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1. Introduction

Rigid-body dynamics is among the earliest and most challenging subjects in classical mechanics.
The first integrable example was presented by Euler in 1750 through his analysis of the torque-free rigid
body, which laid the foundation for subsequent studies. Later contributions by d’ Alembert, Poinsot,
Lagrange, and Poisson culminated in the formulation of the Euler—Poisson equations, governing the
motion of a rigid body with a fixed point under external forces. This system comprises six coupled
first-order differential equations. Further notable integrable cases were later introduced by Lagrange
and Kowalevskaya [1].

A gyrostat represents a simple composite mechanical system consisting of a rigid body £, referred
to as the platform, which contains an internal body %, that is not rigidly fixed. The relative motion of
P, with respect to P is designed so that the overall center of mass remains unchanged. The combined
dynamics of $; and $, are commonly described as a dual-spin system [2]. The notion of a gyrostat was
originally proposed by Zhukovskii [3] and later employed by Volterra to model the Earth’s rotation by
representing it as a cavity filled with an inviscid homogeneous fluid [4]. Over recent decades, gyrostat


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026391

9440

dynamics has attracted extensive attention and has been applied in numerous engineering contexts,
including satellites, spacecraft, aircraft, and robotic systems. In particular, gyrostats play a crucial role
in attitude control and rotational stabilization of spacecraft [5S—8]. A classical practical example is the
use of gyrostats in torpedoes to preserve their initial direction of motion.

Research problems related to rigid-body motion and its gyrostat generalizations typically fall
into three main categories. The first concerns integrability and the construction of first integrals of
motion, as discussed in [9, 10]. The second focuses on the identification of periodic solutions and
the analysis of chaotic dynamics in rigid-body gyrostat systems. Recent studies have extensively
explored the dynamics and stability of gyrostat systems. Multistability and coexisting attractors in
chaotic gyrostats were analyzed using basins of attraction, bifurcation diagrams, Lyapunov exponents,
and Poincaré sections, along with synchronization of QUAV systems via Lyapunov-based control [11].
The motion and equilibrium of gyrostat satellites under the Newtonian forces of coplanar bodies
and small tri-axial bodies in planar rings were investigated, with equations of motion derived
and stability analyzed [12, 13]. Chaotic instability of spinning gyrostat satellites under gravity-
gradient torques was examined using Hamiltonian equations in Deprit’s canonical variables and the
Poincaré—Arnold—Melnikov integral [14], while low-order models represented as coupled gyrostats
led to “minimal chaotic models” highlighting energy conservation and fixed-point arrangements for
chaos [15]. Rotational dynamics of charged symmetric gyrostats under electromagnetic fields and
gyrostatic moments were studied analytically and numerically, with stability assessed via phase-
plane diagrams, the Poincaré small parameter method, and fourth-order Runge-Kutta simulations,
offering insights for satellites, submarines, autopilot systems, and planetary applications [16-18].
Additionally, theoretical connections between free gyrostats and parametric quadratic Hamiltonians
were established [19]. The third category addresses the stability of particular motions of rigid bodies
and gyrostats, either in orbital motion or about a fixed point. Recent studies have extensively
investigated the dynamics and stability of gyrostat and rigid body systems within Hamiltonian
frameworks. In [20], non-canonical Hamiltonian dynamics of a gyrostat interacting with n bodies
were reduced, yielding conditions for relative equilibria and generalizing classical celestial mechanics
problems. Stability of permanent rotations of heavy gyrostats was analyzed via the energy-Casimir
method in [21-23], where sufficient and necessary conditions were established, highlighting the
influence of geometry and gyrostatic moments. In [24-26], rigid-body gyrostat systems under
gravitational and magnetic fields were formulated within Lie—Poisson Hamiltonian structures, and
their equilibrium and stability were studied using linearization and energy-Casimir approaches.
Fluid interaction effects were considered in [27], showing equivalence with classical rigid body
motion. Additionally, non-integrability and stability of galactic star motion were examined in [28]
using analytical and numerical methods. Finally, [29] derived integrability conditions and analyzed
Lyapunov stability of gyrostat motion using Chetaev’s method.

It is worth emphasizing that the present work considers only the attitude dynamics of a gyrostat
about a fixed point, deliberately omitting the interaction between rotational and translational motion.
In practical spacecraft settings, however, spin—orbit coupling can have a substantial impact on the
overall dynamics, particularly for orbiting bodies subject to gravity—gradient effects and other orbital
perturbations. A full description of roto—orbital motion must therefore incorporate translational degrees
of freedom and often relies on geometric reduction techniques to handle the resulting increase in
complexity. For example, Crespo and Turner [30] constructed a Poisson structure for the complete
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gravitational N-body problem and applied reduction by stages to study the coupled rotational—
translational dynamics. Likewise, Zapata et al. [31] analyzed relative equilibria within an intermediary
model of roto—orbital motion, focusing on the regime of slow rotation.

The present study falls within this third research direction. The stability of rigid-body gyrostat
motion has received increasing attention in recent decades, largely driven by advances and demands
in space exploration. In 1956, Rumiantsev derived sufficient conditions for the stability of a rigid
body rotating about a principal axis through a fixed point, without imposing restrictions on the
remaining principal moments of inertia [32]. Subsequent investigations extended these results to
systems influenced by various force fields, including arbitrary potential fields [33] and Newtonian
gravitational fields [34]. Rumiantsev and his collaborators employed Lyapunov-based techniques [35]
to analyze the stability of the associated systems of differential equations.

Earlier, Routh applied linearization methods to study the stability of the steady rotation of a heavy
asymmetric top [36]; however, such linear approaches generally fail to capture the full nonlinear
behavior of the system [37]. In 1961, Rumiantsev used Lyapunov’s direct method to investigate the
stability of a heavy gyrostat rotating about a fixed point, assuming coincidence between the center
of mass and the fixed point, and derived sufficient stability conditions [38]. Similar problems were
independently examined by Crespo da Silva [39] and by Kane and Fowler [40], with all studies
arriving at consistent stability criteria. Additional cases and refinements were later explored in works
by Rumiantsev [38], Anchev [41,42], and Kolesnikov [43], among others.

More recently, the energy—Casimir method has become a powerful tool for assessing Lyapunov
stability in systems possessing conserved quantities, eliminating the explicit construction of a
Lyapunov function. Stability is ensured when the second variation of the combined energy—Casimir
functional is positive definite [44]. This approach has been successfully applied to various rigid-body
gyrostat configurations. Ifarrea et al. [21] employed the method to analyze the permanent rotations
of an asymmetric gyrostat in a uniform Newtonian field, establishing both necessary and sufficient
stability conditions. Elmandouh [24] studied a heavy charged gyrostat with an internal rotor aligned
with an external magnetic field, deriving the equations of motion and identifying stability criteria for
specific families of steady rotations. The influence of combined gravitational and magnetic fields on
the stability of an axisymmetric gyrostat was later examined in [26]. Furthermore, the stability of
stationary motions of a rigid-body gyrostat immersed in an ideal incompressible fluid, with distinct
mass and buoyancy centers, was investigated in [27]. The dynamics of a heavy symmetric gyrostat
with a rotor axis not coinciding with the mass-center axis was analyzed by Ifiarrea et al. [45], where
necessary and sufficient conditions for stability and instability were derived using the energy—Casimir
framework. This work generalizes earlier results reported in [21]. Finally, Guirao and Vera [46]
studied gyrostat motion in an ideal incompressible fluid by reformulating Kirchhoff’s equations within
a Lie—Poisson structure, thereby reinforcing the applicability of the energy—Casimir method. Their
analysis included both stability assessments and the identification of Hopf bifurcations at equilibrium
configurations.

