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Abstract: The twin extreme learning machine (TELM), based on the hinge-loss function,
demonstrates significant potential for pattern classification tasks. However, the hinge-loss function,
which minimizes the shortest distance between sets, results in classifiers that are sensitive to noise and
unstable in the presence of overfitting. To enhance TELM’s performance, a novel learning framework,
termed adaptive fractional loss TELM (AFTELM), is proposed. This framework incorporates an
adaptive fractional loss (AF-loss) function, offering improved robustness to noise compared to TELM
with hinge loss. A theoretical analysis is provided to examine the noise insensitivity of AFTELM. The
concave-convex procedure (CCCP) is employed for efficient optimization. Extensive experiments on
benchmark datasets validate the superior performance of AFTELM, demonstrating its robustness to
noise and enhanced classification ability.

Keywords: twin extreme learning machine; adaptive fractional loss; robustness; noise insensitivity
Mathematics Subject Classification: 68T10, 91C20

1. Introduction

Classification problems are frequently encountered in machine learning and data mining
applications. Pattern recognition requires effective methodologies to discern the differences between
different types of data classes. Conventional statistical approaches are restricted by rigorous
presumptions concerning data distribution and dimensional limitations. The curse of dimensionality
presents a significant challenge in high-dimensional feature spaces. Computational efficiency and
generalization capability have become critical requirements for practical classification systems.

Support vector machines (SVMs) [1–4] were developed as a powerful solution to address these
classification challenges. The principle of structural risk minimization is implemented in SVMs to
achieve optimal generalization performance. The theoretical foundation for SVM optimization is
provided by the Vapnik–Chervonenkis theory. The maximum margin criterion is used to construct
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distinct hyperplanes among various classes. Optimal decision boundaries are detected through the
solution of convex quadratic programming problems. The kernel trick is utilized to transform linearly
inseparable problems into high-dimensional feature spaces where linear separation becomes feasible.

Twin support vector machines (TWSVMs) were proposed by Jayadeva et al. [2] to overcome these
computational limitations. Two non-parallel hyperplanes are established in TWSVMs instead of a
single optimal separating hyperplane. The original optimization problem is decomposed into two
smaller quadratic programming problems (QPPs). Each QPP is focused on one class, while the other
class is treated as a constraint. Computational complexity is reduced from O(n3) to O(n2), where n
represents the number of training samples. Training speed is improved by approximately four times
compared to standard SVMs. Memory usage is significantly decreased. However, regularization
terms are absent in classical TWSVM formulations, potentially leading to overfitting and sensitivity
to outliers.

Various improvements have been developed in recent years to address the robustness limitations
of TWSVMs. Bounded loss functions are incorporated in robust twin support vector machines
(RTSVMs) [5] to reduce outlier influence. Smooth approximations to the ε-insensitive loss with
enhanced robustness are provided by the integration of Huber loss functions into twin SVR
formulations [6]. Asymmetric noise distributions and imbalanced datasets are effectively handled by
generalized pinball loss functions [7, 8]. Sparsity is maintained while quantile-based robustness is
provided by the ε-insensitive zone pinball loss [9]. Penalty parameters are dynamically adjusted based
on data characteristics in the generalized adaptive Huber loss framework [10]. Significant performance
improvements on contaminated datasets are demonstrated by these robust formulations.

Twin bounded support vector machines (TBSVMs) were developed by Shao et al. [11, 12] based
on TWSVMs to enhance robustness through structural risk minimization. An L2-norm regularization
term is incorporated in TBSVMs to prevent overfitting. The trade-off between training accuracy and
model complexity is controlled by the regularization parameter. Improved generalization performance
on noisy datasets is achieved. Enhanced stability is demonstrated when dealing with outliers and
mislabeled samples. Recent TBSVM developments include advanced regularization techniques [13],
where individual feature influence is bounded through flexible penalty mechanisms. Superior
performance in extreme class imbalance scenarios is demonstrated by robust variants for imbalanced
data. Theoretical guarantees for generalization bounds and computational stability are ensured through
the integration of structural risk minimization principles.

Extreme learning machines (ELMs) [14, 15] were developed as an alternative approach to
traditional neural network training. Random weights are assigned to input-hidden layer connections
without iterative optimization. Output weights are determined through least squares methods. Fast
training speeds are achieved by eliminating backpropagation. However, challenges are faced in
network architecture selection. Overfitting problems are frequently encountered in high-dimensional
applications. Inconsistent generalization performance is exhibited across different datasets. Robust
ELM formulations [16] have been developed using weighted least squares and outlier detection
mechanisms to address these limitations.

Twin extreme learning machines (TELMs) were developed by Wan et al. [17] to combine the
advantages of TWSVM and ELM approaches. A simplified network structure with minimal parameter
requirements is adopted in TELMs. Two non-parallel hyperplanes are constructed to separate
different classes. Excellent generalization capabilities are demonstrated across various domains.

AIMS Mathematics Volume 11, Issue 4, 9228–9259.



9230

Applications span artificial intelligence systems, speech recognition technologies, remote sensing
analysis, and financial management tools. The overfitting tendency of traditional ELMs is mitigated
by the twin decomposition framework. Faster convergence is achieved while classification accuracy
is maintained.

Projection twin extreme learning machines (PTELMs) [18] were subsequently introduced to
overcome limitations of traditional projection methods. Concepts from projection twin support vector
machines (PTSVMs) [19] are integrated into PTELMs. Two optimal projection directions are identified
within the feature space. Within-class variance is minimized for one class while separation is
maximized for the other. More discriminative information is preserved compared to conventional
dimensionality reduction techniques.

The generalization performance of twin-based methods has been substantially enhanced through
robust regularization strategies. Capped norm regularization techniques [20] limit the influence of
individual features while maintaining computational tractability. Fisher regularization frameworks [21]
leverage class-specific statistical properties to minimize within-class divergence. Correntropy-based
robust TELMs [22] effectively mitigate the negative effects of noise and outliers. The applicability
of twin-based methods has been further expanded to scenarios with limited labeled data through
semi-supervised extensions. The Laplacian TELM [23] integrates manifold regularization to exploit
geometric structure information from unlabeled samples. The Lagrangian regularized TELM [24]
provides a unified framework for both supervised and semi-supervised classification. Universum-based
twin methods [25] leverage non-class samples as prior knowledge to enhance generalization through
additional constraints on decision boundaries. Furthermore, machine learning approaches combining
feature selection with support vector classifiers [26] have been applied in bioinformatics for bacteriocin
prediction, confirming the practical value of twin-based methods in real-world applications.

Despite these advances, existing robust TELM variants still face key challenges. First, they lack
adaptability to different noise distributions, as fixed-parameter or unbounded loss designs (e.g., Fisher
regularized TELM (FTELM), squared-fractional loss-based robust supervised TELM (SF-RSTELM))
fail to effectively model diverse or unknown noise types. Second, the balance between robustness
and accuracy remains inadequate, since adaptive mechanisms developed for TSVMs have not been
systematically extended to TELM frameworks. Finally, limited smoothness and differentiability in
existing loss functions hinder optimization efficiency and stability. Hard-capped losses risk data
omission, while soft-capped alternatives require better trade-offs between robustness, smoothness,
and convergence performance under varying noise levels.

To address these limitations, a novel bounded, smooth, and symmetric adaptive fractional loss
(AF-loss) is proposed, extending the squared fractional loss (SF-loss) from [20]. It is integrated into
the twin extreme learning machine framework to form adaptive fractional loss TELM (AFTELM),
a robust supervised learning model. AFTELM features an adaptive dual-parameter mechanism that
dynamically adjusts to varying noise distributions, ensuring a balanced trade-off between robustness
and accuracy. The AF-loss function effectively limits the influence of outliers and facilitates stable
gradient optimization. Experimental results show that the AFTELM outperforms the FTELM,
TBSVM, and other baseline methods in classification accuracy and generalization ability across noise
conditions from 0% to 30%. The model ensures theoretical convergence and computational efficiency,
maintaining TELM’s advantages with minimal overhead.

The subsequent structure of this paper is organized as follows:
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(1) A new robust loss function called AF-loss is shown. It has some important properties such as
being bounded, smooth, symmetric, and noise insensitive. Moreover, the robustness of the AF-loss is
analyzed according to the perspective of M estimation theory.

(2) Due to the non-convexity of the optimization model, an efficient algorithm based on CCCP [27]
is proposed to solve the problem, and its convergence is proven. The CCCP algorithm for AFTELM
models is presented, with convergence established according to the model’s characteristics.

(3) Through experiments on artificial datasets, UCI datasets, and image datasets to validate the
effectiveness of our proposed algorithm compared to other algorithms, we find that AFTELMs have
advantages over several other methods in terms of robustness and feasibility.

