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show that the conjecture does not hold in full generality, it remains valid under additional geometric
assumptions, notably in the compact case. In this paper, we establish a broad extension of
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timelike conformal vector field. Under a natural integral condition involving the ambient Ricci tensor
and a mild assumption of the behavior of the mean curvature along the induced tangential flow, we
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classification of compact, spacelike hypersurfaces with constant mean curvature in de Sitter space as
round spheres.
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1. Introduction

Spacelike hypersurfaces of constant mean curvature in Lorentzian manifolds, and in particular
maximal hypersurfaces (i.e., those with H = 0), play a central role in Lorentzian geometry and
general relativity. They arise naturally in the study of Einstein field equations and the Cauchy problem,
where such hypersurfaces provide distinguished foliations and canonical spacetime slices; see, for
example, [1-4].

Among the various ambient Lorentzian spaces, the geometry of spacelike hypersurfaces in the
de Sitter space S"*! has attracted considerable interest. This is largely due to the strong rigidity and
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Bernstein-type phenomena exhibited by such hypersurfaces, which make de Sitter space a natural
Lorentzian counterpart of space forms in Riemannian geometry.

In this context, Goddard [5] conjectured in 1977 that every complete spacelike hypersurface in S"*!
with constant mean curvature must be totally umbilical. Although this conjecture was later shown to
fail in full generality, it has motivated a substantial amount of research aimed at identifying geometric
hypotheses under which such a rigidity statement does hold.

More precisely, the conjecture is known to be valid under suitable bounds on the mean curvature.
For n = 2, it holds when 0 < H? < 1 and fails when H?> > 1. Forn > 3, Akutagawa [6] proved that the
conjecture remains true provided
4n—-1)

n?

In addition, it has been established that Goddard’s conjecture holds when the hypersurface is
compact [7], and an alternative proof in the two-dimensional case was provided by Ramanathan [8].

Beyond the constant mean curvature assumption, several rigidity results have been obtained under
the hypothesis of constant scalar curvature. In particular, Cheng and Ishikawa [9] showed that
totally umbilical round spheres are the only compact spacelike hypersurfaces in de Sitter space whose
scalar curvature satisfies Scal < n(n — 1). Further characterizations under constant scalar curvature
assumptions can be found in [10-12]. Moreover, Aledo et al. [13] introduced new criteria involving
higher-order mean curvatures, characterizing totally umbilical round spheres as the only compact
spacelike hypersurfaces in S7*! which satisfy suitable geometric conditions.

From a different viewpoint, Oliker [14] studied the stability of the Bernstein-type property in
de Sitter space. He proved that if a complete spacelike hypersurface has mean curvature H satisfying

2 < 4(n ; 1)
n
and H is sufficiently close to being constant, then the hypersurface is nearly totally umbilical.

Many of the affirmative results mentioned above rely on the position vector field of the ambient
Minkowski space. This vector field is concurrent and therefore a particular instance of a conformal
vector field. This observation suggests that conformal vector fields play a fundamental role in extending
Goddard-type rigidity phenomena beyond the classical de Sitter setting.

Motivated by this perspective, in the present paper, we study compact spacelike hypersurfaces (M, g)
immersed in Lorentzian manifolds (M, ¢) which admit a timelike conformal vector field =. The main
objective is to establish rigidity results that generalize previously known affirmative cases of Goddard’s
conjecture to this broader geometric framework.

More precisely, our main result shows that if (M, g) is a compact spacelike hypersurface in a
Lorentzian manifold which admits a timelike conformal vector field, and if a natural integral condition
involving the ambient Ricci tensor is satisfied together with the assumption that the mean curvature
remains constant along the integral curves of the tangential component of the conformal vector field,
then (M, g) must be totally umbilical (Theorem 4.1). This condition is natural and consistent with
earlier rigidity results in related contexts, having appeared in various forms in the literature.

As consequences of the main theorem, we derive rigidity results for compact spacelike
hypersurfaces in Einstein Lorentzian manifolds admitting a timelike conformal vector field. In
particular, we prove that any compact spacelike hypersurface of constant mean curvature in such
an ambient space is an extrinsic sphere, that is, a totally umbilical hypersurface of constant mean

0<H’<

b
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curvature (Theorem 4.3). When the ambient manifold is a Lorentzian space form, this result reduces
to the de Sitter case, yielding a complete classification: compact spacelike hypersurfaces of constant
mean curvature in $*'(c) are necessarily round spheres.

