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refinement of previously known criteria.
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1. Introduction

We consider the three-dimensional incompressible Navier-Stokes equations

ou—Au+ (u-Vyu+VP =0,
V-u=0, (1.1)
u(x, 0) = up(x),
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posed on R® x (0,7). Here u = u(x,t) € R? denotes the velocity field and P = P(x,t) € R is
the associated scalar pressure. The initial data u, is assumed to be divergence-free in the sense of
distributions.

The foundational work of Leray [16] guarantees the existence of at least one global weak solution
to (1.1) for any divergence-free initial data uy € L?*(R*). Such solutions satisfy the classical energy
inequality

1 ! 1
EIIM(I)IIiz +f IVu(o)l[;, dr < Elluolliz, for every 1 € [0, c0). (1.2)
0

On the other hand, the local well-posedness and uniqueness of strong solutions were established by
Fujita and Kato [8]. In particular, if uy € H*(R®) with s > 1/2, then there exists a maximal time 7* > 0
such that the corresponding strong solution satisfies

ue CO0,TY); H\R*) N CY (0, T*); H(R*) N C((0, T*); H(R)). (1.3)

A fundamental open problem is whether such a local strong solution can develop singularities at the
maximal time 7 or whether it can be extended smoothly for all time. Although this question remains
unresolved, extensive research has been devoted to identifying sufficient conditions that rule out finite-
time blow-up.

Among the classical results, the Prodi-Serrin criterion [20,21] provides a sufficient condition based
on space-time integrability of the velocity field, namely

ueL?(0,T; L7 (R?)) with 20320 and 3<p< oo, (1.4)
qg P
The endpoint case (p,g) = (co,3) was later resolved by Escauriaza, Seregin, and Sverdk [6]. In a
related direction, Beirdo da Veiga [2] derived continuation criteria formulated in terms of the velocity
gradient,
Vue L7(0,T; L7 (R?)) with 20320 aa < p < oo. (1.5)
q P 2
Subsequent developments have focused on weakening these assumptions by exploiting partial
information of the velocity field, its gradient, or the vorticity; see, for example, [3,4, 10,11, 17, 19]
and the references therein. Using Littlewood-Paley decomposition techniques, Dong and Zhang [5]
obtained a regularity criterion involving only the horizontal derivatives of the velocity,

T
f IVADIE,  dr < oo, (1.6)
; ,

where Vit = (0,i1, 0,i1,0). This result was later refined by Gala and Ragusa [9], who showed that a
condition imposed directly on the two horizontal velocity components,

T
f a5, dr < eo, (1.7)
0 ,

with & = (uy, us,0), suffices to ensure regularity. More recently, Kanamaru [12] introduced Vishik-
type spaces and established logarithmic interpolation inequalities that lead to Beale-Kato-Majda type
criteria. In particular, if a weak solution satisfies

T
2
f Irotu(llfy dr<co, Z+==2 pe(3,eol, (1.8)
O P00,

3
p
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then the solution remains smooth on (0, T']. Further extensions of this approach were obtained using
Littlewood-Paley methods in [23], and additional results in Vishik spaces can be found in [7,14,15,24].
Very recently, Farwig and Kanamaru [7] proved continuation criteria formulated in terms of the spaces
U 50 and V;’ 0> Which may be strictly larger than the homogeneous Besov space B}‘), "

Motivated by these developments, the aim of the present paper is to derive extension criteria for (1.1)
within a broader functional framework, relying only on reduced velocity information. In particular, we
focus on conditions expressed in terms of the two horizontal velocity components in larger Banach

spaces. We will prove the followin

Theorem 1.1. Let u, € H? (R3) be a divergence-free initial data, and let u € C ((), T;H? (R3)) denote
the corresponding strong solution to the three-dimensional Navier-Stokes Eq (1.1). Assume that the
two horizontal velocity components it = (u;, u,, 0) satisfy

T

l@(Dl5  dr < co. (1.9)
0 ©0,00,2

Then the solution u admits a smooth continuation beyond the time t = T.

