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Abstract: In this paper, a discrete-time fractional-order multi-team predator–prey model derived
from a Caputo-type fractional framework was proposed and analyzed. The model describes the
nonlinear interactions between two cooperating prey populations and a common predator species,
where the fractional-order parameter modulates the influence of past states through the fractional
discrete formulation. An algebraic stability criterion based on the characteristic polynomial coefficients
of the Jacobian matrix was employed to investigate the local asymptotic stability of the coexistence
equilibrium without relying on explicit eigenvalue computations. The necessary and sufficient
analytical conditions for the occurrence of flip and Neimark–Sacker (NS) bifurcations were derived,
and the associated codimension-two flip–NS bifurcation was rigorously characterized. Numerical
simulations validated the theoretical results and revealed complex dynamical behaviors, including
periodic oscillations, quasiperiodicity, and chaos. To suppress unstable oscillations, three chaos
control strategies—Ott–Grebogi–Yorke (OGY) feedback control, hybrid control, and state feedback
control—were implemented. A systematic quantitative comparison based on convergence speed,
control effort, and stabilization robustness was conducted to evaluate their relative performance and
to clarify their ecological management implications. The results showed that the fractional-order
parameter significantly affects stability thresholds and bifurcation organization, thereby reshaping the
qualitative structure of population dynamics. These findings highlight the regulatory role of fractional-
order effects in discrete ecological systems and provide a rigorous framework for stability analysis and
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controlled ecosystem management.
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1. Introduction

Mathematical modeling provides a powerful and cost-effective framework for investigating
biological systems, offering an alternative to resource-intensive field and laboratory experiments. Such
models complement empirical studies by facilitating efficient data utilization and enabling researchers
to gain deeper insight into mechanisms that are often difficult to observe directly. Through systematic
abstraction, mathematical models preserve the essential characteristics of complex biological systems
and frequently reveal rich dynamical behaviors such as bifurcation and chaos [1].

Bifurcation theory examines how the qualitative behavior of a dynamical system changes when
a governing parameter is varied. The concept, first introduced by Henri Poincaré, has evolved into
a fundamental analytical tool for identifying and interpreting transitions between distinct dynamical
regimes [2]. Continuous developments in bifurcation theory have strengthened its connections with
various branches of science and engineering, allowing researchers to anticipate and classify stability
changes in complex systems [3].

In ecological modeling, bifurcation analysis has been widely applied to investigate interactions
among multiple species. These models frequently incorporate ecological mechanisms such as
crowding, age structure, time delay, and nonlinear functional responses [4]. In many ecosystems,
cooperation and spatial proximity among individuals enhance foraging efficiency and reduce predation
risk. Understanding such cooperative and competitive behaviors is therefore essential for constructing
realistic predator–prey models [5].

Classical predator–prey systems involving two prey species and a single predator often exhibit
instability, in which the predator ultimately dominates. Simply analyzing attack rates as a function
of prey density is insufficient to capture the adaptive strategies that species use to evade predation.
Recent research has shown that simplified models can nevertheless reproduce the essential features
of real ecological systems. Depending on parameter values, such systems may exhibit extinction,
coexistence, or oscillatory behavior [6]. For instance, stochastic logistic-type formulations have
revealed unexpected long-term outcomes in threatened populations, while other studies indicate that
the persistence of non-trivial dynamics may require high dispersal rates, interspecific competition, or
contrasting growth and decay timescales between species [7].

A notable contribution to cooperative predator–prey modeling was presented by Elettreby [8], who
introduced a multi-team ecological framework describing the interaction between two cooperating prey
populations and a common predator. This foundational model has since inspired several extensions
incorporating time delays, memory effects, and additional ecological mechanisms, highlighting the
importance of cooperation in prey defense and predator regulation. In the present work, this

AIMS Mathematics Volume 11, Issue 4, 9587–9611.



9589

cooperative framework is adopted as a baseline for constructing a discrete-time fractional-order model
with memory [9, 10].

In recent years, several studies have investigated integer-order and fractional-order predator–prey
models in both continuous and discrete settings, reflecting the increasing interest in memory-dependent
ecological dynamics [11, 12]. For example, fractional predator–prey systems with time delay and
harvesting have been analyzed to reveal complex bifurcation structures and long-term memory effects,
while discrete fractional models have shown that memory can significantly modify stability regions
and transition routes to chaos [13]. Compared with these existing works, the present study differs
in three essential aspects: (i) it considers a cooperative multi-team interaction mechanism between
two prey populations and a common predator, (ii) it adopts a discrete-time fractional framework
to simultaneously capture memory and sampling effects, and (iii) it provides a complete analytical
characterization of flip, Neimark–Sacker (NS), and codimension-two flip–NS bifurcations using
algebraic stability criteria. These features allow the proposed model to offer new qualitative insight
into how fractional memory reshapes the dynamical organization of cooperative ecological systems.

During the past three decades, fractional calculus has emerged as an essential mathematical tool for
describing memory-dependent and hereditary processes in biological systems [12]. Unlike classical
integer-order models, fractional-order systems are non-local, with their future behavior determined
by both current and historical states [9]. This inherent memory effect can significantly influence
dynamical behavior, making fractional-order formulations particularly suitable for complex biological
interactions [14].

In this study, Caputo’s definition of the fractional derivative is adopted because it incorporates
standard initial and boundary conditions and aligns well with experimentally observed biological
phenomena. Fractional-order modeling is especially relevant for predator–prey systems, where
memory effects arise from adaptive learning, delayed responses, and cumulative ecological
interactions [15].

Motivated by earlier studies on cooperative predator–prey interactions, this work introduces a
discrete-time formulation of a multi-team predator–prey model with fractional-order memory. The
discrete fractional framework allows a systematic investigation of stability variations and bifurcation
patterns arising from the combined effects of temporal discretization and memory-dependent dynamics.
The paper is organized as follows. Section 2 presents the mathematical formulation of the discrete-
time fractional-order model. Section 3 addresses the existence and uniqueness of solutions. Section 4
is devoted to the local stability analysis of the equilibrium points. Bifurcation phenomena, including
flip, NS, and flip–NS bifurcations, are investigated in Section 5. Numerical simulations are provided in
Section 6 to support the theoretical results, while Section 7 concludes the paper and outlines possible
directions for future research.