This study examines the stability of specific motions of a heavy, electrically charged gyrostat
subjected to a central attractive field. The problem is of considerable interest because it encompasses a
broad class of important mechanical systems, as will be discussed later. To the best of our knowledge,
the stability of these particular motions has not been addressed in the existing literature. This gap
motivates us to contribute to and extend the current body of research.
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This study is arranged as follows: Motion equations and their first integrals are introduced in
Section 2, which includes the Lie-Poisson Hamilton formulation to motion equation. Permanent
rotations are discussed in Section 3, and their mechanical explanation is provided. We announce in
Section 4 the necessary and sufficient conditions for Lyapunov stability of the permanent rotations
stated in Section 3. Finally, Section 5 concludes the work.

2. Motion’s equations

This section strives to present the Euler—Poisson equations for a heavy charged gyrostat. This
motion is assumed to result from the combined action of three fields: Gravitational, uniform magnetic,
and attractive central fields.

The physical configuration is illustrated in Figure 1, where the body-fixed and space-fixed frames,
rotor, and directions of the external fields are shown. Two reference frames are chosen suitably to
describe the motion. The first one, O&,{in;, 1s fixed in space, and the unit vector along the axis On,
is denoted by ¥ = (y1,7%2,¥3). The second, O&{>n,, is fixed in the body and is chosen to be the
inertia principal system at O; hence, the gyrostat inertia tensor is I = diag(A, B, C). The body’s angular
velocity is denoted by w = (w;, w,, w3). Both vectors v and w refer to the body frame. To derive the
governing equations, the theory of angular momentum is utilized [1]. It provides

dG*

e No, 2.1
where Ny and G* are the resultant external torque about O and the gyrostat total angular momentum,
respectively.

$1 E;

Figure 1. Schematic of the heavy charged gyrostat: rigid body with an internal rotor (angular
momentum o along the third axis), fixed point O, body axes, vertical direction y, and external
fields (gravity, magnetic, central attractive).
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The gyrostat total angular momentum is
G =G+n, (2.2)

where G = lw is the rigid-body angular momentum in the absence of rotor motion. The vector n =
(0, 0, o), o € R is the rotor relative angular momentum with respect to the body. In literature, n is
called the gyrostatic momentum [1].

The magnetic field 8 is assumed to be constant and directed along the On,-axis. Thus,

B =8y, (2.3)

where 8 denotes its magnitude. Consider now a charged element de within the body at point g, moving
with velocity v(g) at position r. The Lorentz force acting on this element is given by

dF = de(vx B) = Bodr[(w xr) Xy], 2.4)

where o is the charge density* and dr is the volume element of the gyrostat. Expanding the cross
product gives
dF = Bodr[(w - y)r — (r - y)w]. (2.5)

The total magnetic torque is found by integrating over the entire charge distribution. Thus, we have

NolzfrxdF:wXO'Bfr(r-y)dT
=wX Ky,

(2.6)

where K is a constant 3 X 3 matrix. For simplicity, we take K = diag(k, k», k3), where k;, k,, and
ks are arbitrary parameters representing the magnetic susceptibility coeflicients along the principal
axes of the gyrostat. These coefficients quantify how the distributed electric charges and magnetic
properties of the body respond to the external magnetic field 8. In essence, the term Ky in the torque
expression can be interpreted as an effective magnetic moment vector that is linearly related to the
direction vector y through the matrix K. This linear relationship arises from the assumption that
the body’s electromagnetic properties are anisotropic but constant in the body-fixed frame. For more
details, see [24,48].
Following [9], the potential energy for the gravitational and attractive center fields is

V=a-7+%7-71, 2.7)
where @ = Mgr, (M is the gyrostat mass, g is the acceleration of the gravity, and r( is the mass
center position), and J is an arbitrary 3 X 3 matrix. The first term in (2.7) represents the gravitational
potential, whereas the second accounts for the attraction toward a central point and partially describes
the electric interaction with a remote Coulomb charge positioned along the line parallel to y that
passes through O. Under this interpretation, the two matrices J and the inertia matrix associated with

*Here MKS units are employed. In Gaussian units, de should be divided by the light speed c (see, e.g., [47]). The velocity and
acceleration are assumed to be appropriately small to ignore both relativistic impacts and classical radiation damping.
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the system’s distributed electric charges are proportional. Consequently, the torque arising from these
potential forces is expressed as

)%
Né:yxgzyx(a+yj). (2.8)

Hence, the torque of combined external forces about O is

No = Ny + N,
o- oo 2.9)
=yXx@a+yJ)+wxKy.
By inserting Eq (2.9) into Eq (2.1), we obtain
G+wx(G+n+yK)=yx(@yJ+a), (2.10a)
y+wxy=0. (2.10b)
The equations of the motion (2.10) have three classical integrals of motion, which are
1 1 .
Co: Ew ~wl+a-y+ Ey -Jy =h, Jacobi-integral,
C:y-y=1, Geometric integral, 2.11)

1
G (wl+n+ iyK) y=1 Area’s integral,

where / and f are two constants. The physical system governed by Eq (2.10) is of particular interest
because it encompasses a wide range of classical mechanical models. This can be seen through the
following special cases:

(i) Whenn =0and K = J = 0, Eq (2.10) generalizes the rigid-body rotation problem about O under
the influence of gravity [1].

(i1) When K = J = 0, the current problem reduces to that of a heavy gyrostat [1].
(1i1)) When J = 0, the current problem represents the heavy charged gyrostat rotating about O [1].

(iv) When both matrices J and I are proportional, Eq (2.10) describes a heavy charged gyrostat motion
subjected to a Newtonian force field [1].

(v) When the matrix J is non-singular, the immersed rigid-body dynamics in an ideal, unbounded,
and incompressible fluid are equivalently described by Eq (2.10) [49].

To simplify the calculations, we postulate
a=(0,0,a;3), 1=diag(A,B,C), J =diag(ji, j2, Jj3), K = diagk,ks,ks3), (2.12)
where a3, 0, j;, and k; (i = 1,2,3) are constants. Under the assumptions in (2.12), the scalar form of
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the equations of the motion (2.10) takes the form

. B-C k2G3 k3’)/3 + 0 . .
G =—G,G3 + — G — ,
1= g G0+ =7 B 2+ Y2v3(j3 — J2) + @32
C-A k ksys + o ) .
G, = GGs - 1ylG3 33 G +y1y3(Ji — J3) — asyi,
ot SR @13
oo BB o kG kyG D,
3 g C102 B 1 Y1v2(j2 — J1)
o »2Gs G o 361 7Gs o 1162 76
Y1 C B 5 Y2 A C 5 Y3 B A .

