Ur — p>] <0.

r

We are currently able to implement Lemma 2.3 in (3.34). The remainder of the proof can be derived
by employing analogous steps as those used in the proof of Theorem 3.1. O

Corollary 3.1. Let V,V,, F\,F>,€.,0,, 0, W, and pu be the same as defined in Theorem 3.1.
If ¢, € (0,1) such that lim(1 — ¢,)s, > O, then the sequence obtained by

(1 - gr)zr + gr[TZr + Er(Zr - Zr—l)],
Zrel = Up — O-r[J;zl(ur) + M*JZZ(Mur)]’

Uy

converges strongly to p € S; N S,.

Corollary 3.2. Let V,V,, Fi,F5,€,0,, 0, W, and u be the same as defined in Theorem 3.2.
If ¢, € (0,1) such that lim(1 — ¢,)s, > 0, then the sequence obtained by

u- = (1 - gr)zr + ngZr + 6r(Zr - Zr—l),
2t = Uy — O[T ) + M (Muy)),

converges strongly to p € S| N S,.
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4. Numerical example

Example 4.1. Let V| = V, = L*[0, 1] be the infinite dimensional Hilbert space equipped with the
inner product

2

1 1
{(z,u) = f z2(s) u(s)ds, and norm ||Z|| = (f Iz(s)l2 ds) .
0 0

The operators Fi, F,, M, and T are defined by F(z(s)) = Z(S;_l ,F(2) = %, M(z) = @, T(z) = z(s),

1
r+12°

and f(z(s)) = %. We select the parameters as 6, =
where

and €, is selected randomly from (0, €,),

: 1 )
e = mm{m, 0.25}, ifz #z1,
0.25, otherwise.

The results obtained from Algorithms 3.1 and 3.2 are evaluated and compared with methods studied
in [1, 17, 19]. The iterative process is terminated when the stopping condition Tol, < D, is satisfied,

where Tol, = ||z,+1 — z/|| and D, is listed Table 1. We choose u, = % U =2, ¢ = % - HITOO’ and
0, = m and consider the following three different choices of initial points:
Case (c1): 70 = =2e¢7>°, z; = —e 2.

Case (c3): 70(s) = e * (1 + 5sin(4s)), zi(s) = % €725 (cos(65)).
Case (c3): 70(t) = % sin(6mrs) e, zi(s) = %(1 + 5)°.

The convergence is plotted in Figures 1-3, and a comparison is noted in Table 1. It is observed
that our methods are simply implemented and approach the solution in fewer numbers of steps in
comparison to the methods studied in [1, 17, 19].

10°

— Alg 3.1

= = = Alg 3.2
Kazmi-Rizvi

------- Akram et al.

== = == = Dilshad et al.

=
= -2
|9 10

.
.
NNt
Laal LITTFre
| ‘“U“'\-‘-"..‘

104k ‘ ‘ 3
0 20 40 60 80 100
Iteration

Figure 1. Numerical comparison of algorithms with selected parameters for Case (cy).
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100 T T I
— Alg 3.1
= = = Alg3.2
10 Kazmi-Rizvi | 4
....... Akram et al.
== = == : Dilshad et al.

Tol

107 | | |
0 500 1000 1500 2000

Iteration

Figure 2. Numerical comparison of algorithms with selected parameters for Case (c;).

10°
— Alg 3.1
- = Alg3.2
Kazmi-Rizvi
mennent Akram et al.
=== == Djlshad et al.
102 i

0 0.5 1 15 2
Iteration x104

Figure 3. Numerical comparison of algorithms with selected parameters for Case (c3).

Table 1. Comparison table of Algorithm 3.1 and 3.2 with the methods studied in [1,17,19].