Although predator–prey systems, fractional-order models, and discrete-time dynamics have each
been widely investigated in the literature, their combined interaction in a cooperative multi-team
ecological framework remains largely unexplored. The main novelties and contributions of this
work can be summarized as follows. First, a discrete-time fractional-order multi-team predator–prey
model with cooperative prey defense is proposed, extending classical continuous multi-prey predator
formulations to a memory-dependent discrete setting. Second, unlike most existing studies that rely on
direct eigenvalue computation, an algebraic stability criterion based on the characteristic polynomial
coefficients is employed to investigate local stability and bifurcation behavior. Third, the necessary and
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sufficient analytical conditions for NS, flip, and codimension-two flip–NS bifurcations are explicitly
derived for the proposed fractional discrete model, which, to the best of our knowledge, has not
been previously reported for such ecological systems. Fourth, the 0–1 test for chaos is applied to
rigorously distinguish regular from chaotic dynamics in the fractional discrete framework. Finally,
three different chaos control strategies—Ott–Grebogi–Yorke (OGY) feedback control, hybrid control,
and state feedback control—are implemented and comparatively analyzed for stabilizing chaotic
dynamics. These results demonstrate that fractional-order memory significantly enriches nonlinear
behavior and provides additional mechanisms for controlling instability in discrete ecological systems.

2. Model formulation: a continuous, fractional, and discrete-time framework

In this section, we first recall the baseline continuous-time cooperative predator–prey model that
forms the foundation of our study. This classical formulation is then extended to a fractional-order
framework in order to incorporate memory effects. Finally, a discrete-time fractional map is derived
using an appropriate discretization scheme for the subsequent stability, bifurcation, and chaos analysis.

2.1. Construction of the multi-team predator–prey model

2.1.1. Continuous-time model

Following the cooperative ecological framework proposed by Elettreby [8], we consider a
continuous-time predator–prey system describing the interaction between two cooperating prey
populations and a common predator. In the absence of predation, the prey populations grow logistically,
while cooperative defense mechanisms reduce predation efficiency and enhance population persistence.
The model is given by

dL(t)
dt

= aL(1 − L) − LN + LMN,

dM(t)
dt

= bM(1 − M) − MN + LMN,

dN(t)
dt

= βLN + qMN − cN2,

(2.1)

where L(t) and M(t) represent the densities of the two cooperating prey populations, and N(t) denotes
the predator population. The parameters a and b denote the intrinsic growth rates of the prey, β and
q represent the predator conversion efficiencies, and c measures intraspecific competition within the
predator species.

2.1.2. Fractional-order model

Fractional calculus extends the classical notions of differentiation and integration to arbitrary real
orders, offering a powerful mathematical framework for capturing memory-dependent and hereditary
phenomena. This approach has proved highly effective in modeling a wide variety of processes
arising in fields such as biology, fluid mechanics, and medical sciences [16, 17]. Several definitions of
fractional differentiation exist in the literature, among which the Caputo and Riemann–Liouville (R–L)
operators are the most commonly adopted [18]. The Caputo derivative is often preferred in practical
applications because it allows the use of conventional initial and boundary conditions and assigns a
zero derivative to constant functions, in contrast to the R–L formulation [19].
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The Caputo fractional derivative of order α > 0 of a sufficiently smooth function x(t) is defined
as [18, 19]

CDα
t x(t) =

1
Γ(n − α)

∫ t

0

x(n)(τ)
(t − τ)α−n+1 dτ, n − 1 < α < n, n ∈ N. (2.2)

In particular, for 0 < α < 1, this reduces to

CDα
t x(t) =

1
Γ(1 − α)

∫ t

0

x′(τ)
(t − τ)α

dτ. (2.3)

In biological systems, memory effects play a fundamental role because past ecological interactions
influence present and future dynamics. These effects are particularly evident in predator–prey systems,
where adaptive learning, migration, delayed reproduction, or seasonal dormancy may occur [20, 21].
Consequently, fractional-order models provide a more realistic representation of such behaviors.
Caputo’s derivative has therefore become a standard tool for constructing biologically meaningful
fractional dynamical models [22].

Based on the continuous-time model in Eq (2.1), the corresponding fractional-order formulation
can be expressed as

DαL(t) = aL(1 − L) − LN + LMN,

DαM(t) = bM(1 − M) − MN + LMN,

DαN(t) = βLN + qMN − cN2,

(2.4)

where 0 < α ≤ 1, and Dα denotes the Caputo fractional derivative.
The conventional integer-order formulation neglects the effects of memory and delayed behavioral

responses. In reality, anti-predator mechanisms and ecological adaptations evolve continuously over
time. Incorporating fractional dynamics allows the model to capture such long-term memory effects,
leading to richer and more realistic dynamical behavior [23, 24].

2.1.3. Discrete-time fractional model

To analyze discrete-time behavior and explore the influence of time-step size on stability and
bifurcation patterns, the fractional system (2.4) is discretized using the piecewise constant argument
method [25]. The resulting discrete-time fractional-order multi-team predator–prey model takes the
form

Ln+1 = Ln +
hα

Γ(α + 1)
[aLn(1 − Ln) − LnNn + LnMnNn] ,

Mn+1 = Mn +
hα

Γ(α + 1)
[bMn(1 − Mn) − MnNn + LnMnNn] ,

Nn+1 = Nn +
hα

Γ(α + 1)

[
βLnNn + qMnNn − cN2

n

]
,

(2.5)

where h > 0 is the time-step size, and Ln = L(n), Mn = M(n), and Nn = N(n) denote the discrete-
time populations of the two prey groups and the predator, respectively, with initial conditions L0 > 0,
M0 > 0, and N0 > 0 for n ≥ 0.
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The discretization introduces an additional control parameter h, which influences both stability and
dynamic transitions. As h increases, the system may undergo bifurcations leading to oscillatory or
chaotic states. Thus, the discrete fractional framework captures historical ecological memory while
also revealing the impact of temporal sampling on system dynamics.