Despite the fact that the variables used are not canonical, the problem can be characterized by
considering a Hamilton function within the context of Lie-Poisson systems that have the form

1(Gt G G B B
==|—+=+—=]|+ + + = 2.14
2(A B C) @Y EYNETNE s 214
With the help of [50], the motion equation (2.13) can be written as a Hamiltonian-Poisson system
spanning by the matrix T; that is given by

0 —G3 - l3 G2 + 12 0 =3 Y2
Gs+1; 0 -Gi-L vs 0 -y
—G2 - lg G1 + l] 0 Y2 Y1 0
T, = 0 s ) 0 0 o | (2.15)
Y3 0 V1 0 0 0
=2 Y1 0 0 0 0
where the vector [ is the gyrostatic momentum given by
I=(,h,5) = (kiyi,kays, 0 + k3ys), (2.16)
satisfying the Jacobi identity
TV, T9* + T)°0,T¢" + Ty*4,T% =0, i,6,a=1,2,...,6. (2.17)
The motion equation (2.13) reads as
Y = T,VH, (2.18)
where VH is the naive gradient of H. System (2.18) has two Casimirs in the form
Cr:yi+ys+y;=1, (2.19a)
k k k
C2: G+ Gy + (Gs+0)ys + SN+ 5V + 593 = [ (2.19)

3. Permanent rotations

Permanent rotations have attracted the interest of researchers for a variety of perspectives. In [51],
and recently [22, 24, 26, 46], linear stability analysis was conducted for many instances. In [32],
Rumiantsev depended on the extensive application of linearized equations in the variations and
Lyapunov functions construction to discover his results.
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Theorem 1. The motion of a heavy charged gyrostat about a fixed point O under the action of a central
attractive potential admits four families of permanent rotations. They are:

(a) The first family is given by the points
01, = (0,0, zwyC, 0,0, £1), 3.1

where wqy € R.

(b) The second family is defined by the points
in = (O, +Bwy sin 6y, Cwocos by, 0, + sin 6y, cos 9()), (32)
where 6y € (0, ) and w, € R satisfy

cos Bp[wi(B — C) + wylky — k3) + j3 — jo] + a3 — woo = 0. (3.3)

(c) The third family is determined by the points
03, = (xAwp sin by, 0, Cw, cos by, + sin by, 0, cos b)), (3.4)
where wg € R and 6, € (0, n) satisfy

’}/3[(1.)3(14 - C) + a)()(kl - k3) + j3 - ]1] + a3z — wyo = 0. (35)

(d) The fourth family is represented by the points
Qs, = (Awp sin Gy sin ¢, Bw sin Gy cos ¢, Cwy cos by, sin O sin @, sin Gy cos ¢, cos ),  (3.6)
where wy € R, 6y € (0, 1), and ¢ € (0,2nr) \ {n/2,n,31/2}, provided that

J1 = (A= Bwj + (ki = ka)wo + ja, (3.7a)
COS 90[(3 - C)w% + (kz - kg)wo + j3 - ]2] —Owy+az = 0. (37b)

Proof. Permanent rotations correspond to equilibrium solutions of the equations of motion (2.10),
obtained by imposing @ = ¥ = 0. The condition @ = 0 defines permanent rotations—motions where
the angular velocity vector remains fixed in both magnitude and direction relative to the body, and the
axis of rotation remains fixed in space. From the kinematic equation (2.10b), ¥ = 0 directly implies
w || 7. Hence, we can write w = wyy with wy € R. This form of the angular velocity is valid for all
permanent rotations and does not depend on the specific form of the torques or system parameters [1].
Substituting w = wyy into Eq (2.10a) gives

¥ x|yl + wo(n + yK) —a-yJ| = 0. (3.8)
Using the expressions in (2.12), the scalar form of Eq (3.8) becomes
Vo 3(3(B = C) + wolka = ks) + js = o) + as — | = 0, (3.92)
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V1|73 = C) + wolks = k3) + js = j1) + a3 — woor| = 0, (3.9b)
Y172 wWi(A = B) + wolky = ko) = ji + jo| = 0. (3.9¢)
The components of y are given by
v, = sinfsin @, v, = sinfcos ¢, v3 = cos 6, (3.10)
with 8 € [0, ] and ¢ € [0, 2xr]. The angular momentum components are
G = (G1,G,,G3) = wyyl = (Awy sin B sin ¢, Bwy sin 6 cos ¢, Cw, cos 6). 3.11)

In the following, we express a permanent rotation as Q = (G, Gy, G3,7Y1,7Y2,Y3). Equation (3.9¢) is
satisfied in four distinct cases:

(@) Ify; =y, =0, thensinf = 0,s06 =0orf =, and y = (0,0,%+1). All equations in (3.9)
hold identically, giving the permanent rotations Q;, in (3.1). The rotation Q;, corresponds to
spinning with angular velocity wy in the positive y-direction (center of mass above O), while Q;_
corresponds to rotation in the opposite direction (center of mass below O).

(b) If y; = 0 and y, # 0, then ¥ = (0, + sin 6, cos 6y), with 6, € (0, ). Equation (3.9b) is satisfied
identically, and (3.9a) holds precisely when condition (3.3) is satisfied. Thus, the family Q,,
in (3.2) exists under condition (3.3). Mechanically, this corresponds to rotation with angular
velocity wy about an axis with direction cosines (0, + sin 6, cos ).

(c)If yy # O0and y, = 0, then ¥y = (£siné,0,cos ), with 6, € (0,7). Equation (3.9a) is
satisfied automatically. The permanent rotations Qs, in (3.4) exist when condition (3.5) holds.
This corresponds to rotation with angular velocity w, about an axis with direction cosines
(£sin Gy, 0, cos 6y).

(d) If y1y, # 0, then Eq (3.9¢) requires condition (3.7a) to be satisfied. The equation resultanting
by substituting (3.7a) into (3.9b) to eliminate j; holds only when (3.7b) is also satisfied, with
6y € (0, ). Under condition (3.7b), Eq (3.9a) is also satisfied. Thus, the permanent rotations Q.
in (3.6) exist exactly when both conditions in (3.7) hold.

4. Stability analysis

To find the stability sufficient conditions to the attained permanent rotations in Theorem 1, the
energy-Casimir method is applied [33, 44].This is a generalized result provided by Ortega and
Ratiu [52], which can be stated as follows:

Theorem 2. (Generalized energy-Casimir method) Let (M, {-, -}, H) be a Poisson system and Q € M
be an equilibrium point for the Hamiltonian vector field Xy. If C1,C3,...,C, € C*(M) is a set of first
integrals such that

dH+C +Cy+---+C,)(Q) =0, 4.1)
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and
d*(H+Ci+Cy+ -+ C)Dluxv (4.2)

is definite for U = dC(Q) (N dC,(Q) (- -- U dC,(Q), then Q is stable. If U = {0}, Q is always stable.

In applying Theorem 2, it is essential to explicitly construct a basis for the vector space U =
ker dC| Nnker dC, at each equilibrium point and to verify the linear independence of these basis vectors.
This ensures that the subsequent computation of the reduced Hessian matrix and the application of
Sylvester’s criterion are performed on the correct subspace. In the following analysis, we provide
these details for each family of permanent rotations.

Using the integrals of the motion in (2.19), we define the next augmented Hamiltonian

_1Gf G: Gj J1 J2 2 3o 2. 2, 2
H=-L+ 2+ 2 +ay+ 29+ 22+ 2924 0P + 2 +92) + oGy
2\ A B C 2 2 2 (4.3)
kl k2 k3
+72G2+(G3+0')73+57% ) v+ = 77 v

where p1, p, are free parameters and they are selected in such a way to make the equilibrium point Q a
critical point for the augmented Hamiltonian (4.3), i.e.,

oH oH

= =0, i=1,203. 4.4
aG|Q 8%|Q l 4.4)

We start investigating the stability of the permanent rotations, which are presented by Theorem 1
by utilizing Theorem 2. We start by examining the stability of Q.