Theorem 1.2. Let uy € H'! (R3) be divergence-free, and let u € C (O, T:H' (R3)) denote the associated
strong solution to the three-dimensional Navier-Stokes Eq (1.1). Suppose that the horizontal gradient
of the reduced velocity field, Vit = (0,i1, 05it, 0), satisfies

T

fuvha(f)n,; dr<o, 1<p<oo, <0<, (1.10)
0 U’
D

e
Then, the solution u admits a continuation beyond the timet = T.

We emphasize that this enlargement is not merely formal. Indeed, the inclusion
N 3 ‘7S 3
B, R) cV, (R

is strict when @ < ¢. In particular, one can construct functions f such that f € V>, but f ¢ B ,
showing that the V-framework admits velocity fields with weaker summability properties than those
allowed in the classical Besov setting(see Remark 1.2). This observation highlights that our
continuation criteria apply to a strictly larger class of solutions that are not covered by earlier results.
From a methodological viewpoint, our approach combines Littlewood-Paley decomposition,
logarithmic interpolation inequalities in Vishik-type spaces, and energy estimates for the
Navier-Stokes equations. A key feature of our analysis is that the logarithmic interpolation
mechanism allows us to transfer partial information on the horizontal velocity components into global

control of the solution, thereby ruling out blow-up under weaker assumptions.

Remark 1.1. Notice the following continuous embeddings (see Lemma 2.2):

B, (R3) V3 s

®) =0, ()., seR1<0<o;

B, (R) =V, (RY) > Vs o (RY) > Vs

a0 sen (R, sSER1<pg<o 1< <6<q

Naturally, we see that Theorem 1.1 and 1.2 are the optimal extension criteria for the Navier-Stokes

equation (NSE) (1.1). Our results represent an improvement over the corresponding findings presented
in[579]
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DS ‘7S
Remark 1.2. 7o see that Bp’ e Vp, 6

in 19 but remains controlled under the I°-average weight. Consider f such that IA ifllr = 2775q j» where
the coefficients are supported on a lacunary set:

forany 0 < q, it suffices to construct a sequence {a;} that diverges

{k—l/q, j=2kkeN,
(lj =

0, otherwise.

A direct calculation yields 37 a? = Yo k7! = oo, hence, f ¢ B;’q. However, for any N > 1, the
number of active terms in the sum Z?’:I a? is at most |log, N |. Thus,

N [logy N}
Z df = Z k% < (log N)!=9%4.
=1 k=1
It follows that
(21}/:1 a§)1/9 (log N)%_é

sup ————— < sup —— ,
TN SR TN

where we used the fact that any power of log N is dominated by N'/9 as N — oo. This confirms
fe V;’qﬂ, completing the proof.

2. Preliminaries

In this section, we will recall some definitions and present several lemmas that will be used in the
proof of Theorems 1.1 and 1.2.

We begin by fixing some notation and recalling basic facts from Littlewood-Paley theory. Let S(R?)
denote the Schwartz space of rapidly decreasing functions. For any f € S(R?), its Fourier transform
F f = f is defined by

f@) = f Flei*€ dx.
R3

Choose a pair of smooth functions (y, ¢) taking values in [0, 1] such that y is supported in B = {£ €
R3 : €] < ‘5‘} and ¢ is supported in C = {£ € R? : % < ¢l < %}. These functions are required to satisfy

XO+ ) o2 =1, VEER,
Jj=0

and

D.,e@7E =1, VEeR\(0).

JEZ

Setting ¢; = ¢(27/€), and denoting by 7 = F !¢ and h=F ~y, we define the homogeneous dyadic
blocks by

bif =@ Dy =29 [ WOpf-nd. jez

R
and the corresponding low-frequency cut-off operators by

$if = 3 A =x@Df =29 [ F@ps-yan jez.

k<j-1 R
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This dyadic decomposition enjoys the standard quasi-orthogonality property, namely,
AjA,f =0 whenever|j— gl > 2.

