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Abstract: Let

25(2 — ) — 4t
QcRrY 3<N<u)

0

be a smooth bounded domain. For

()<t<2s(2+9)_3g<s<1,

we consider the following fractional partial differential equation:

(—A)u(x) = B ‘D, (ﬁ(x))r +Af(x), xeQ,
u(x) > 0, x € Q,
u(x) = 0, xeRV\Q,

4s

where B > 0 is a constant, 6 € (O, 3513

), 0 < felL™Q),and A > 0 is a real parameter. In addition,

Dy (Lt%(x)) denotes a nonlocal gradient term. Problems involving local gradient terms and lower-order
terms have been extensively investigated in the existing literature. Motivated by this, we focus on
the corresponding problem with nonlocal gradient terms and lower-order terms in the present paper.
Specifically, our aim is to analyze the influence of the lower-order term on the existence of solutions
to the fractional Laplace problem. For 0 < A4 < A%, we prove the existence of solutions to this problem
when m > ¥
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1. Introduction

This paper deals with the existence of solutions to the following nonlocal elliptic problem:

(=A)Y’u(x) = B|D, (ﬁ(x))'2 +Af(x), x€Q,
u(x) > 0, xeQ, (1.1)
u(x) =0, xeRV\Q,

under the assumption

QcRY (3 <N< W) is a bounded domain with 9Q of class C2,
O<t<W<s<land0€(O i),

’ 2543 (12)
B > 01is a constant,
0< fel™Q)withm > %
where the fractional Laplacian operator (—A)* is defined as
(=A)'u(x) = ay, P~V-f Mdy, s €(0, 1),
’ RN |x _ y|N+25
where
25T (Y + s
ays = —g (1.3)

72(=s)

is a normalization constant and P.V. stands for Cauchy principal value. The nonlocal gradient term is

defined as
2 \2
]mw“”:(wif|Mﬂ_u@N@J’
RN

2 |x — y|N+2t

where ay; comes from (1.3). The initial motivation for studying problem (1.1) stems from the local
case, 1.e.,

|Du(x)|*
") + f(x), xe€Q, (1.4)

u(x) =0, x € 0Q),

where B > 0 is a constant, and f(x) > 0 is a Lebesgue integrable function. In this case, problem (1.4)
is strongly related to the porous medium equation. The local problem involving a singular lower-order
term has been extensively studied by Arcoya, Carmona, and others. In particular, Arcoya et al. [1,
Theorems 1.1-1.3 and Theorem 3.8] proved the existence of solutions to problem (1.4) with f(x) €
L"(Q)(1 < m < o0) by the approximation method. This approach is a standard method to address the
nonlinear problem with a singular lower-order term.

Problem (1.4) is a particular case of the following general model

—Au(x) =B

[u(x)|®
u(x) =0, X € 092,

_1Du(x)
{Amm—n + flou), xeQ, (15)
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where n7 > 0. Giachetti and Murat [2, Theorems 2.2 and 2.3] have examined the existence of solutions
to the elliptic problem with n < 0 and singular dependence of the lower-order term. For f(x) €
L"(Q) (m > %’), Giachetti et al. [3, Theorem 2.1] demonstrated the existence of weak solutions to
problem (1.5) withnp =1, =2,0 € (0,1), and f(x,u) = f(x). This result holds without imposing any
sign restrictions on f(x). They defined the meaning of solutions to ensure that the gradient term remains
meaningful even when u(x) = 0. Furthermore, they established the boundedness of solutions for f(x) €
L"(Q) (m > %) Arcoya et al. [4, Theorem 1.1] studied the existence of solutions to problem (1.5) with

g=20=17=px €LQ),and f(x,u) = du(x) + f(x). For 0 < f(x) € L"(Q)(1 <m < %),

they demonstrated that the problem admits a positive solution provided that 4 < , where 4,