We also mention several references closely related to the present work, including [15-17], where
various characterizations of round spheres are established. See also [18, 19], where round spheres are
characterized in terms of Ricci solitons.

The paper is organized as follows. In Section 3, we derive an identity involving the divergence
of the tangential component " of the restriction of Z to M, the mean curvature of M, and the Ricci
curvature of the ambient manifold (M, g). In Section 4, which contains the main results, we integrate
this identity over M to obtain a global integral formula leading to our principal rigidity theorems.

For comparison, we recall that in the Riemannian setting, when Z is a Killing or conformal vector
field, formulas for the Laplacian A® of the support function ® = g(E, N) were obtained in [20]
and [21], respectively, in terms of the Ricci curvature of the ambient manifold and the squared norm
of the shape operator. Corresponding formulas in the Lorentzian setting were derived in [22] and,
following a different approach, in [23]. In contrast to these works, our approach does not rely on the
Laplacian of the support function. Instead, we exploit identities involving the divergence of Z' and
of its image A(ZT) under the shape operator A, which provides a natural and effective framework for
establishing the rigidity results presented here.

2. Preliminary notions

Let (M, g) be a connected semi-Riemannian manifold of dimension n > 2, where the metric g is not
necessarily positive definite. Throughout this paper, we follow the curvature sign convention of [24],
which is opposite to that adopted in [25]. Under this convention, the Riemann curvature tensor is the
(1, 3)-tensor field defined by

R(X,Y)Z = Vx(VyZ) — Vy(VxZ) - VixyiZ,

for any vector fields X, Y, Z € X(M).
Let {ey,...,e,} be an orthonormal basis of the tangent space T,M, p € M. The Ricci curvature is
the tensor field on M obtained by contracting the Riemann curvature tensor, and it can be written as

n

Ric(X,Y) = Z & g(R(X, enes, Y),
i=1

where € = g(e;, ¢;).
The scalar curvature is the function on M defined as the trace of the Ricci tensor. With respect to
the above orthonormal basis, it is given by

n

Scal(p) = ) & Ric(es, ).

i=1

The covariant derivative tensor field T of type (1, 1) is given by
(VxT)(Y) = Vx(T(Y)) - T(VxY).
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If T is self-adjoint (that is, symmetric with respect to the metric g), then its covariant derivative VxT'
is also self-adjoint. Equivalently,

s(VxTY(Y), Z) = g(VxT)(2),Y), (2.1)

for all X, Y,Z € X(M). This can be shown by a direct computation or follows from [24, Exercise 2.5.9,
part (2)].

For a tensor field T of type (1, 1), its divergence is introduced as the trace of its covariant derivative.
More precisely,

divT = tr(VT) = Y (V,T)(e),
i=1

where tr stands for the trace operator with respect to a local orthonormal frame {e;}’., .

If {e;} 1s a parallel frame, the above formula reduces to

divT = Z V.. (T(e).
i=1

For a vector field X € X(M), its divergence is the function

n

div(X) = Z € 8(V. X, e),

i=1

with respect to any local orthonormal frame {e;}.

From now on, assume that the metric g is Riemannian (i.e., of index 0) and that (M, g) is a
hypersurface in a Lorentzian manifold (M,g) of dimension n + 1. The Levi-Civita connections of
g and g will be denoted by V and v, respectively.

Let X(M) and X(M) be the spaces of smooth vector fields on M and M, and let i(M) denote the
restrictions to M of vector fields on M. For a vector field X and a smooth function f, we write X(f) or

X-f.
Let N be a unit timelike normal vector field along M. Then, for any X, Y € X(M), the Gauss and
Weingarten formulas can be expressed as

VxY = VyY — g(Y,AX)N, (2.2)
ViN = —AX, (2.3)

where A is the shape operator of M with respect to V.
The curvature tensors of M and M are connected through the Gauss equation, which reads

R(X, Y)Z = (RXX, 1)Z)" - g(A(Y), 2) A(X) + g(A(X), Z) A(Y), (2.4)

forall X,Y,Z € X(M).
Expressed through the shape operator, the Codazzi equation reads

(Vy A)X) = (Vx A)(Y) = R(X, )N, (2.5)

for every X, Y € X(M).
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The mean curvature of the hypersurface (M, g) is given by
1
H=—- tr(A).
n