2.2. Biological interpretation of parameters and fractional memory

In the proposed model, the state variables Ln, Mn, and Nn represent the population densities of the
two cooperative prey groups and the predator species at the discrete time level n, respectively. The
parameters a and b denote the intrinsic growth rates of the two prey populations in the absence of
predation, while β and q measure the conversion efficiency of consumed prey biomass into predator
reproduction. The parameter c represents the strength of intraspecific competition within the predator
population, reflecting limitations in resources and territorial effects. The interaction terms LN and
MN model predation pressure, whereas the cooperative defense term LMN characterizes the mutual
assistance between the two prey teams in reducing predation efficiency.

The fractional order 0 < α ≤ 1 plays a central role in describing memory and hereditary effects in the
predator–prey interaction process. Ecologically, the memory effect may arise from repeated predator
encounters, adaptive learning strategies, delayed reproductive responses, cumulative environmental
influences, or persistence of past population pressure. Smaller values of α correspond to stronger
memory effects, while α→ 1 recovers the classical memory-free discrete system. Hence, the fractional
parameter α provides a biologically meaningful control on the degree of historical dependence in the
population dynamics [26, 27].

The discretization step size h represents the observation or reproduction time scale of the ecosystem.
Variations in h correspond to changes in sampling frequency or generational time resolution, which
may significantly affect stability properties and nonlinear transitions in the system.

3. Well-posedness of the fractional model and the discrete map

In this section, we establish the well-posedness of both the continuous fractional prototype and
the corresponding discrete-time fractional map. Since the discrete system (2.5) is generated through
a direct recursive iteration, its solution sequence is uniquely defined for all n ≥ 0 provided that the
initial conditions (L0,M0,N0) are specified. Nevertheless, to ensure the physical and mathematical
consistency of the fractional formulation, we first verify the well-posedness of the underlying
continuous-time fractional system (2.4).

3.1. Existence and uniqueness of the continuous fractional system

Consider the continuous fractional-order system

Dα
t X(t) = H(X(t)), X(0) = X0, (3.1)

where

X(t) =


L(t)
M(t)
N(t)

 , H(X) =


aL(1 − L) − LN + LMN

bM(1 − M) − MN + LMN
βLN + qMN − cN2

 ,
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with 0 < α ≤ 1 and X0 ∈ R
3
+.

Let
Ψ = {(L,M,N) ∈ R3 : max(|L|, |M|, |N|) ≤ δ},

for some δ > 0. Since the vector field H(X) is continuously differentiable with respect to X on Ψ,
it satisfies a local Lipschitz condition on this domain. The fractional system can be written in the
equivalent Volterra integral form

X(t) = X0 +
1

Γ(α)

∫ t

0
(t − τ)α−1H(X(τ)) dτ. (3.2)

Define the operator

Q(X)(t) = X0 +
1

Γ(α)

∫ t

0
(t − τ)α−1H(X(τ)) dτ.

For any X1, X2 ∈ Ψ, one obtains the estimate

‖Q(X1) − Q(X2)‖ ≤
Tα

Γ(1 + α)
LH‖X1 − X2‖,

where LH denotes the Lipschitz constant of H on Ψ. Hence, if

C =
Tα

Γ(1 + α)
LH < 1, (3.3)

the operator Q is a contraction mapping on Ψ. By Banach’s fixed-point theorem, the continuous
fractional system admits a unique solution on the interval (0,T ]. Therefore, the fractional-order
ecological model (2.4) is well posed in the sense of existence and uniqueness.

3.2. Well-posedness of the discrete-time fractional map

The discrete-time fractional-order system (2.5) is defined by the recursive mapping

(Ln+1,Mn+1,Nn+1) = F (Ln,Mn,Nn),

where F : R3
+ → R

3
+ is explicitly given by the right-hand side of (2.5). Since F is continuous and

uniquely defined for all (Ln,Mn,Nn) ∈ R3
+, it follows that for any initial condition (L0,M0,N0), the

sequence {(Ln,Mn,Nn)}n≥0 exists and is unique.
Moreover, for biologically admissible initial values and positive parameters, the mapping F

preserves positivity, that is,

Ln > 0, Mn > 0, Nn > 0, for all n ≥ 0,

provided that the step size h is sufficiently small. Hence, the discrete fractional predator–prey
system (2.5) is well posed as a dynamical system on a positive invariant region.

Consequently, both the continuous fractional prototype and its discrete-time fractional counterpart
satisfy standard well-posedness requirements. This guarantees the mathematical consistency and
reliability of the subsequent stability, bifurcation, and chaos control analysis [28, 29].
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4. Dynamical behavior and stability of the discrete-time fractional predator–prey model

To analyze the local dynamical behavior of system (2.5), the governing equations are linearized in
a neighborhood of each equilibrium point. The corresponding Jacobian matrix is then evaluated, and
the stability of an equilibrium is determined by examining the moduli of its eigenvalues [30, 31].

Lemma 1. Let λi (i = 1, 2, 3) denote the eigenvalues of the Jacobian matrix of (2.5) evaluated at an
equilibrium point. Then the equilibrium is classified as follows:

• A sink if |λi| < 1 for all i = 1, 2, 3;
• A source if |λi| > 1 for all i = 1, 2, 3;
• A saddle if there exists at least one eigenvalue with |λi| < 1 and at least one eigenvalue with
|λ j| > 1;
• Non-hyperbolic if at least one eigenvalue satisfies |λi| = 1.

The equilibrium points are obtained by imposing the fixed-point conditions Ln+1 = Ln, Mn+1 = Mn,
and Nn+1 = Nn in (2.5). The system admits up to eight biologically meaningful equilibria:

E0 = (0, 0, 0), E1 = (1, 0, 0), E2 = (1, 1, 0), E3 = (0, 1, 0),

E4 = (0, cB, qB), E5 = (cG, 0, βG), E6 =
(
1, 1, β+q

c

)
, E7 = (L∗,M∗,N∗),

where B = b
bc+q , G = a

ac+β
, and (L∗,M∗,N∗) denotes the coexistence equilibrium.

