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Abstract: Let

Ω ⊂ RN

(
3 ⩽ N <

2s(2 − θ) − 4t
θ

)
be a smooth bounded domain. For

0 < t <
2s(2 − θ) − 3θ

4
< s < 1,

we consider the following fractional partial differential equation:
(−∆)su(x) = B

∣∣∣∣Dt

(
u

2−θ
2 (x)

)∣∣∣∣2 + λ f (x), x ∈ Ω,
u(x) > 0, x ∈ Ω,
u(x) = 0, x ∈ RN \Ω,

where B > 0 is a constant, θ ∈
(
0, 4s

2s+3

)
, 0 < f ∈ Lm(Ω), and λ > 0 is a real parameter. In addition,

Dt

(
u

2−θ
2 (x)

)
denotes a nonlocal gradient term. Problems involving local gradient terms and lower-order

terms have been extensively investigated in the existing literature. Motivated by this, we focus on
the corresponding problem with nonlocal gradient terms and lower-order terms in the present paper.
Specifically, our aim is to analyze the influence of the lower-order term on the existence of solutions
to the fractional Laplace problem. For 0 < λ ⩽ λ∗, we prove the existence of solutions to this problem
when m > N

s .
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1. Introduction

This paper deals with the existence of solutions to the following nonlocal elliptic problem:
(−∆)su(x) = B

∣∣∣∣Dt

(
u

2−θ
2 (x)

)∣∣∣∣2 + λ f (x), x ∈ Ω,

u(x) > 0, x ∈ Ω,

u(x) = 0, x ∈ RN \Ω,

(1.1)

under the assumption
Ω ⊂ RN

(
3 ⩽ N < 2s(2−θ)−4t

θ

)
is a bounded domain with ∂Ω of class C2,

0 < t < 2s(2−θ)−3θ
4 < s < 1 and θ ∈

(
0, 4s

2s+3

)
,

B > 0 is a constant,
0 < f ∈ Lm(Ω) with m > N

s ,

(1.2)

where the fractional Laplacian operator (−∆)s is defined as

(−∆)su(x) = aN,s P.V.
∫
RN

u(x) − u(y)
|x − y|N+2s dy, s ∈ (0, 1),

where

aN,s = −
22sΓ

(
N
2 + s

)
π

N
2 Γ(−s)

(1.3)

is a normalization constant and P.V. stands for Cauchy principal value. The nonlocal gradient term is
defined as

Dt (u(x)) =
(
aN,s

2

∫
RN

|u(x) − u(y)|2

|x − y|N+2t dy
) 1

2

,

where aN,s comes from (1.3). The initial motivation for studying problem (1.1) stems from the local
case, i.e., −∆u(x) = B

|Du(x)|2

u(x)
+ f (x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,
(1.4)

where B > 0 is a constant, and f (x) > 0 is a Lebesgue integrable function. In this case, problem (1.4)
is strongly related to the porous medium equation. The local problem involving a singular lower-order
term has been extensively studied by Arcoya, Carmona, and others. In particular, Arcoya et al. [1,
Theorems 1.1–1.3 and Theorem 3.8] proved the existence of solutions to problem (1.4) with f (x) ∈
Lm(Ω)(1 < m < ∞) by the approximation method. This approach is a standard method to address the
nonlinear problem with a singular lower-order term.

Problem (1.4) is a particular case of the following general model−∆u(x) = η
|Du(x)|q

|u(x)|θ
+ f (x, u), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,
(1.5)
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where η ⩾ 0. Giachetti and Murat [2, Theorems 2.2 and 2.3] have examined the existence of solutions
to the elliptic problem with η < 0 and singular dependence of the lower-order term. For f (x) ∈
Lm(Ω)