Theorem 3. Sufficient for the Lyapunov stability of the permanent rotation Q, is

+ a3 < max(y1, x2), 4.5)
where

X1 = w0 + ji — j3 — wolky — k3) — (A = C)wyp, 4.6)
X2 = W0 + jo — j3 + wolks — k) — (B = C)wp. .

Proof. The permanent rotations ;. are critical points for the augmented Hamiltonian (4.3) if
d(H)(Q,,) = 0. Hence, we get:

1.

1 w,
p1 = ECCU(Z) + 70(/(3 +0)F 243~ 53 P2 = —wy. (4.7a)
We can use Theorem 2, where U is defined as follows:
U = kerdC,(Q;,) NkerdCy(0Q,,), 4.8)

where

dCi(Q.,) = +2dys,

4.9
dCZ(Qli) = idG3 + (ijO + ks + O')d’}/3 ( )

AIMS Mathematics Volume 11, Issue 4, 9439-9469.



9449

To construct a basis for the vector space (4.8), the kernel conditions dC,(Q;,) = 0 and dC(Q;,) = 0
impose constraints on the variations. Solving these yields that the vectors e;,i = 1,2,4,5, where
e,,i = 1,2,...,6, are the canonical basis of R® satisfy both conditions and are linearly independent.
Hence, they form a basis for U. The linear independence is verified by noting that the matrix formed
by these four vectors has full rank. Consequently, the vector y = (yi, ¥, V3, V4) € U is written as

Yy =yie1 + y2er + y3e4 + yses, (4.10)

where y; € R, i = 1,2, 3,4. The quadratic form (4.2) in the variables y; can be found by y” - Hess(H)-y.
Hence,

2.0 205 0
0o 2 0 205
— B
Hess(H)lyxu 2py 0 dpy + 2kips+ 20 0 4.11)
0 2o, 0 4p1 + 2ky02 + 22

The definiteness of the reduced Hessian matrix (4.11) is assessed using the Sylvester criterion.
Equivalently, it is considered positive definite if all its principal minors are positive. Denoting the
principal minors by A, j = 1,2, 3,4, they are

2 4
A= — A= — 4.12
=T 2 AB’ ( a)
-8
Ay = —Zlkas F woor = ji + s + wolki —k3) + (A = C)wil, (4.12b)
Ay = =2A5[+a3 F wyo — j2 + j3 — wolks — k) + (B — C)O.)é] (4.12¢)
It is obvious that A; > 0 and A, > 0, while A; > 0 if
+ay < +woo + ji — j3 — wolky — k) — (A — C)wi = 1. (4.13)
Ay is positive if
+ a3 < w0 + jo — j3 + wolks — ky) — (B — C)wg = x». (4.14)
The two conditions (4.13) and (4.14) are met together if
*as < min()(l,)(z). (415)
O

We complete these results by presenting the necessary conditions for stability. Thus, we introduce
the following theorem:

Theorem 4. If the permanent rotation Q,, is stable, then it must be verified that

|2a3 = o+ js — (ks = ko £ o + (B = Oy | [£a5 = ji + ja = (ks — ki = P)wy + (A = Chasg] 2 0.
(4.16)

Proof. The proof follows readily by noting that spectral stability is a necessary condition for Lyapunov
stability. Consequently, the coefficient matrix (or Jacobian) of the perturbed system, linearized about
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the equilibrium points Q;,, must possess eigenvalues whose real parts are non-positive. In this case,
the Jacobian takes the form

0 H-Cunslao () 0 twk, +asF o+ j3 0
HCAaprlato 0 0 Fwoki —as £ ji Fj3 0 0
0 0 0 0 0 X

4.17

Joi. 0 5 0 0 o o |
+1 0 0 Fwo 0 0

0 0 0 0 0 0

The eigenvalues of the Jacobian matrix (4.17) are the roots of the characteristic equation A?(1* + p; 4> +

1
q1) = 0, where g, = 76 A4 and where A4 is given by Eq (4.12¢). The characteristic equation is invariant

under the transformation 4 — —A. For this reason, if A; is a root, then —A; is also a root. Therefore, the
necessary condition for the linear stability is that all the eigenvalues are pure imaginary, i.e., they must
have zero real parts, which indicates ¢; > 0; the case ¢; < 0 would produce a real positive eigenvalue
and thus the permanent rotation is Lypaunov unstable and no further analysis is required. This proves
condition (4.16).

m]

Remark 1. When both bracketed expressions in Eq (4.16) are negative, the necessary and sufficient
conditions coincide. In other words, condition (4.5) becomes a necessary and sufficient condition for

stability.

Remark 2. When condition (4.16) is not satisfied, the permanent rotation Q,, is Lyapunov unstable,
and no further analysis is required.

Remark 3. Consider the stability condition for the permanent rotation QF in the case of an

axisymmetric gyrostat (A = B). Theorem 3 provides the sufficient condition for Lyapunov
stability (4.5):

+ a3 < min(y1, x2), (4.18)
where

X1 = 2w + ji — 3 — wolks — k3) — (A — C)wy, 4.19)
X2 = W0 + jo — j3 + wolks — k) — (A = C)wp. .

The expressions y1 and y, in (4.19) differ due to the distinct parameters j,, j, and ky,k,. When the
external field parameters satisfy k, = k, and j, = j,, condition (4.18) simplifies to

+ a3 < +woo + ji — 3 — wolky — k3) — (A — C)wi. (4.20)

Special cases:
(a) For a heavy gyrostat under gravitational influence alone (k; = j; = 0), the stability
condition (4.18) for Q7 reduces to

+ a3 < +wyo — (A — C)wi, (4.21)

which agrees with the result in [21].
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(b) Neglecting the central attractive potential (j, = jz = 0), the system becomes a heavy charged
gyrostat, and the stability condition simplifies to

+ a3 < +woo — wolk; — k3) — (A — O)wg, (4.22)

consistent with [24].
(c) For a charged heavy gyrostat moving in a Newtonian gravitational field, we set j, = j, = nA and
Jj3 = nC, where n = 3g/R and R represents the distance from the attraction center to the fixed point
O (with R much larger than the body’s dimensions). Under these conditions, the stability criterion
reduces to
+a; < (A—C)n—wj) +wy(zo +k; — ky), (4.23)

which matches exactly the result derived in [25].
Now, we are going to investigate the stability of the second family of permanent rotation Q. .

Theorem S. The sufficient condition for the permanent rotation Q,, describing the rotation of a heavy
charged gyrostat in an attractive central field with a constant velocity wy around an axis with direction
cosines (0, + sin 6y, cos 6) is

J2 < min(ty, T2), (4.24)

where
71 = ji — wi(A = B) — wolky - ky),
1

Bsin® 0 + C cos? 6§,
—20¢08 6p[2(B — C)wy + ky — k3] + B(B — C)wj + Bwy(ky — k3) + 0'2] :

T2 =J3+ [COSZ 00[3(B — C)’wy + 3(ky — k3)(B — C)awy + (ky — k3)*] (4.25)

Proof. We consider the augmented Hamiltonian (4.3). The permanent rotation Q,, is a critical point
for the augmented Hamiltonian (4.3) if

B k i
m:§%+§m-§,m:ﬂw (4.26)

Now, we are going to find the base of the vector space U,
U = kerdC(Q».) NkerdCy(Q,,),

where

dC](in) = Z[i sin Qod)/z + COS 90(1’)/3],

4.27
dCz(in) = +sin 60dG, + cos 6, dGs = sin 90(B(1)0 + kz)d’)/z + ((C(uo + k3) cos Gy + 0')(173 ( )

Now, we consider the two permanent rotations Q. , individually.