A
T+|lullpeo )
denotes the first eigenvalue of the Laplacian operator. Carmona et al. [S5, Theorem 1.2] investigated
the existence of solutions to an elliptic problem with a singular term of the form 'Z;f'f. Problem (1.5)

reduces to their model with § = g — 1 € (0,1], n = u(x) € L*(Q), and f(x,u) = Au(x) + f(x). For
f(x) € L"(Q) (m > %), they extended the traditional case of ¢ = 2 (see [4]) to a broader range of g

and proved that problem (1.5) admits a unique solution for 4 < 0, at least one solution for 4 < A*
and no solution for 4 > A*. Lopez-Martinez [6, Theorem 1.1] investigated the existence, multiplicity,
and uniqueness of solutions to an elliptic problem with a singular term of the form 'Vu’ﬁ'q. Problem (1.5)
reduces to their model with 6 = a € [0, 1], n = u(x) € L*(Q), and f(x,u) = Au(x) + f(x). The study
revealed that @ = g — 1 plays the role of a break point for the multiplicity or uniqueness of solutions.
Kumar and Tyagi [7, Theorem 2.1] introduced the Hardy potential based on problem (1.4) and proved
the existence of solutions. For related works on the p-Laplacian, see [8,9].

The fractional Laplacian operator (—A)*(0 < s < 1) is pivotal in modeling long-range interactions.
It has applications in obstacle problems [10], crystal dislocations [11], and phase transitions [12]. It is
widely used in modern scientific analysis and modeling.

This leads us to the nonlocal boundary value problem

(=A)'u(x) = |Du(x)|" + pf(x), x€Q,
u(x) =0, xeRV\Q,

(1.6)

where 9,(-) denotes the nonlocal gradient term, which has three distinct forms. Abdellaoui
et al. [13, Theorems 1.1-1.4] established the existence of solutions with ¢t = s € (%, 1), where one of
the forms of the nonlocal gradient term 9,;(-) was considered. = Subsequently, Abdellaoui
et al. [14, Theorem 1.4] extended these results to the full parameter range with s € (0,1) and

te (0, min {1, Ry (1 + #)}) Abdellaoui et al. [15, Theorem 4.7] demonstrated the existence of solutions

to problem (1.6) with Hardy potentials. Recently, Younes et al. [16, Theorem 1.2] made significant
progress by generalizing this framework to multi-operator fractional elliptic systems.
Problem (1.1) can be seen as a nonlocal generalization of the singular problem

2
“Au() = o) 22O v, xe o,
uf(x) (1.7)
u(x) >0, x € Q, )
u(x) =0, X € 0Q),
where .
w0 =222 g
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and
|Du(x)l>

w(x) — (2- 49)2
The existence of solutions to problem (1.7) have been analyzed in [3]. On the other hand, problem (1.1)
can be seen as a singular perturbation of the nonlocal problem that has been studied in [13, 14].
Next, we introduce the definition of the solution to problem (1.1).
) 2
Dy(u’%" (x))' €

‘Du (x)‘

Definition 1.1. We say that u(x) is a weak solution to problem (1.1)if 0 < u(x) € L!
LY(Q), and u(x) = 0 for all x € RV \ Q, and

f f (u(x) — u(y)) (p(x) — ¢(y))
Da

|X _ y|N+2s

dxdy = B ‘D, (ﬁ(x))'2 A(x)dx + A f FOedx,  (1.8)
Q

for all ¢ belonging to
X'(Q) :={p € C" (RY) : ¢(x) = 0 for all x € RV \ Qand (-A)'¢ € LV(Q).

where C%* (RN ) denotes the Holder continuous space, and s € (, 1) is the Holder continuity exponent.
The paper is organized as follows. Section 2 presents the functional framework and relevant spaces.
Section 3 establishes the existence of solutions to the problem (1.1).

2. Preliminaries

First, we introduce some notations used in the paper:

e For a bounded open set Q ¢ R", we denote its complementary as Cq, that is Cq = RV \ Q.
e For p € (1,00), we denote by p’ the conjugate exponent of p, namely p = p and by p3, the

fractional Sobolev critical exponent, i.e., p; = = +oo if sp N.

e (C represents a generic positive constant that may be different even in the same formula.