(
m ⩾ N

2

)
, Giachetti et al. [3, Theorem 2.1] demonstrated the existence of weak solutions to

problem (1.5) with η = 1, q = 2, θ ∈ (0, 1), and f (x, u) ≡ f (x). This result holds without imposing any
sign restrictions on f (x). They defined the meaning of solutions to ensure that the gradient term remains
meaningful even when u(x) = 0. Furthermore, they established the boundedness of solutions for f (x) ∈
Lm(Ω)

(
m > N

2

)
. Arcoya et al. [4, Theorem 1.1] studied the existence of solutions to problem (1.5) with

q = 2, θ = 1, η = µ(x) ∈ L∞(Ω), and f (x, u) = λu(x) + f (x). For 0 < f (x) ∈ Lm(Ω)
(
1 < m < N

2

)
,

they demonstrated that the problem admits a positive solution provided that λ < λ1
1+∥µ∥L∞(Ω)

, where λ1

denotes the first eigenvalue of the Laplacian operator. Carmona et al. [5, Theorem 1.2] investigated
the existence of solutions to an elliptic problem with a singular term of the form |∇u|q

uq−1 . Problem (1.5)
reduces to their model with θ = q − 1 ∈ (0, 1], η = µ(x) ∈ L∞(Ω), and f (x, u) = λu(x) + f (x). For
f (x) ∈ Lm(Ω)

(
m > N

2

)
, they extended the traditional case of q = 2 (see [4]) to a broader range of q

and proved that problem (1.5) admits a unique solution for λ ⩽ 0, at least one solution for λ < λ∗

and no solution for λ > λ∗. López-Martı́nez [6, Theorem 1.1] investigated the existence, multiplicity,
and uniqueness of solutions to an elliptic problem with a singular term of the form |∇u|q

uα . Problem (1.5)
reduces to their model with θ = α ∈ [0, 1], η = µ(x) ∈ L∞(Ω), and f (x, u) = λu(x) + f (x). The study
revealed that α = q − 1 plays the role of a break point for the multiplicity or uniqueness of solutions.
Kumar and Tyagi [7, Theorem 2.1] introduced the Hardy potential based on problem (1.4) and proved
the existence of solutions. For related works on the p-Laplacian, see [8, 9].

The fractional Laplacian operator (−∆)s(0 < s < 1) is pivotal in modeling long-range interactions.
It has applications in obstacle problems [10], crystal dislocations [11], and phase transitions [12]. It is
widely used in modern scientific analysis and modeling.

This leads us to the nonlocal boundary value problem{
(−∆)su(x) = |Dtu(x)|q + ρ f (x), x ∈ Ω,

u(x) = 0, x ∈ RN \Ω,
(1.6)

where Dt(·) denotes the nonlocal gradient term, which has three distinct forms. Abdellaoui
et al. [13, Theorems 1.1–1.4] established the existence of solutions with t = s ∈

(
1
2 , 1

)
, where one of

the forms of the nonlocal gradient term Dt(·) was considered. Subsequently, Abdellaoui
et al. [14, Theorem 1.4] extended these results to the full parameter range with s ∈ (0, 1) and
t ∈

(
0,min

{
1, s

(
1 + 1

N

)})
. Abdellaoui et al. [15, Theorem 4.7] demonstrated the existence of solutions

to problem (1.6) with Hardy potentials. Recently, Younes et al. [16, Theorem 1.2] made significant
progress by generalizing this framework to multi-operator fractional elliptic systems.

Problem (1.1) can be seen as a nonlocal generalization of the singular problem
−∆u(x) = µθ(x)

|Du(x)|2

uθ(x)
+ λ f (x), x ∈ Ω,

u(x) > 0, x ∈ Ω,
u(x) = 0, x ∈ ∂Ω,

(1.7)

where

µθ(x) =
(2 − θ)2

4
B
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and
|Du(x)|2

uθ(x)
=

4
(2 − θ)2

∣∣∣∣Du
2−θ

2 (x)
∣∣∣∣2 .

The existence of solutions to problem (1.7) have been analyzed in [3]. On the other hand, problem (1.1)
can be seen as a singular perturbation of the nonlocal problem that has been studied in [13, 14].