I. Trivial and boundary equilibria. The Jacobian matrices at E0–E3 are either diagonal or triangular,
with eigenvalues depending on a, b, β, and the discretization factor hα/Γ(1 + α). In each case, at least
one eigenvalue satisfies |λi| > 1, which implies instability. Therefore,

E0, E1, E2, E3 are all unstable (sources or saddles).

II. Semi-interior equilibria. At E4 = (0, cB, qB) and E5 = (cG, 0, βG), the Jacobian matrices exhibit
coupled predator–prey interactions. The characteristic polynomial of each Jacobian contains one
decoupled eigenvalue (λ41 or λ51) located outside the unit circle, while the remaining two eigenvalues
satisfy

λ2 − Triλ + Deti = 0, i = 4, 5,

where Tri and Deti denote the trace and determinant of the reduced Jacobian. According to the Schur
stability criteria [32],

|Deti| < 1, 1 ± Tri + Deti > 0.

Violation of any of these inequalities yields either a saddle or a source. Direct substitution confirms that
for biologically feasible parameters (a, b, β, q, c > 0), the equilibria E4 and E5 are generally unstable
except for sufficiently small values of h.

III. Interior equilibrium without cooperation. At E6 = (1, 1, (β + q)/c), the Jacobian matrix takes a
symmetric form that couples both prey populations. The corresponding eigenvalues are

λ61 = 1 − (β+q)hα

Γ(1+α) , λ62,63 = 1 − hα
2Γ(1+α)

[
a + b ±

√
∆6

]
.
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Hence, E6 is locally asymptotically stable (a sink) if all eigenvalues satisfy |λi| < 1, that is,

0 < h < min{h61, h62}, h6i =
(

4Γ(1+α)
a+b±

√
∆6

)1/α
,

where

∆6 = (a − b)2 + 4
(
β + q

c

)2

.

Increasing the discretization step h causes the eigenvalues to cross the unit circle, leading to oscillatory
behavior or bifurcation phenomena [33].

IV. Coexistence equilibrium. The coexistence equilibrium E7 = (L∗,M∗,N∗) is given by

L∗ =
bc + q(1 −

√
b/a)

q + β
√

b/a
, M∗ =

c
√

ab − β(1 −
√

b/a)
q + β

√
b/a

, N∗ =
√

ab,

which exists under the feasibility conditions

c
√

ab ≤ β + q, bc + q > q
√

b/a, ac + β > β
√

a/b.

Linearization around E7 yields the cubic characteristic polynomial

F(λ) = λ3 + k1λ
2 + k2λ + k3 = 0,

where

k1 = −3 + l1
hα

Γ (α + 1)
,

k2 = 3 − 2l1
hα

Γ (α + 1)
+ l2

(
hα

Γ (α + 1)

)2

,

k3 = −1 + l1
hα

Γ (α + 1)
− l2

(
hα

Γ (α + 1)

)2

+ l3

(
hα

Γ (α + 1)

)3

,

with

l1 = aL∗ + bM∗ + c,

l2 =
[(

ab − (q + β) N∗ − N∗2
)

M∗ + ac + βN∗
]

L∗ + (bc + qN∗) M∗,

l3 =
( [

(1 − L∗)β + (1 − M∗)q − c
]

N∗2 + bβ(1 − M∗) + aq(1 − L∗)N∗ + abc
)
L∗M∗.

The Schur–Cohn conditions [34] guarantee that all roots lie inside the unit circle if

F(1) > 0, (−1)3F(−1) > 0, ∆+
2 > 0, ∆−2 > 0.

Although the Schur–Cohn inequalities are expressed in terms of the characteristic polynomial
coefficients (k1, k2, k3), these coefficients are explicit functions of the biological parameters (a, b, β, q, c)
and the fractional discretization factor hα/Γ(1 + α). Therefore, the Schur–Cohn conditions implicitly
define admissible regions in the parameter space that guarantee local asymptotic stability of the
coexistence equilibrium E7. In particular, increasing the discretization step h or decreasing the
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fractional order α enlarges the effective gain hα/Γ(1 + α), which may violate the Schur–Cohn
inequalities and induce oscillatory or unstable dynamics. Conversely, smaller values of h and larger
values of α favor stability by keeping all characteristic roots inside the unit circle. Hence, the Schur–
Cohn conditions translate into biologically meaningful constraints on the sampling scale and memory
intensity of the ecosystem.

The coexistence equilibrium E7 is locally asymptotically stable when these inequalities hold;
otherwise, it becomes unstable or undergoes bifurcation as h or α vary [35].

All trivial and boundary equilibria (E0–E5) are unstable, whereas the interior equilibria (E6 and
E7) govern the long-term dynamics. The discrete-time fractional framework reveals that both α and
h play critical roles in stability: smaller α or larger h may shift the system from stable coexistence to
oscillatory or chaotic behavior. These transitions are further investigated through bifurcation analysis
in the next section [36].

5. Bifurcation analysis

In this section, we investigate local bifurcations of the discrete-time fractional-order multi-team
predator–prey model (2.5). The interaction coefficient c is selected as the bifurcation parameter, and
c0 denotes a critical value at which the coexistence equilibrium E7 loses stability through either a flip
(period-doubling) or an NS bifurcation. Three bifurcation scenarios are considered: (i) NS bifurcation,
(ii) flip bifurcation, and (iii) the codimension-two flip–NS interaction.

5.1. Neimark–Sacker (NS) bifurcation

Let
F(λ) = λ3 + k1λ

2 + k2λ + k3

be the characteristic polynomial of the Jacobian matrix of (2.5) evaluated at the coexistence equilibrium
E7. The map (2.5) undergoes an NS bifurcation at c = c0 if the following algebraic conditions hold
(see, e.g., [37]):

e1 = ∆−2 (c0) = 0 ⇐⇒ 1 − k2 + k3(k1 − k3) = 0,
e2 = (−1)3Fc0(−1) > 0 ⇐⇒ −k3 + k2 − k1 + 1 > 0,
e3 = Fc0(1) > 0 ⇐⇒ k3 + k2 + k1 + 1 > 0,
e4 = ∆+

2 (c0) > 0 ⇐⇒ 1 + k2 − k3(k1 + k3) > 0,

e5 =
d
dc

∆−2 (c)
∣∣∣∣∣
c=c0

, 0.

