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Abstract: This manuscript introduces two Mann-type hybrid inertial Yosida approximation iterative
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mapping. Unlike existing methods, our schemes initiate the process by computing a Mann-type
iteration that incorporates both an inertial extrapolation and a fixed-point iteration. The Yosida
approximation operators associated with the corresponding monotone mappings are employed. We
establish strong convergence theorems for the proposed schemes under suitable assumptions without
estimating the norm of a bounded linear operator. Numerical examples are presented to validate
the theoretical results, and a comparison of the proposed iterative schemes with existing methods
is provided. Finally, an application of our schemes for solving the split common fixed point
problem (SCFPP) is also discussed.
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1. Introduction

The fixed point problem (FPP) of a nonexpansive mapping T : V→ V is defined as:

Find z ∈ V such that T (z) = z.
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The set of fixed points of T is denoted by Fix(T ). Notice that z ∈ Fix(T ) can equivalently be expressed
as a zero of the operator I − T , where I denotes the identity operator on Hilbert space V. This
reformulation offers a natural and coherent framework for studying various nonlinear problems, with
applications in optimization, finance, and analysis, see, [10, 13, 20].

A widely used scheme for estimating fixed points of nonlinear mappings in Hilbert or Banach spaces
is the Mann iterative scheme [22], given by

zr+1 = (1 − ζr)zr + ζrTzr, (1.1)

where {ζr} ⊂ (0, 1) is a control sequence. This iteration process guarantees the weak convergence,
meanwhile it is noted that the convergence of {zr} is slow toward the fixed point of nonexpansive
mappings T .

To improve the rate of convergence, various modifications of the classical Mann iteration have
been proposed. One of such extensions introduces an additional control parameter θr, resulting in the
efficiency of the iterative process

zr+1 = (1 − ζr − θr)zr + ζrTzr. (1.2)

This modified scheme generalizes the classical Mann iteration (recovered when θr = 0) and accelerates
the rate of convergence under suitable assumptions.

One of the most notable and widely used problems studied in [15] is referred to as a split
feasibility problem (SFP), which is the extension of the convex feasibility problem. A broad range
of inverse problems including phase retrieval, reconstruction of medical images, signal and data
recovery, computed tomography, and treatment of radiation therapy can be formulated within the SFP
framework. For comprehensive discussions and additional applications, see, [12, 14, 16] and the
references therein.

Byrne [12] investigated the CQ method together with several iterative schemes and their
convergence properties for approximating solutions of the SFP. In parallel, various forms of feasible
sets have been explored within the SFP framework. Building on these developments, Moudafi [24]
instigated the split monotone variational inclusion problem (SMVIP), formulated as below:

Find x∗ ∈ V1 such that 0 ∈ G1(x∗) + F1(x∗) and 0 ∈ G2(Mx∗) + F2(Mx∗), (1.3)

where M : V1 → V2 is a bounded linear operator; F1 : V1 → 2V1 , F2 : V2 → 2V2 are monotone
mappings; and G1 : V1 → V1, G2 : V2 → V2 are two single-valued mappings. To examine SMVIP, he
proposed the following scheme: For arbitrary z0 ∈ V1 and µ > 0, compute

zr+1 = W[zr + σM∗(X − I)Mzr], (1.4)

where σ ∈ (0, 1
α
) and α is the spectral radius of M∗M, W = RF1

µ (I − µG1), X = RF2
µ (I − µG2), RF1

µ = (I +

µF1)−1 and RF2
µ = (I + µF1)−1 are resolvents of F1 and F2, respectively. The split variational inclusion

problem (SVIP) is a special case of SMVIP, which can be obtained by considering G1 = G2 = 0
in (1.3):

Find x∗ ∈ V1 such that 0 ∈ F1(x∗) and 0 ∈ F2(Mx∗).
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Byrne et al. [11] conducted a detailed study of the SVIP, analyzed it through the following method:

zr+1 = RF1
µ [zr + σM∗(RF2

µ − I)Mzr], (1.5)

and proved that the weak limit of {zr} approximates the solution of the SVIP. Subsequently, the common
solution to the SVIP and FPP for a mapping T : V1 → V1 was reported by Kazmi and Rizvi [19], using
the following iterative approach:ur = RF1

µ [zr + σM∗(RF2
µ − I)Mzr],

zr+1 = ςr f (zr) + (1 − ςr)Tur,
(1.6)

where f is a contraction mapping, T is nonexpansive, µ > 0, σ ∈ (0, 1
‖M‖2 ), and the sequence ςr ∈ (0, 1)

satisfies lim
r→∞

ςr = 0,
∞∑

r=1
ςr = ∞, and

∞∑
r=1
|ςr − ςr−1| < ∞.

More recently, Akram et al. [1] presented a modification of scheme (1.6) and estimated a common
solution of the SVIP and FPP, using the following method:ur = zr − σ

[
(I − RF1

µ1 )zr + M∗(I − RF2
µ2 )Mzr

]
,

xr+1 = ςr f (zr) + (1 − ςr)T (ur),
(1.7)

where σ = 1
1+‖M‖2 .

The study of solutions to split problems and FPP, along with their applications in Banach and Hilbert
spaces, has attracted considerable interest. Numerous authors have contributed to this area for more
details; see [6, 31, 33].

Notice that all the aforementioned techniques required the step size based on the computationally
challenging operator norm ‖M‖. This limitation was addressed by López et al. [21] by designing the
new scheme with a step size independent of the matrix norm:

zr+1 = PC[I − σr M∗(I − PQ)M]zr, ∀n ≥ 1, (1.8)

where σr =
γr f (zr)
‖∇ f (zr)‖2 with f (x) = 1

2‖(I − PQMx‖2,∇ f (x) = M∗(I − PQ)Mx, r ≥ 0, 0 < γr < 4, inf γr(4−
γr) > 0, and PC and PQ are the orthogonal projections on closed and convex subsets C and Q,
respectively. Moudafi [25] addressed the SFP without requiring prior computation of the operator
norm. Some iterative schemes that investigated the SVIP without the need for estimating the norm of
the bounded linear operator can be seen in [18, 28, 34].