In Section 2, we introduce some related models, such as the TELM, TBSVM, FTELM, and PTELM.
In Section 3, we integrate the AF-loss function into the model. In Section 4, we solve the convergence.
A large number of data experiments are conducted to test the operation of the model in Section 5. The
convergence curve analysis is presented in Section 6, and statistical test comparisons are conducted in
Section 7. Section 8 is a summary of the full text.

2. Related work

Before introducing the model proposed in this paper, we first provide a brief overview of four
classification models: TBSVM, TELM, FTELM, and PTELM.

2.1. Twin bounded support vector machine (TBSVM)

The core idea of TBSVM is to construct two hyperplanes that are respectively proximal to samples
of two classes, decomposing the original problem into two smaller-scale QPP problems, thereby
significantly improving computational efficiency.

Consider a binary classification sample set where Class +1 contains X1 = {xi ∈ R
d | i = 1, 2, . . . ,m1}

with m1 samples, and Class -1 contains X2 = {x j ∈ R
d | j = 1, 2, . . . ,m2} with m2 samples. The total

number of samples is m = m1 + m2, and the feature dimension is d.
The objective of TBSVM is to learn two hyperplanes:

H1 : w⊤1 x + b1 = 0, H2 : w⊤2 x + b2 = 0, (2.1)

where w1,w2 ∈ R
d are normal vectors, and b1, b2 ∈ R are bias terms.

The classification rule this: For a new sample x, calculate its distances to H1 and H2 as

d1 = |w⊤1 x + b1|/∥w1∥, (2.2)

d2 = |w⊤2 x + b2|/∥w2∥. (2.3)

If d1 < d2, the sample is classified as Class +1; otherwise, it is classified as Class -1.
TBSVM determines the hyperplane parameters by solving two independent QPP problems. The

design principles are that H1 should be as close as possible to Class +1 samples while maintaining a
margin of at least 1 from Class -1 samples, and H2 should be as close as possible to Class -1 samples
while maintaining a margin of at least 1 from Class +1 samples.

Slack variables ξi ≥ 0 and η j ≥ 0 are introduced to handle non-linearly separable cases. The
optimization models are formulated as follows.
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First optimization problem:

min
w1,b1,ξ

1
2
∥w1∥

2 +
c1

2

m1∑
i=1

ξ2
i

s.t. w⊤1 xi + b1 ≥ 1 − ξi, ∀xi ∈ X1

w⊤1 x j + b1 ≤ −1, ∀x j ∈ X2

ξi ≥ 0, i = 1, 2, . . . ,m1,

(2.4)

where c1 > 0 is a penalty parameter controlling the penalty intensity for Class +1 samples that violate
the constraints. m1 is defined as the count of samples from Class +1 that violate the constraint
conditions, specifically referring to the total number of samples in this class failing to satisfy the
classification constraints, which corresponds to the number of samples with a slack variable ξi > 0.

Second optimization problem :

min
w2,b2,η

1
2
∥w2∥

2 +
c2

2

m2∑
j=1

η2
j

s.t. w⊤2 x j + b2 ≥ 1 − η j, ∀x j ∈ X2

w⊤2 xi + b2 ≤ −1, ∀xi ∈ X1

η j ≥ 0, j = 1, 2, . . . ,m2,

(2.5)

where c2 > 0 is the penalty parameter for Class -1. m2 is defined as the count of samples from Class
-1 that violate the constraint conditions, specifically referring to the total number of samples in this
class failing to satisfy the classification constraints, which corresponds to the number of samples with
a slack variable η j > 0.

TBSVM, through the design of dual hyperplanes and problem decomposition strategies, achieves
efficient classification in large-scale data classification tasks while maintaining good generalization
performance. This theoretical framework provides a new perspective for the optimization of
classification models in statistical learning. Future research directions include enhancing noise
robustness and efficiently constructing multi-class models to expand its applicability in practical
scenarios.

2.2. Twin extreme learning machine (TELM)

The TELM is an algorithm proposed to improve the performance of traditional ELMs in
binary classification tasks. Drawing inspiration from TSVMs, TELM introduces two non-parallel
classification hyperplanes to enhance classification capability. This section presents its mathematical
model and dual formulation.

Consider a training dataset T = {(xi, yi)}mi=1, where xi ∈ R
d are input samples and yi ∈ {−1,+1} are

sample labels. For binary classification problems, TELM aims to learn two non-parallel hyperplanes.
Let h(x) = (h1(x), h2(x), . . . , hL(x)) ∈ R1×L be the hidden layer output vector, where L is the number

of hidden nodes. Each node function is defined as:

hi(x) = G

 d∑
j=1

x jω ji + bi

 , (2.6)
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where G(·) is an activation function (e.g., sigmoid function G(x) = 1
1+e−x or ReLU function G(x) =

max(0, x)), ω ji is the input weight connecting the j-th feature to the i-th hidden node, and bi is the bias
term of the i-th hidden node.

TELM determines the parameters of the two hyperplanes by solving the following two optimization
problems.

First optimization problem:

min
β1,ξ1

1
2
∥H1β1∥

2
2 +C1e⊤2 ξ1

s.t. − H2β1 + ξ1 ≥ e2

ξ1 ≥ 0,

(2.7)

where H1 = [h(x1)⊤, h(x2)⊤, . . . , h(xl1)
⊤]⊤ ∈ Rl1×L and H2 = [h(x1)⊤, h(x2)⊤, . . . , h(xl2)

⊤]⊤ ∈ Rl2×L

are the hidden layer outputs of positive and negative class samples, respectively, β1 ∈ R
L is the output

weight vector connecting the hidden layer to the output layer, C1 > 0 is a regularization parameter,
e1 ∈ R

l1 and e2 ∈ R
l2 are vectors with all elements equal to 1, and ξ1 is a slack vector to handle

non-linear separability.
The objective is to make positive class samples as close as possible to hyperplane f1 while keeping

negative class samples far from it.
Second optimization problem:

min
β2,ξ2

1
2
∥H2β2∥

2
2 +C3e⊤1 ξ2

s.t. H1β2 + ξ2 ≥ e1

ξ2 ≥ 0.

(2.8)

Similarly, the objective here is to make negative class samples as close as possible to hyperplane f2

while keeping positive class samples far from it.
According to the Karush–Kuhn–Tucker (KKT) conditions, the dual problem of (2.7) is:

min
θ1

1
2
θ⊤1 Q1θ1 − e⊤2 θ1

s.t. 0 ≤ θ1 ≤ C1e2,

(2.9)

where Q1 is derived from the KKT conditions.
Similarly, the dual problem of (2.8) is:

min
θ2

1
2
θ⊤2 Q2θ2 − e⊤1 θ2

s.t. 0 ≤ θ2 ≤ C2e1,

(2.10)

where Q2 is derived from the KKT conditions.

2.3. Fisher regularized twin extreme learning machine (FTELM)

The FTELM is an enhanced algorithm that combines the advantages of TELM with Fisher
discriminant analysis. By incorporating Fisher regularization into the TELM framework, FTELM not
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only constructs two non-parallel classification hyperplanes but also minimizes the within-class scatter
of samples, thereby improving classification performance and generalization capability. This section
presents its mathematical model and dual formulation.

Consider a training dataset T = {(xi, yi)}mi=1, where xi ∈ R
d are input samples and yi ∈ {−1,+1} are

sample labels. For binary classification problems, FTELM aims to learn two non-parallel hyperplanes
with Fisher regularization.

In Fisher discriminant analysis, the within-class scatter matrix in the ELM feature space is defined
as:

Sw = H⊤1

(
Il1 −

1
l1

e1e⊤1

)
H1 + H⊤2

(
Il2 −

1
l2

e2e⊤2

)
H2, (2.11)

where H1 = [h(x1)⊤, h(x2)⊤, . . . , h(xl1)
⊤]⊤ ∈ Rl1×L and H2 = [h(x1)⊤, h(x2)⊤, . . . , h(xl2)

⊤]⊤ ∈ Rl2×L are
the hidden layer outputs of positive and negative class samples, respectively, Il1 ∈ R

l1×l1 and Il2 ∈ R
l2×l2

are identity matrices, e1 ∈ R
l1 and e2 ∈ R

l2 are vectors with all elements equal to 1, and l1 and l2 denote
the numbers of positive and negative class samples, respectively.

The Fisher regularization term is then given by:

RF(β) =
1
2
β⊤Swβ, (2.12)

which penalizes large within-class scatter and encourages the learned model to maintain compact class
distributions.

FTELM determines the parameters of the two hyperplanes by solving the following two
optimization problems.