Next, we introduce the definition of the solution to problem (1.1).

Definition 1.1. We say that u(x) is a weak solution to problem (1.1) if 0 < u(x) ∈ L1(Ω),
∣∣∣∣Dt

(
u

2−θ
2 (x)

)∣∣∣∣2 ∈
L1(Ω), and u(x) = 0 for all x ∈ RN \Ω, and"

DΩ

(u(x) − u(y)) (ϕ(x) − ϕ(y))
|x − y|N+2s dxdy = B

∣∣∣∣Dt

(
u

2−θ
2 (x)

)∣∣∣∣2 ϕ(x)dx + λ
∫
Ω

f (x)ϕ(x)dx, (1.8)

for all ϕ belonging to

Xs(Ω) :=
{
ϕ ∈ C0,s

(
RN

)
: ϕ(x) = 0 for all x ∈ RN \Ω and (−∆)sϕ ∈ L∞(Ω)

}
,

where C0,s
(
RN

)
denotes the Hölder continuous space, and s ∈ (t, 1) is the Hölder continuity exponent.

The paper is organized as follows. Section 2 presents the functional framework and relevant spaces.
Section 3 establishes the existence of solutions to the problem (1.1).

2. Preliminaries

First, we introduce some notations used in the paper:

• For a bounded open set Ω ⊂ RN , we denote its complementary as CΩ, that is CΩ = RN \Ω.
• For p ∈ (1,∞), we denote by p′ the conjugate exponent of p, namely p′ = p

p−1 and by p∗s, the
fractional Sobolev critical exponent, i.e., p∗s =

N p
N−sp if sp < N and p∗s = +∞ if sp ⩾ N.

• C represents a generic positive constant that may be different even in the same formula.

We now collect some definitions of the main function spaces involved in our results and some
additional tools here. First of all, for all s ∈ (0, 1) and 1 ⩽ p < +∞, the fractional Sobolev space
Ws,p

(
RN

)
is defined as

Ws,p
(
RN

)
:=

{
u ∈ Lp

(
RN

)
:
"
R2N

|u(x) − u(y)|p

|x − y|N+sp dxdy < +∞
}
,

which is a Banach space endowed with the norm

∥u∥Ws,p(RN) =
(∫
RN
|u(x)|pdx +

"
R2N

|u(x) − u(y)|p

|x − y|N+sp dxdy
) 1

p

.

Define the spaceWs,p
0 (Ω) as

W
s,p
0 (Ω) :=

{
u ∈ Ws,p

(
RN

)
: u(x) ≡ 0, x ∈ RN \Ω

}
.
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Thanks to the Sobolev inequality,Ws,p
0 (Ω) is a Banach space endowed with norm

∥u∥Ws,p
0 (Ω) =

("
DΩ

|u(x) − u(y)|p

|x − y|N+sp dxdy
) 1

p

,

where

DΩ :=
(
RN × RN

)
\ (CΩ × CΩ) .

In this case, the spaces Ws,2(RN) and Ws,2
0 (Ω) are commonly denoted by H s(RN) and H s

0(Ω),
respectively.

Next, we recall that for all s ∈ (0, 1) and 1 ⩽ p < +∞, the Bessel potential space is denoted as

Ls,p
(
RN

)
=

{
u ∈ C∞c (RN)

}|·|
Ls,p(RN) ,

where

|u|Ls,p(RN) =
∥∥∥(1 − ∆)

s
2 u

∥∥∥
Lp(RN)

and

(1 − ∆)
s
2 u = F −1

((
1 + | · |2

) s
2
F u

)
, for all u ∈ C∞c

(
RN

)
.