We now collect some definitions of the main function spaces involved in our results and some
additional tools here. First of all, for all s € (0,1) and 1 < p < +oo, the fractional Sobolev space
WP (RN ) is defined as

— P
Wr (RY) = {ue L7 (RY): f f ) = WD ) gy < 4ol
N |)C y|N+s

which is a Banach space endowed with the norm

() ,
lellysr vy = ( f ()" dx + f f '”lix) ylﬁ)}' d dy) .

Define the space ‘W,”(Q) as

WP(Q) = {u e W (RY): u(x) = 0,x e RV \ Q).
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Thanks to the Sobolev inequality, ‘W,” () is a Banach space endowed with norm
1
|u(x) — u()I” ’
5p ——————dxdy]| ,
||u||w @ = (ffz;g I — y[Veop y

Dq = (RV xRY)\ (Ca x Cq).

where

In this case, the spaces W**(R") and ‘W;*(Q) are commonly denoted by H*(R") and HJ(Q),
respectively.
Next, we recall that for all s € (0,1) and 1 < p < +00, the Bessel potential space is denoted as

£ (RY) = e O @) =7,
where
|l e vy = ”(1 B A)%u”LI’(RN)
and
(1= Ay =F" ((1 o) Tu), for all u € € (RY).
We note that for s € (0, 1) and 1 < p < +00, the norm
ol vy = Mol ey + (| (=3 u] ey

is equivalent to that of the space L7 (RN ) (see [17, Theorem 2]). Moreover, we have the additional
result that 1f - < p < +oo, then an equivalent norm

il oo vy = el ey + WDl ey

can be defined on L*” (RN ) [17, Theorem 1.1]. By analogy with the space “W,”(Q), we define the
space

L7 ={ue L7 (RY):u=0inRV\ Q}.

We emphasize that for 0 < s < 1 and 1 < p < +oo, this space is a Banach space with respect to the
norm

il griay = (=807 u] gy -

_2N_

Furthermore, if the additional condition N

imposed on £,;”(Q), given by

< p < +oo holds, then an equivalent norm can be

il 5o = Dl ey -
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We also recall the embeddings that hold for all 0 < € < 0 < 1l andall 1 < p < 400 (see [18,
Theorem 7.63(g)]):

L7 (RY) c wor (RY) c L7 (RY).
It is a well-known result that for all 1 < p < +coand all 0 < o < 0’ < 1, the embedding
W (RY) c W (RY)
holds [18, Theorem 7.63(c)], and that for 1 < p < co, we have
L7 (RY) ¢ L7 (RY).

As the constant below will be of use in subsequent arguments, we point out that there exists a constant
k = k(o,0”’, p) > 1 such that

ol vy < el o @.1)

forall u € £LoP (RN ) and

||u||(WU'J’(RN) < k”u”(Wa",p(RN)

for all u € WP (RN ) Having introduced the basic notions of the relevant function spaces, we next
present several lemmas that will be applied in the subsequent analysis.

Lemma 2.1. [19, Lemma 2.2] Let 0 < a < 1; then for every x, y > 0, we have

(02

|x* =y < |x = yI”
Lemma 2.2. [14, Proposition 2.4] Let 0 < t < min{l, s(l + #)} and 1 < p < N(l+—s)—s The solution
map
Gy : L'(Q) - L(Q), he Gylh] = f G(x, y)h(y)dy (2.2)
Q

is well defined, continuous, and compact, where G, : R*N — R denotes the Green function associated
with the fractional Laplacian operator (—A)* in the domain Q with homogeneous Dirichlet boundary
conditions. Note that

RN = {(x,y) eR™M:x# y}.

Lemma 2.3. [13, Lemma 4.1] Let a,b >0, p > 1, and

. -1 1 |
¢ = p_( )T,
p pa’b

Then, the function g: [0, 0) — R is given by
g(t) =a’(bt + ")’ —t.

Therefore, g(t) = 0 has exactly one root t* € (0, 00).