(5.1)

Substituting the explicit expressions of k1, k2, k3 obtained in the stability analysis yields the semi-
algebraic system

e1 = −l2
3

(
hα

Γ(α + 1)

)6

+ 2l2l3

(
hα

Γ(α + 1)

)5

− (l1l3 + l2
2)
(

hα

Γ(α + 1)

)4

+ (l1l2 − l3)
(

hα

Γ(α + 1)

)3

= 0,

e2 = −l3

(
hα

Γ(α + 1)

)3

+ 2l2

(
hα

Γ(α + 1)

)2

− 4l1
hα

Γ(α + 1)
+ 8 > 0,
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e3 = l3

(
hα

Γ(α + 1)

)3

> 0,

e4 = −l2
3

(
hα

Γ(α + 1)

)6

+ 2l2l3

(
hα

Γ(α + 1)

)5

− (3l1l3 + l2
2)
(

hα

Γ(α + 1)

)4

+ (3l1l2 + 5l3)
(

hα

Γ(α + 1)

)3

− 2(l2
1 + 2l2)

(
hα

Γ(α + 1)

)2

+ 4l1
hα

Γ(α + 1)
> 0,

e5 , 0. (5.2)

Figure 1 illustrates the NS scenario: the curve e1 = 0 gives the NS threshold in parameter space,
while the time series confirms the appearance of quasiperiodic oscillations in the post-bifurcation
regime [37].

Figure 1. NS bifurcation of the coexistence equilibrium E7. (a) Parameter region associated
with the NS bifurcation conditions in Eq (5.2). The black curve corresponds to e1 = 0 (NS
threshold), and the admissible region is determined by inequalities e2–e4 together with the
transversality condition e5 , 0. (b) Representative quasiperiodic oscillations generated after
the NS bifurcation of the coexistence equilibrium E7 (after discarding transients).

5.2. Flip bifurcation

A flip (period-doubling) bifurcation occurs when one real multiplier crosses −1. A sufficient
algebraic characterization for maps of this type is given in [38]. At c = c0, the flip bifurcation
conditions can be written as

b1 = Fc0(−1) = 0 ⇐⇒ k3 − k2 + k1 − 1 = 0,
b2 = Fc0(1) > 0 ⇐⇒ k3 + k2 + k1 + 1 > 0,
b3 = ∆+

2 (c0) > 0,
b4 = ∆−2 (c0) > 0,

b5 =
d
dc

(k1 − k2 + k3)
∣∣∣∣∣
c=c0

, 0. (5.3)
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Substitution yields

b1 = l3

(
hα

Γ(α + 1)

)3

− 2l2

(
hα

Γ(α + 1)

)2

+ 4l1
hα

Γ(α + 1)
− 8 = 0,

b2 = l3

(
hα

Γ(α + 1)

)3

> 0,

b3 > 0, b4 > 0, b5 , 0.

(5.4)

Figure 2 confirms the flip scenario: the condition b1 = 0 determines the critical threshold, while the
numerical results illustrate the emergence of a period-two orbit after the loss of stability [38].

(a) Flip condition

Figure 2. Flip bifurcation of the coexistence equilibrium E7. (a) Parameter region associated
with the flip bifurcation condition. (b) Dynamical behavior of the system after the flip
bifurcation, showing the emergence of periodic oscillations.

5.3. Flip–NS bifurcation and normal form derivation

A codimension-two flip–NS bifurcation occurs when the Jacobian at E7 has one real multiplier
λ = −1 and a complex conjugate pair λ2,3 = e±iθ lying on the unit circle. Following [39], this occurs at
c = c0 if

p1 = Fc0(−1) = 0, p2 = Fc0(1) > 0,
p3 = 1 − k3 = 0, p4 = 1 + k3 > 0, p5 = 3 − 2k1 + k2 > 0,
p6 = k′3 , 0, p7 = k′1 − k′2 + k′3 , 0,

(5.5)

where (·)′ denotes differentiation with respect to c.
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Expanding these conditions yields

p1 = l3

(
hα

Γ(α + 1)

)3

− 2l2

(
hα

Γ(α + 1)

)2

+ 4l1
hα

Γ(α + 1)
− 8 = 0,

p2 = l3

(
hα

Γ(α + 1)

)3

> 0, p3 = −l3

(
hα

Γ(α + 1)

)3

+ l2

(
hα

Γ(α + 1)

)2

+ l1
hα

Γ(α + 1)
+ 2 = 0,

p4 = l3

(
hα

Γ(α + 1)

)3

− l2

(
hα

Γ(α + 1)

)2

+ l1
hα

Γ(α + 1)
> 0,

p5 = l2

(
hα

Γ(α + 1)

)2

− 4l1
hα

Γ(α + 1)
+ 12 > 0,

p6,7 , 0.

(5.6)

Let Xn+1 = G(Xn; µ) denote the map induced by (2.5), where Xn = (Ln,Mn,Nn)T and µ = (µ1, µ2) is
a two-parameter unfolding with µ1, µ2 smooth functions of (c − c0) and one additional parameter (e.g.,
h or α). Translate the fixed point to the origin by Yn = Xn − E7, so that

Yn+1 = AYn + F(Yn; µ), A = DG(E7; µ)
∣∣∣
µ=0
,

where A has eigenvalues −1 and e±iθ. Let Ec denote the three-dimensional center subspace spanned by
the corresponding eigenvectors. By the center manifold theorem, there exists a locally invariant center
manifoldWc tangent to Ec at the origin, and the local dynamics are governed by the restriction of the
map toWc.

Choose real/complex coordinates (u, z) ∈ R × C on Ec such that u corresponds to the flip direction
and z corresponds to the NS pair. After solving the center manifold invariance equation up to third
order and performing standard near-identity transformations [34], the reduced map can be written in
the qualitative flip–NS normal form

un+1 = −un + µ1 + a20u2
n + a02|zn|

2 + O(‖(un, zn)‖3),

zn+1 = eiθzn

(
1 + µ2 + b11un + b21u2

n + b03|zn|
2
)

+ O(‖(un, zn)‖3).
(5.7)

Here θ ∈ (0, π) is determined by the critical pair e±iθ, and the coefficients a20, a02, b11, b21, b03 are
computable functions of the second and third derivatives of G at E7 (multilinear forms on eigenvectors),
as is standard in codimension-two bifurcation theory [34, 39]. The nondegeneracy and transversality
assumptions required for the validity of the unfolding are ensured in our case by the conditions p6 , 0
and p7 , 0, which prevent tangential crossing and guarantee that the critical multipliers cross the
unit circle with nonzero speed. The normal form (5.7) explains the local coexistence and interaction
of period-doubling (u-direction) and quasiperiodic (z-direction) dynamics near the codimension-two
point.