We note that for s ∈ (0, 1) and 1 < p < +∞, the norm

∥u∥Ls,p(RN) = ∥u∥Lp(RN) +
∥∥∥(−∆)

s
2 u

∥∥∥
Lp(RN)

is equivalent to that of the space Ls,p
(
RN

)
(see [17, Theorem 2]). Moreover, we have the additional

result that if 2N
N+2s < p < +∞, then an equivalent norm

∥u∥Ls,p(RN) = ∥u∥Lp(RN) + ∥Dsu∥Lp(RN)

can be defined on Ls,p
(
RN

)
[17, Theorem 1.1]. By analogy with the space Ws,p

0 (Ω), we define the
space

L
s,p
0 (Ω) =

{
u ∈ Ls,p

(
RN

)
: u ≡ 0 in RN \Ω

}
.

We emphasize that for 0 < s < 1 and 1 < p < +∞, this space is a Banach space with respect to the
norm

∥u∥Ls,p
0 (Ω) =

∥∥∥(−∆)
s
2 u

∥∥∥
Lp(RN) .

Furthermore, if the additional condition 2N
N+2s < p < +∞ holds, then an equivalent norm can be

imposed on Ls,p
0 (Ω), given by

∥u∥Ls,p
0 (Ω) = ∥Ds(u)∥Lp(RN) .
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We also recall the embeddings that hold for all 0 < ϵ < σ < 1 and all 1 < p < +∞ (see [18,
Theorem 7.63(g)]):

Lσ+ϵ,p
(
RN

)
⊂ Wσ,p

(
RN

)
⊂ Lσ−ϵ,p

(
RN

)
.

It is a well-known result that for all 1 ⩽ p < +∞ and all 0 < σ ⩽ σ′ < 1, the embedding

Wσ′,p
(
RN

)
⊂ Wσ,p

(
RN

)
holds [18, Theorem 7.63(c)], and that for 1 < p < ∞, we have

Lσ
′,p

(
RN

)
⊂ Lσ,p

(
RN

)
.

As the constant below will be of use in subsequent arguments, we point out that there exists a constant
k = k(σ,σ′, p) ⩾ 1 such that

∥u∥Lσ,p(RN) ⩽ k∥u∥Lσ′ ,p(RN) (2.1)

for all u ∈ Lσ
′,p

(
RN

)
, and

∥u∥Wσ,p(RN) ⩽ k∥u∥Wσ′ ,p(RN)

for all u ∈ Wσ′,p
(
RN

)
. Having introduced the basic notions of the relevant function spaces, we next

present several lemmas that will be applied in the subsequent analysis.

Lemma 2.1. [19, Lemma 2.2] Let 0 < α ⩽ 1; then for every x, y ⩾ 0, we have

|xα − yα| ⩽ |x − y|α.

Lemma 2.2. [14, Proposition 2.4] Let 0 < t < min
{
1, s

(
1 + 1

N

)}
and 1 < p < N

N(1+t−s)−s . The solution
map

Gs : L1(Ω)→ Lt,p
0 (Ω), h 7→ Gs[h] =

∫
Ω

Gs(x, y)h(y)dy (2.2)

is well defined, continuous, and compact, where Gs : R2N
∗ → R denotes the Green function associated

with the fractional Laplacian operator (−∆)s in the domain Ω with homogeneous Dirichlet boundary
conditions. Note that

R2N
∗ :=

{
(x, y) ∈ R2N : x , y

}
.

Lemma 2.3. [13, Lemma 4.1] Let a, b > 0, p > 1, and

c∗ :=
p − 1

p
(

1
papb

)
1

p−1 .

Then, the function g: [0,∞)→ R is given by

g(t) = ap(bt + c∗)p − t.