AIMS Mathematics Volume 11, Issue 4, 9365-9379.
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Lemma 2.4. [14, Proposition 2.1] Let 0 < s < t < min {1 s (1 + )} and let u be the unique weak

solution to
(=A)'u(x) = h(x), x€Q,
u(x) =0, xeRV\Q,

with h € L™(Q) for some m > 1, where

1
p(m, s,1) = {(t—x)“ ifm> 55,

1 mN 1
mm{N—ms+mN(t—s>’ (z—s)+}’ ifl<m< 35,

Then, for all 1 < p < p, there exists C(N, s, p, m, Q) > 0 such that

el vy < CllAllny and ||ullyer@yy < CllAllpnq)-
Lemma 2.5. Let a, b be real numbers and p > 0. Then,
(lal + |b))? < C(lal” + |bI"),

where

1, O<p<l,
C=1_,
2074 p> 1.

(2.3)

(2.4)

(2.5)

Lemma 2.6. Assume that (1.2) holds, and that « and € are defined in (3.3) and (3.5), respectively.

Then,

l+a 1
2

ool 11
fQ fRN |x—y|N+2f y X ||u||£6+51+[,(g)

Proof. Using Lemma 2.1, convexity, the Holder inequality, and (2.1), we have

1
I+a
\uz(x)—uz(y)i i
d d
fg fRN |x — y|V+2 Y *

I+a

N

N
A

2(-1

= C||Dasne (l/t)

2(2-0)

= Cllul| 24:+N9 I
£ 22507 )

L1+"(Q)

< Clul %,

‘CY+S 1+ar Q)

This completes the proof.

f ( Ju(x) = u()F™* dy)2

Q RN |x _ y|N+2t

f f Ju(x) = u@y) dy
Q RN |x yl(N+21)2 i

u(x) — u(y)l’
< C f f N+24t+N9 dy
Q\JRV |x — y|" 7200

1+a
2

dx)

1
2-6)(1+a) e
1
dx]

2-6

2(1+a)
dx]

O
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3. Existence result

We now prove the existence of solutions to problem (1.1). Let (1.2) hold, and define 7: E —

£(3)+£,1+a/ (Q) as

TW) =u,

where u 1s the weak solution to

(—A)’u(x) = B|D, (ﬁ(x))‘2 A, xeQ,
u(x) > 0, x€Q,
u(x) =0, xeR¥\Q

and v(x) > 0 in Q, while v(x) = 0in R \ Q, where

and ¢ satisfies (3.10),

where

and

where

1
E = {O <ue€ £(§+8,1+a(Q) : ||u||£g+£,‘r(g) < gﬂ} ,

l<1l+a<7<min Z,L ,
N(l+¢e)-ys

4t + N6 (- 6.m.5) r(2-6)
, T=1Ur,0,mSs)= .
212 - 6) 2

s+&>

{ 1+a}
r > max-< 2m, ,
a

) S
8<m1n{1 —s,—}
N

is a small enough positive constant.
In order to prove the existence of a weak solution to problem (1.1), we show that the function 7~ has

a fixed point in E, that is,

u=9 ).

Lemma 3.1. 7 is well defined if (1.2) holds.

Proof. By the Holder inequality and (3.4), we have

AIMS Mathematics

I

D, (ﬁ(x))rdx <197 (j;

<C dy| d
fngN |x — [N+ T

D, (v¥ (x))'r dx)r

20 2-0 2
vE () = vE )

b

r
2

9

3.1)

(3.2)

(3.3)

(3.4)

(3.5)
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and by Lemma 2.1 and convexity, we obtain that

fg 'Dt (ﬁ(x))‘zdx <C

=C

2-6
\Di (v(x))

f f v(x) = v~
o\Jrv X —yIV*
f f v(x) = v
0 RN |x yl(N+2t)29
Q

- yi A

r(2-6)
L

2 Q)

- C”V” 4t+N9 r(2-6)

<C

rX
I

< Ct.

T @

S+&, T

By [20, Theorem 23] and Lemma 2.2, 7 is well defined, using (3.3).