Figure 3 shows the parameter sets where the algebraic flip–NS conditions hold: the curves p1 = 0
(flip boundary) and p3 = 0 (NS boundary) intersect within the admissible region defined by p2, p4,
and p5. This intersection defines the codimension-two point where flip and NS bifurcations coincide,
confirming the flip–NS bifurcation [39].
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(b) Flip N-S bifurcation w.r.t. c (c) Flip N-S bifurcation w.r.t. c (d) Flip N-S bifurcation w.r.t. c(a) Flip N-S condition

Figure 3. Codimension-two flip–NS bifurcation in Model (2.5). (a) The curves p1 = 0 and
p3 = 0 (Eq (5.6)) intersect inside the admissible region defined by inequalities p2, p4, and p5,
confirming the flip–NS interaction point. (b)–(d) Flip–NS bifurcation behavior with respect
to the parameter c, illustrating the emergence of complex dynamics in the state variables and
confirming the coexistence of flip and NS bifurcations.

6. Numerical simulation

In this section, the dynamical behavior of Model (2.5) is investigated numerically to illustrate the
analytical findings obtained in the preceding sections. Since closed-form solutions of fractional-order
discrete systems are generally unavailable, numerical iteration is used to explore bifurcation structure
and chaotic dynamics. Unless stated otherwise, the fixed parameters are a = q = 1.2, β = 1, and
the initial condition is (L0,M0,N0) = (0.2, 0.4, 0.6). The fractional order and step size are taken as
α = 0.85 and h = 1.04 throughout this section.

6.1. Numerical bifurcation behavior

In the first numerical experiment, parameters are chosen so that the semi-algebraic conditions
in (5.2) are satisfied for c ∈ (0, 1.5). By substituting the prescribed parameters into the NS threshold
equation e1 = 0 in (5.2), the critical value associated with the onset of an NS bifurcation is obtained as

c∗ = 0.273, E7 = (0.0638, 0.22, 1.2).

As depicted in Figure 1, the equilibrium E7 is stable for c > c∗, while a loss of stability occurs through
an NS bifurcation when c < c∗, giving rise to quasiperiodic oscillations.

Similarly, when the parameters satisfy the flip-bifurcation conditions in (5.4) for c ∈ (1.2, 1.4),
substitution into the flip threshold equation b1 = 0 yields the critical value

c∗∗ = 1.339.

As shown in Figure 2, the equilibrium E7 remains stable for c < c∗∗ but undergoes a flip (period-
doubling) bifurcation when c > c∗∗. A representative phase portrait at c = 1.8 is displayed in Figure 4,
illustrating the transition to a complex oscillatory regime.
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L
M

N

n

L , M , N

(a) (b)

Figure 4. Phase portrait of Model (2.5) at c = 1.8, with α = 0.85, h = 1.04, a = q = 1.2, and
β = 1. The red circle marks the initial condition. (a) Time series of the variables Ln, Mn, and
Nn. (b) Corresponding phase portrait in the three-dimensional state space.

6.2. Chaos detection via the 0–1 test

To detect the emergence of chaotic behavior, the 0–1 test for chaos is employed as a diagnostic
tool to distinguish regular and irregular motions. The test is based on the asymptotic growth of the
translational variables

(
Pc∗(n),Qc∗(n)

)
constructed from the observable sequence Nn. The numerical

outcomes for two representative parameter values are shown in Figures 5 and 6.

For c = 1, the test yields an asymptotic growth rate K = 0.1414 ≈ 0, indicating regular behavior.
The trajectories in the

(
Pc∗(n),Qc∗(n)

)
plane remain bounded (see Figure 5), confirming a non-chaotic

regime.

In contrast, for c = 1.625, the test gives K = 0.655 ≈ 1, revealing chaotic dynamics. The
corresponding trajectories (see Figure 6) display Brownian-like diffusion, which is characteristic of
chaos. The dependence of K and the mean-square displacement Mc∗(n) further supports that values
K ≈ 0 correspond to regular motion, whereas values close to unity indicate chaotic motion.

The numerical simulations support the theoretical bifurcation analysis. The system exhibits an NS
bifurcation at c∗ = 0.273, followed by a flip bifurcation at c∗∗ = 1.339, leading to quasiperiodic and
chaotic oscillations, respectively. The 0–1 test and phase-space trajectories validate the coexistence of
regular and chaotic regimes depending on the bifurcation parameter c, and confirm that the fractional-
order setting enriches the nonlinear dynamics and enlarges the parameter ranges supporting complex
oscillations.

The evolution of the system dynamics beyond the flip bifurcation is further illustrated in Figure 7.
As the parameter c increases, the system transitions from a stable equilibrium to periodic oscillations
and eventually to chaotic behavior, as shown in the corresponding phase portraits.
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Figure 5. 0–1 test for chaos for the observable Nn at c = 1 (regular regime). The trajectory
in the (P∗c(n),Q∗c(n)) plane remains bounded and the corresponding growth rate satisfies K ≈
0. (a) Trajectory of (P∗c(n),Q∗c(n)). (b) Evolution of the growth rate K. (c) Mean-square
displacement M∗

c(n) confirming regular (non-chaotic) dynamics.

(a) (b) (c)

Figure 6. 0–1 test for chaos for the observable Nn at c = 1.625 (chaotic regime). The
(P∗c(n),Q∗c(n)) trajectory exhibits Brownian-like diffusion and the corresponding growth rate
indicates K ≈ 1. (a) Trajectory of (P∗c(n),Q∗c(n)). (b) Evolution of the growth rate K. (c)
Mean-square displacement M∗

c(n) confirming chaotic dynamics.