To enhance convergence, Polyak [30] proposed the scheme involving the inertial term for smooth
convex optimization problems. Its efficiency has motivated the integration of inertial terms in many
algorithms. Alvarez and Attouch [4] developed an inertial iterative method to deal with the null point
problem. Their method incorporates arbitrary initial points z0, z1, and parameter εr ∈ [0, 1) is

zr+1 = RF1
µr

[zr + εr(zr − zr−1)], n ≥ 1, (1.9)

where RF1
µr is the resolvent of F1, and µr > 0. To accelerate the convergence, inertial step has

been adopted and applied by numerous authors to solve nonlinear problems; see [26, 27, 35].
It is worth emphasizing that set-valued monotone mappings can be transformed into single-valued

monotone operators through the Yosida approximation, which serves as an effective tool for the
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analysis of variational inclusions and related problems in both linear and nonlinear spaces. The Yosida
approximation operator for a monotone mapping F1 is characterized as JF1

µ = 1
µ
(I − RF1

µ ), where RF1
µ

denotes the resolvent of F1.
Following the research work discussed above, Dilshad et al. [17] investigated an inertial Yosida

approximation method to examine the SVIP and FPP, in which the computation of step-size was free
from the estimation of ‖M‖. They proved the weak as well as strong convergence theorems of the
suggested methods. The iterative scheme can be summarized as follows:

ur = zr + εn(zr − zr−1),
vr = ur − σr[JF1

µ1
(ur) + M∗JF2

µ2
(Mur)],

zr+1 = (1 − ςr − θr)vr + ςrT (vr),

where T is nonexpansive mapping; JF1
µ1 and JF1

µ1 are Yosida approximation operators of F1 and F2,
respectively; {ςr}, {θr} are control parameters and εn(zr − zr−1) is the inertial term. The step

size σr =
‖JF1
µ1 (ur)‖2+‖JF2

µ2 (Mur)‖2

‖JF1
µ1 (ur)+M∗JF2

µ2 (Mur)‖2
, will be further discussed in Section 3.

The Yosida approximation operators have been extensively employed as a fundamental tool in
the analysis of nonlinear problems, particularly in the study of variational inclusions. They provide
an effective framework for handling multivalued operators and facilitating the convergence analysis
of iterative schemes. Consequently, these operators have been widely utilized in the investigation
of variational inclusions [5, 7, 8], systems of variational inclusions [2, 3], as well as split variational
inclusions [17, 18].

Motivated by the above mentioned discussion, we propose Mann-type hybrid inertial iterative
schemes for the SVIP and FPP. Unlike the traditional methods, our schemes are designed in such a way
that the Mann iteration is computed jointly with the inertial extrapolation and fixed point iteration in the
starting of the iteration process. We use the Yosida approximation operators of monotone mappings F1

and F2 such that the estimation of norm of a bounded linear is not required. Our schemes are simple,
easily implementable, and significantly reduce the number of iterations and CPU time in comparison
to some related works.

The organization of the paper is as follows: In Section 2, we present some pivotal tools and basic
definitions. In Section 3, Mann-type hybrid inertial Yosida approximation schemes are derived, and
strong convergence theorems are proved. In Section 4, we verify the effectiveness of the considered
schemes by comparing them with some related works with the help of some numerical examples.
Section 5 describes the application of the proposed schemes to solve the split common fixed point
problem (SCFPP) for firmly nonexpansive mappings.

2. Preliminaries

Let V denote a real Hilbert space endowed with the inner product 〈·, ·〉 and its induced norm ‖ · ‖.
Strong and weak convergence will be written as→ and ⇀, respectively.

Definition 2.1. For all %, ς ∈ V, an operator F : V→ V is called

(i) contraction, if
‖F% − Fς‖ ≤ κ‖% − ς‖, κ ∈ [0, 1);
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(ii) firmly nonexpansive, if
‖F% − Fς‖2 ≤ 〈% − ς F% − Fς〉;

(iii) τ-inverse strongly monotone, if ∃τ > 0 such that

〈F% − Fς % − ς〉 ≥ τ‖F% − Fς‖2.

If τ = 1, then F is nonexpansive.

Remark 2.1. For all %, ς, ε ∈ V, α1, α2, α3 ∈ [0, 1] with α1 + α2 + α3 = 1, the following characteristic
equalities and inequality hold:

(i)

‖α1% + α2ς + α3ε‖
2 = α1|%‖

2 + α2‖ς‖
2 + α3‖ε‖

2 − α1α2‖% − ς‖
2

− α2α3‖ς − ε‖
2 − α3α1‖% − ε‖

2.

(ii)

‖ς ± ε‖2 = ‖ς‖2 ± 2〈ε, ε〉 + ‖ε‖2.

(iii)

‖ς + ε‖2 ≤ ‖ς‖2 + 2〈ε, ς + ε〉.

Definition 2.2. [19] Let ς ∈ V and the projection PDς of ς onto D ⊂ V is expressed as

‖ς − PDς‖ ≤ ‖ς − ε‖, ∀ε ∈ D.

The following key relations hold for PDς:

‖PDς − PDε‖2 ≤ 〈ς − ε, PDς − PDε〉,∀ς, ε ∈ V

and PDς = %⇔ 〈ς − %, ε − %〉 ≥ 0, ε ∈ D.

Definition 2.3. [9] A mapping F : V → 2V is said to be monotone if 〈ς − %, x − y〉 ≥ 0,∀ς ∈
F(x) and % ∈ F(y).

Lemma 2.1. [29] Let D(, ∅) ⊂ V and {ur} be a bounded sequence in V such that

(i) limr→∞ ‖ur − p‖ exists for every p ∈ D,
(ii) ωw(ur) ⊂ D.

Then, there exists p ∈ D such that ur ⇀ p as r → ∞.

Lemma 2.2. [32] If {wr} is a nonnegative real sequence satisfying

wr+1 ≤ (1 − ςr)wr + ϕr,

where {ςr} ∈ (0, 1) and {ϕr} ∈ (−∞,+∞) are sequences such that
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(i)
∑∞

r=1 ςr = ∞,

(ii) lim sup
r→∞

ϕr
ςr
≤ 0 or lim sup

r→∞
|ϕr| < ∞,

then lim
r→∞

wr = 0.