First optimization problem:

min
β1,ξ1

1
2
∥H1β1∥

2
2 +C1e⊤2 ξ1 +

λ1

2
β⊤1 Swβ1

s.t. − H2β1 + ξ1 ≥ e2

ξ1 ≥ 0,

(2.13)

where β1 ∈ R
L is the output weight vector connecting the hidden layer to the output layer, C1 > 0 is a

regularization parameter controlling the trade-off between training error and margin maximization,
λ1 > 0 is the Fisher regularization parameter that controls the influence of within-class scatter
minimization, and ξ1 ∈ R

l2 is a slack vector to handle non-linear separability.
Second optimization problem:

min
β2,ξ2

1
2
∥H2β2∥

2
2 +C2e⊤1 ξ2 +

λ2

2
β⊤2 Swβ2

s.t. H1β2 + ξ2 ≥ e1

ξ2 ≥ 0,

(2.14)

where β2 ∈ R
L is the output weight vector, C2 > 0 is the regularization parameter, λ2 > 0 is the Fisher

regularization parameter, and ξ2 ∈ R
l1 is the slack vector.

Similarly, the objective here is to make negative class samples as close as possible to hyperplane
f2 while keeping positive class samples far from it, and simultaneously minimizing the within-class
scatter.
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According to the KKT conditions, the dual problem of (2.13) is

min
θ1

1
2
θ⊤1 Q1θ1 − e⊤2 θ1

s.t. 0 ≤ θ1 ≤ C1e2,

(2.15)

where Q1 = H2(H⊤1 H1 + λ1Sw)−1H⊤2 ∈ R
l2×l2 .

Similarly, the dual problem of (2.14) is

min
θ2

1
2
θ⊤2 Q2θ2 − e⊤1 θ2

s.t. 0 ≤ θ2 ≤ C2e1,

(2.16)

where Q2 = H1(H⊤2 H2 + λ2Sw)−1H⊤1 ∈ R
l1×l1 .

Once the dual problems (2.15) and (2.16) are solved to obtain the optimal solutions θ∗1 and θ∗2, the
output weight vectors can be computed as

β∗1 = −(H⊤1 H1 + λ1Sw)−1H⊤2 θ
∗
1, (2.17)

β∗2 = (H⊤2 H2 + λ2Sw)−1H⊤1 θ
∗
2. (2.18)

For a new test sample x, its class label is determined by the decision function

y(x) = arg min
i=1,2

|h(x)β∗i |
∥β∗i ∥

. (2.19)

That is, the sample is assigned to the class corresponding to the hyperplane to which it has the
smallest perpendicular distance.

2.4. Projection twin etreme learning machine (PTELM)

Traditional kernel-based SVMs have limitations in handling nonlinear problems and fail to
accommodate samples with different distributions effectively. By introducing the TELM feature space
and combining it with the projection concept from projection twin support vector machines (PTSVMs),
we construct the PTELM to seek a pair of non-parallel projection directions β1 and β2. We formulate
the following optimization problems:

min
β1

1
2

∑
i∈I1

(
h(xi)⊤β1 − h(m1)⊤β1

)2

+C3

∑
j∈I2

max
(
0, 1 +

(
h(x j) − h(m1)

)⊤
β1

)
+

C1

2
∥β1∥

2,

(2.20)

min
β2

1
2

∑
j∈I2

(
h(x j)⊤β2 − h(m2)⊤β2

)2

+C4

∑
i∈I1

max
(
0, 1 − (h(xi) − h(m2))⊤ β2

)
+

C2

2
∥β2∥

2,

(2.21)
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where C1,C2,C3,C4 > 0 are trade-off constants, h(x) represents the feature vector of sample x in the
TELM feature space, and m1 =

1
|I1 |

∑
i∈I1

xi and m2 =
1
|I2 |

∑
j∈I2

x j are the centers of the positive and
negative classes, respectively.

For optimization problem (2.20), the objective function consists of three terms. The first
term minimizes the variance of projected positive class samples in the TELM feature space,
encouraging them to cluster around their mean. The second term employs the hinge loss function
max

(
0, 1 + (h(x j) − h(m1))⊤β1

)
to keep negative class instances away from the positive class center

in the projection space. The third term is the L2-norm regularization of projection direction β1, which
regulates model complexity and prevents overfitting.

The parameters C1 and C3 balance these three terms. When C1 is large, the objective function
focuses more on reducing model complexity; when C3 is large, it focuses more on reducing model
loss. Optimization problem (2.21) has a similar interpretation.

For notational simplicity, we define

Ak =


(h(x1) − h(mk))⊤

(h(x2) − h(mk))⊤
...

(h(xl1) − h(mk))⊤

 ∈ Rl1×L, (2.22)

Bk =


(h(x1) − h(mk))⊤

(h(x2) − h(mk))⊤
...

(h(xl2) − h(mk))⊤

 ∈ Rl2×L, (2.23)

where k ∈ {1, 2}.
The matrix formulations of problems (2.20) and (2.21) can be expressed as

min
β1,η1,ξ1

1
2
η⊤1 η1 +C3e⊤2 ξ1 +

C1

2
∥β1∥

2

s.t. A1β1 = η1

− B1β1 ≥ e2 − ξ1

ξ1 ≥ 0,

(2.24)

min
β2,η2,ξ2

1
2
η⊤2 η2 +C4e⊤1 ξ2 +

C2

2
∥β2∥

2

s.t. B2β2 = η2,

A2β2 ≥ e1 − ξ2,

ξ2 ≥ 0.

(2.25)

The primal problem (2.24) with variables β1, η1, ξ1 can be converted to the following dual problem
with variables u1, α1:

min
u1,α1

1
2

[
u⊤1 α⊤1

] [A1 A⊤1 +C1I −A1B⊤1
−B1 A⊤1 B1B⊤1

] [
u1

α1

]
− α⊤1 e2

s.t. 0 ≤ α1 ≤ C3e2.

(2.26)
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Similarly, the dual problem of (2.25) is

min
u2,α2

1
2

[
u⊤2 α⊤2

] [B2B⊤2 +C2I B2 A⊤2
A2B⊤2 A2 A⊤2

] [
u2

α2

]
− α⊤2 e1

s.t. 0 ≤ α2 ≤ C4e1.

(2.27)

The solutions β1 and β2 to the primal problems (2.26) and (2.27) can be obtained as

β1 =
1

C1

(
A⊤1 u1 − B⊤1α1

)
, (2.28)

β2 =
1

C2

(
B⊤2 u2 + A⊤2α2

)
. (2.29)

Once the solutions β1 and β2 are obtained from Eqs (2.24) and (2.25), a new data point x is assigned
to the positive or negative class according to the following decision function

y = arg min
k∈{1,2}

∣∣∣(h(x) − h(mk))⊤ βk

∣∣∣ . (2.30)

3. Main contributions

In this section, the proposed AF-loss is first introduced, and its properties are analyzed. The
AFTELM model is then constructed by integrating the proposed loss function into the TELM
framework, followed by a convergence analysis [27] to examine its stability. To ensure a fair evaluation
of the AF-loss, a baseline model, termed squared fractional loss TELM (SFTELM), is also constructed
for the ablation study.

3.1. Adaptive fractional loss

The AF-loss function is a bounded, smooth, and non-convex loss function that exhibits strong
robustness to noise. It is specifically designed based on the SF-loss [20].

Definition 1. Given a vector u, the AF-loss is defined as

La(u) =
u2

bu2 + kγ
, (3.1)

where the parameters b, k, γ ∈ (0,+∞). Here, kγ and b are well-defined constant terms.
Importantly, the proposed AF-loss function generalizes the SF-loss introduced in [20]. Specifically,

when k = 1 and γ = 1, the AF-loss reduces exactly to the SF-loss:

Lr(u) =
u2

bu2 + 1
, (3.2)

where the parameter b ∈ (0,+∞) controls the upper bound 1
b of the loss function. By introducing the

additional parameters k and γ, AF-loss provides a more flexible mechanism to adapt the loss shape and
upper bound, enhancing its adaptability to diverse data characteristics.

Figure 1 illustrates the AF-loss under various parameter settings. The AF-loss function controls
robustness through the scale parameter k and the shape parameter γ. These parameters adjust the
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trade-off between sensitivity to nominal data and resilience to outliers. A steep slope near the origin
increases sensitivity to small deviations, while a flatter curve at larger values reduces the influence
of outliers. The scale parameter k defines the saturation threshold and dynamic range, with smaller
values leading to stronger outlier suppression. The shape parameter γ refines the curve in the transition
region, enabling finer performance tuning. This design simplifies parameter adjustment: k determines
overall robustness, and γ provides secondary refinement. Compared to fixed-parameter loss functions
like SF-loss, AF-loss offers greater adaptability, interpretability, and optimization stability, improving
performance across classification tasks.