Therefore, g(t) = 0 has exactly one root t∗ ∈ (0,∞).
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Lemma 2.4. [14, Proposition 2.1] Let 0 < s ⩽ t < min
{
1, s

(
1 + 1

N

)}
, and let u be the unique weak

solution to {
(−∆)su(x) = h(x), x ∈ Ω,

u(x) = 0, x ∈ RN \Ω,
(2.3)

with h ∈ Lm(Ω) for some m ⩾ 1, where

p̃(m, s, t) =

 1
(t−s)+ , if m > N

2s−t ,

min
{

mN
N−ms+mN(t−s) ,

1
(t−s)+

}
, if 1 ⩽ m < N

2s−t .
(2.4)

Then, for all 1 < p < p̃, there exists C(N, s, p,m,Ω) > 0 such that

∥u∥Lt,p(RN ) ⩽ C∥h∥Lm(Ω) and ∥u∥Wt,p(RN ) ⩽ C∥h∥Lm(Ω). (2.5)

Lemma 2.5. Let a, b be real numbers and p > 0. Then,

(|a| + |b|)p ⩽ C(|a|p + |b|p),

where

C =

1, 0 < p ⩽ 1,
2p−1, p > 1.

Lemma 2.6. Assume that (1.2) holds, and that α and ε are defined in (3.3) and (3.5), respectively.
Then, 

∫
Ω


∫
RN

∣∣∣∣u 2−θ
2 (x) − u

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


1+α

2

dx


1

1+α

⩽ ∥u∥
2−θ

2

L
s+ε,1+α
0 (Ω)

.

Proof. Using Lemma 2.1, convexity, the Hölder inequality, and (2.1), we have
∫
Ω


∫
RN

∣∣∣∣u 2−θ
2 (x) − u

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


1+α

2

dx


1

1+α

⩽

∫
Ω

(∫
RN

|u(x) − u(y)|2−θ

|x − y|N+2t dy
) 1+α

2

dx


1

1+α

⩽ C

∫
Ω

∫
RN

|u(x) − u(y)|2

|x − y|(N+2t) 2
2−θ

dy
 (2−θ)(1+α)

4

dx


1

1+α

⩽ C

∫
Ω

∫
RN

|u(x) − u(y)|2

|x − y|N+2 4t+Nθ
2(2−θ)

dy


1+α

2

dx


2−θ

2(1+α)

= C
∥∥∥∥D 4t+Nθ

2(2−θ)
(u)

∥∥∥∥ 2−θ
2

L1+α(Ω)

= C∥u∥
2−θ

2

L

4t+Nθ
2(2−θ) ,1+α

0 (Ω)

⩽ C∥u∥
2−θ

2

L
s+ε,1+α
0 (Ω)

.

This completes the proof.
□
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3. Existence result

We now prove the existence of solutions to problem (1.1). Let (1.2) hold, and define T : E →
L

s+ε,1+α
0 (Ω) as

T (v) = u,

where u is the weak solution to
(−∆)su(x) = B

∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2 + λ f (x), x ∈ Ω,
u(x) > 0, x ∈ Ω,
u(x) = 0, x ∈ RN \Ω,

(3.1)

and v(x) > 0 in Ω, while v(x) = 0 in RN \Ω, where

E =
{
0 < u ∈ Ls+ε,1+α

0 (Ω) : ∥u∥Ls+ε,τ
0 (Ω) ⩽ ℓ

1
2−θ

}
, (3.2)

and ℓ satisfies (3.10),

1 < 1 + α < τ < min
{

2,
N

N(1 + ε) − s

}
, (3.3)

where
s + ε >

4t + Nθ
2(2 − θ)

, τ = τ(r, θ,m, s) =
r(2 − θ)

2
,

and

r > max
{

2m,
1 + α
α

}
, (3.4)

where

ε < min
{
1 − s,

s
N

}
(3.5)

is a small enough positive constant.
In order to prove the existence of a weak solution to problem (1.1), we show that the function T has

a fixed point in E, that is,
u = T (u).

Lemma 3.1. T is well defined if (1.2) holds.