Case 1: In this case, we investigate the Lyapunov stability for Q,,. To determine a basis for U =
kerdC(Q;) NkerdC,(Q5), we solve the linear system dC,(Q»,)(v) = 0, dC>(Q»,)(v) = 0, where
v = (V1, V2, V3, V4, Vs, V6) € RO represents the variation vector. Using the expressions in (4.27), we
obtain the following independent solutions:
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vy =e€y,
v, = — C0S Hpe, + sin Gyes,
2 (114} bes (4.28)
V3 = €y,
vy = {cos§y[(B — C)wy + ky — k3] — 0} e> — cos Gpes + sin Gyeg,
where e;,i = 1,2,...,6, are the canonical basis of R®. These four vectors shown in (4.28) are

linearly independent, as can be verified by proving that the matrix formed by these four vectors has
full rank 4. Therefore, any vector z = (21, 22, 23, 24) € U can be expressed as a linear combination
of the vectors v;,i = 1,2,3,4, i.e., we have
Z =Z1Vy + 22V + Z3V3 + V4,
= z1e; + [cos Op[—22 + 24((B — C)wo + ko — k3)] — z407] €2 (4.29)
+ 7 sin Gpes + zze4 — 74 COS Bpes + z4 Sin Gpeg,

where z; € R,i = 1,2,3,4. The quadratic form (4.2) in the variables z; is evaluated by z” -
Hess(H) - z. The corresponding Hessian matrix takes the form

2 0 202 0
0 2 (Bsin’ 6 + C cos® fy) 0 &
Hess(H)lyxv = , (4.30)
20, 0 dpy +2kipr +2j; O
0 & 0 &

where

-2
'fl = g[COS2 90((3 - C)(Uo + k2 - k3) — 0 cos 8y + Bwy],

2
6=7 {cos? Bo[wo(2B — C) + ky = ksT? + 207 cos Blwo(C — 2B) = ky + k3] (4.31)

+ Bsin® 6p[Bwy + wolky — k3) — jo + ja] + 0'2} .

The definiteness of matrix (4.30) is inspected by computing its principal minors, denoted as
Dj, j=1,2,3,4. These are given by

2
Dl = >

A

4
D2 = R[B sin2 90 +C COS2 90],
D3 =2Ds[ji — jo — (A = B)wy — (ky — ka)wol,
1
Dy = 2D5sin 03 j3 — jo +
e °{J3 727 Bsin? 6y + Ccos? 6y (4.32)

cos” 8y(3(B — C)*w} + 3(ky — k3)(B — C)wg + (ky — k3)?)

h
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It is evident that D, and D, remain positive at all times, while Dj is positive if
J2 < ji — wy(A = B) — wy(ky — kp) = 7 (4.33)

is met. Dy is always positive if the following condition,

1
R<jit—— [C052 B0[3(B — CY’wjy + 3(ky — k3)(B — C)wy + (ky — k3)*]
Bsin” 8 + C cos? 6, (4.34)
— 207 cos 6[2(B - C)wy + kr = ks] + B(B — C)w}y + Bwg(ky — k) + 02| = 12,
is verified. The two inequalities (4.33) and (4.34) are satisfied together if
J2 < min(ty, 13). (4.35)

Case 2: In this case, we consider the permanent rotation Q, . For the equilibrium Q,_, solving the
kernel conditions yields the basis vectors

V) = ey,
v, = cos Gye, + sin Hyes,
(4.36)

V3 = €y,

v4 = sin G {cos Gp[(B — C)wp + ka — k3] — 0} €3 + cos> Gyes + sin G cos Hyes.

It is obvious that these vectors are linearly independent, as their coordinate matrix has rank 4.
Hence any vector z = (z, 22, 23, 24) € U can be expressed as

Z =2z1€1 + 7o COS 9082 + sin 90[22 + Z4[COS 90((3 — C)a)o + k2 - k3) - 0']03 + Z73€4 (4 37)
+ z4 cos? Bpes + z4 sin G, cos Gyeg, '

where z; € R. The Hessian matrix corresponding to the quadratic z! - Hess(H) - z in the variables
z; admits the form

2 0 20 0
0 -Z(Bsin’ 6y + C cos’ by) 0 &
Hess(H)|yxy = Be , (4.38)
20, 0 dpy +2kipr +2j; O
0 §3 0 §4

where

2
& = 5[0053 00((C — B)wy — ky + k3) + 0 cos® Gy + (B — 2C)wy + ky — k3) cos y — o],

2cos? 6y . o
&y = - 0 {sln2 Ool(B* + 3CHw} + (ky — k3)(2B — 3C)wy + C(js — ja) + (ky — k3)*] (4.39)

— 20 tan 6 sin 6p[(B — 2C)wo + ky — k3] + 0 tan” 6y + BCwi(4 cos” b — 3)} .
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The definiteness of matrix (4.38) is inspected by computing its principal minors, denoted as
Dj, j=1,2,3,4. These are given by

2
D, = —,
A
D, = i[Bsinze + C cos” 6]
>~ ABC 0 .
D3 = =2D,[(A - B)wj + wolky — ka) — ji + jal,
1
D, = 2D; sin” 6, COSZO{' — o+
4 3 o 0yJ3 — J2 C cos? 00+Bsin2 6 (4.40)

x | (3(B = CYwj + 3(ky = ks)(B = C)wg + (ky — k3)?) cos” g

b

j2 < ji — (A = B)wj + wolky — ky) = 71. (4.41)

— 20 cos 90(2(3 — C)wy + ky — k3)

+ B(B — C)wj + B(ky — k3)wy + o

It is clear that D; > 0 and D, > 0 while D; > 0 if

D, is positive if

1 (3(B = C)’wjy + 3(ky = k3)(B = C)wg + (ky — k3)*)

iy
s C cos? 6, + Bsin® 6,
4.42
X c0s” By — 20 cos 6y[2(B — C)wy + ky — k3] + B(B — C)w} + B(ky — k3)wy + o (4.42)
= Ts7.
Hence, the two inequalities (4.41) and (4.42) are held together if condition (4.35) is met.
|

For completeness, we provides the necessary condition for the stability of the permanent rotation.
Thus, we introduce the next theorem.

Theorem 6. If the permanent rotation Q,, is stable, then the condition

1
Bsin? @ + C cos? 6,
+3(ky — k3)(B — C)wy + (ky — k3)*] — 20 cos §5[2(B — C)wy + ks — k3] + B(B — C)w; (4.43)

[ji — jo— (A= By — (k — kz)wo]{js - o+ [Cos2 60[3(B — C)*w},

+Ba)()(k2 - k3) + 0'2]} >0

is verified.
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Proof. Spectral stability is a necessary condition for Lyapunov stability. The Jacobian matrix linearized
about the equilibrium Q, is given by

0  ap WSAlw@Ob 0 as +cosOplkowo — jo + j3l  aig
ajny 0 0 ajy 0 0
J _ as 0 0 asy 0 0
Qo 0 —% smce" 0 wy cos B —wpysingy |’
wh o0 0 —wy cos by 0 0
~&mh 0 0 wo sin 6y 0 0
(4.44)
where
cos Gplwo(B—-C) — k3] — o ) . .
ap = B . a6 = sinb[jz — jo — kswol,
Oolks + (C— A +
ay = SO CZROLT = 1y s~ kol cos by~ as (4.45)
sin 6, . . .
as = — % [wo(A — B) — k], azy = sinQylkjwo + jo — j1l.