As a consequence, any tempered distribution f € S'(R?) \ P(R?) admits the formal decomposition

f= Z.O:Ajf’

j=—00

where P(R?) denotes the space of polynomials. We refer to [1] for a detailed exposition of the
Littlewood-Paley theory.

Definition 2.1. Let s € R and (p,o) € [1,]%. The homogeneous Besov space B;’(T consists of all
distributions f € Z'(R?) such that

1A lls, < o0,
where
Jsop A o 1/o
(Zjez27NA115,) ", o <o,
WAlls;, = o
sup ez 27 1A; fllrr, o = .

Where Z'(R?) is the dual space of
Z®) = {f € SR?) : D*£(0) = 0 for all & € N%}.

The following Bernstein inequalities [1] will be used repeatedly throughout this work.

Lemma 2.1. Let k € N. Then, for any 1 < p < q < oo, the following estimate holds:

sup 1874, fllze < C2%3G-D1A, £l
|al=k

where C denotes an absolute constant independent of both f and j.

Remark 2.1. A direct consequence of the above Bernstein inequality is

1_1

1A fllze < C22G=D1A, fllL.

A s
Next, we define the Banach spaces Vp’ 6 and U B

Besov spaces B;,, ;- These spaces can be interpreted as modified versions of those introduced by Nakao-
Taniuchi [18] and Vishik [22].

which are strictly larger than the homogeneous

Definition 2.2. Let s € R,1 < p,q,0 < oo. Then, V;qe (R™) := {f €Z:|Ifllys < oo} is introduced by
> Pq,
the norm

1
14,1l )’

1
q

(Z|jlsN 2)%

s = SUPy=12,. 0 # oo
1Al . 2y ’ ’

1 . .
q 205 ||A -
SUPy-1 ... N max <y 2 ||Ajf||Lp , 0=o00.

=
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Definition 2.3. Let s, € R,1 < p,0 < oco. Then, U
with the norm

bpor B 1= {f € Z: 0y, < oo} is equipped

1
N 2iso Af T N\NT
e o= Jsupnera, Bl s o

max,j<n 2-”‘Y Af
SUPy_ .. — Nﬁ” —+ ”Lp, o = .

. . . ~ s - K . * Ky . . " s
The following lemma indicates that V| , extends By, ,, while U} ; is an extension of V ,

Lemma 2.2. [7](i)Let se R, 1 < p,q < c0,and 1 <6, <0, < g < 65. Then, it holds that

cVve

oy=Vvs , cB =V cV* .o

D903 P4 P99 P-q,02

(ii) Let s e R, 1 < p,o < 00, and By < 0 < B, < Bs. Then, it holds that

cUS

S
cU pP3.ot

S S
cB =U o

{O}ZUS p.0,0

pPi,o

(iii) Let s, € R,1 < p,q,0 < 00, = ,and 1 < o < 05 < o0, Then, it holds that

1_1
0 q

cUs

Vs o=U. and U’ DB

pg8 — T ppBo pBo

Lemma 2.3. (Logarithmic interpolation inequality [7]) Let sy, s1, s, € R satisfy s; < so < s, and
let) < B <ooand 1 < p,o < oo. Then, there exists a positive constant C, which depends solely on
S0, S1, S but is independent of p, 3, o, such that

ANy, < C(1+ 1SNy, Tog (e + 115y rs2.)

for every f € By, N B}. More specifically, by taking B =
and 1 £ 60 < q), it follows that

11 _ .
=3¢ and o = 0 (with 1 < g <

1Allgn, < C(1+ 1AMl og?™7 (e + 1Ay raz.))-

Lemma 2.4. [5,9] Suppose u = (uy, u,, u3) is a smooth, divergence-free vector field (V-u = 0). Define
it = (uy, up,0) and Vit = (0111, 0»i1, 0). Then, for a generic constant C, the following estimates hold:

f (u-Vu) - Audx
R3

f(u~Vu)~Audx
R3

SCf |it| [Vul |Au| dx, 2.1)
R3

<C f IV ,it] [Vul* dx. (2.2)
R3

3. Proof of Theorem 1.1

In this section, we focus on proving Theorem 1.1. The argument relies on deriving a priori estimates
under the condition (1.9).