Lemma 2.3. [23] Let {Γr} ∈ (−∞,+∞) be a sequence that does not decrease at infinity in the sense
that there exists a subsequence {Γrk} of {Γr} such that Γrk < Γrk+1 for all k ≥ 0. Also, consider the
sequence of integers {g(r)}r≥r0 defined by

g(r) = max{k ≤ r : Γr ≤ Γr+1}.

Then, {g(r)}r≥r0 is a nondecreasing sequence verifying limr→∞ g(r) = ∞, and for all r ≥ r0,

max{Γg(r),Γr} ≤ Γg(r)+1.

3. Main results

We denote by S1 and S2 the solution set of the FPP and SVIP, respectively, such that S1 ∩ S2 , ∅.
We suppose the following assumptions.

Assumption 3.1. (A1) Suppose JF1
µ1 and JF2

µ2 are Yosida approximation operators of monotone mappings
F1 : V1 ⇒ V1 and F2 : V2 ⇒ V2, respectively, and T : V1 → V1 is nonexpasnive mapping;
(A2) M : V1 → V2 is a bounded linear operator;

(A3) {ςr}, {θr} ⊆ (0, 1) so that lim
r→∞

θr = 0 and
∞∑

r=1
θr = ∞, inf ςr(1 − ςr − θr) > 0;

(A4) {δr} is a positive sequence for which
∞∑

r=1
δr < ∞ holds and lim

r→∞

δr
θr

= 0.

Algorithm 3.1. Hybrid inertial Yosida approximation iterative scheme-I

Step 0: Choose ε ∈ [0, 1), µ1 > 0, µ2 > 0 and µ = min{µ1, µ2} such that µ > 1
2 .

Step 1: For arbitrary z0 and z1 and r ≥ 1, choose 0 < εr < ε̄r, where

ε̄r =

{
min

{ δr
‖zr−zr−1‖

, ε
}
, if zr , zr−1,

ε, otherwise.
(3.1)

Compute

ur = (1 − ςr − θr)zr + ςrTzr + εr(zr − zr−1), (3.2)
zr+1 = ur − σr[JF1

µ1
(ur) + M∗JF2

µ2
(Mur)], (3.3)

where

σr =


‖JF1
µ1 (ur)‖2+‖JF2

µ2 (Mur)‖2

‖JF1
µ1 (ur)+M∗JF2

µ2 (Mur)‖2
, if ‖JF1

µ1 (ur) + M∗JF2
µ2 (Mur)‖ , 0,

0, otherwise.
(3.4)

Stopping criteria: Stop if zr+1 = zr = ur; otherwise, go to Step 1.
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Remark 3.1. From (3.1), we have εr‖zr − zr−1‖ ≤ δr. With the assumption on δr, we obtain lim
r→∞

εr‖zr −

zr−1‖ = 0. Since lim
r→∞

δr
θr
→ 0 as r → ∞, we have εr‖zr−zr−1‖

θr
= 0.

Lemma 3.1. [17] If lim
r→∞

(‖JF1
µ1 (ur)‖2+‖JF2

µ2 (Mur)‖2)2

‖JF1
µ1 (ur)+M∗JF2

µ2 (Mur)‖2
= 0, then lim

r→∞
‖JF1

µ1 (ur)‖ = lim
r→∞
‖JF2

µ2 (Mur)‖ = 0.

Lemma 3.2. [17] The assertions given below for the operators RF1
µ1 and JF1

µ1 of the monotone
mapping F1 are analogous.

(i) p ∈ V1 is the solution of (F1)−1(0),
(ii) RF1

µ1 (p) = p,
(iii) JF1

µ1 (p) = 0.

Lemma 3.3. [9] Let T : V → V be an operator. If T is nonexpansive, then I − T is demiclosed at
zero. Moreover, if T is firmly noexpansive, then I − T is also firmly nonexpansive.

Remark 3.2. If F1 is maximal monotone, then RF1
µ1 and [I − RF1

µ1 ] are firmly nonexpansive [9,
Corollary 23.10]. Hence, by [5, Lemma 1(v)], we conclude that the operator JF1

µ1 = 1
µ
[I − RF1

µ1 ] is
µ1-inverse strongly monotone.

Remark 3.3. Let zr+1 = zr = ur. Then, if ‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖ = 0, it implies that

0 = ‖JF1
µ1

(zr) + M∗JF2
µ2

(Mzr)‖2 ≥ 2‖JF1
µ1

(zr)‖2 + 2‖M∗JF2
µ2

(Mzr)‖2 ≥ 0.

Hence, we get ‖JF1
µ1 (zr)‖ = 0 and ‖M∗JF2

µ2 (Mzr)‖ = 0. Since M is bounded, we have ‖JF2
µ2 (Mzr)‖ = 0,

hence, zr ∈ S1. If ‖JF1
µ1 (zr) + M∗JF2

µ2 (Mzr)‖ , 0, then recalling (3.3), we acquire

‖JF1
µ1 (zr)‖2 + ‖JF2

µ2 (Mzr)‖2

‖JF1
µ1 (zr) + M∗JF2

µ2 (Mzr)‖2
[JF1

µ1
(zr) + M∗JF2

µ2
(Mzr)] = 0.

Now implementing the norm on both sides, we get

‖JF1
µ1 (zr)‖2 + ‖JF2

µ2 (Mzr)‖2

‖JF1
µ1 (zr) + M∗JF2

µ2 (Mzr)‖
= 0.

Lemma 3.1 yields, ‖JF1
µ1 (zr)‖ = ‖JF2

µ2 (Mzr)‖ = 0, and Lemma 2.1 implies that zr ∈ S1. Furthermore,
from (3.2), zr+1 = (1 − ςr − θr)zr + ςrTzr implies that {zr} converges strongly to some fixed point of T
in S2.