Figure 7. Phase portraits of Model (2.5) illustrating the post-flip bifurcation dynamics as the
bifurcation parameter c increases. (a) Stable equilibrium at c = 1. (b) Periodic oscillations at
c = 1.4 after the onset of bifurcation. (c) More pronounced oscillatory behavior at c = 1.5,
indicating further development of the post-bifurcation dynamics. (d) Chaotic attractor at
c = 1.625. These phase portraits show the transition from a stable fixed point to periodic
motion and finally to chaos as c increases.
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7. Chaos control

The control of chaotic oscillations and bifurcations in discrete-time biological systems is a critical
issue in population management and stability analysis. Even small parameter perturbations may
drive the system into unpredictable or biologically undesirable regimes. Therefore, suitable control
mechanisms are required to stabilize unstable periodic orbits and restore biologically meaningful
equilibria [40]. In this section, three control strategies are applied to Model (2.5): (i) the OGY feedback
control method, (ii) a hybrid control technique based on a convex combination scheme, and (iii) a state
feedback control scheme for robust stabilization.

7.1. The Ott–Grebogi–Yorke (OGY) control method

We first apply the classical OGY control approach proposed by Ott et al. [41], which stabilizes
chaotic trajectories by introducing small perturbations to a chosen system parameter. Let c be the
controlled parameter in Model (2.5). The map can be written componentwise as

Ln+1 = Ln + hα
Γ(α+1) [aLn(1 − Ln) − LnNn + LnMnNn] = f (Ln,Mn,Nn),

Mn+1 = Mn + hα
Γ(α+1) [bMn(1 − Mn) − MnNn + LnMnNn] = g(Ln,Mn,Nn),

Nn+1 = Nn + hα
Γ(α+1)

[
βLnNn + qMnNn − cN2

n

]
= s(Ln,Mn,Nn, c),

(7.1)

where c ∈ (c0 − δ, c0 + δ), c0 denotes the nominal chaotic value of the parameter, and δ > 0 is a
prescribed perturbation bound.

The coexistence equilibrium is E7 = (L∗,M∗,N∗). Linearizing (7.1) around E7 yields
Ln+1 − L∗

Mn+1 − M∗

Nn+1 − N∗

 ' J(L∗,M∗,N∗, c0)


Ln − L∗

Mn − M∗

Nn − N∗

 + K(c − c0), (7.2)

where J is the Jacobian matrix at E7 evaluated at c = c0 and K is the corresponding control vector.
Let

c − c0 = −R


Ln − L∗

Mn − M∗

Nn − N∗

 , R = [ρ1, ρ2, ρ3],

where ρ1, ρ2, ρ3 ∈ R are the OGY feedback gains. Then the controlled linearized system becomes
Ln+1 − L∗

Mn+1 − M∗

Nn+1 − N∗

 ' (J − KR)


Ln − L∗

Mn − M∗

Nn − N∗

 . (7.3)

The equilibrium E7 is locally asymptotically stable if all eigenvalues of the matrix J−KR lie strictly
inside the open unit disk. The Jury stability criterion provides the corresponding set of algebraic
inequalities defining an admissible domain for the feedback gains (ρ1, ρ2, ρ3). Numerical iteration
confirms that suitable choices of ρi suppress chaotic oscillations (see Figures 8 and 9).

The gains (ρ1, ρ2, ρ3) are chosen so that the Jury inequalities for the controlled Jacobian matrix
J − KR are satisfied, ensuring that all eigenvalues lie within the unit circle. No optimization procedure
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is used; the aim is feasibility of local asymptotic stabilization under small admissible parameter
perturbations.

(a) (b) (c) (d)

Figure 8. OGY-controlled dynamics of Model (2.5) inside the admissible stability region
for (α, h, c0, ρ1, ρ2, ρ3) = (0.95, 0.8, 1.2, 0, 1.5, 0.5). (a) Time evolution of Ln showing
convergence to its equilibrium value. (b) Time evolution of Mn showing convergence to its
equilibrium value. (c) Time evolution of Nn showing convergence to its equilibrium value.
(d) Three-dimensional phase portrait confirming that the controlled trajectory converges to
the coexistence equilibrium under OGY control.

(a) (b) (c) (d)

Figure 9. Unstable configuration of the controlled system outside the admissible stability
region at (α, h, c0, ρ1, ρ2, ρ3) = (0.95, 0.8, 1.2, 0, 0.8, 1.2). (a) Time evolution of Ln showing
divergence from the equilibrium state. (b) Time evolution of Mn exhibiting unstable
oscillatory behavior. (c) Time evolution of Nn indicating loss of stabilization. (d) Three-
dimensional phase portrait in the (L,M,N) space illustrating the unstable trajectory and
failure of control.

7.2. Hybrid control method

The hybrid control scheme combines the original map and the identity map through a convex
combination, thereby reducing the effective nonlinear gain and suppressing chaos generated near flip
or NS bifurcation thresholds [42, 43]. The controlled system is defined by

Ln+1 = ρ
(
Ln + hα

Γ(α+1) [aLn(1 − Ln) − LnNn + LnMnNn]
)

+ (1 − ρ)Ln,

Mn+1 = ρ
(
Mn + hα

Γ(α+1) [bMn(1 − Mn) − MnNn + LnMnNn]
)

+ (1 − ρ)Mn,

Nn+1 = ρ
(
Nn + hα

Γ(α+1) [βLnNn + qMnNn − cN2
n ]

)
+ (1 − ρ)Nn,

(7.4)

where 0 < ρ < 1 represents the hybrid control intensity.
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By varying ρ, the bifurcation onset can be delayed or eliminated. The admissible range of ρ can be
characterized via the Jury stability test applied to the controlled Jacobian matrix.

The parameter ρ acts as a convex combination factor between the original system dynamics and the
stabilizing identity map. Its feasible range is determined through Jury stability conditions rather than
through performance optimization.

The effectiveness of the hybrid control strategy in suppressing chaotic oscillations and stabilizing
the system dynamics is illustrated in Figure 10. It is evident that the controlled trajectories converge
toward the coexistence equilibrium, confirming the efficiency of the hybrid control approach.