By multiplying the first equation of (1.1) by u, integrating by parts, and exploiting the divergence-
free property, it follows that

L2_

1d
Ed_r”u(t)” s + Va7
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This identity allows us to get

t
lCO)II7 +f IVu(s)|I7, ds < lluoll}..
0

Multiplying the first equation in (1.1) by Au and integrating throughout R, one can use Lemma 2.4 to
get

1d
~—[IVu()I2, + Au(I2, = - f (- Vu) - Audx < C f |l Vul| Al dx. 3.1)
Zdt R3 R3

We recall the following property of Hardy spaces and Bounded Mean Oscillation (BMO) spaces:

f3 fehdx < |Ifgligelinllemo < [1f1z2llgllz2llAllBMmo, (3.2)
R

for any vector fields satisfying V- f = 0 and V X g = 0. Applying the inequality (3.2) above together
with Young’s inequality gives

|2l VullAul dx <[[Vul|2||Aul|2|#[smo
R3

<ellAully, + ClIVul Ll G

<ellAully, + ClIVull7 1], K
where we used the continuous embedding B‘;’z C BMO. Inserting (3.3) to the righthand side of (3.1),

1d
——[[Vu@)Il7, + lAu@®)l;, < Cllill, [IVu@Il?,. 3.4)
2dt

0
Boo,z

Next, by applying Lemmas 2.2 and 2.3, it follows that

”ﬂ(T)“ngz <C (1 + ”ﬁ(T)”VSomz lOg% e+ ”ﬂ(T)”B;%mﬂ ém))

By the following embeddings:

0 o n o n/2 ~ Bsen)2
B, C Bm'foo,Bim C BJL NBLY
and
s 72 A ps A0 s
H'CB, ,=L"NB;, ,CB, NB;,

hence, we have
@Il 3 1 < Clally, s, < Cla@lg < ClHA@e.

00,00

Moreover, for any small constant € > 0, one can find a Ty = Ty(e) € (0, T) such that

T

@G, dr<e<<l.
o b
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Inserting the previously derived estimates into (3.4) yields
d ~
VIR, + Al < € (141G, Tog(e + Do) ) IVl (3.5)

For any t € (T, T), we define
2

2
p H

Y(t) = max [lu(7)]|
€[To,1]

and it follows from (3.5) that
A
Vu(HIE, + f lau(D)IR.de
To

<Ivuro exp{C [ [1+ i, togte + lucole|ir)

Ty
o (3.6)
<C(Toexp|C f [10E,  Tog(e + lule far)
T() 00,00,2

T~
€ iy il dr

00,2

<C(Ty)(e + Y (1))
<C(Ty)(e + Y(1)“®.

Taking the A? on NSE (1.1), then multiplying by A”u, and integrating by parts, we have

1
EC%||A2u||§2+||A3u||2 - f A’[(u-Vyul - APudx (3.7
3

2=
R

Using the Kato-Ponce commutator bounds [13], along with the Gagliardo-Nirenberg and Young
inequalities, one finds

- f AP[(u- Vyu] - A*udx = —f [A%(u - Vu) — (u- A°Vu)] - A*udx

R R
<IN - Vi) = (- AVl 4 1Al
< ClIVull2lIAull7, (3.8)

1 11
L
< CIVull A ull

1
< ZIIA3u||iz + C||Vull,3.
Hence, by combining (3.7) and (3.8), we arrive at
d 2 3112 12
allAulle + A ull;, < Cl[Vull);.

Integrating the preceding inequality on (7, ¢) yields

' t

lu@)IZ, +f IA Ul dr < lu(TOIZ, +C | IVull!2 dr

TO TQ ) (3'9)

< ||M(To)||i12 + C(Ty) (e + Y(T))6C8 dr.
To

AIMS Mathematics Volume 11, Issue 4, 9334-9346.
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Let 0 < & < . From (3.9), we obtain

Y(r) < Y(Ty) + C(To)f (e + Y(1))dr,
Ty

Gronwall’s inequality ensures the boundedness of the H?-norm of u, thus concluding the proof of
Theorem 1.1.