Theorem 3.1. If Assumptions (A1)–(A4) hold and {zr} is produced by Algorithm 3.1, then the
sequence {zr} converges to p ∈ S1 ∩ S2 such that p = PS1∩S2(0).

Proof. Let p = PS1∩S2(0). Now, using Remark 2.1 (iii) and (3.3), we obtain

‖zr+1 − p‖2 = ‖ur − σr[JF1
µ1 (ur) + M∗JF2

µ2 (Mur)] − p‖2

≤ ‖ur − p‖2 + σ2
r‖J

F1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2

− 2σr

〈
JF1
µ1 (ur) + M∗JF2

µ2 (Mur), ur − p
〉
. (3.5)
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For p ∈ S1 ∩ S2, Lemma 3.2 yields JF1
µ1 (p) = 0 and JF2

µ2 (Mp) = 0. Utilizing the µ1-inverse strongly
monotone property of JF1

µ1 (Remark 3.2), we can write〈
JF1
µ1

(ur) + M∗JF2
µ2

(Mur), ur − p
〉

=
〈
JF1
µ1

(ur), ur − p〉 + 〈M∗JF2
µ2

(Mur), ur − p
〉

=
〈
JF1
µ1

(ur) − JF1
µ1

(p), ur − p〉 + 〈M∗(JF2
µ2

(Mur) − JF2
µ2

(Mp)), ur − p
〉

=
〈
JF1
µ1

(ur) − JF1
µ1

(p), ur − p
〉

+
〈
JF2
µ2

(Mur) − JF2
µ2

(Mp), M(ur) − M(p)
〉

≥ µ1‖JF1
µ1

(ur) − JF1
µ1

(p)‖2 + µ2‖JF2
µ2

(Mur) − JF2
µ2

(Mp)‖2

≥ min{µ1, µ2}{‖JF1
µ1

(ur)‖2 + ‖JF2
µ2

(Mur)‖2}

≥ µ
{
‖JF1

µ1
(ur)‖2 + ‖JF2

µ2
(Mur)‖2

}
, (3.6)

and

σ2
r‖J

F1
µ1

(ur) + M∗JF2
µ2

(Mur)‖2 − 2σr

〈
JF1
µ1

(ur) + M∗JF2
µ2

(Mur), ur − p
〉

≤

(
‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2

)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
− 2µ

(
‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2

)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2

= (1 − 2µ)

(
‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2

)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
. (3.7)

From (3.5)–(3.7), we achieve

‖zr+1 − p‖2 ≤ ‖ur − p‖2 + (1 − 2µ)

(
‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2

)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
. (3.8)

Since µ > 1
2 , we can have

‖zr+1 − p‖ ≤ ‖ur − p‖. (3.9)

Next, we show that {ur} is bounded. Since εr
θr
‖zr − zr−1‖ → 0 as r → ∞, it implies there exists a

constant K1 such that εr
θr
‖zr − zr−1‖ ≤ K1. From (3.2), we have

‖ur − p‖ = ‖(1 − ςr − θr)zr + ςrT (zr) + εr(zr − zr−1) − p‖

= ‖(1 − ςr − θr)(zr − p) + ςr(T (zr) − p) + θr(−p) + εr(zr − zr−1)‖
≤ (1 − ςr − θr)‖zr − p‖ + ςr‖T (zr) − p‖ + θr‖p‖ + εr‖zr − zr−1‖

≤ (1 − θr)‖zr − p‖ + θr

[
‖p‖ +

εr

θr
‖zr − zr−1‖

]
≤ (1 − θr)‖zr − p‖ + θr

[
‖p‖ + K1

]
.

Applying mathematical induction and using (3.9), we find that

‖ur − p‖ ≤ max
{
‖z0 − p‖, ‖p‖ + K1

}
,
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that is, {ur} is bounded, and therefore {zr} is also bounded. Now, let xr = (1 − ςr − θr)zr + ςrT (zr), then
by using Remark 2.1 (ii), we estimate

‖ur − p‖2 = ‖xr + εr(zr − zr−1) − p‖2

≤ ‖xr − p‖2 + 2
〈
εr(zr − zr−1), ur − p,

〉
≤ ‖xr − p‖2 + 2εr‖zr − zr−1‖‖ur − p‖

≤ ‖xr − p‖2 + 2K2εr‖zr − zr−1‖. (3.10)

Also,

‖xr − p‖2 = ‖(1 − ςr − θr)zr + ςrT (zr) − p‖2

= ‖(1 − ςr − θr)(zr − p) + ςr(T (zr) − p) + θr(−p)‖2

≤ (1 − ςr − θr)‖zr − p‖2 + ςr‖T (zr) − p‖2 + θr‖p‖2

− ςr(1 − ςr − θr)‖zr − T (zr)‖2

= (1 − θr)‖zr − p‖2 + θr‖p‖2 − ςr(1 − ςr − θr)‖zr − T (zr)‖2. (3.11)

From (3.10) and (3.11), we have

‖ur − p‖2 ≤ (1 − θr)‖zr − p‖2 + θr‖p‖2 − ςr(1 − ςr − θr)‖zr − T (zr)‖2 + 2K2εr‖zr − zr−1‖. (3.12)

Using (3.8) and (3.12), we obtain

‖zr+1 − p‖2 ≤ (1 − θr)‖zr − p‖2 + θr‖p‖2 − ςr(1 − ςr − θr)‖zr − T (zr)‖2

+2K2εr‖zr − zr−1‖ + (1 − 2µ)
(‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
. (3.13)

There are possible two cases.
Case I. If the sequence {‖zr − p‖} is monotonically decreasing, ∃N ∈ N such that

‖zr+1 − p‖ ≤ ‖zr − p‖,∀r > N.

As the sequence {‖zr − p‖} is nonnegative and is bounded below, {‖zr − p‖} converges. Hence,
from (3.13), it follows that

ςr(1 − ςr − θr)‖zr − T (zr)‖2 − (1 − 2µ)
(‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2

≤ θr

(
‖p‖2 − ‖zr − p‖2

)
+ 2K2εr‖zr − zr−1‖.