Figure 1. AF-loss with different parameter settings.

3.2. Properties of AF-loss function

Property 1. La(u) is bounded, which can ensure better robustness.

Proof.

lim
u→∞

La(u) = lim
u→∞

u2

bu2 + kγ
= lim

u→∞

1
b + kγ

u2

=
1
b
, (3.3)

where b, k,γ are constants. Therefore, La(u) is a bounded function. □

Property 2. La(u) is a differentiable function that can help optimize better.

Proof.

L′a(u) =
2ukγ

(bu2 + kγ)2 . (3.4)

Therefore, La(u) is differentiable. □

Property 3. La(u) is a symmetrical function.

Proof. Calculate La(u) and La(−u) separately and obtain

La(u) =
u2

bu2 + kγ
, (3.5)
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La(−u) =
(−u)2

b(−u)2 + kγ
=

u2

bu2 + kγ
. (3.6)

Since La(u) = La(−u), La(u) is symmetrical. □

Property 4. La(u) is a non-convex function.

Proof. For computational convenience, let c = kγ and

L′a(u) =
2cu

(bu2 + c)2 , (3.7)

L′′a (u) =
2c × (bu2 + c)2 − 2cu × 4bu(bu2 + c)

(bu2 + c)4

=
2c(bu2 + c)

[
(bu2 + c) − 4bu2

]
(bu2 + c)4

=
2c(c − 3bu2)

(bu2 + c)3 .

(3.8)

When b = 1 and c = 3, the second-order derivative becomes:

L′′a (u) =
2 × 3 × (3 − 3 × 1 × u2)

(1 × u2 + 3)3 =
18(1 − u2)
(u2 + 3)3 . (3.9)

We analyze the concavity and convexity as follows:
When |u| > 1, 1 − u2 < 0, so L′′a (u) < 0. The function is concave in this interval.
When |u| < 1, 1 − u2 > 0, so L′′a (u) > 0. The function is convex in this interval.
So, La(u) is a non-convex function. □

3.3. Robustness analysis of AF-loss function

Clearly, the new loss function La(u) is bounded. From a robust statistics perspective, the La(u)
shows noise insensitivity, which ensures superior robustness. The derivative of La(u) is expressed as:

L′a(u) =
2ukγ

(bu2 + kγ)2 , (3.10)

and we have
lim
u→∞

2ukγ

(bu2 + kγ)2 = 0. (3.11)

This indicates that the influence of samples with large residuals diminishes as the residual increases,
thereby suppressing the adverse effects of outliers.

3.4. Comparison with other bounded loss functions

In Figure 2, the performance of the proposed AF-loss function is compared with that of other
advanced loss functions, including Welsch loss, truncated least squares loss, capped L1-norm loss,
and SF-loss. With parameters b = 0.5, k = 0.5, and γ = 2, AF-loss exhibits clear advantages: It
exhibits a faster growth rate near the origin than Welsch loss, which enhances the fitting constraint on
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normal samples. Meanwhile, in regions with larger prediction errors, it maintains a smoother growth
trend, effectively suppressing the negative impact of outliers. Compared to truncated least squares
loss and capped L1-norm loss, AF-loss stands out for its smoothness: The latter two losses have
discontinuities in derivatives and sharp corners at their truncation points, whereas AF-loss remains
continuously differentiable, ensuring stable convergence for gradient-based optimization algorithms.
Additionally, unlike SF-loss (which has a fixed loss curve shape), AF-loss enables flexible adjustment
of its loss profile through parameters k and γ. This adaptability allows AF-loss to balance sensitivity to
normal samples and robustness to outliers, depending on dataset characteristics and noise distribution.
The combination of smoothness, boundedness, and adjustability improves model generalization while
maintaining optimization efficiency and stability.

Figure 2. Comparison of AF-loss with capped L1-norm loss, Welsch loss, truncated least
squares loss, and SF-loss.

3.5. Adaptive fractional loss twin extreme learning machine (AFTELM)

To suppress the adverse impact caused by the noise, we propose to incorporate AFTELM to the
framework of TELM, which is represented as

min
β1

1
2
∥H1β1∥

2
2 +C1

m2∑
j=1

La
(
1 + h(x j)β1

)
, (3.12)

min
β2

1
2
∥H2β2∥

2
2 +C2

m1∑
i=1

La
(
1 − h(xi)β2

)
, (3.13)

where C1 ≥ 0 and C2 ≥ 0.
It has been observed that the optimization problems in (3.12) and (3.13) are non-convex due to

the non-convexity of the loss function. To address this, we employ the CCCP method [27]. The
loss function can be expressed as the difference between the sum of a convex function and a concave
function. The specific expressions for the convex and concave functions are

La1(u) =
u2

kγ
, (3.14)
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La2(u) = −
u2

kγ
+

u2

bu2 + kγ
. (3.15)

Further, the optimization problem (3.12) can be rewritten as

min
β1

1
2
βT

1 HT
1 H1β1 +

C1

2

m2∑
j=1

(La1(1 + h(x j)β1) +
C1

2

m2∑
j=1

La2(1 + h(x j)β1)
)
. (3.16)

Similarly, the optimization problem (3.13) can be rewritten as

min
β2

1
2
βT

2 HT
2 H2β2 +

C2

2

m1∑
i=1

(La1(1 − h(xi)β2) +
C2

2

m1∑
i=1

La2(1 − h(xi)β2)
)
. (3.17)

Since (3.16) and (3.17) are similar, we will only show the solution process for (3.16), which can
also be expressed as

min
β1

1
2
βT

1 HT
1 H1β1 +

C1

2

m2∑
j=1

La1(1 + h(x j)β1)︸                                             ︷︷                                             ︸
Jvex(β1)

+
C1

2

m2∑
j=1

La2(1 + h(x j)β1)︸                        ︷︷                        ︸
Jcav(β1)

. (3.18)

The solution to the above optimization issue can be obtained by addressing the following equation

min
β1

J(β1) = Jvex(β1) + Jcav(β1). (3.19)

CCCP iteration procedures are

β(t+1)
1 = arg min

β1

{
Jvex(β1) + ∇Jcav

(
β(t)

1
)
β1

}
. (3.20)

Let η(t)
1 = ∇Jcav(β(t)

1 ), where η(t)
1 =

[
η(t)

11
, η(t)

12
, . . . , η(t)

1 j
, . . . , η(t)

1m2

]T
∈ Rm2 .

η(t)
1 j
=
∂Jcav

∂u j
=

−2(1 + h(x j)β1)
kγ

+
2(1 + h(x j)β1)kγ(

b(1 + h(x j)β1)2 + kγ
)2

 . (3.21)

The gradient can express
∇Jcav(β(t)

1 ) = C1HT
2 η

(t)
1 . (3.22)

The function J1(β1) can be decomposed into the sum of the convex function J1,vex(β1) and the
concave function J1,cav(β1). The function J2(β2) can be decomposed into the sum of the convex function
J2,vex(β2) and the concave function J2,cav(β2), i.e.,

J1(β1) =
1
2
βT

1 HT
1 H1β1 +

C1

2kγ

m2∑
j=1

u2
j︸                           ︷︷                           ︸

J1,vex(β1)

+
C1

2

m2∑
j=1

 u2
j

bu2
j + kγ

−
u2

j

kγ

︸                        ︷︷                        ︸
J1,cav(β1)

, (3.23)

J2(β2) =
1
2
βT

2 HT
2 H2β2 +

C2

2kγ

m1∑
i=1

u2
i︸                           ︷︷                           ︸

J2,vex(β2)

+
C2

2

m1∑
i=1

(
u2

i

bu2
i + kγ

−
u2

i

kγ

)
︸                        ︷︷                        ︸

J2,cav(β2)

, (3.24)
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where, u j = 1 + h(x j)β1 and ui = 1 − h(xi)β2.
Solving (3.20) is equivalent to solving the following subproblem:

min
β1

1
2
βT

1 HT
1 H1β1 +

C1

2kγ
ξT

1 ξ1 + η
(t)T
1 H2β1

s.t. − H2β1 + ξ1 = e2,

(3.25)

where e2 ∈ R
m2 is the unit vector. Here, we introduce Lagrange multipliers λ1 for problem (3.25).

Next, its Lagrange function is given by

L(β1, ξ1, λ1) =
1
2
βT

1 HT
1 H1β1 +

C1

2kγ
ξT

1 ξ1 + η
(t)T
1 H2β1 − λ

T
1 (−H2β1 + ξ1 − e2). (3.26)

Following the KKT conditions, we derive the following constraints:
∂L
∂β1
= HT

1 H1β1 + HT
2 η

(t)
1 + HT

2 λ1 = 0,
∂L
∂ξ1
= C1

kγ ξ1 − λ1 = 0,

λT
1 (−H2β1 + ξ1 − e2) = 0.