1
Its characteristic polynomial is det(Jg,, — AI) = A*(A* + paA%> + q2) = 0, where g, = RD4 and D, is

given by Eq (4.32). The factor 4> accounts for two zero eigenvalues inherent to the Poisson structure.

The condition of linear stability is that all eigenvalues are pure imaginary. Hence, the condition

q> > 0 must be verified. The case g < 0 would produce a real positive eigenvalue and thus the

permanent rotation is Lypaunov unstable and no further analysis is required. This proves directly
condition (4.43).

O

Remark 4. When both bracketed expressions in Eq (4.43) are positive, the necessary and sufficient
conditions are the same. Or, equivalently, condition (4.24) is sufficient.

Remark 5. When condition (4.43) is not satisfied, the permanent rotation Q,, is Lyapunov unstable,
and no further analysis is required.

With similar procedures, we can prove the next theorems.

Theorem 7. The sufficient condition for the permanent rotation Qs describing the rotation of a heavy
charged gyrostat in an attractive central field with a constant angular velocity wy about an axis with
direction cosines (xsin @y, 0, cos 6) is

J1 < min(t3, 74), (4.46)

where
73 = jo + (A - B)wj + (ki — ka)wy,
1
Asin® 6y + C cos? 6§,
— 20 cos §y[2(A — C)wy + ki — k3] + A(A — C)wg +A(ky — k3)wp + 0'2] :

T4=j3+ [[3(A — CYwj + 3(ky = ka)(A = C)wy + (ki —k3)*1cos® 6y (4.47)
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Theorem 8. If the permanent rotation Q5. is stable, then the condition

[J2 + (A = By} + (ky — k)aw |

X {j3 + 1 [(3(A ~ CY’wj +3(ki = ks)(A = O)wy + (ki = k3)*) cos® by

Asin® 0y + C cos? 6, (4.48)

— 20 c0s 0y(2(A — C)wy + ki — k3) + A(A — C)wy + Alky — k3)wy + 0'2]} >0

is satisfied.

Now, we introduce a diagram of the stability zones in the plane of any two parameters, say 6, and
o, while the other parameters characterizing the gyrostat geometry, the center of mass, the uniform
magnetic effect, and the attractive center effects are kept fixed. It is evident that the equilibrium
Q,, exists if condition (3.3) is satisfied. This condition is quadratic in the angular velocity wy and,
consequently, it has real solutions if

2
Ly : f(B0, 05 ki, i az) = [0+ cos (ks — k)| + 4(B = C) cos fy|cos Bo(jo — jz) = a3| 2 0. (4.49)

The existence and stability of the equilibrium Q,, depend critically on the nutation angle 6, and the
gyrostatic momentum o, as illustrated in Figure 2. Panel (a) shows that the pink region corresponds to
parameter values where the quadratic equation (3.3) has no real solutions for wy; hence, the permanent
rotation does not exist. In the yellow region where the condition (4.49) is satisfies, real solutions exist,
giving rise to two distinct angular velocities w, and w_ given by

1
2(B - C)cos b,

Wy = {O’ + (k3 - kz)
(4.50)

1/2
+ [cos? y(4(j2 — ja)(B = C) + (ky = ks)?) + 2 cos b or(ks — ko) = 2a3(B — O)] + o] }

Panel (b) displays the stability zones for these two branches. By substituting w. into condition (4.24),
we obtain two limiting curves:

L1 . J2 = min(71,72)|w+, L2 . .12 = min(Tl,T2)|w7.

The green and dark green regions satisfy the sufficient stability condition (4.24) derived in
Theorem 35, indicating that small perturbations will not destabilize the rotation. The yellow region
represents unstable configurations where even infinitesimal disturbances lead to growing deviations.
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2
Stability region for Q2+"
1 ]
g ; The non-existence
The existence The non-existence Instability region region of the
0+ re gl on for Q2+ region for Q2+ for both positions equilibrium
o positions
— 11
— 2 _
0 1 2 3
(a) 60

Figure 2. Existence and stability of Q,, in the (6y,0) plane. (a) Existence (yellow) vs.
non-existence (pink) zones. (b) Stability (green) vs. instability (yellow) for w, and w_, with
boundaries L;, L,.

It is noteworthy that when the equilibrium point Q; is stable, the equilibrium point Q; is unstable,
and vice versa. Furthermore, the stability and instability regions of Q5 do not intersect with the pink
region, where the equilibrium positions do not exist. A similar analysis can be performed for Q,_

Physically, these diagrams illustrate how the internal rotor momentum and the orientation of the
rotation axis affect the stability of the gyrostat motion under the influence of external fields.

Finally, we investigate the stability analysis for the permanent rotation Q4. This analysis is presented
in the following theorems:

Theorem 9. The sufficient condition for the permanent rotation Q4 to be Lyapunov stable is
Jj2 < W(B = C) + wolka — k3) + js. (4.51)
Proof. The equilibrium point Q, is a critical point to the augmented Hamiltonian if
1 .
o1 = E[w%B + woky — Jal, P2 = —Wy. (4.52)
We can utilize Theorem 2, where U is defined as follows:

U = kerdC;(Q4) NkerdCy(Qa), (4.53)

where
dC(Q4) = 2sin by sin g dy; + 2 sin 6, cos ¢ dy, + 2 cos 6ydys,
dC,(Qy4) = sin by sin ¢ dG, + sin Gy cos ¢ dG, + cos 8y dG3 + sin O sin ¢p(k; + Awy) dy; (4.54)
+ sin 6y cos ¢(ky + Bwy) dy, + cos 6p(j3 + 0 + Cwy) dys.

We now construct a basis for U = ker dC(Q4) N ker dC>(Qy). Solving the homogeneous linear system
defined by (4.54) yields four linearly independent solutions:
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v = cos Gpe; — sin 6 sin ges,

v, = cos pe, — sin b, sin ges,

4.55
v3 = —sinfye; + sin p[cos Gy((A — Clwg + ky — k3) — oles + cos? Gpes — sin 6y cos 6, sin deg, ( )
vy = —sinfye, + cos p[cos Gy((B — Clwg + ky — k3) — oles + cos? 6pes — sin 6 cos 6, cos deg,

where e;,i = 1,2, ...,6, are the canonical basis for R®. Linear independence is verified by noting that

the matrix formed by these four vectors has full rank 4. Hence any vector x = (xy, x2, X3, x4) € U can
be expressed as a linear combination of v;,i = 1,2, 3, 4.