Proof. By the Hölder inequality and (3.4), we have∫
Ω

∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2 dx ⩽ |Ω|
r−2

r

(∫
Ω

∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣r dx
) 2

r

⩽ C


∫
Ω


∫
RN

∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


r
2

dx


2
r

,
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and by Lemma 2.1 and convexity, we obtain that

∫
Ω

∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2 dx ⩽ C

∫
Ω

(∫
RN

|v(x) − v(y)|2−θ

|x − y|N+2t dy
) r

2

dx


2
r

⩽ C

∫
Ω

∫
RN

|v(x) − v(y)|2

|x − y|(N+2t) 2
2−θ

dy
 r(2−θ)

4

dx


2
r

= C

∫
Ω

∫
RN

|v(x) − v(y)|2

|x − y|N+2· 4t+Nθ
2(2−θ)

dy


r(2−θ)

4

dx


2
r

= C
∥∥∥∥D 4t+Nθ

2(2−θ)
(v(x))

∥∥∥∥2−θ

L
r(2−θ)

2 (Ω)

= C∥v∥2−θ
L

4t+Nθ
2(2−θ) ,

r(2−θ)
2

0 (Ω)

⩽ C∥v∥2−θ
L

s+ε,τ
0 (Ω)

⩽ Cℓ. (3.6)

By [20, Theorem 23] and Lemma 2.2, T is well defined, using (3.3).
This completes the proof. □

Lemma 3.2. T (E) ⊂ E if (1.2) holds.

Proof. For any v ∈ E, let u = T (v). Now, using Lemma 2.4, we obtain that

∥u∥Ls+ε,τ
0 (Ω) ⩽ C

∥∥∥∥∥B
∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2 + λ f (x)
∥∥∥∥∥

Lm(Ω)

⩽ C
∥∥∥∥∥∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2∥∥∥∥∥
Lm(Ω)
+Cλ∗∥ f ∥Lm(Ω), (3.7)

where λ∗ appears in (3.11), m > N
s , and we have used (3.3).

By the Hölder inequality, (3.4), and Lemma 2.1 again, we find

∥∥∥∥∥∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2∥∥∥∥∥
Lm(Ω)

=


∫
Ω


∫
RN

∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


m

dx


1
m

⩽|Ω|
r−2m

rm


∫
Ω


∫
RN

∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


r
2

dx


2
r

⩽C

∫
Ω

(∫
RN

|v(x) − v(y)|2−θ

|x − y|N+2t dy
) r

2

dx


2
r

,
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and by (3.6), we have

∫
Ω

(∫
RN

|v(x) − v(y)|2−θ

|x − y|N+2t dy
) r

2

dx


2
r

⩽ Cℓ. (3.8)

Combining (3.7) and (3.8), we have

∥u∥Ls+ε,τ
0 (Ω) ⩽ C

(
ℓ + λ∗∥ f ∥Lm(Ω)

)
. (3.9)

Let

C
(
ℓ + λ∗∥ f ∥Lm(Ω)

)
= ℓ

1
2−θ , (3.10)

where

λ∗ = C
1

∥ f ∥Lm(Ω)
. (3.11)

By Lemma 2.3, we know that (3.10) has a unique solution ℓ. Thus, by (3.9) and (3.10), we have that

∥u∥Ls+ε,τ
0 (Ω) ⩽ ℓ

1
2−θ . (3.12)

By Lemma 2.4, we also know that u ∈ Ls+ε,1+α
0 (Ω). This, together with (3.12), leads to u ∈ E.

Subsequently, we deduce that T (E) ⊂ E.
This completes the proof. □

Lemma 3.3. T is continuous if (1.2) holds.

Proof. Let {vn} ⊂ E be a sequence such that vn → v in Ls+ε,1+α
0 (Ω). Define un = T (vn) and u = T (v).