Since µ > 1/2, inf ςr(1 − ςr − θr) > 0 and using θr → 0 and εr‖zr − zr−1‖ → 0 as r → ∞, we get

lim
r→∞
‖zr − T (zr)‖ = 0, (3.14)

and

lim
r→∞

(
‖JF1

µ1 (ur)‖2 + ‖JF2
µ2 (Mur)‖2

)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
= 0. (3.15)
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Applying Lemma 3.1 to (3.15), we get

lim
r→∞
‖JF1

µ1
(ur)‖ = 0, lim

r→∞
‖JF2

µ2
(Mur)‖ = 0. (3.16)

Hence, from (3.3), we get

lim
r→∞
‖zr+1 − ur‖ = 0. (3.17)

Since {zr} is bounded, there exists a subsequence {zrk} of {zr} such that zrk ⇀ z∗. Therefore, from (3.14)
and (3.16), we can have

lim
k→∞
‖JF1

µ1
(urk)‖ = ‖JF1

µ1
(z∗)‖ = 0, lim

k→∞
‖JF2

µ2
(Murk)‖ = ‖JF2

µ2
(Mz∗)‖ = 0, lim

k→∞
‖zrk − T (zrk)‖ = 0, (3.18)

which conclude that z∗ ∈ S1∩S2.Next, we show that zr → z∗. Moreover, letting vr = (1−ςr)zr +ςrT (zr),
then ur = (1 − θr)vr − ςrθr(zr − Tzr) + εr(zr − zr−1), we estimate

‖vr − p‖ = ‖(1 − ςr)zr + ςrTzr − p‖

= ‖(1 − ςr)(zr − p) + ςrT (zr − p)‖
≤ (1 − ςr)‖zr − p‖ + ςr‖zr − p‖

≤ ‖zr − p‖.

In particular,
‖vr − p‖2 ≤ ‖zr − p‖2.

Now,

‖ur − p‖2 = ‖(1 − θr)vr − ςrθr(zr − Tzr) + εr(zr − zr−1) − p‖2

= ‖(1 − θr)(vr − p) − ςrθr(zr − Tzr) + θr(−p) + εr(zr − zr−1)‖2

≤ (1 − θr)‖vr − p‖2 − 2
〈
ςrθr(zr − T (zr) + θr p − εr(zr − zr−1), ur − p

〉
≤ (1 − θr)‖zr − p‖2 − 2θr

[
ςr

〈
zr − Tzr), ur − p

〉
+ 〈p, ur − p〉

−
〈 εr

θr
(zr − zr−1), ur − p

〉]
. (3.19)

From (3.9) and (3.19), we get

‖zr+1 − p‖2 ≤ (1 − θr)‖zr − p‖2 + θrXr, (3.20)

where Xr = −2
[
ςr

〈
zr − Tzr), ur − p

〉
+

〈
p, ur − p

〉
−

〈
εr
θr

(zr − zr−1), ur − p
〉]

.
From the property of the projection operator, we have the following:

lim inf
r→∞
〈p, zr+1 − p〉 ≥ min

z̃∈S1∩S2
〈p, z̃ − p〉 ≥ 0. (3.21)

Keeping in mind (3.14) and (3.21) and applying Lemma 2.2, we obtain ‖zr − p‖ → 0, that is, zr → p =

PS1∩S2(0). Again, by metric projection, it follows that

〈p, z − p〉 ≥ 0,∀ z ∈ S1 ∩ S2,
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which means that 〈p, z〉 ≥ ‖p‖2, hence ‖p‖ ≤ ‖z‖, that is, p is the solution with minimum norm.
Case II. If Case I is not true, then we can define the function g : N :→ N by g(r) = max{r ≥ m :
‖zm − p‖ ≤ ‖zm+1 − p‖} to be an increasing sequence, g(r)→ ∞ as r → ∞, and

0 ≤ ‖zg(r) − p‖ ≤ ‖zg(r)+1 − p‖, ∀ r ≥ m. (3.22)

Applying the arguments used in the proof of Case I, we compare ‖zg(r) − T (zg(r))‖ → 0 and ‖zg(r)+1 −

ug(r)‖ → 0 as r → ∞. Using (3.20) and (3.22), we obtain the following.

0 ≤ ‖zg(r)+1 − p‖ ≤ Xr. (3.23)

Thus, we get ‖zg(r) − p‖ → 0 as r → ∞. Using Lemma 2.3, we get the following:

0 ≤ ‖zr − p‖ ≤ max
{
‖zr − p‖, ‖zg(r) − p‖

}
≤ ‖zg(r)+1 − p‖.

So, we can say zr → p as r → ∞. In both cases, we can say that {zr} converges to p, which solves
the SVIP and FPP. �

Algorithm 3.2. Hybrid inertial Yosida approximation iterative scheme-II

Step 0: Choose ε ∈ [0, 1), µ1 > 0, µ2 > 0 and µ = min{µ1, µ2} such that µ > 1
2 .

Step 1: For arbitrary z0, z1 and r ≥ 1, choose 0 < εr < ε̄r, and estimate

ur = (1 − ςr − θr)zr + ςr[Tzr + εr(zr − zr−1)], (3.24)
zr+1 = ur − σr[JF1

µ1
(ur) + M∗JF2

µ2
(Mur)], (3.25)

where {εr} and {σr} are the same as defined in Algorithm 3.1.
Stopping criteria: Stop if zr+1 = zr = ur; otherwise, go to Step 1.

Theorem 3.2. If Assumptions (A1)–(A4) hold, then the sequence {zr} produced by Algorithm 3.2
converges to p ∈ S1 ∩ S2 such that p = PS1∩S2(0).