The hypersurface (M, g) is called an extrinsic sphere whenever it is totally umbilical, and its mean
curvature is constant.
Taking the trace of the Gauss equation (2.4), one obtains the expression of the Ricci tensor of (M, g):

Ric(X,Y) = Ric(X, ¥) + g(R(N, X)¥, N) + g(A(X), A(Y) + n HY), (2.6)

for every X, Y € X(M).
Further taking the trace of (2.6) yields the scalar curvature of (M, g):

Scal = Scal + 2Ric(N, N) — (n* H> —| A %), (2.7)
with | A |* being the square of the norm of the shape operator,
|A = tr(AY).
Let E € X(M) be a timelike vector field, and let
@(X) =3E.X)

be its associated 1-form.
We know that o
LzgX,Y) +dw(X,Y) = 2g(VxE,Y),

for all X, Y € X(M), where Lz g represents the Lie derivative of g taken in the direction of =
We introduce the (1, 1)-tensor V = by

VEX) := VxE.

Decomposing V, = into its symmetric (self-adjoint) part S and its skew-symmetric (skew self-
adjoint) part W, we obtain

Lzg(X,Y) = 25(S(X), ), (2.8)
do(X,Y) = 2g(W(X),Y). (2.9)

Let = be the restriction of = to M, so that = € E(M ). We set
VE(X) = VxE, X e X(M),
which is well-defined (cf. [25], p. 99). Then,
VEX) = (VxE)" - g(VE(X),N)N. (2.10)

Define { € X(M) by _
g, X) =g(VEX),N), X e X(M). (2.11)
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Then,
g(Z, X) = g(S(X) + W(X),N) = g(X, S(N)) — g(X, W(N)) = g(X,S(N)") — g(X, W(N)),

and because W(N) lies in the tangent bundle of M (indeed, g(N, W(N)) = 0 due to the skew-symmetry
of W), it follows that
. =S(N)" — W(N). (2.12)

Because M is Lorentzian, and M is spacelike, we may choose a globally defined unit timelike
normal N with §(§, N) < 0. Define the support function ® = g(&, N). The reverse Cauchy-
Schwarz inequality implies |®| = [g(E, N)| > |Z||N|, where |E] = /—g(E,E), and |N| = 1 (see [25,
Propsition 30]).

Because N and E lie in the same time cone,

0<-v-gEZE<O. (2.13)

The decomposition of = into tangential and normal components reads

E=2" - ON. (2.14)

2 +OAX)-g(AET) + VO, X)N. (2.15)
By comparing (2.10) with (2.15) and using the definition of £ given in (2.11), we obtain

ViET = (VxE) - O AX), (2.16)
VO = - AE"). (2.17)

3. An explicit formula for the Laplacian of the support function

Note that the identiti_es (2.16) and (2.17) are valid for any timelike vector field & € ¥(M). In
what follows, we take Z to be a conformal vector field on (M,g). By deﬁnition; this means there
exists a smooth function W (called the conformal function, or conformal factor) on M such that the Lie

derivative of the metric with respect to = satisfies

L=3(X,Y) = 2¥3(X,Y) (3.1

forall X, Y € X(M).

By comparing (2.8) and (3.1), we see that S = W1, with I being the identity operator acting on the
tangent bundle 7M.

It follows that S(N)" = 0, and consequently,

.= -W().
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On the other hand, because (3.1) is equivalent to
2(VxE, V) +3(X, VyE) = 293X, Y), X, Y € ¥(M), (3.2)
it follows that for any X € X(M),
8(VxE,N) +8(X,VyE) = 0,
and therefore, by (2.11), _
= _(VNE)T-
Thus, Eq (2.17) may be rewritten in the form
VO = —(VyE)' — AED). (3.3)
Remark 1. IfE is a closed conformal vector field, that is,
VyE=W¥X, forallX € ¥(M),

one obtains, besides S = W1, the additional relation W = Q.
Consequently, _
(VyE)" =0.

Hence, (3.3) reduces to
VO = -AE"). (3.4)

As indicated in the introduction, the main aim of this section is to derive an identity that will play
a key role in proving the main theorem of the paper. To achieve this, we compute explicit expressions
for the divergences of " and A(E"), respectively.