This completes the proof.

Lemma 3.2. 7(E) C E if (1.2) holds.

f v(x) = v()I* J
I—rro
R N+2-

2

LooNT
dy) dx)

r(2-6)

-
y) dx

r(2-6)

) dx

~ I

Proof. For any v € E, let u = 7 (v). Now, using Lemma 2.4, we obtain that

c H'D, v%(x))|

Dt v (X) +/1f(X)

L)

where A* appears in (3.11), m > %, and we have used (3.3).
By the Holder inequality, (3.4), and Lemma 2.1 again, we find

AIMS Mathematics

D, (v ()|

r=2m

<IQ T

«f

2 f f
Lm(Q) Q RN

2-6 2-0 2
v (x) - VT(y)'

Q)

+ C/l*||f||Lm(Q),

m

|x _ y|N+Zt dy dx
\w(x)—vz(y)\d )
fg fRN |x =y T

_ 2.0 \1 :
v(x) = v(y)| dy) dx] ’

RV X — )’|N+2’

~ I

(3.6)

(3.7)
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and by (3.6), we have

_ 2-0 \12 ;
([ ) o <cr s

Combining (3.7) and (3.8), we have

||M||L3+S’T(Q) SCl+ A llne) - (3.9)
Let
C €+ XN fllme) = €77, (3.10)
where
rec— (3.11)
1l

By Lemma 2.3, we know that (3.10) has a unique solution ¢. Thus, by (3.9) and (3.10), we have that
1

llull givor 0y < €7 (3.12)

By Lemma 2.4, we also know that u € £**'**(Q). This, together with (3.12), leads to u € E.
Subsequently, we deduce that 7 (E) C E.
This completes the proof. O

Lemma 3.3. 7 is continuous if (1.2) holds.

Proof. Let {v,} C E be a sequence such that v, — v in .E(s)”’“a(ﬂ). Define u, = 7(v,) and u = T (v).
Now, we show that u,, — u in £8+8’1+"(Q). In order to show this fact, by Lemma 2.2, we only need to
show that

2

5 20 N2
000 = By )] + 470 = g0 = B[R (@) + 450 imLi@. @1y
That is,
220 2 2T()C) ZT(y)’ ‘ 7 (x) - vzz_s(y)ﬂ
H'D, (s )| = fp (v )| » f f@ Q R dxdy

ff v,, (x)—vn (y)' VZ(X)—VZ()’)‘
Jx = y|3*

vE )=t 0) - @ - vE o)
X dxdy.
lx — y[3*

AIMS Mathematics Volume 11, Issue 4, 9365-9379.
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Using the Holder inequality, we have

2

20 - vl ) = O+ [ ) - v )
HDt (Vnz(X)) — |Dy (VT()C))‘2 . <f§; LN( |X‘ y|V+ ‘)
o @ v o - - o) l
X fRN |x y|N+2t y dx
(o = v ]+ 0 - v ) l
< f Dq o — y¥e ddy
F W -vE o) - e - (y)() 1
* f Dy Jox — yN ddy
=M M (3.14)

Now, we prove that M, is bounded and M, — 0 as n — oo. Then,

First, we claim that M, is bounded. By (3.6), we have

-l o VE @ v o)
ff Jox =y dXderff Jox =y oy

2 7 2-4 2-9 2 3
o 0= o) . ool |
< o +
- fg fRN PR fg jI;N PRI

< C(Iler gy + M)

By v, € Eandv € E, we have

- 0.