Proof. Initially, we establish that {zr} is bounded. Let p = PS1∩S2(0) and yr = T (zr) + εr(zr − zr−1), then
we have

‖yr − p‖ = ‖T (zr) + εr(zr − zr−1) − p‖

≤ ‖Tzr − p‖ + εr(zr − zr−1)‖
≤ ‖zr − p‖ + εr‖zr − zr−1‖. (3.26)

Furthermore, from (3.3) and (3.26), we get

‖ur − p‖ = ‖(1 − ςr − θr)zr + ςryr − p‖

= ‖(1 − ςr − θr)(zr − p) + ςr(yr − p) + θr(−p)‖
≤ (1 − ςr − θr)‖zr − p‖ + ςr

(
‖zr − p‖ + εr‖zr − zr−1‖) + θr‖p‖

≤ (1 − ςr − θr)‖zr − p‖ + ςr‖zr − p‖ + εr‖zr − zr−1‖ + θr‖p‖

≤ (1 − θr)‖zr − p‖ + θr
[
‖p‖ + K1

]
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≤ max{‖zr − p‖, ‖p‖ + K1},

≤ max{‖ur−1 − p‖, ‖p‖ + K1},
...

≤ max{‖z0 − p‖, ‖p‖ + K1},

that is, {ur} is bounded and hence so is {zr} and {yr} . We also have

‖yr − p‖2 = ‖T (zr) + εr(zr − zr−1) − p‖2

≤ ‖T (zr) − p‖2 + 2〈yr − p, εr(zr − zr−1)〉
≤ ‖zr − p‖2 + 2

〈
yr − p, εr(zr − zr−1)

〉
, (3.27)

and

‖yr − zr‖
2 = ‖T (zr) + εr(zr − zr−1) − zr‖

2

≤ ‖T (zr) − zr‖
2 + 2〈yr − zr, εr(zr − zr−1)〉. (3.28)

Using (3.24) and (3.28), we get

‖ur − p‖2 ≤ ‖(1 − ςr − θr)zr + ςryr − p‖2

= ‖(1 − ςr − θr)(zr − p) + ςr(yr − p) + θr(−p)‖2

≤ (1 − ςr − θr)‖zr − p‖2 + ςr‖yr − p‖2 + θr‖ − p‖2 − ςr(1 − ςr − θr)‖zr − yr‖
2

≤ (1 − ςr − θr)‖zr − p‖2 + ςr‖zr − p‖2 + 2ςr

〈
yr − p, εr(zr − zr−1)

〉
+ θr‖p‖2

− ςr(1 − ςr − θr)
[
‖T (zr) − zr‖

2 + 2
〈
yr − zr, εr(zr − zr−1)

〉]
≤ (1 − θr)‖zr − p‖2 + θr‖p‖2 + 2ςr

〈
yr − p, εr(zr − zr−1)

〉
− ςr(1 − ςr − θr)

[
‖T (zr) − zr‖

2 + 2
〈
yr − zr, εr(zr − zr−1)

〉]
. (3.29)

From (3.8) and (3.29), we can express

‖zr+1 − p‖2 ≤ (1 − θr)‖zr − p‖2 + θr‖p‖2 + ςr

[
2
〈
yr − p, εr(zr − zr−1)

〉
− (1 − ςr − θr)‖T (zr) − zr‖

2 + 2
〈
yr − zr, εr(zr − zr−1)

〉]
+ (1 − 2µ)

(‖JF1
µ1 (ur)‖2 + ‖JF2

µ2 (Mur)‖2)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
. (3.30)

Considering case I and using the same reason as in the proof of Theorem 3.1, we infer that

lim
r→∞

(‖JF1
µ1 (ur)‖2 + ‖JF2

µ2 (Mur)‖2)2

‖JF1
µ1 (ur) + M∗JF2

µ2 (Mur)‖2
= 0, and lim

r→∞
‖T (zr) − zr‖ = 0. (3.31)

Hence, from (3.25), we obtain limr→∞ ‖zr+1 − ur‖ = 0. Furthermore, let vr = (1− ςr)zr + ςryr. Using the
boundedness of {yr} implies that there exist K3 such that ‖yr − p‖ ≤ K3, then we have

‖vr − p‖2 = ‖(1 − ςr)zr + ςryr − p‖2
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= ‖(1 − ςr)(zr − p) + ςr(yr − p)‖2

≤ (1 − ςr)‖zr − p‖2 + ςr‖yr − p‖2

≤ (1 − ςr)‖zr − p‖2 + ςr

[
‖zr − p‖2 + 2〈yr − p, εr(zr − zr−1), 〉

]
= ‖zr − p‖2 + 2ςr

〈
yr − p, εr(zr − zr−1)

〉
≤ ‖zr − p‖2 + 2‖yr − p‖εr‖zr − zr−1‖

≤ ‖zr − p‖2 + 2K3εr‖zr − zr−1‖, (3.32)

and we estimate

‖ur − p‖2 = ‖(1 − θr)vr + ςrθr(yr − zr) − p‖2

= ‖(1 − θr)(vr − p) + ςrθr(yr − zr) − θr p‖2

≤ (1 − θr)‖vr − p‖2 + 2
〈
ςrθr(yr − zr) − θr p, ur − p

〉
≤ (1 − θr)

[
‖zr − p‖2 + 2K3εr‖zr − zr−1‖

]
+ 2θr

[
〈ςr(yr − zr) − p, ur − p〉

]
≤ (1 − θr)‖zr − p‖2 + θr

[
2K3

εr‖zr − zr−1‖

θr
+ 2ςr〈yr − zr, ur − p〉 − 〈p, ur − p〉

]
= (1 − θr)‖zr − p‖2 + θrWr, (3.33)

where Wr = 2K3
εr‖zr−zr−1‖

θr
+ 2ςr〈yr − zr, ur − p〉 − 〈p, ur − p〉. From (3.9) and (3.33), we get

‖zr+1 − p‖2 ≤ (1 − θr)‖zr − p‖2 + θrWr. (3.34)

In view of (3.31), we see that ‖yr − zr‖ ≤ ‖Tzr − zr‖ + εr‖zr − zn−1‖ → 0 as r → ∞, and by Remark 3.1,
εr‖zr−zr−1‖

θr
→ 0. Therefore, we have

lim inf
r→∞

[
2K3

εr‖zr − zr−1‖

θr
+ 2ςr〈yr − yr, zr − p〉 − 〈p, ur − p〉

]
≤ 0.