Lemma 1. Consider a spacelike hypersurface (M, g) in a Lorentzian manifold (M,3) of dimension
n + 1 equipped with a timelike conformal vector field Z with conformal factor Y. Under the notation
and assumptions of this section, the following identities hold:

div(E") = n(¥ + OH), (3.5)
div(A(E")) = g(div(A),E") — n¥ H-0O |A%. (3.6)
Proof. Let{ey,...,e,} be alocal orthonormal frame in M. To compute div(E™), we employ Eqgs (2.16)

and (3.2), which yield
div(ET) = Z g(V,E7,e)
i=1
= > 8(VB) . e) - ) 8O Ale), )
i=1 i=1

= > BV.Ee) -0 ) g(Ale),e)
i=1 i=1
=n¥Y - 0tr(A)
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=n(¥ + OH).

To compute div(A(E")), we use (2.16) together with the fact that if T is a self-adjoint operator, then
its covariant derivative VxT is also self-adjoint (see (2.1)).

div(AGED) = )" (V, AE"), ¢)
i=1
= > (Vo AYED), €) + ) g(A(VLED), )
i=1 i=1

= > 8((Ve A)e, ET) + D 8(VoET, Ale)
i=1 i=1

= g(div(A), E") + Y ¢((VeB)T, Ale) - D (0 Aley), Alen)
i=1

i=1

= g(div(A), EN) + ) g(Pei, Ale)) -0 ) g(A%en, e))
i=1 i=1

= g(div(A), Z7) — n'¥ H-0|A].

O

Lemma 2. Consider a spacelike hypersurface (M,g) in a Lorentzian manifold (M,3) of dimension
n+ 1 equipped with a timelike conformal vector field = with conformal factor Y. With the notation and
hypotheses fixed throughout this section, one has the identity

div(A) = —(Q(N))" — n VH, (3.7)

where 6 is the Ricci operator of (M, g), characterized by ﬁ(X, Y) = E(C_Q(X), Y) for every X, Y €
X(M). In particular, if (M, g) is Einstein, then

div(A) = —nVH. (3.8)
Proof. Let {ey,...,e,} be a local orthonormal frame on M, chosen so that the fields are parallel at
the point under consideration. As previously mentioned, extending {N, ey, ..., e,} arbitrarily to vector

fields on M allows the symmetries of R to yield, for any X € ¥(M),

Ric(N, X) = Z 2RV, e)ei X) — 3(R(N. N)N, X)
i=1

= > 2(Reei X)N, ;)
i=1

= > &(Vx(Ae)), &) = > 8((V, AYX), )
i=1 i=1

= Z X(g(A(e), ) — g(X, Z(Vei A)(ei)]
i=1

i=1
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= X(tr(A)) — g(X,div A)
=-nXH) - g(divA,X)
= -ng(X,VH) — g(div A, X).

Hence, for all X € X(M),
2(QWV). X) = —ng(VH. X) - g(div A, X),

which gives (3.7).
If (M, g) is Einstein, then o
Q=)L
and hence,
Q)" =0,
which gives (3.8). O

In the next lemma, we derive a concrete and convenient expression for div(A(Z")), written in terms
of the Ricci curvature (see also formula (14) in [23]).

Lemma 3. Let (M, g) be a spacelike hypersurface in a Lorentzian manifold (M,3) of dimension n + 1
equipped with a timelike conformal vector field = with conformal factor ‘¥, and let the notation and
assumptions be as above. Then,

div(A(E")) = —Ric(N,ET) - nE"(H) - n'¥ H-0 |A]%. (3.9)
Proof. The identity (3.9) is obtained immediately by inserting formula (3.7) into (3.6). O
4. Integral formulas, main result, and the Goddard conjecture

As stated in the introduction, Goddard’s conjecture claims that the complete spacelike hypersurfaces
of S’f” with constant mean curvature must be totally umbilical [S]. This formulation was later shown
not to hold in full generality, yet it continues to motivate efforts to determine the precise geometric
hypotheses that ensure such a characterization. In particular, it is known that the conjecture becomes
true when the hypersurface is compact [7]. Proofs of these affirmative cases commonly employ the
position vector field in Minkowski space, which is a concurrent vector field (and thus a special example
of a conformal vector field).

The aim of this paper, and of this section in particular, is to establish an extension of Goddard’s
conjecture to the setting in which (M, g) is a compact, spacelike hypersurface of a Lorentzian manifold
(M, 3) of dimension 7 + 1 that carries a timelike conformal vector field Z. To start, we demonstrate the
following theorem in the context described above.