D, (vn (x))

v2(x)‘

LY(Q)

My < C (Il )+ IMBr ) < CE

which implies that M, is bounded.
Next, we claim M, — 0. Denote

AIMS Mathematics Volume 11, Issue 4, 9365-9379.
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Combining with (3.14) and the Holder inequality, we obtain that

() — (I
( |x y|N+2t dy)dx
( |pn(x) — ¢n(y)| | (x) — ¢n(y)| )
y X
Jx — y|3* Ix It

<f 1800 = 6,00 j‘mw bOP N
= o\Jpv  Jx— y|N+Zz |x — y|N+2 dy

|%m—mwﬁ)? l”jm |wm—mwﬁ)¥ E
) (L ( RN |X - }’|N+2[ Y x] ( Q RN |x — y|N+2[ y X

Hence, by v, — v in £8+€’1+Q(Q) and Lemma 2.6, we have

|mm—@@ﬁ)? e
—— - - d d - 0.
L ( RN |x — )’|N+2t Y x}

_ 2\
Q \JRV -

is bounded, we can get M, — 0. Due to Lemma 2.5 and Lemma 2.1, we get

16,(x) — bV )12 f f D () = v () =t () + v (y)‘
WV Z P 1) dx = J
fQ; (jl;l" lx — Y|N+2t Y x ol Jrv |x — y|N+2! X

v () - %@ﬁvzm—w@w

‘[RN |X y|N+2t dx

w(@—w(ﬁ' vuw—vuw

|.X' y|N+2t

If we show that

\f waw—vAwFﬂ+wuy—waﬁ@Jﬁdx

RN |x _ y|N+21

gy =y N

() —ve)P? \*
+C£(LN—|x_le+2[ dy dx

:C(P1+P2).

mm—w®%3)ﬁﬂ

AIMS Mathematics Volume 11, Issue 4, 9365-9379.
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Using convexity, the Holder inequality, and (3.4), we have

I+a

V() = v\ ™
Pl :f( |x |N+2t dy dx
Q \JRY y

2-6)(1+a)

4a
c f ( [V (x) = V()| dy) i
Q RN |x yl(N+2t)29

I+a

N

2-6) e
2 7
<C f Va0 = vaOIF V”SN)! dy dx
o \JrRY |x — y|N+22(2 )

Q-9)(1+a) H)(1+n)

—C|'D4t+N9(Vn(x))H 20 9) s

/

and by v, € E, we have

@ 9)(1+a)

LY+S T

1
< Clv,ll <Clow,

Similarly, we can obtain that P, is bounded.
Combining claims 1 and 2, we find that

2-9
[P ()

which implies that g, — g in L'(Q), leading to the following result. O

2 2-9\|2

— |D;, (VT)

-0
LY(Q)

2

Lemma 3.4. 7 is compact if (1.2) holds.
Proof. Let {v,} C E be a bounded sequence in .ES”’“"(Q) and denote u, = 7 (v,). We need to prove

2o\ [2
Dy (v,,z) is

a bounded sequence in L'(Q). By (3.13), we get that {g,} is a bounded sequence in L'(Q). The result
follows from Lemma 2.2. a

that u, — u in .E(S)J“g’““(Q) for some u € £3+8’1+“(Q). By Lemma 3.1, we obtain that {

Proof of Theorem 3.5. Since E is a closed convex set of L3+8’1+“(Q), by Lemmas 3.1-3.4, we know
that 7 is continuous, compact, and satisfies 7(E) C E, and we can apply the Schauder fixed point
Theorem to obtain u € E such that 7 (u) = u. Therefore, we deduce that problem (1.1) has a weak

solution u for any 0 < 4 < A*. Thanks to Lemma 2.4 and [21, Proposition 1.4(iii)], we have u €
HRN) N COS(RN). O

4. Conclusions

In this paper, we have studied the fractional elliptic problem (1.1) involving a nonlocal gradient
term and a lower-order term. Under suitable assumptions on the parameters N, s,t,6, B, A and the
source term f € L™(Q) with m > N/s, we established the existence of weak solutions. More precisely,
for any 0 < A < A%, there exists a positive weak solution u € L(S)“’“"(Q) N H*®RY) N C**(RY). The
proof relies on a fixed-point argument combined with compactness and continuity properties of the

AIMS Mathematics Volume 11, Issue 4, 9365-9379.
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solution operator 7 . Our results extend classical local problems with singular quadratic gradient terms
to the nonlocal fractional setting, and highlight the influence of the lower-order term on the existence
of solutions.
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