We are currently able to implement Lemma 2.3 in (3.34). The remainder of the proof can be derived
by employing analogous steps as those used in the proof of Theorem 3.1. �

Corollary 3.1. Let V1,V2, F1, F2, εr, σr, δr, µ1, µ2, and µ be the same as defined in Theorem 3.1.
If ςr ⊂ (0, 1) such that lim

r→∞
(1 − ςr)ςr > 0, then the sequence obtained by

ur = (1 − ςr)zr + ςr[Tzr + εr(zr − zr−1)],
zr+1 = ur − σr[JF1

µ1
(ur) + M∗JF2

µ2
(Mur)],

converges strongly to p ∈ S1 ∩ S2.

Corollary 3.2. Let V1,V2, F1, F2, εr, σr, δr, µ1, µ2, and µ be the same as defined in Theorem 3.2.
If ςr ⊂ (0, 1) such that lim

r→∞
(1 − ςr)ςr > 0, then the sequence obtained by

ur = (1 − ςr)zr + ςrTzr + εr(zr − zr−1),
zr+1 = ur − σr[JF1

µ1
(ur) + M∗JF2

µ2
(Mur)],

converges strongly to p ∈ S1 ∩ S2.
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4. Numerical example

Example 4.1. Let V1 = V2 = L2[0, 1] be the infinite dimensional Hilbert space equipped with the
inner product

〈z, u〉 =

∫ 1

0
z(s) u(s) ds, and norm ‖z‖ =

( ∫ 1

0
|z(s)|2 ds

)2

.

The operators F1, F2,M, and T are defined by F1(z(s)) =
z(s)−1

2 , F2(z) =
2z(s)−1

3 ,M(z) =
z(s)
2 , T (z) = z(s),

and f (z(s)) =
z(s)
4 . We select the parameters as δr = 1

(r+1)2 , and εr is selected randomly from (0, εr),
where

εr =

{
min

{ 1
(r+1)2‖zr−zr−1‖

, 0.25
}
, if zr , zr−1,

0.25, otherwise.

The results obtained from Algorithms 3.1 and 3.2 are evaluated and compared with methods studied
in [1, 17, 19]. The iterative process is terminated when the stopping condition Tolr < Dr is satisfied,
where Tolr = ‖zr+1 − zr‖ and Dr is listed Table 1. We choose µ1 = 1

2 , µ2 = 2, ςr = 1
2 −

1
r+100 , and

θr = 1
r+100 and consider the following three different choices of initial points:

Case (c1): z0 = −2e−5s, z1 = −e−2s.
Case (c2): z0(s) = e−s (1 + 5 sin(4s)

)
, z1(s) = 1

5 e−2s (cos(6s)
)
.

Case (c3): z0(t) = 1
3 sin(6πs) e−3s, z1(s) = 1

2 (1 + s)3.

The convergence is plotted in Figures 1–3, and a comparison is noted in Table 1. It is observed
that our methods are simply implemented and approach the solution in fewer numbers of steps in
comparison to the methods studied in [1, 17, 19].

0 20 40 60 80 100
Iteration

10-4

10-3

10-2

10-1

100

To
l n

Alg	3.1
Alg	3.2
Kazmi-Rizvi
Akram	et	al.
Dilshad	et	al.

Figure 1. Numerical comparison of algorithms with selected parameters for Case (c1).
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Alg	3.2
Kazmi-Rizvi
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Figure 2. Numerical comparison of algorithms with selected parameters for Case (c2).

Figure 3. Numerical comparison of algorithms with selected parameters for Case (c3).

Table 1. Comparison table of Algorithm 3.1 and 3.2 with the methods studied in [1, 17, 19].
Case Dr Algorithm 3.1 Algorithm 3.2 Kazmi and Rizvi [19] Akram et al. [1] Dilshad et al. [17]

Step-size σr σr σ = 0.25 σ = 0.8 σr

(c1) 10−4 Iteration 27 29 95 67 59
Time/Sec 0.000627 0.000478 0.000944 0.000678 0.000842

(c2) 10−6 Iteration 1121 1156 1832 1559 1454
Time/Sec 0.011199 0.01083 0.014474 0.014113 0.014559

(c3) 10−8 Iteration 11979 12385 19206 16479 15351
Time/Sec 0.073733 0.069731 0.092497 0.088783 0.084847

Example 4.2. Let V1 = V2 = R3 be Real Hilbert spaces. Define the monotone operators F1 and F2
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as F1(z) = (z1 + z2, z2 + z3, z3 + z1) and F2(z) = (z1 − z2, z2 − z3, z3 − z1), ∀ z = (z1, z2, z3) ∈ R3. The
bounded linear operator M : V1 → V2 is defined as M(z) = z

2 . The mapping T : V1 → V1 is defined
by T (z) = z

2 and f (z) = z
4 . It is obvious to see that F1 and F2 are monotone, M is bounded, T is

nonexpansive mapping, f is a contraction, and S1 ∩ S2 = {0}.
We choose ςr = 1

(2r+10) , θr = 1
10 −

1
(2r+10) , µ1 = 1

2 , and µ2 = 1
3 . For numerical computation, we select εr

randomly from the interval (0, ε̄r), where

εr =

{
min

{ 1
(r+10)3‖zr−zr−1‖

, 0.55
}
, if zr , zr−1,

0.55, otherwise.

We consider the following three cases of initial values.
Case (c

′

1): z0 = (30, 50, 20); z1 = (−5, 2,−4).
Case (c

′

2): z0 = (3,−1, 2); z1 = (10, 11, 15).
Case (c

′

3): z0 = (1/2, 0, 1/9); z1 = (3, 12, 1/5).

The behavior of the sequence zr is illustrated in Figures 4–6 for three different sets of parameter
values, as specified below, and a comparison table of our methods with others is presented in Table 2.
It is evident that Algorithms 3.1 and 3.2 are straightforward to implement and demonstrate superior
performance compared to the other algorithms, both in execution time and iteration count.