(3.27)

From the KKT condition, we can obtain: β1 = −
(
HT

1 H1

)−1
HT

2

(
η(t)

1 + λ1

)
,

C1
kγ ξ1 = λ1.

(3.28)

Bring (3.28) into (3.25), and we can obtain the dual problem of the original problem:

min
λ1

1
2

(
η(t)

1 + λ1

)T
H2

(
HT

1 H1

)−1
HT

2

(
η(t)

1 + λ1

)
− eT

2λ1. (3.29)

Using a similar approach, we can obtain the dual problem of Eq (3.13)

min
λ2

1
2

(
λ2 − η

(t)
2

)T
H1

(
HT

2 H2

)−1
HT

1

(
λ2 − η

(t)
2

)
− eT

1λ2. (3.30)

Dual optimization problems can be written:

min
λ1

1
2
λT

1 Q1λ1 + λ
T
1 q1 − eT

2λ1. (3.31)

e2 ∈ R
m2 is the unit vector, where

Q1 = H2(HT
1 H1)−1HT

2 +
kγ

C1
, q1 = C1H2(HT

1 H1)−1HT
2 η

(t)
1 .

Similarly,

min
λ2

1
2
λT

2 Q2λ2 − λ
T
2 q2 − eT

1λ2. (3.32)

e1 ∈ R
m1 is the unit vector, where

Q2 = H1(HT
2 H2)−1HT

1 +
kγ

C2
, q2 = C2H1(HT

2 H2)−1HT
1 η

(t)
2 .
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After solving (3.31) and (3.32) to obtain the optimal solutions λ∗1 and λ∗2, we can obtain

β1 = −(HT
1 H1)−1HT

2 (η(t)
1 + λ1), (3.33)

β2 = (HT
2 H2)−1HT

1 (λ2 − η
(t)
2 ). (3.34)

Therefore, the decision function of AFTELM is given as follows:

f (x) = arg min
t=1,2

dt(x) = arg min
t=1,2

∣∣∣βT
t h(x)

∣∣∣ . (3.35)

3.6. Squared fractional loss twin extreme learning machine (SFTELM)

To ensure a fair evaluation of the proposed AF-loss, a dedicated baseline model, termed SFTELM, is
constructed for the ablation study. It is important to note that SFTELM differs from the comprehensive
SF-RSTELM framework in [20], which integrates SF-loss with the capped L2,p-norm metric and Fisher
regularization. The SFTELM model is a simplified version, where the standard TELM is equipped
only with the SF-loss defined in (3.2). This design allows for the isolation and precise evaluation of
the improvement brought by the AF-loss over the direct SF-loss baseline.

SFTELM determines the parameters by solving optimization problems analogous to (3.12) and
(3.13), with La replaced by Lr.

According to the process of the above operation, we give the pseudo-code of the AFTELM’s process
as shown in Algorithm 1.

Algorithm 1 Training AFTELM
Input: Training data {(xi, yi)}ni=1, yi ∈ {1, 2}; Parameters: C1,C2, k, γ, ϵ, Tmax; Activation function G(x);

The number of hidden nodes L.
Output: β∗1 and β∗2;

1: Data Preprocessing: Divide into D1,D2, construct H1,H2, initialize β(0)
1 = 0, β(0)

2 = 0.
2: Iterative Optimization:
3: Calculate gradients η(t)

1 , η
(t)
2 ;

4: Solve dual problems to get λ∗1, λ
∗
2;

5: Update:
β(t+1)

1 = −(HT
1 H1)−1HT

2 (η(t)
1 + λ

∗
1)

β(t+1)
2 = (HT

2 H2)−1HT
1 (λ∗2 − η

(t)
2 )

6: Check Convergence: If ∥β(t+1)
1 − β(t)

1 ∥ < ϵ and ∥β(t+1)
2 − β(t)

2 ∥ < ϵ, stop.
7: Decision Function:

f (x) = arg min
t∈{1,2}
|βT

t h(x)|

4. Convergence analysis

Theorem 1. Use the CCCP technique to address problem (3.12) and the resulting sequence
{
β(t)

1

}
converges.
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Proof. At the iteration point of step t + 1, the following inequality holds:

Jvex

(
β(t)

1

)
+ ∇Jcav

(
β(t)

1

)T
β(t)

1 ≥ Jvex

(
β(t+1)

1

)
+ ∇Jcav

(
β(t)

1

)T
β(t+1)

1 . (4.1)

It can be written as
Jvex

(
β(t)

1

)
− Jvex

(
β(t+1)

1

)
≥ ∇Jcav

(
β(t)

1

)T (
β(t+1)

1 − β(t)
1

)
. (4.2)

Due to the concavity of Jcav(·), we have

∇Jcav

(
β(t)

1

)T (
β(t+1)

1 − β(t)
1

)
≥ Jcav

(
β(t+1)

1

)
− Jcav

(
β(t)

1

)
. (4.3)

By combining the above inequalities, we have

Jvex

(
β(t)

1

)
+ Jcav

(
β(t)

1

)
≥ Jvex

(
β(t+1)

1

)
+ Jcav

(
β(t+1)

1

)
. (4.4)

Accordingly, the objective value of problem (3.12) decreases monotonically with each iteration
and remains non-negative, thereby proving the convergence of the sequence. The proof of

{
β(t)

2

}
convergence is similar. □

Theorem 2. Algorithm 1 converges to a local optimum to the problems in (3.12) and (3.13).

Proof. Taking problem (3.12) as an example, the analysis for problem (3.13) follows a similar
approach.
A local optimal point (β̂1, ξ̂1, λ̂1) satisfies the following KKT conditions:

−H2β̂1 + ξ̂1 = e2, ξ̂1 ≥ 0, (4.5)

λ̂1 ≥ 0, (4.6)

(λ̂1) j · (ξ̂1) j = 0, ∀ j = 1, . . . ,m2, (4.7)

∇β1L = 0,
∂L

∂ξ1
= 0. (4.8)

Expanding the stationarity conditions (4.8), we get

∇J1(β̂1) − HT
2 λ̂1 = 0, (4.9)

C1 − λ̂1 = 0, (4.10)

where C is the penalty parameter and 1 is the vector of ones.
The conditions (4.5)–(4.10) follow directly from the standard KKT optimality conditions for the

constrained optimization problem with inequality constraints H2β1 − ξ1 ≤ e2, ξ1 ≥ 0, and penalty term
C1Tξ1 in the objective function. □

Theorem 3. If (β̂1, ξ̂1, λ̂1) satisfies the KKT conditions and the projected Hessian is positive definite on
the critical cone, then β̂1 is a strict local minimizer.
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Proof. Taylor-expand J1 around β̂1:

J1(β̂1 + d) = J1(β̂1) + ∇J1(β̂1)T d +
1
2

dT∇2J1(β̂1)d + o(∥d∥2). (4.11)

From the stationarity condition (4.9), we have

∇J1(β̂1)T d = (λ̂1)T H2d. (4.12)

For a feasible direction d at β̂1, we need H2(β̂1 + d) − (ξ̂1 + ∆ξ) ≤ e2, where ξ̂1 + ∆ξ ≥ 0. This gives us
the linearized constraint:

H2d − ∆ξ ≤ 0, ∆ξ ≥ −ξ̂1. (4.13)

Define the critical cone:
C = {d : (H2d) j ≤ 0 for j ∈ A(β̂1)}, (4.14)

whereA(β̂1) = { j : (H2β̂1 − ξ̂1) j = (e2) j} is the active set. □

By complementary slackness (4.7) and the structure of active constraints, we consider two cases:
Case 1: If j ∈ A(β̂1) and (ξ̂1) j = 0, then (λ̂1) j > 0 and (H2d) j ≤ 0.
Case 2: If j ∈ A(β̂1) and (ξ̂1) j > 0, then (λ̂1) j = 0 and the constraint is not binding for small
perturbations.

Therefore, for d ∈ C:
(λ̂1)T H2d ≤ 0. (4.15)

The Hessian can be decomposed as:

∇2J1(β̂1) = HT
1 H1 + regularization terms + ∇2J1,cav(β̂1), (4.16)

where
• H⊤1 H1 ≻ 0 (assuming H1 has full column rank),
• the regularization terms are positive semidefinite, and
• ∇2J1,cav(β̂1) denotes the Hessian of the concave components.

For the projected Hessian to be positive definite on C, we need

dT∇2J1(β̂1)d > 0, ∀d ∈ C, d , 0. (4.17)

When the regularization is sufficiently strong such that the positive definite components dominate
the non-convex terms on the critical cone, condition (4.16) is satisfied.