X = X1V + XVy + X3V4 + X4V5,

= X1 cos Bpe; + x, cos Gpe, — sin Ho{cos 6y [x3 sin ¢(wo(A — C) + ki — j3) + x4 cos p((B — C)
(4.56)
X wo + kz - k3) + (Xz + X, — 0'X3) sin ¢ — X40 COS ¢]}e3 + X3 COS2 Boes + x4 0082 6pes

— sin By cos B[ x3 sin ¢ + x4 cos Pleg,

where cos 6y # 0 and x; € R, i = 1,2, 3, 4. The quadratic form (4.2) in the variables x; can be found by
xT - Hess(H) - x. Hence,
rn T N3 rua

Fio Ip 13 I
Hess(H)|yxy = , 4.57)
riz 13 3z I

Fi4 T4 T3q4 Tyy

where r;; are given by

2 2

ri = Z 0082 6y + E SiIl2 6 SiIl2 @,
2

I = o sin’ 6o sin? @,

2

riz = —2wy COS3 6y + E Sil’l2 6o Sil’l2 ¢( cos 90[(14 - 2C)wy + ky — k3] - O'),
2

rig = C sin’ 6 sin ¢ cos ¢( cos Op[(B — 2C)wy + ky — k3| — 0'),
2 2

Ty = 3 cos® 6y + o sin’ 6o sin’ o,
2

=2 sin’ 6y sin” ¢( cos B[ (A - 2C)wy + k1 = ks] - ),

oy = 2w cOS> By + % sin® §, sin ¢ cos ¢( cos Op[(B — 2C)wy + ky — k3] — 0'),
ry = 208" 6g[ By + wolky — ki) + ji = j]

+ % sin’ @ sin’ ¢ cos” 6p[3Cawj + C((B — 4A)w;

+ wolky + 3ks — 4ky) — jo + j3) + (Awo + ki — k3)’]

— 40 cos o wo(A — 20) + ky — k3] + 207},
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Fag = % sin’ 6 sin ¢ cos ¢{ cos® 6p[wi(AB — (2A + B)C + 3C?)
+ wo(Bky + Aks — ks(A + B)) + C(3ks — k» — 2k1)
+ C(j3 = jo) + (ko = k3)(ky — k3)]
— o cos Golky + ky — 2ks + wo(A + B — 4C)] + 0'2},

2
Tas = 2Bw(2) cos* 0y + C sin® 6, cos? ¢{ cos? 6?0[a)%(B2 —3BC +3C?)
+ (2B = 3C)(ky — k3)wy + C(js — jo) + (ka — k3)°]
— 207 cos 6[(B - 2C)wq + ky — k3] + 0},
The definiteness of the reduced Hessian matrix (4.57) is tested by using the Sylvester criterion.

Equivalently, it is considered positive definite if all its principal minors are positive. Denoting the
principal minors by D;, j = 1,2,3,4, they are

2
D, = R[A sin® 6 sin” ¢ + C cos” 6],

D - 4 cos? 6,
>~ ABC
8 cos* 6, sin’ 6, sin” ¢
D3 =
ABC

[(A + B)sin’ 6, sin” ¢ + C cos” 6],

[(A + B)sin’ 6, sin” ¢ + C cos’ 6]

1
(A + B)sin® 6, sin” ¢ + C cos? 6,

X{j3—jz+

x | cos” (ki = ks)? + wi(C(3C + B) + 4A(A - 20)) (4.58)

+ wo(4A(k, — k3) — C(4k; — 3k3 — 2/<2)))
— 20 ¢cos 0y(2(A — C)wy + ky — k3) + o

+ wyo(A + B)((B = C)wy + ky — k3) sin® ¢ sin® 90]},

16 cos® g, sin* g sin>
Dy = cos :SI;Z b sin ¢[cos #((2A — B)wy + ki — k) — Bwy sin¢]2

x [J3 = j2 + wy(B = C) + wolks — k3)).

It is obvious that D > 0 and D, > 0, while D; > 0 if

1
+
(A + B)sin® 6, sin* ¢ + C cos? 6,
—k3) — C(4ky — ky — 3k3)] — 0[4(A — C)wy + 2(k; — k3)] cos Gy + a)é(A + B)[(B — C)wy (4.59)

j2 < J3 {wg [4A(A - 2C) + C(3C + B)]w} + cos” 6y[4A(k,

+ ky — k3] sin® @ x sin’ o+ 0'2} = Ts.
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D, is positive if
ja < W3(B = C) + wolky — k3) + j3 = 7s. (4.60)

The two conditions (4.59) and (4.60) are met together if the following condition holds:
jz < min(‘r5,‘r6). (461)
Direct calculations show that

[cos (24 = Cwy + k= 1~ k) — |

4.62
— — > > 0. ( )
(A + B)sin” y sin” ¢ + C cos? b,

Te — T5 =

This shows 74 > 75 and, consequently, condition (4.61) holds if condition (4.51) is satisfied. O
The stability study of the permanent rotation Q, is completed by establishing the next theorem.

Theorem 10. If the permanent rotation Qy is stable, then the condition
Jja < wi(B = C) + wylky — k3) + j3 (4.63)

holds.

Proof. The proof can be obtained directly by calculating the Jacobian matrix around the equilibrium
point Q4. After similar calculations to the above proofs, the Jacobian matrix eigenvalues are found to
be the roots of the characteristic equation A2(1* + p3A> + g3) = 0, where g; is a real number given by

B sec® By cos? @[2(A — B)wg + ki — ky]?
"~ 16[cos ¢[(2A — B)wy + ki — ky] — Bwy sin ¢]?

q3 (4.64)

The condition for linear stability is that all the eigenvalues are pure imaginary, i.e., their real part must
be zero. This happens when g3 > 0, which is equivalent to D, > 0. This proves condition (4.63). O

Remark 6. It is obvious that condition (4.51) is sufficient and necessary for the permanent rotations
Qs to be stable.

We present the regions of existence and non-existence of the equilibrium position Qy, in addition to
the stability and instability regions, in the plane of the two parameters 6, and o, which characterize the
gyrostatic momentum.

The existence and stability of the fourth family of permanent rotations Q, are illustrated in Figure 3
as functions of the nutation angle 6, and the gyrostatic momentum o.

The equilibrium position Q, exists if the quadratic polynomial in wy shown in Eq (3.7b) has real
solutions. This is satisfied if

2
Ly : 80, 01K jinas) = |0 = (ko = ks)| = 4(B = C) cos o as + (js = jo)| 2 0, (4.65)
in addition to j; being strictly chosen to satisfy condition (3.7a). The curve L : g(6y, 07 ki, ji,az) = 0

splits the 6yo-plane into two regions. One of them, in pink, characterizes the zone of non-existence
of the equilibrium position Qy4, while this position exists in the yellow zone, as shown in Figure 3(a).
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Now, we outline the regions of instability and stability. If condition (4.65) is satisfied, then there exist
two possible values of the angular velocity wy. They are

1
Wy, = o+ (ks —k
%~ 2B- C)coseo{ (ks ~ k2)
2 . . 2 57172
+ [COS 00(4(j2 — j3)(B = C) + (ky — k3)~) + 2 cos y[o(ks — ky) — 2a3(B - O)] + o ] .
(4.66)
3 3
Non-existence
27 2 Instability region for region for Q4
equilibrium position
Q4+
14 14
o Existence region of o
0 equilibrium 04
position Q4
—14 -1
) =2
(@ O 1 N 2 3 (b) 8
3
2-
T Stability region
for Q4
(o)
0_
1- Instability region for equilibrium
- position Q4
' ) 3
© 0 1 6, 2

Figure 3. Existence and stability of Q4 in the (6y,0) plane. (a) Existence (yellow) vs.
non-existence (pink). (b)-(c) Stability (green) vs. instability (yellow) for w, and w_, with
boundaries L;, L,.

By substituting (4.66) into Eq (3.7a), j; is computed as
Ji = (A - Buwg, + (ki — k)wo, + jo. (4.67)

AIMS Mathematics Volume 11, Issue 4, 9439-94609.



9462

The necessary and sufficient condition for the stability of the permanent rotation Q,,, computed at w, ,
is
Js <wy (B=C)+wy, (ky — ks) + j3. (4.68)

Thus, we have two limiting curves
Li: js - |0, (B-O) +wy, (ko —k3) + js|.  i=1.2.