Case D, Algorithm 3.1 Algorithm 3.2 Kazmi and Rizvi [19] Akrametal. [1] Dilshad et al. [17]
Step-size o, o, o =0.25 =028 o

) 10 Iteration 27 29 95 67 59
Time/Sec 0.000627 0.000478 0.000944 0.000678 0.000842

©) 10 Iteration 1121 1156 1832 1559 1454
Time/Sec 0.011199 0.01083 0.014474 0.014113 0.014559

) 107 Iteration 11979 12385 19206 16479 15351
Time/Sec 0.073733 0.069731 0.092497 0.088783 0.084847

Example 4.2. Let V| = V, = R? be Real Hilbert spaces. Define the monotone operators F, and F,

AIMS Mathematics Volume 11, Issue 4, 9633-9654.
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as Fi(z) = (21 + 22, 22 + 23, 23 + 21) and F2(2) = (21 — 22, 22 — 23, 23 — 1), Y2 = (21, 22, 23) € R, The
bounded linear operator M : V| — V, is defined as M(z) = 5. The mapping T : V| — V| is defined
by T(z) = % and f(z) = %. It is obvious to see that F\ and F, are monotone, M is bounded, T is

4
nonexpansive mapping, f is a contraction, and S; N S, = {0}.
S S N S | _1 : ,
We choose ¢, = Greio) 0 =15 G0 M = 3 and p, = 5. For numerical computation, we select €,

randomly from the interval (0, €,), where

: 1 )
e - mln{m, 0.55}, if z, # z_1,
0.55, otherwise.

We consider the following three cases of initial values.
Case (c'l): 70 = (30,50,20); <z =(-5,2,-4).

Case (c)): 70 = (3,-1,2); z =(10,11,15).

Case (0'3).' 20 =01/2,0,1/9); z; =(3,12,1/5).

The behavior of the sequence z, is illustrated in Figures 4—6 for three different sets of parameter
values, as specified below, and a comparison table of our methods with others is presented in Table 2.
It is evident that Algorithms 3.1 and 3.2 are straightforward to implement and demonstrate superior
performance compared to the other algorithms, both in execution time and iteration count.

Table 2. Comparison table of Algorithm 3.1 and 3.2 with the methods studied in [1,17,19].

Case D, Algorithm 3.1 Algorithm 3.2 Kazmi and Rizvi [19] Akrametal. [1] Dilshad et al. [17]
Step-size o, o, o=0.15 o=0.8 o,
) 102 Iteration 17 15 33 29 18
! Time/Sec 0.003142 0.003058 0.004333 0.003462 0.004441
@) 1079 Iteration 26 22 47 42 26
2 Time/Sec 0.000424 0.000397 0.0004111 0.000356 0.000387
@) 10 Iteration 32 28 62 54 33
3 Time/Sec 0.000369 0.000294 0.000486 0.000405 0.000416
10° ; ‘ .
e Algo 3.1
mmm— Algo 3.2
Kazmi-Rizvi
100 Akrametal. |7
s Dilshad et al.
10° 1 1
S5 1010 1
10-15 L 4
1020 1
1025 | | | L | I

5 10 15 20 25 30 35
Iteration

Figure 4. Numerical comparison of algorithms with selected parameters for Case (c'l).
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Tol

Figure 5. Numerical comparison of algorithms with selected parameters for Case (c'z).

Tol

Figure 6. Numerical comparison of algorithms with selected parameters for Case (c'3).

5. Application to solve split common fixed point problem

The SCFPP for the firmly nonexpansive mappings 7y : Vi » Vyand 7, : V, — V, is:

10°

10°

10

10-10

10-15

10-20

10%

10-30

10-35

1010

10°

1010

10-20

10-30

10—40

10-50
0

T

T

T

m— Algo 3.1
m— Algo 3.2
Kazmi-Rizvi
Akram et al.
Dilshad et al.

Iteration

40 50

T

e Algo 3.1
mmm— Algo 3.2
Kazmi-Rizvi
Akram et al.
Dilshad et al.

10

20

30
Iteration

40

50 60

Find z € Fix(T;) such that Mz € Fix(T,),

where M : V| — V, is a bounded linear operator. We know that fixed points of mappings 7, and 7>
are zeros of (I — T) and (I — T»), respectively. Hence, by replacing J,fll by (I - Ty), J,fj by (I — T>),
and T = I, where [ is identity mapping, we obtain the Mann-type hybrid inertial iterative schemes for

the SCFPP.