Combining (4.11), (4.12), (4.15), and (4.17):

J1(β̂1 + d) − J1(β̂1) = (λ̂1)T H2d +
1
2

dT∇2J1(β̂1)d + o(∥d∥2)

≥
1
2

dT∇2J1(β̂1)d + o(∥d∥2) > 0
(4.18)

for sufficiently small ∥d∥ , 0 and d ∈ C. Therefore, β̂1 is a strict local minimizer.
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5. Numerical experiments

5.1. Operating environment

All data used in the experiments are obtained from the normalized dataset. The experiments
were implemented in MATLAB R2024b, running on a desktop computer equipped with an Intel(R)
Core(TM) i7-11700@(2.5 GHz) processor and 16 GB of memory.

5.2. Benchmark approaches

With this clarification, we compare the proposed AFTELM with the following five algorithms:

• TBSVM [11, 12]: Uses hinge loss and squared L2-norm metric.

• TELM [17]: Uses hinge loss and squared L2-norm metric.

• FTELM [21]: Introduces Fisher regularization into TELM.

• PTELM [18]: Projection twin extreme learning machine.

• SFTELM (This work): The SF-loss-only baseline proposed above, which modifies TELM by
adopting the SF-loss (without additional regularization or metric modifications) to serve as a
dedicated ablation baseline for AF-loss.

5.3. Parameter selection and evaluation criteria

How a model of algorithm reflects its best performance that depends on the choice of parameters.
Therefore, we use traditional accuracy index (ACC) and the F1-score to measure the performance of
these algorithms defined as follows:

ACC =
T P + T N

T P + FN + T N + FP
, (5.1)

F1 =
2T P

2T P + FP + T N
. (5.2)

Let TP, TN, FP, and FN represent the true positives, true negatives, false positives, and
false negatives, respectively. Higher values of accuracy (ACC) and the F1-score indicate better
model performance. For TBSVM, the kernel parameter σ is selected from {10i | i =
−4,−3,−2,−1, 0, 1, 2, 3, 4}. For AFTELM, k and γ are chosen from {1, 2, 3, 4, 5} in the interval
[1, 5]. Results are presented in Figure 3. The regularization parameters C1 and C2 are selected
from {10i | i = −5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5}, and the number of nodes is selected from
{30, 50, 100, 150, 200, 250}. A stratified 10-fold cross-validation was employed to ensure statistical
validity. The dataset was randomly divided into 10 parts, with 9 parts used for training and 1 part for
testing in each iteration. The process was repeated 10 times, and the final result is the average value.
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(a) Effects of k and γ on ACC (b) Effects of k and γ on F1 score

Figure 3. Parameter value comparison.

5.4. Artificial datasets

In this subsection, the Two Moons, XOR, and Banana datasets are given. The Two Moons and
Banana datasets each contain 400 samples, while the XOR dataset consists of 100 samples. Figure 4
illustrates the two-dimensional distributions of these three artificial datasets.

(a) (b) (c)

Figure 4. Three artificial datasets.

5.5. UCI datasets

To evaluate the classification performance of AFTELM relative to other related algorithms,
experiments were conducted on nine datasets from the UCI repository: Balance, Australian, Vote,
Sonar, Spectfsta, Pima, QSAR, WDBC, and Wholesale. These data sets are binary classification
data,and the specific information is shown in Table 1.

Table 1. Characteristics of UCI datasets.

Datasets Samples Attributes Datasets Samples Attributes
Australia 690 14 QSAR 1055 41
Sonar 208 60 Balance 576 4
Spectfsta 267 44 Pima 768 8
Wholesale 400 7 Vote 435 16
WDBC 569 30
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5.6. Image datasets

The objective of image dataset classification is to enable automated decision-making by
algorithmically deriving a structured understanding of visual information. For this purpose, the CMU
Facial Expression dataset is employed. To validate the model, photos of individuals with various poses
are selected. These images are evaluated under three different conditions: no noise, 10% Gaussian
noise, and 30% Gaussian noise. Representative examples of the noisy images are illustrated in Figure
5.

Figure 5. Image datasets.

5.7. Experimental results on the UCI datasets without noise

The accuracy and F1-score are evaluated by testing with a training set of 9 groups and a
corresponding test set. Models tested include TBSVM, TELM, FTELM, PTELM, SFTELM, and
AFTELM. Each test is repeated 10 times, with the mean value used to indicate performance. To
further assess classification performance, experiments are conducted on the UCI dataset. All results in
Table 2 are based on optimal parameters.

AIMS Mathematics Volume 11, Issue 4, 9228–9259.



9249

Table 2. Experimental results on UCI datasets without noise. The best results are marked in
bold.

Datasets

TBSVM TELM FTELM PTELM SFTELM AFTELM

ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%)
F1±S(%) F1±S(%) F1±S(%) F1±S(%) F1±S(%) F1±S(%)
Times (s) Times (s) Times (s) Times (s) Times (s) Times (s)

k, γ

Australia

84.75±0.04 84.97±0.05 84.97±0.05 85.92±0.04 83.91±0.05 85.93±0.05
83.31±0.07 81.02±0.08 81.16±0.07 84.84±0.05 83.16±0.04 84.73±0.05
0.510 0.599 0.574 0.125 4.231 5.161

k = 3, γ = 2

Sonar

72.19±0.06 66.95±0.10 62.79±0.15 77.05±0.07 75.07±0.09 78.40±0.08
76.50±0.05 62.06±0.12 66.95±0.12 78.20±0.08 78.50±0.08 81.00±0.06
0.682 0.544 0.464 0.421 1.444 1.611

k = 3, γ = 2

Spectfsta

77.25±0.06 78.44±0.11 78.92±0.09 78.03±0.07 77.94±0.05 79.83±0.05
85.94±0.04 87.05±0.07 87.80±0.06 86.54±0.05 86.95±0.04 87.89±0.04
1.274 0.855 0.983 0.085 7.680 8.156

k = 4, γ = 2

Wholesale

88.42±0.03 88.37±0.05 88.38±0.06 88.45±0.05 89.12±0.04 89.12±0.04
91.31±0.03 90.78±0.04 90.84±0.05 91.73±0.03 92.11±0.03 92.11±0.03
1.911 1.841 1.874 1.066 4.078 4.156

k = 1, γ = 1

WDBC

96.85±0.03 96.27±0.03 96.04±0.03 97.03±0.03 94.74±0.03 95.45±0.04
97.47±0.02 97.06±0.02 96.96±0.02 97.61±0.02 95.80±0.03 96.33±0.03
0.872 0.834 0.743 0.563 4.102 4.887

k = 4, γ = 2

QSAR

86.45±0.05 85.90±0.03 85.66±0.04 86.07±0.02 86.92±0.03 86.92±0.03
89.62±0.04 89.38±0.02 89.14±0.03 89.31±0.01 90.38±0.02 90.38±0.02
0.844 0.787 0.613 0.644 15.561 17.013

k = 1, γ = 1

Balance

98.79±0.01 98.35±0.01 98.92±0.01 94.74±0.01 98.96±0.11 98.96±0.01
98.78±0.01 98.33±0.01 98.35±0.01 98.96±0.01 94.69±0.02 98.97±0.01
0.442 0.264 0.387 0.105 2.561 3.087

k = 1, γ = 1

Pima

75.25±0.04 76.10±0.04 75.77±0.04 75.39±0.04 74.87±0.04 74.48±0.04
82.55±0.03 82.52±0.04 82.81±0.03 80.70±0.03 81.81±0.03 81.83±0.03
0.717 0.981 0.975 0.558 5.569 6.083

k = 2, γ = 2

Vote

94.65±0.03 91.31±0.03 94.79±0.02 94.88±0.04 96.05±0.04 96.07±0.02
93.30±0.04 90.02±0.04 93.01±0.03 93.51±0.04 94.84±0.05 94.98±0.03
0.115 0.251 0.274 0.250 3.061 3.164

k = 3, γ = 4

5.8. Experimental results on the UCI datasets with noise

To further investigate the robustness of AFTELM, the five models are next tested on the UCI datasets
incorporating noise. Gaussian noise, with levels of 15% and 25%, are added to the datasets.

Based on the performance of the nine UCI data in Table 2, most of accuracy of AFTELM is
superior than TELM, FTELM, PTELM ,TBSVM and SFTELM. According to the experimental results
in Table 3 and Table 4, the classification performance of AFTELM is still higher than TBSVM, TELM,
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FTELM, PTELM and SFTELM in most cases. It also found that the classification performance of the
model is reduced with the continuous noise improvement. In addition, the experimental results of
Table 2, Table 3, and Table 4 can find that AFTELM is more robust after adding the AF-loss term.

Table 3. Experimental results on UCI datasets with 15% Gaussian noise. The best results
are marked in bold.