Theorem 4.1. Let (M, g) be a compact, spacelike hypersurface in an n + 1-dimensional Lorentzian
manifold (M,g) which admits a timelike conformal vector field 2 with conformal factor ¥. Let Z7
denote the tangential component of the vector field induced on M by Z, and denote by N a unit normal
vector field along M.
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If the Ricci tensor Ric of (M, 3) satisfies
f Ric(Z",N)dV <0, (4.1)
M

and the mean curvature H of (M, g) remains constant along the integral curves of 2, then (M, g) is
totally umbilical.

Proof. From (3.5), it follows that
n¥ =div(E") —n® H.

Substituting this expression into (3.9), we obtain
~Hdiv(E") — div(A(E")) = Ric(N,Z7) + nE"(H) + O(A]* - n H?).
Moreover, using the identity
div(HZ") = Hdiv(Z") + E"(H),
we can rewrite the previous equation as
—div(HE") — div(A(ET)) = Ric(N,ET) + (n — ) ET(H) + O(A]* — nH?).

Integrating both sides over M and applying the divergence theorem, we obtain
f (Ric(ET, N) + (n = 1)ET(H) + O(AP - nH?))dV = 0. (4.2)
M

Because the mean curvature H of (M, g) is assumed to be constant along the integral curves of =T,
we have Z7(H) = 0. Furthermore, under assumption (4.1), together with ® < 0 and |A]*> — nH? > 0,
Eq (4.2) implies |A”> = n H2. Consequently, A = HI, and hence, (M, g) is totally umbilical. O

When (M, ) is an Einstein manifold admitting a timelike conformal vector field, the following
theorems follow as consequences of Theorem 4.1. The second one extends previously known
affirmative cases of the Goddard conjecture.

Theorem 4.2. Let (M, g) be a compact, spacelike hypersurface in an Einstein Lorentzian manifold
(M, 3) that admits a timelike conformal vector field 2. Denote by E' the tangential projection of the
restriction of 2 to M. If the mean curvature H remains constant along the flow lines of E7, then (M, g)
is necessarily totally umbilical.

Theorem 4.3. Let (M, g) be a compact, spacelike hypersurface of constant mean curvature in an
Einstein Lorentzian manifold (M, g) that admits a timelike conformal vector field. Then, (M, g) must
be an extrinsic sphere.

We note that a Riemannian analogue of Theorem 4.3 was obtained in [26] under the additional
assumption that the support function ® is nonzero and does not change sign.

To obtain Theorem 4.3 when (M, g) is a Lorentzian space form, that is, a connected Lorentzian
manifold with constant sectional curvature, because totally umbilical hypersurfaces in Lorentzian space
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forms are well-known (see [27,28]), it suffices to restrict our attention to the case where (M, g) is the
de Sitter space S"*!(c) with ¢ > 0. This is the only Lorentzian space form which admits compact totally
umbilical hypersurfaces.

In this setting, the timelike conformal vector field may be chosen as any constant (parallel) vector
field of the ambient Minkowski space R?*?. Conformal vector fields on Minkowski space, and more
generally on semi-Riemannian manifolds, are well understood (see [29]). Consequently, we obtain
the following result, which may be viewed as a solution to Goddard’s conjecture in the compact case
(cf. [7, Theorem 4]).

Theorem 4.4. A compact, spacelike hypersurface with constant mean curvature in the de Sitter space
S’f“(c) must be a round sphere.

5. Geometric meaning and examples of the integral Ricci condition (4.1)

Although in Theorem 4.1, the integral Ricci condition (4.1) and the assumption that the mean
curvature remains constant along the flow generated by the tangential component of the conformal
vector field may appear somewhat technical, it is important to emphasize that condition (4.1) is in
fact natural and has precedents in earlier works. Similar hypotheses occur in the literature; see, for
example, [30, Theorem 1.1].

We now explain these hypotheses’ geometric meaning and provide examples of situations where
they hold naturally, beyond the Einstein and space form settings.

More precisely, for a spacelike hypersurface in a Lorentzian manifold which admits a timelike
conformal vector field, the inequality (4.1) in Theorem 4.1, or the stronger condition

Ric(E",N) <0, (5.1)

expresses that the ambient Ricci curvature in the normal (timelike) direction does not interact positively
with the conformal flow.

Beyond Einstein manifolds and space forms, condition (5.1) naturally appears in several geometric
and physical frameworks, such as cosmological spacetimes, generalized Robertson—Walker (GRW)
spacetimes, and manifolds with nonpositive sectional curvature. In particular, if the ambient Lorentzian
manifold has nonpositive sectional curvature on every plane containing the vectors Z' and N, then
averaging in the definition of the Ricci tensor yields (5.1). Such situations arise, for example, in certain
noncompact symmetric Lorentzian spaces.