4. Proof of Theorem 1.2

We now turn to the proof of Theorem 1.2. The strategy relies on employing Littlewood-Paley
decomposition within a newly defined, larger Vishik-type space.

By taking the inner product of the first equation in (1.1) with Au and integrating over R®, one
obtains, via Lemma 2.4,

1d _
=—IVu@)I, + 1AuI;, = - f (u-Vu)-Audx < C f Vil Vuldx. 4.1)
2dt R3 R3

Employing the Littlewood-Paley decomposition for the term Vit yields

f IV il | Vul>dx
R3

j=N
< fR 3| Z AVt |Vul* dx + L 3| Z AV it Vul*dx + fR 3| Z AVt Vul*dx 4.2)

j<—N j=N >N

22111 +112 +113.

Regarding /;;, one can use the Holder and Bernstein inequalities to obtain

Il < > (1A 19,

Jj<-N

<C Z 2¥ ||Ajvhljl||L2 ||Vu||i2

Jj<-N

1 1
2 (=N 3
< C(Z 231] [Z”Ajvha”iz] IVull3,

Jj<-N

4.3)

-3N ~ 2
< C2 2N |Vaiillgg | IVull7,

< C27N||Vulf3,.

AIMS Mathematics Volume 11, Issue 4, 9334-9346.
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Due to Definition 2.3 and Bernstein’s inequality, the term /;, can be estimated as

N
ol < > [|Ai] IVl

=N
N Ny
<C Y 27 ||AV, IVul,
j=—N
< N+ 1) max {27 1,9l |1Vl
JI<

T
maxyien {27 14,9l

<CN-N? IVull?

=

N
IVl

12°
1

g

1
< CNVT ||V, s
U!’
b,

)

4.4)

where 1 < 6 < co. For I3, using both Holder’s inequality and Bernstein’s inequality, the following

conclusion follows,

T3l < € > 1AVl 1Vl Vel
J>N
< € ) 2311A il IVl ol Aull 2
>N
_il - - 1
< €O 27 (Y 2YA V4l ) IVall 2l Aull 2
Jj>N J>N

_N
< C272 || Vull2 | AullZ,

Substitute (4.3)—(4.5) into (4.1) to obtain

1d
Ed—tlqu(t)Iliz + | Au(DIl7

<C2 MVl + CN'" "Vl

3
-5
P

IVull2, + C27 % [Vl 2l| Au

1
g+

o0

Next, let us choose N large enough such that
N 1
C272||Vul|;2 < 3

i.e., choosing
N > 21og,(2C||Vul|;2)

it follows that

d 1+4 B
SIVUOIG: +1Au(; < CIVul, + C [Ine + IVull) | IVl 5

=

2
2

IVl

,00

L*

4.5)

(4.6)

4.7)
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Let X(r) = e + ||Vu(t)||iz. The inequality simplifies to

dX()
dr

< C(l + IIVth(t)HU‘ )X(t)[lnX(t)]”é. (4.8)

phes

Applying the logarithmic Gronwall inequality, and given the assumption (1.10) that

T
\f|WﬂﬁW&dT<w,
0 v’y

.

we conclude that ,
sup |[Vu(?)|%, + f lAu()|;,dr < C < 0. (4.9)
0

L
0<t<T

This ensures that the strong solution u does not blow up at ¢t = T and can be continued beyond 7'. This
completes the proof of Theorem 1.2.

S. Conclusions
The authors establish a continuation criterion for local strong solutions to the three-dimensional
incompressible Navier-Stokes equations based on partial velocity components. They show that a

unique local strong solution u# does not blow up at time 7 provided that the two horizontal velocity
components u;, belong to the Banach spaces V;q , and U?
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