Curve L, splits the region of stability for the equilibrium positions Q,, in bright green and the region
of instability in yellow, as displayed in Figure 3(b). Curve L, separates the zones of stability for the
equilibrium positions Q,_ in dark green and the instability region in yellow, as shown in Figure 3(c). It
is obvious that the regions of instability or stability do not intersect the pink region, which characterizes
the non-existence of the equilibrium point. Moreover, in the dark green region, both equilibrium
positions Q4. are stable.

Physically, these diagrams reveal how the internal rotor momentum and the orientation of the
rotation axis influence the robustness of the gyrostat’s motion under the combined external fields.

4.1. Numerical results

This section intends to present a numerical confirmation of the necessary stability and sufficient
conditions that are formed analytically in the prior section, as well as clarify the impact of the key
parameters on the stability boundary. Hence, we should carefully elect the values of the physical
parameters guaranteeing the existence conditions appearing in Section 3 are fulfilled.

Now, we offer proper physical values of the parameters allowing us to conduct a comprehensive
examination of the stability conditions for some permanent rotations. Let us consider a gyrostat model
having principal inertia moments A = 1, B = 2, C = 3, and the angular momentum for the rotor along
the third axis is o = 0.5. The magnetic field is determined by k; = 0.1, k, = 0.2, k3 = 0.3, while the
parameters of the central field are j, = 0.5, j, = 0.4, j3 = 0.6 in addition to the gravitational field
parameter, which is a; = 0.2.

We first consider the permanent rotations (Q;,). It is obvious that the angular velocity w, can be
picked out arbitrary and, therefore, we adopt wy, = 0.8. Theorem 3 provides the stability sufficient
condition as

+a3 < min(yy, x2),

where y, x> are defined by (4.6).

For Q,, we calculate y; = 2.56 and y, = 2.02, thus min(y, y2) = 2.02. Because a; = 0.2 < 2.02,
the stability condition holds. Then, Q. is stable.

For Q,_, direct computation yields y; =~ 2.40, y, =~ 1.86, so min(yy, x2) = 1.86. The stability
condition —a3 = —0.2 < 1.86 is verified. Hence, Q;_ is stable as well.

The Euler-Poisson equations (2.13) are solved numerically utilizing a fourth-order Runge—Kutta
method, applying small initial perturbations (6G; = 0.01, 6y; = 0.01). Figure 4(a) displays the time
evolution of angular velocity components w(¢), w(f), ws(¢) for the stable Q. case. The perturbations
stay bound and have shown oscillatory behavior, confirming the Lyapunov stability. On the contrary,
when parameters are adjusted to make the stability condition not met (for example, a; = 3 while the
other parameters are still unaltered), Figure 4(b) shows that the trajectory diverges significantly. This
confirms the Lyapunov instability.
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Figure 4. Time evolution of w;, w,, and w; for Q;,: (a) stable case (a3 = 0.2); (b) unstable
case (az = 3).

Second, we inspect the permanent rotations (Q,,). We kept all the parameters unchanged and
assumed 6y = m/4. Solving the quadratic equation (3.3), which is the existence condition for Q,_,
results in two real zeros. They are a)(()l) ~ 0.346 and w(()z) ~ 0.754, where each of them characterizes
diverse permanent rotation. The stability condition (4.24) is then checked for both values. This is

summed up in Table 1.

Table 1. Stability analysis for Q,. with 6, = /4.

Wy T Ty J2 | min(ty, ;) | Condition j, < min | Stable?
0.346 | 0.712 | 0.503 | 0.4 0.503 0.4 < 0.503 (true) Yes
0.754 | 0.712 | 0.278 | 0.7 0.278 0.7 < 0.278 (false) No

Figure 5(a) points out the two components w, and wj are still approximately fixed near 0.28 while
the component w; is close to zero. Hence, there is no systematic growth or divergence, i.e., all
quantities are still bound over time. This confirms the Lyapunov stability for O, . On the other side,
the unstable case which is characterized by the second row in Table 1, is described by Figure 5(b). It
is noticeable that the trajectory diverges significantly. This confirms the Lyapunov instability.
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Figure 5. Time evolution of w, w,, and w; for Q,,: (a) stable case (j, = 0.4, wy = 0.346);
(b) unstable case (j, = 0.7, wy = 0.754).

4.2. Key parameter influences

This subsection examines how variations in the rotor momentum parameter o influence the system’s
stability while keeping all other parameters fixed. The analysis concentrates on the two permanent
motions Q;, and Q», .

The effect of the rotor momentum o on the stability domain associated with the permanent rotation
Q1 is investigated through numerical simulations. When the angular velocity is positive (wy > 0),
larger values of o shift the stability threshold upward in the (wy, a3) plane, which enlarges the region
where the motion remains stable. This behavior reflects the stabilizing gyroscopic contribution of
a rotor spinning in the same direction as the main body. For negative angular velocities (wy < 0),
however, the product ow, becomes negative, pushing the stability boundary downward and reducing
the stable set. In physical terms, the rotor then acts against the body’s rotation, which can promote
instability. As a result, the overall stability landscape is not symmetric with respect to wy, a feature
clearly illustrated in Figure 6(a).

These observations highlight that the rotor momentum plays a decisive role in shaping the attitude
stability and can either reinforce or weaken it depending on the relative direction of rotation. These
results reveal that increasing the rotor momentum o does not universally enhance stability; in this
parameter configuration, it actually reduces the stability region and eventually leads to complete
instability as shown in Figure 6(b). This counterintuitive behavior arises because the rotor’s effect
enters both the existence condition and the stability criteria, and for the chosen moments of inertia (C >
B > A) and magnetic coeflicients, the sign of wy (which may become negative for some 6,) can cause
the term 0w, to lower the stability threshold. Thus, the rotor’s influence is highly parameter-dependent,
and the numerical exploration provides essential insight into the practical stability boundaries.

A similar study can be preformed for the remaining permanent rotations. All numerical simulations
fully corroborate our theoretical stability criteria, confirming the validity of the analytical derivations
through the energy-Casimir approach. These computational results not only reinforce the robustness
of our stability conditions but also offer practical guidance for engineers developing gyrostat-based
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satellite attitude control systems.
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Figure 6. The impact of the rotor momentum o on the stability and instability zones for (a)
the permanent rotation Q,, and (b) the permanent rotation Q,, .

5. Conclusions

The stability of a particular heavy charged rigid body carrying a rotor along the third axis of
inertia, subjected to a combination of three fields—gravitational, uniform magnetic, and attractive
central—has been investigated. The equations of motion have been derived and rewritten within a
Lie—Poisson Hamiltonian system. It has been shown that the problem under consideration represents
a generalization of a large class of rigid-body problems. The permanent rotations have been explored
and mechanically explained.

The first permanent rotation is the rotation of the body about a fixed axis in the direction of the vector
fixed in space, y, with constant angular velocity. This is sometimes known as a standing gyroscope,
since the fixed point lies above the center of mass. If the axis of rotation is opposite to the direction
of the fixed vector, the body is called a suspended gyroscope, since the center of mass lies below the
fixed point. The second permanent rotation is the rotation of the body with constant angular velocity
about an axis oblique with respect to the vertical and having direction cosines (0, + sin 6, cos 8,). The
third permanent rotation has a similar mechanical interpretation to the second. The fourth permanent
rotation is the rotation of the body with constant angular velocity about an axis with direction cosines
(sin 6, sin ¢, sin 6, cos @, cos 6y). Sufficient and necessary conditions for stability have been obtained.
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