AIMS Mathematics

Volume 11, Issue 4, 9633-9654.



9650

Algorithm 5.1. Hybrid inertial iterative scheme-I for SCFPP

Step 0: Choose € € [0, 1), and {6,} is a positive sequence such that ), 6, < oo.

r=1

Step 1: For arbitrary zy,z, and r > 1, choose 0 < €, < g, where

. 5, )
2 min{emen e if g # o,
r .
€, otherwise.
Estimate
Ur = (1 —SrT gr)z" + 6zt ér(zf’ - Zr—l)a
o1 = Uy = o[ = Ty + M*(I = T)Mu,],
where

=T Dur+M*(I=T2)Muy |*

o, - =T D@IPHITI=T2) M| if (I = T)u, + M*(I — T)Mu,|| # 0,
' 0, otherwise.

Stopping criteria: Stop if z,.1 = z, = u,, otherwise, go to Step 1.

Algorithm 5.2. Hybrid inertial iterative scheme-II for SCFPP

Step 0: Choose € € [0, 1), and {5,} is a positive sequence such that ), 6, < oo.

r=1

Step 1: For arbitrary zy,z1 and r > 1, choose 0 < €, < g, where

) 5, '
ér = min { llzr—zr-1ll” 6}’ lf Zr ;é Zr—l,’
6 otherwise.
Estimate
u, = (1 —Sr— Qr)Zr + gr[Zr + er(Zr — Zr—l)],
Zr+l = Uy — O-r[(l - Tl)l/lr + M*(I - Tz)Mur],
where

(=T 1)ur+M*(I-T2)Muy|?

o =T D@AP+HIT=T2) Mu,|* i (T = Tu, + M*(I = Ty)Mu,|| # 0,
' 0, otherwise.

Stopping criteria: Stop if z,,1 = z, = u,; otherwise, go to Step 1.

Theorem 5.1. Suppose the solution set of the SCFPP is denoted by Q such that Q # (. Let T, : V| —
Vyand T, : VYV, — V, be firmly nonexpansive mappings. Suppose that Assumptions (A;)—(A4) are
satisfied, then the sequence {z,} produced by Algorithm 5.1 ( Algorithm 5.2) converges to g € S; NS,
such that g = Pq(0).

AIMS Mathematics Volume 11, Issue 4, 9633-9654.
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Proof. Let g € Q. Since T, and T, are firmly nonexpansive, then by Lemma 3.3, we have that I — T}
and I — T, are also firmly nonexpansive. Then by replacing J,fll by I — T, and ij by I — T, in the
calculation of (3.8), we can obtain

(I = TO@IP + 11T = TH(Mu)IP)
I = T0)(w) + M*(I = To)(Mup)IP

2 2
lzr+1 =gl < llu,—qll° -
or

lzrer —gll < lur — 4ll.

The rest of the proof can be obtain by applying the similar steps taken in the proof of
Theorem 3.1 (Theorem 3.2).
O

6. Conclusions

In this article, we proposed two Mann-type hybrid inertial Yosida approximation iterative schemes
for approximating the common solution of SVIP and FPP. Our proposed schemes are traditionally
different in the sense that, Mann-type iteration, inertial extrapolation, and fixed point approximation are
estimated jointly in the initiation of the iteration process. We proved the strong convergence theorems
of the proposed iterative schemes such that the convergence analysis was free from the calculation
of ||M]|.

We also studied two numerical examples and provided comparisons with related works to illustrate
the validity and efficiency of our proposed iterative schemes. It is observed that in the beginning.
the Mann step moves the iterate toward the fixed-point region, while the inertial term pushes the
sequence further in that direction. The step size o, is adaptively computed at each iteration without
calculating ||M||. Hence, each iteration moves closer to the solution more efficiently. This improves the
initial progress of the algorithm, and the smoothing property of the Yosida approximation reduces the
total number of iterations and CPU time compared with some of the related works.

It is shown that our schemes can be applied to solve SCFPP for firmly nonexpansive mappings.
Future work will investigate the convergence rates of the proposed algorithms and compare their
performance with existing methods for solving the SVIP and FPP.
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