Datasets

TBSVM TELM FTELM PTELM SFTELM AFTELM

ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%)
F1±S(%) F1±S(%) F1±S(%) F1±S(%) F1±S(%) F1±S(%)
Times (s) Times (s) Times (s) Times (s) Times (s) Times (s)

k, γ

Australia

84.46±0.05 82.97±0.03 82.97±0.03 85.93±0.03 84.75±0.06 86.08±0.02
84.81±0.06 78.82±0.04 78.82±0.04 84.53±0.04 83.38±0.08 85.10±0.03
0.447 0.582 0.423 0.225 4.125 5.024

k = 2, γ = 4

Sonar

74.10±0.09 73.35±0.15 73.93±0.16 73.67±0.08 75.19±0.12 78.88±0.10
77.54±0.06 76.34±0.14 77.53±0.15 75.25±0.09 77.58±0.09 81.15±0.10
0.624 0.349 0.465 0.381 1.451 1.749

k = 2, γ = 2

Spectfsta

77.26±0.05 79.81±0.07 80.74±0.07 77.74±0.12 76.04±0.06 79.09±0.08
86.91±0.03 88.56±0.04 89.04±0.05 86.37±0.09 85.57±0.04 87.34±0.05
1.154 0.854 0.563 0.185 7.648 8.556

k = 3, γ = 2

Wholesale

79.33±0.17 76.82±0.15 76.06±0.15 82.09±0.07 76.37±0.12 81.08±0.10
82.24±0.21 79.90±0.18 76.94±0.15 85.26±0.04 81.19±0.13 84.49±0.11
1.715 1.824 1.234 1.165 4.155 4.468

k = 2, γ = 2

WDBC

94.74±0.03 93.61±0.04 94.73±0.03 95.62±0.03 94.75±0.03 95.96±0.02
95.87±0.02 94.80±0.03 95.93±0.02 96.59±0.02 95.80±0.03 96.86±0.01
0.970 0.854 0.774 0.629 4.152 4.870

k = 1, γ = 1

QSAR

80.86±0.07 79.87±0.04 77.89±0.04 80.76±0.04 78.87±0.04 79.34±0.03
85.99±0.04 85.80±0.03 78.45±0.03 85.15±0.03 84.97±0.03 85.17±0.02
0.814 0.652 0.644 0.542 14.491 18.118

k = 2, γ = 2

Balance

97.40±0.02 97.61±0.02 98.05±0.02 94.27±0.02 97.82±0.04 98.27±0.01
97.40±0.02 97.57±0.02 98.01±0.02 94.37±0.02 98.93±0.03 98.29±0.02
0.541 0.466 0.458 0.305 2.461 3.053

k = 3, γ = 4

Pima

72.01±0.05 72.03±0.07 67.94±0.08 72.53±0.05 73.18±0.04 73.18±0.04
80.93±0.03 80.82±0.05 74.46±0.07 78.97±0.04 81.77±0.03 81.77±0.03
0.814 0.943 0.814 0.256 5.457 6.543

k = 1, γ = 1

Vote

95.14±0.03 93.62±0.02 95.37±0.03 93.72±0.04 95.50±0.02 95.59±0.03
93.98±0.04 91.84±0.03 93.76±0.05 91.51±0.07 93.83±0.03 94.36±0.04
0.110 0.365 0.431 0.310 3.261 3.521

k = 2, γ = 3
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Table 4. Experimental results on UCI datasets with 25% Gaussian noise. The best results
are marked in bold.

Datasets

TBSVM TELM FTELM PTELM SFTELM AFTELM

ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%) ACC±S(%)
F1±S(%) F1±S(%) F1±S(%) F1±S(%) F1±S(%) F1±S(%)
Times (s) Times (s) Times (s) Times (s) Times (s) Times (s)

k, γ

Australia

83.77±0.06 84.24±0.03 84.23±0.03 86.07±0.04 83.88±0.05 84.62±0.04
83.29±0.05 82.65±0.03 81.09±0.05 84.03±0.04 82.48±0.07 83.91±0.04
0.540 0.654 0.633 0.214 4.026 5.138

k = 3, γ = 4

Sonar

65.86±0.13 65.66±0.10 66.25±0.09 64.10±0.06 62.98±0.06 67.86±0.08
75.23±0.11 70.68±0.09 70.94±0.09 75.45±0.08 71.20±0.06 73.46±0.07
0.531 0.641 0.585 0.340 1.570 1.819

k = 5, γ = 2

Spectfsta

74.90±0.05 78.87±0.07 80.26±0.06 78.06±0.11 80.35±0.04 81.67±0.06
85.28±0.04 88.27±0.03 88.57±0.03 86.28±0.07 88.91±0.03 89.23±0.03
1.123 1.073 1.212 0.385 7.544 8.629

k = 3, γ = 4

Wholesale

70.01±0.19 71.32±0.19 72.25±0.18 72.77±0.06 70.52±0.15 70.67±0.18
70.31±0.31 75.10±0.29 75.34±0.27 75.63±0.04 70.14±0.22 70.99±0.24
1.863 1.624 1.503 1.061 4.275 4.168

k = 5, γ = 2

WDBC

90.67±0.07 92.40±0.04 95.17±0.03 94.21±0.02 93.86±0.02 93.86±0.02
93.09±0.04 96.41±0.03 96.26±0.03 95.47±0.02 95.15±0.02 95.15±0.02
0.988 0.851 0.733 0.523 4.867 4.710

k = 1, γ = 1

QSAR

76.70±0.07 76.20±0.07 73.11±0.06 78.30±0.04 74.79±0.05 75.93±0.05
81.65±0.08 81.77±0.06 82.63±0.03 83.25±0.03 83.03±0.03 83.55±0.03
0.681 0.570 0.585 0.545 3.425 7.213

k = 3, γ = 2

Balance

96.19±0.03 92.21±0.04 91.14±0.04 94.96±0.02 95.65±0.04 96.52±0.02
96.16±0.03 92.17±0.04 90.98±0.03 95.05±0.02 95.65±0.04 96.57±0.02
0.361 0.564 0.654 0.305 2.421 3.011

k = 2, γ = 2

Pima

68.77±0.06 66.99±0.08 67.16±0.08 69.27±0.04 68.06±0.02 71.49±0.06
76.83±0.08 69.66±0.14 66.93±0.14 77.04±0.03 78.98±0.02 79.97±0.04
0.710 0.871 0.644 0.325 5.658 5.423

k = 3, γ = 2

Vote

90.07±0.07 90.45±0.03 93.66±0.03 93.71±0.05 93.76±0.02 94.42±0.04
85.44±0.14 88.29±0.04 91.72±0.04 91.49±0.08 91.73±0.03 92.67±0.05
0.245 0.261 0.282 0.224 3.341 3.812

k = 2, γ = 2

To provide a intuitive understanding of AFTELM’s accuracy under varying noise levels, accuracy
heatmaps by different methods are generated based on the data presented in Figure 6. From Figure 6,
we can find that AFTELM classification performance is mostly better than the other five models.

AIMS Mathematics Volume 11, Issue 4, 9228–9259.



9252

(a) ACC with 0% Noise (b) ACC with 15% Noise (c) ACC with 25% Noise

Figure 6. ACC heatmap at 0% noise, 15% noise, and 25% noise.

As shown in Figures 7 and 8, AFTELM consistently outperforms the original SFTELM, achieving
improvements of 1%–5% in both accuracy and F1-score. These results demonstrate a significant
performance gain of AFTELM over SFTELM, highlighting its superior classification capability and
robustness.

(a) ACC with 0% noise (b) ACC with 15% noise (c) ACC with 25% noise

Figure 7. Performance comparison of accuracy between AFTELM and SFTELM.

(a) F1 with 0% noise (b) F1 with 15% noise (c) F1 with 25% noise

Figure 8. Performance comparison of F1 between AFTELM and SFTELM.

5.9. Experimental results on artificial dataset

To simulate performance in noisy environments, Gaussian noise is added to the training data.
Noise is introduced by selecting samples and perturbing their features with Gaussian noise from a
normal distribution N(0, σ2). The noisy training data is represented as X + X̃, where X̃ is the noise
matrix. Experiments on nine UCI datasets show improved classification performance and robustness
of AFTELM. We also conduct experiments on artificial datasets with 20% Gaussian noise. All results
are presented in Figure 9.
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Figure 9. Accuracies of five algorithms on three artificial datasets via 20% noises factors.

As shown in Figure 9, the accuracy of the six models are evaluated on artificial datasets containing
noise. For instance, in the XOR dataset, the accuracies of the models are as follows: TBSVM 78.00%,
TELM 71.25%, FTELM 72.25%, PTELM 72.00%, SFTELM 78.00%, and AFTELM 79.00%. The
experimental results demonstrate that AFTELM maintains high accuracy even in the presence of noise,
further highlighting its robustness against the negative effects of AF-loss on noisy data.