Now, we show that un → u in Ls+ε,1+α
0 (Ω). In order to show this fact, by Lemma 2.2, we only need to

show that

gn(x) = B
∣∣∣∣∣Dt

(
v

2−θ
2

n (x)
)∣∣∣∣∣2 + λ f (x)→ g(x) = B

∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2 + λ f (x) in L1(Ω). (3.13)

That is,

∥∥∥∥∥∥
∣∣∣∣∣Dt

(
v

2−θ
2

n (x)
)∣∣∣∣∣2 − ∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2∥∥∥∥∥∥
L1(Ω)

=

"
DΩ

∣∣∣∣∣∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣2 − ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2∣∣∣∣∣
|x − y|N+2t dxdy

=

"
DΩ

∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ + ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣
|x − y|

N
2 +t

×

∣∣∣∣∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ − ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣∣∣∣∣
|x − y|

N
2 +t

dxdy.
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Using the Hölder inequality, we have

∥∥∥∥∥∥
∣∣∣∣∣Dt

(
v

2−θ
2

n (x)
)∣∣∣∣∣2 − ∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2∥∥∥∥∥∥
L1(Ω)

⩽

∫
Ω



∫
RN

(∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ + ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣)2

|x − y|N+2t dy


1
2

×


∫
RN

(∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ − ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣)2

|x − y|N+2t dy


1
2
 dx

⩽


"
DΩ

(∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ + ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣)2

|x − y|N+2t dxdy


1
2

×


"
DΩ

(∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ − ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣)2

|x − y|N+2t dxdy


1
2

= M
1
2
1 · M

1
2
2 . (3.14)

Now, we prove that M1 is bounded and M2 → 0 as n→ ∞. Then,∥∥∥∥∥∥
∣∣∣∣∣Dt

(
v

2−θ
2

n (x)
)∣∣∣∣∣2 − ∣∣∣∣Dt

(
v

2−θ
2 (x)

)∣∣∣∣2∥∥∥∥∥∥
L1(Ω)

→ 0.

First, we claim that M1 is bounded. By (3.6), we have

M1 ⩽ 2


"
DΩ

∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣2
|x − y|N+2t dxdy +

"
DΩ

∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dxdy


⩽ 2|Ω|

r−2
r



∫
Ω


∫
RN

∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣2
|x − y|N+2t dy


r
2

dx


2
r

+


∫
Ω


∫
RN

∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


r
2

dx


2
r


⩽ C
(
∥vn∥

2−θ
L

s+ε,τ
0 (Ω) + ∥v∥

2−θ
L

s+ε,τ
0 (Ω)

)
.

By vn ∈ E and v ∈ E, we have

M1 ⩽ C
(
∥vn∥

2−θ
L

s+ε,τ
0 (Ω) + ∥v∥

2−θ
L

s+ε,τ
0 (Ω)

)
⩽ Cℓ,

which implies that M1 is bounded.
Next, we claim M2 → 0. Denote

ϕn = v
2−θ

2
n − v

2−θ
2 .
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Combining with (3.14) and the Hölder inequality, we obtain that

M2 ⩽

∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
)

dx

=

∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|

|x − y|
N
2 +t

·
|ϕn(x) − ϕn(y)|

|x − y|
N
2 +t

dy
)

dx

⩽

∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1

2
(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1

2

dx

⩽

∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1+α

2

dx


1

1+α
∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1+α

2α

dx


α

1+α

.

Hence, by vn → v in Ls+ε,1+α
0 (Ω) and Lemma 2.6, we have∫

Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1+α

2

dx


1

1+α

→ 0.

If we show that ∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1+α

2α

dx (3.15)

is bounded, we can get M2 → 0. Due to Lemma 2.5 and Lemma 2.1, we get

∫
Ω

(∫
RN

|ϕn(x) − ϕn(y)|2

|x − y|N+2t dy
) 1+α

2α

dx =
∫
Ω


∫
RN

∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2 (x) − v
2−θ

2
n (y) + v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


1+α
2α

dx

⩽

∫
Ω


∫
RN

∣∣∣∣∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣ + ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣∣∣∣∣2
|x − y|N+2t dy


1+α
2α

dx

⩽ C
∫
Ω


∫
RN

∣∣∣∣v 2−θ
2

n (x) − v
2−θ

2
n (y)

∣∣∣∣2 + ∣∣∣∣v 2−θ
2 (x) − v

2−θ
2 (y)