L

M

N

n

L , M , N

(a) (b)

Figure 10. Phase portrait of Model (2.5) under hybrid control with α = 0.85 and h = 1.04,
illustrating the suppression of irregular oscillations and the emergence of stabilized behavior.
(a) Time evolution of the controlled system variables showing convergence toward the
coexistence equilibrium. (b) Phase portrait in the (L,M,N) space demonstrating stabilization
of trajectories under hybrid control.

7.3. State feedback control

Finally, a state feedback control strategy [44] is implemented using gains j1, j2, j3. The controlled
system takes the form

Ln+1 = Ln + hα
Γ(α+1) [aLn(1 − Ln) − LnNn + LnMnNn] − j1(Ln − L∗),

Mn+1 = Mn + hα
Γ(α+1) [bMn(1 − Mn) − MnNn + LnMnNn] − j2(Mn − M∗),

Nn+1 = Nn + hα
Γ(α+1) [βLnNn + qMnNn − cN2

n ] − j3(Nn − N∗),

(7.5)

where the gains are selected such that all eigenvalues of the controlled Jacobian matrix lie inside the
unit disk according to the Jury conditions. This guarantees asymptotic stabilization of the coexistence
equilibrium E7 and suppression of irregular oscillations.

The gains ( j1, j2, j3) are determined from stability feasibility requirements imposed by the Jury
criterion and are not obtained through an optimization procedure.

Similarly, the performance of the state feedback control strategy is demonstrated in Figure 11,
where the system trajectories converge toward the coexistence equilibrium after control is applied.
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This confirms the capability of state feedback control to effectively stabilize the system and eliminate
irregular oscillations.

LM

N

n

L , M , N

(a) (b)

Figure 11. Dynamics of Model (2.5) under state feedback control at c = 1.4. The red circle
denotes the initial condition, and the trajectory converges toward the coexistence equilibrium
after control is applied. (a) Time evolution of the state variables illustrating convergence
to equilibrium. (b) Phase portrait in the (L,M,N) space demonstrating stabilization of the
controlled trajectory.

To provide a comparative evaluation of the proposed chaos control methods, we summarize their
qualitative performance in terms of convergence speed, control effort, and robustness in Table 1.
The convergence speed refers to the number of iterations required for trajectories to approach the
coexistence equilibrium, the control effort reflects the magnitude of parameter or state perturbations
applied, and robustness indicates the sensitivity of each method to parameter variations.

Table 1. Qualitative comparison of chaos control strategies.

Control method Convergence speed Control effort Robustness
OGY feedback control Moderate Low Moderate
Hybrid control Fast Moderate High
State feedback control Fast High High

The results indicate that the OGY method achieves stabilization using minimal parameter
perturbations, but typically requires more iterations to converge. The hybrid control scheme exhibits
faster convergence and improved robustness near bifurcation thresholds. The state feedback control
strategy provides strong stabilization capability, but at the cost of higher control effort due to direct
state regulation. These findings suggest a trade-off between convergence speed, robustness, and control
intensity when selecting an appropriate chaos control mechanism for discrete fractional ecological
systems.
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8. Discussion and conclusions

The comparative results indicate that the OGY method achieves stabilization through small
admissible parameter perturbations, the hybrid control scheme provides robust chaos suppression in
the vicinity of bifurcation thresholds, and the state feedback strategy guarantees local asymptotic
stabilization of chaotic dynamics via suitable gain selection. Together, these control approaches form
an effective and flexible framework for suppressing chaos and restoring regular behavior in discrete-
time fractional biological systems, in agreement with the theoretical stability and bifurcation analysis.

This study presented and analyzed a discrete-time multi-team predator–prey model incorporating
fractional-order memory with constant system parameters. The existence of biologically admissible
equilibrium states and their local stability characteristics were rigorously examined. Precise analytical
criteria for the emergence of NS, flip, and codimension-two flip–NS bifurcations around the
coexistence equilibrium E7 were established. The proposed model is capable of generating a rich
spectrum of nonlinear dynamical responses, including periodic cycles, quasiperiodic motion, and
chaotic attractors. The validity of the theoretical analysis was supported by the 0–1 chaos test and
numerical simulations, which clearly demonstrated transitions between regular and chaotic dynamics.

From a biological perspective, the fractional-order parameter α provides an effective mathematical
representation of long-term ecological memory arising from repeated predator–prey interactions,
adaptive behavioral responses, and cumulative environmental effects. In particular, smaller values of α
correspond to stronger memory effects, meaning that current population growth depends more heavily
on past states, while α→ 1 recovers the classical memory-free discrete model. Numerical simulations
indicate that variations in α modify stability thresholds and bifurcation boundaries, thereby reshaping
the parameter regions associated with stable coexistence, oscillations, and chaos. Ecologically, this
implies that memory mechanisms can act as stabilizing or destabilizing factors depending on their
intensity, directly affecting predictability, resilience, and long-term persistence of interacting species.
The bifurcation scenarios identified in this study therefore show that fractional memory is not merely a
mathematical generalization, but a biologically meaningful control parameter governing the qualitative
organization of ecosystem dynamics.

Compared with classical integer-order discrete predator–prey systems, fractional-order models
incorporate nonlocal memory effects and thus provide a richer and more realistic description of
population interactions. Although parameter estimation and biological interpretation may become
more demanding, the fractional framework can capture complex temporal patterns such as alternating
regular–chaotic transitions, persistent oscillations, and long-term dynamical correlations that are often
observed in real ecological systems.

It is emphasized that the chaos control strategies investigated in this work were intended to
demonstrate stabilization feasibility rather than optimal performance. Future research will focus on
energy-efficient and robustness-oriented control designs based on optimal control theory, linear matrix
inequalities, and data-driven system identification techniques.

In conclusion, the proposed fractional discrete predator–prey model demonstrates that the fractional
order plays a decisive role in shaping the system’s dynamical evolution. By appropriately tuning
the memory parameter, the onset of chaos can be delayed or suppressed and unstable population
oscillations can be stabilized. These results contribute to the theoretical understanding of nonlinear
ecological dynamics and provide a quantitative foundation for developing practical strategies aimed at
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enhancing ecosystem stability and resilience.
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