5.10. Experimental results on the image datasets

All images are first partitioned and processed such that each image has a pixel size of 64×64. These
64 × 64 images are then flattened into 4096 dimensional feature vectors. To ensure consistent feature
scaling, each feature vector undergoes standardization by subtracting the mean and dividing by the
standard deviation. Through this process, all relevant information from the portrait images is extracted
via feature representation. The classification performance of various models on this image dataset is
presented in Table 5.

Table 5. Experimental results of CMU facial expression datasets. The best results are marked
in bold.

Noise content
TBSVM TELM FTELM PTELM SFTELM AFTELM

ACC(%) ACC(%) ACC(%) ACC(%) ACC(%) ACC(%)
0 100 97.13 98.17 99.17 98.12 99.37
10% 95.42 95.14 97.40 96.96 95.40 97.93
30% 60.63 86.34 89.92 86.48 85.64 92.92

It can be observed that the AFTELM model consistently achieves higher classification accuracy
compared to the other models. As noise levels increase, the accuracy of the other models degrades
significantly, whereas AFTELM maintains relatively stable performance. This highlights the superior
robustness of the AFTELM model in noisy environments. It is demonstrated by the experimental
results that high accuracy is maintained by AFTELM even in the presence of noise, with its robustness
against the negative effects of AF-loss on noisy data further highlighted.
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6. Convergence curve

In this section, the convergence of AFTELM is experimentally demonstrated. The convergence
curve of the algorithm is presented in Figure 10. On this curve, the x-axis denotes the iteration count,
and the y-axis indicates the value of the objective function. The curve illustrates the variation of the
objective function value in relation to the iteration count.

(a) Vote (b) WDBC
Figure 10. Convergence graph of AFTELM’s objective function values increasing with the
number of iterations on two datasets.

Figure 10 shows that, in all two classification tasks, the objective function rapidly decreases within
the first 10 iterations and stabilizes thereafter, reflecting the efficient optimization performance of the
AFTELM model. Moreover, the convergence curves for all classification tasks eventually level off,
indicating no significant fluctuation during the model optimization process.

7. Statistical significance analysis

A rigorous non-parametric statistical analysis was conducted to assess the proposed AFTELM
model against five benchmark algorithms (TBSVM, TELM, FTELM, PTELM, and SFTELM). The
Friedman test was employed as the primary statistical tool. Algorithms were ranked according to their
performance metrics on each dataset. Rank 1 was assigned to the best-performing algorithm. The
Friedman statistic χ2

F was computed as:

χ2
F =

12n
k(k + 1)

 k∑
i=1

R2
i −

k(k + 1)2

4

 , (7.1)

where Ri denotes the average rank of the i-th classifier, n represents the number of datasets, and k
denotes the number of classifiers. The F-distributed statistic was utilized to improve test sensitivity:

FF =
(n − 1)χ2

F

n(k − 1) − χ2
F

, (7.2)

which follows an F-distribution with k − 1 and (k − 1)(n − 1) degrees of freedom. For k = 6 classifiers
and n = 9 datasets, the critical value was F(5, 40) = 2.449 at the 0.05 significance level.

The statistical analysis was conducted across three experimental settings: noise-free conditions,
15% Gaussian noise, and 25% Gaussian noise. For the nine UCI benchmark datasets without noise,
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the Friedman test yielded χ2
F = 9.62 and FF = 2.17. Under 15% Gaussian noise, χ2

F = 14.02 and
FF = 3.17 were obtained, with the null hypothesis decisively rejected (p < 0.05). Under 25% Gaussian
noise, χ2

F = 12.58 and FF = 2.77 confirmed significant performance differences among the competing
algorithms (p < 0.05). Under noise-free conditions, AFTELM achieved the best average rank of
2.17. PTELM followed with an average rank of 3.11, while SFTELM ranked 3.50. FTELM (3.94),
TBSVM (4.11), and TELM (4.17) showed weaker performance. Under 15% Gaussian noise, AFTELM
maintained excellent performance with an average rank of 1.94. SFTELM ranked second at 3.06,
followed by PTELM (3.33) and TBSVM (3.78). FTELM (4.39) and TELM (4.50) showed degraded
performance. Under 25% Gaussian noise, AFTELM continued to lead with an average rank of 2.06.
PTELM ranked second at 2.67, followed by FTELM (3.67) and SFTELM (3.94). TELM (4.22) and
TBSVM (4.44) were substantially outperformed. Across all 27 experimental scenarios (9 datasets × 3
noise levels), AFTELM achieved an overall average rank of 2.06. Consistent top-tier performance was
maintained, substantially outperforming PTELM (3.04), SFTELM (3.50), FTELM (4.00), TBSVM
(4.11), and TELM (4.30).

Critical difference (CD) diagrams were constructed using the Nemenyi post-hoc test (Fig. 11).
These diagrams visually represent the average ranks of all algorithms. Horizontal bars connect
algorithms whose performance differences are not statistically significant at α = 0.05. The critical
difference threshold was calculated as:

CD = qα

√
k(k + 1)

6n
, (7.3)

where qα = 2.850 is the critical value from the studentized range distribution for k = 6 algorithms. For
n = 9 datasets, CD = 2.514 was obtained. For the overall analysis across 27 scenarios, CD = 1.451
was obtained.

(a) 0% Noise (b) 15% Noise

(c) 25% Noise

Figure 11. Critical Difference diagrams showing Friedman-Nemenyi test results across
different noise levels.

As shown in Figure 11(a), under noise-free conditions, AFTELM (rank 2.17) achieved the best
performance. PTELM (rank 3.11) and SFTELM (rank 3.50) formed a competitive middle group.
FTELM (rank 3.94), TBSVM (rank 4.11), and TELM (rank 4.17) exhibited weaker performance. The
thick horizontal bar indicates no significant difference between algorithms within the CD threshold.
Figure 11(b) reveals that under 15% noise, AFTELM (rank 1.94) demonstrated clear leadership with
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substantial margin over other methods. SFTELM (rank 3.06) and PTELM (rank 3.33) maintained
moderate performance, while FTELM (rank 4.39) and TELM (rank 4.50) showed notable degradation.
Under 25% noise (Figure 11(c)), AFTELM achieved the best rank (2.06), followed by PTELM (2.67)
and FTELM (3.67). SFTELM (3.94), TELM (4.22), and TBSVM (4.44) exhibited considerable
performance degradation under high noise conditions. AFTELM maintained its dominant position
within the top statistical tier despite increasing noise intensity.

Pairwise comparisons were conducted using the Nemenyi post-hoc test. Under the CD criterion
of 2.514, any two algorithms differing by more than this threshold in average rank were considered
statistically significantly different. Across all noise conditions, AFTELM consistently achieved the
best average rank ranging from 1.94 to 2.17. Under 15% noise, AFTELM’s rank difference from the
second-best algorithm (SFTELM) was 1.12. Under 25% noise, the rank difference from PTELM was
0.61. In the overall analysis across 27 scenarios with CD = 1.451, AFTELM (rank 2.06) demonstrated
statistically significant superiority over FTELM (rank 4.00), TBSVM (rank 4.11), and TELM (rank
4.30), as these rank differences exceeded the CD threshold.

The comprehensive statistical evaluation demonstrates that AFTELM maintained consistent top-
tier performance with average ranks between 1.94 and 2.17 across all noise conditions. Exceptional
resilience to data corruption was exhibited through adaptive fuzzy membership weighting. Statistically
significant overall differences were confirmed by the Friedman test under noisy conditions. Strong
performance across UCI benchmarks validated AFTELM’s robustness and generalization capability.

8. Conclusions and future directions

Based on the binary classification problem, this paper proposes a novel TELM-based model
named AFTELM. The proposed AFTELM incorporates a bounded, smooth, and non-convex adaptive
fractional loss, which is developed by modifying the fractional loss function from SF-RSTELM [20].
Specifically, by adaptively adjusting two key parameters in the original fractional loss, the model
achieves enhanced expressive capability and improved robustness. To efficiently handle this modified
loss function, the concave-convex procedure CCCP is employed to iteratively optimize the model
variables, thereby improving classification performance. Theoretical analysis demonstrates that the
optimization process of AFTELM is convergent. We evaluate the model on both UCI benchmarks
and a custom-constructed dataset. Experimental results show that AFTELM outperforms TBSVM,
TELM, FTELM, PTELM, and SFTELM in terms of classification accuracy. Furthermore, we extend
AFTELM to semi-supervised learning scenarios through additional experiments, aiming to explore its
broader applicability.
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