∣∣∣∣2
|x − y|N+2t dy


1+α
2α

dx

⩽ C
∫
Ω

(∫
RN

|vn(x) − vn(y)|2−θ + |v(x) − v(y)|2−θ

|x − y|N+2t dy
) 1+α

2α

dx

⩽ C
∫
Ω

(∫
RN

|vn(x) − vn(y)|2−θ

|x − y|N+2t dy
) 1+α

2α

dx

+C
∫
Ω

(∫
RN

|v(x) − v(y)|2−θ

|x − y|N+2t dy
) 1+α

2α

dx

= C(P1 + P2).
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Using convexity, the Hölder inequality, and (3.4), we have

P1 =

∫
Ω

(∫
RN

|vn(x) − vn(y)|2−θ

|x − y|N+2t dy
) 1+α

2α

dx

⩽C
∫
Ω

∫
RN

|vn(x) − vn(y)|2

|x − y|(N+2t) 2
2−θ

dy
 (2−θ)(1+α)

4α

dx

⩽C

∫
Ω

∫
RN

|vn(x) − vn(y)|2

|x − y|N+2 4t+Nθ
2(2−θ)

dy


r(2−θ)

4

dx


1+α
αr

=C
∥∥∥∥D 4t+Nθ

2(2−θ)
(vn(x))

∥∥∥∥ (2−θ)(1+α)
2α

L
r(2−θ)

2 (Ω)
,

and by vn ∈ E, we have

P1 ⩽ C∥vn∥
(2−θ)(1+α)

2α

L
s+ε,τ
0 (Ω)

⩽ Cℓ
1+α
2α .

Similarly, we can obtain that P2 is bounded.
Combining claims 1 and 2, we find that∥∥∥∥∥∥

∣∣∣∣∣Dt

(
v

2−θ
2

n

)∣∣∣∣∣2 − ∣∣∣∣Dt

(
v

2−θ
2
)∣∣∣∣2∥∥∥∥∥∥

L1(Ω)

→ 0,

which implies that gn → g in L1(Ω), leading to the following result. □

Lemma 3.4. T is compact if (1.2) holds.

Proof. Let {vn} ⊂ E be a bounded sequence in Ls+ε,1+α
0 (Ω) and denote un = T (vn). We need to prove

that un → u in Ls+ε,1+α
0 (Ω) for some u ∈ Ls+ε,1+α

0 (Ω). By Lemma 3.1, we obtain that
{∣∣∣∣∣Dt

(
v

2−θ
2

n

)∣∣∣∣∣2} is

a bounded sequence in L1(Ω). By (3.13), we get that {gn} is a bounded sequence in L1(Ω). The result
follows from Lemma 2.2. □

Proof of Theorem 3.5. Since E is a closed convex set of Ls+ε,1+α
0 (Ω), by Lemmas 3.1–3.4, we know

that T is continuous, compact, and satisfies T (E) ⊂ E, and we can apply the Schauder fixed point
Theorem to obtain u ∈ E such that T (u) = u. Therefore, we deduce that problem (1.1) has a weak
solution u for any 0 < λ ⩽ λ∗. Thanks to Lemma 2.4 and [21, Proposition 1.4(iii)], we have u ∈
H s(RN) ∩C0,s(RN). □

4. Conclusions

In this paper, we have studied the fractional elliptic problem (1.1) involving a nonlocal gradient
term and a lower-order term. Under suitable assumptions on the parameters N, s, t, θ, B, λ and the
source term f ∈ Lm(Ω) with m > N/s, we established the existence of weak solutions. More precisely,
for any 0 < λ ≤ λ∗, there exists a positive weak solution u ∈ Ls+ϵ,1+α

0 (Ω) ∩ H s(RN) ∩ C0,s(RN). The
proof relies on a fixed-point argument combined with compactness and continuity properties of the
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solution operator T . Our results extend classical local problems with singular quadratic gradient terms
to the nonlocal fractional setting, and highlight the influence of the lower-order term on the existence
of solutions.
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