The case of GRW spacetimes is especially explicit. The following example illustrates that
condition (4.1), although it may appear technical at first, is in fact natural.

Let (M, g) be a Riemannian manifold of dimension n > 2, (a,b) an open interval of R, and f
a positive smooth function on (a, b). Endowing (a, b) with the metric —d?>, we obtain a Lorentzian
warped product manifold (M, g) of dimension (n + 1), where

M = (a,b)x M, g =-df + f’g.

The Lorentzian manifold (M, g) is then labeled a GRW spacetime. This extends the classical
Robertson—Walker spacetime, obtained when (M, g) is a Riemannian manifold of dimension 3 with
constant sectional curvature.
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The coordinate vector field 9, is a globally defined unit timelike vector field on M, providing a time
Let (T, gz) be a spacelike hypersurface in (M, ), and let N be a globally defined unit vector field

normal to X consistent with the chosen orientation. Let 8 denote the support function of 9, along X,

Using the above notation, it follows that ® = £, and from (2.13), it follows that on X,

0<-f
Let 9] be the tangential component of 9, along X. Then,

(5.2)
d] =0, +6N. (5.3)
For the following lemma, see [25, 32].
Lemma 4. On (M, g), one has
for every X € X(M).

VatX = LX

This immediately implies that the vector field = = £, satisfies

ﬁxi = f/X
for all X € X(M); hence, Z is a closed conformal vector field on (M, 92).
From (5.3), its restriction = to £ decomposes as

setting.

(5.4)

The following result [31, Proposition 16] shows that Condition (4.1) is naturally fulfilled in this
Propositiog 1. Let (Z,gs) be a compact, spacelike hypersurface in the Lorentzian warped product
manifold (M, g) = R X; M with g = —di* + f*(t)g. With the above notation, one has

fﬁ(ET,N)dV = - ff(@(llAllz —nH) + (n— 1)3] (H))dV.
z z

From (5.5), we deduce that if (Z, g5) is totally umbilical with constant mean curvature, then

(5.5)
f Ric(E™,N)dV =0,
>

AIMS Mathematics

meaning that Condition (4.1) holds. This applies in particular to an important class of spacelike
reference frames associated with particular observers.
Let /& denote the height function of X, defined by 4 = & o , where x is the projection onto the

hypersurfaces known as slices of (M, g), which are fundamental in physics and general relativity as

R-factor, and ¢ is the immersion of X into M. One then has the following (cf. [31]):
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Lemma 5. The gradient of h on X is Vh = =9/, and its norm satisfies
IVAI? = 6% - 1. (5.6)

A slice of (M,3) is a spacelike hypersurface where the height function /4 remains constant.
Equivalently, by (5.6), this occurs precisely when 6 = —1, that is, ® = —f. In this situation, the
shape operator of the slice Xy = {fo} X M is given by A = —H I, where

__f'@)
f(to)
denotes the (constant) mean curvature of Xy. Consequently, the slices are totally umbilical, spacelike

hypersurfaces of (M, g) with constant mean curvature, and therefore they satisfy condition (5.1) and, a
fortiori, condition (4.1).

6. Conclusions and future directions

In this paper, a rigidity result was established for compact, spacelike hypersurfaces in Lorentzian
manifolds which admit a timelike conformal vector field. Under a natural integral condition on the
ambient Ricci tensor and a mild assumption on the behavior of the mean curvature along the induced
tangential flow, we showed that these hypersurfaces must be totally umbilical. In the Einstein case,
this provides a characterization of compact spacelike hypersurfaces with constant mean curvature
as extrinsic spheres and, in particular, recovers the classical result in the de Sitter space, thereby
confirming the well-known Goddard conjecture.

Several problems remain open for future study. One direction is to weaken or replace the
integral Ricci condition with pointwise or variational assumptions, possibly allowing noncompact
hypersurfaces. Another direction is to investigate similar rigidity results for hypersurfaces with
constant higher order mean curvatures or prescribed scalar curvature. It would also be interesting
to see whether the same methods work for more general vector fields and to explore applications to
problems in mathematical relativity.

We hope that the ideas developed in this paper will help improve the understanding of rigidity
phenomena for spacelike hypersurfaces in Lorentzian geometry.
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