Table 2. Comparison table of Algorithm 3.1 and 3.2 with the methods studied in [1, 17, 19].
Case Dr Algorithm 3.1 Algorithm 3.2 Kazmi and Rizvi [19] Akram et al. [1] Dilshad et al. [17]

Step-size σr σr σ = 0.15 σ = 0.8 σr

(c
′

1) 10−20 Iteration 17 15 33 29 18
Time/Sec 0.003142 0.003058 0.004333 0.003462 0.004441

(c
′

2) 10−30 Iteration 26 22 47 42 26
Time/Sec 0.000424 0.000397 0.0004111 0.000356 0.000387

(c
′

3) 10−40 Iteration 32 28 62 54 33
Time/Sec 0.000369 0.000294 0.000486 0.000405 0.000416

0 5 10 15 20 25 30 35
Iteration

10-25

10-20

10-15

10-10
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100
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l n

Algo	3.1
Algo	3.2
Kazmi-Rizvi
Akram	et	al.
Dilshad	et	al.

Figure 4. Numerical comparison of algorithms with selected parameters for Case (c
′

1).
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Figure 5. Numerical comparison of algorithms with selected parameters for Case (c
′

2).
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Figure 6. Numerical comparison of algorithms with selected parameters for Case (c
′

3).

5. Application to solve split common fixed point problem

The SCFPP for the firmly nonexpansive mappings T1 : V1 → V1 and T2 : V2 → V2 is:

Find z ∈ Fix(T1) such that Mz ∈ Fix(T2),

where M : V1 → V2 is a bounded linear operator. We know that fixed points of mappings T1 and T2

are zeros of (I − T1) and (I − T2), respectively. Hence, by replacing JF1
µ1 by (I − T1), JF2

µ2 by (I − T2),
and T = I, where I is identity mapping, we obtain the Mann-type hybrid inertial iterative schemes for
the SCFPP.
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Algorithm 5.1. Hybrid inertial iterative scheme-I for SCFPP

Step 0: Choose ε ∈ [0, 1), and {δr} is a positive sequence such that
∞∑

r=1
δr < ∞.

Step 1: For arbitrary z0, z1 and r ≥ 1, choose 0 < εr < ε̄r, where

ε̄r =

{
min

{ δr
‖zr−zr−1‖

, ε
}
, if zr , zr−1,

ε, otherwise.

Estimate

ur = (1 − ςr − θr)zr + ςrzr + εr(zr − zr−1),
zr+1 = ur − σr[(I − T1)ur + M∗(I − T2)Mur],

where

σr =

 ‖(I−T1)(ur)‖2+‖(I−T2)Mur‖
2

‖(I−T1)ur+M∗(I−T2)Mur‖2
, if ‖(I − T1)ur + M∗(I − T2)Mur‖ , 0,

0, otherwise.

Stopping criteria: Stop if zr+1 = zr = ur; otherwise, go to Step 1.

Algorithm 5.2. Hybrid inertial iterative scheme-II for SCFPP

Step 0: Choose ε ∈ [0, 1), and {δr} is a positive sequence such that
∞∑

r=1
δr < ∞.

Step 1: For arbitrary z0, z1 and r ≥ 1, choose 0 < εr < ε̄r, where

ε̄r =

{
min

{ δr
‖zr−zr−1‖

, ε
}
, if zr , zr−1,

ε, otherwise.

Estimate

ur = (1 − ςr − θr)zr + ςr[zr + εr(zr − zr−1)],
zr+1 = ur − σr[(I − T1)ur + M∗(I − T2)Mur],

where

σr =

 ‖(I−T1)(ur)‖2+‖(I−T2)Mur‖
2

‖(I−T1)ur+M∗(I−T2)Mur‖2
, if ‖(I − T1)ur + M∗(I − T2)Mur‖ , 0,

0, otherwise.

Stopping criteria: Stop if zr+1 = zr = ur; otherwise, go to Step 1.

Theorem 5.1. Suppose the solution set of the SCFPP is denoted by Ω such that Ω , ∅. Let T1 : V1 →

V1 and T2 : V2 → V2 be firmly nonexpansive mappings. Suppose that Assumptions (A2)–(A4) are
satisfied, then the sequence {zr} produced by Algorithm 5.1 ( Algorithm 5.2) converges to q ∈ S1 ∩ S2

such that q = PΩ(0).
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Proof. Let q ∈ Ω. Since T1 and T2 are firmly nonexpansive, then by Lemma 3.3, we have that I − T1

and I − T2 are also firmly nonexpansive. Then by replacing JF1
µ1 by I − T1 and JF2

µ2 by I − T2 in the
calculation of (3.8), we can obtain

‖zr+1 − q‖2 ≤ ‖ur − q‖2 −

(
‖(I − T1)(ur)‖2 + ‖(I − T2)(Mur)‖2

)2

‖(I − T1)(ur) + M∗(I − T2)(Mur)‖2
,

or

‖zr+1 − q‖ ≤ ‖ur − q‖.

The rest of the proof can be obtain by applying the similar steps taken in the proof of
Theorem 3.1 (Theorem 3.2).

�

6. Conclusions

In this article, we proposed two Mann-type hybrid inertial Yosida approximation iterative schemes
for approximating the common solution of SVIP and FPP. Our proposed schemes are traditionally
different in the sense that, Mann-type iteration, inertial extrapolation, and fixed point approximation are
estimated jointly in the initiation of the iteration process. We proved the strong convergence theorems
of the proposed iterative schemes such that the convergence analysis was free from the calculation
of ‖M‖.

We also studied two numerical examples and provided comparisons with related works to illustrate
the validity and efficiency of our proposed iterative schemes. It is observed that in the beginning.
the Mann step moves the iterate toward the fixed-point region, while the inertial term pushes the
sequence further in that direction. The step size σr is adaptively computed at each iteration without
calculating ‖M‖. Hence, each iteration moves closer to the solution more efficiently. This improves the
initial progress of the algorithm, and the smoothing property of the Yosida approximation reduces the
total number of iterations and CPU time compared with some of the related works.

It is shown that our schemes can be applied to solve SCFPP for firmly nonexpansive mappings.
Future work will investigate the convergence rates of the proposed algorithms and compare their
performance with existing methods for solving the SVIP and FPP.
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