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Abstract: This research demonstrates a focus on the complete synchronization of fractional-order
neural networks with bounded parameter uncertainties and information interactions. The drive-
response network models considered in this article contain the operators fuzzy AND, fuzzy OR, and
nonlinear interaction modes, which makes the systems in this article more generalized. To achieve
complete synchronization tasks, we design a new nonlinear adaptive control scheme. Unlike existing
control strategies, the controller incorporates a sign function and a monotonically decreasing function,
ensuring the boundedness of the controller even as the error approaches zero, while reducing the
conservatism of the control intensity. By virtue of fractional calculus properties and inequality analysis
techniques, new synchronization criteria of the concerned drive-response networks are established
under the adaptive control schemes. Numerical examples demonstrate the effectiveness of the method
proposed in this research.
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1. Introduction

Over recent decades, neural networks (NNs) have evolved into powerful paradigms for addressing
complex, uncertain, and nonlinear problems in artificial intelligence, data science, and other diverse
fields [1-3]. Although traditional integer-order NNs excel at learning large-scale data through
layered weight adjustments, they often struggle to capture the long-term memory effects in real-
world systems [4]. To overcome this limitation, integrating fractional calculus with fuzzy models has
garnered considerable interest, leading to the development of fractional-order inpulsive systems [5, 6]
and fractional-order fuzzy neural networks (FOFNNs) [7-10]. Fractional calculus, as a generalization
of integer-order calculus, offers a rigorous mathematical tool to characterize the memory and hereditary
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properties of complex systems [11, 12]. This empowers FOFNNs to model dynamic behaviors with
greater precision and flexibility than previous methods [13, 14].

Driven by its unique ability to model uncertain, memory-dependent dynamic systems, the
dynamic behaviors of FOFNNs have garnered considerable scholarly interest [15]. Consequently,
the synchronization of FOFNNs has become a prominent research focus, with a growing body
of literature devoted to its analysis and control. Based on the required convergence time,
the synchronization of FOFNNs can be categorized into complete synchronization (CS) [16-
18], asymptotic synchronization [19-21], finite-time synchronization (FTS) [22-24], fixed-time
synchronization [25-28], quasi-synchronization [29, 30], projective synchronization [31], and more.
For example, the CS and FTS of FOFNNs were discussed via two different nonlinear controllers
in [16]. In [17], the authors dealt with CS for discrete-time FOFNNs with time-varying delays. A
hybrid controller was adopted in [18] to explore the CS of delayed complex-valued FOFNNSs.

Traditional control strategies usually assume that feedback parameters are completely known,
which tend to suffer from degraded synchronization performance in the presence of actual parameter
perturbations. In the study on the CS of FOFNNs presented in [16], the uncertainty of model
parameters was not taken into account. The literature [32] studied quasi-projective synchronization
and CS of fractional-order complex-valued NNs without considering parameter uncertainty. The
FTS issues were addressed in delayed fractional-order complex-valued NNs that incorporate uncertain
parameters and fractional difference operators [33]. Nevertheless, fuzzy operators were neglected in
the fractional-order models presented in [32,33]. In [34], CS problems of FOFNNs involving uncertain
parameters were solved by designing adaptive pinning controllers. In [35], scholars carried out a study
on synchronization for discrete-time tempered and competitive FOFNNSs in the presence of uncertain
parameters and time-varying delays. In [36], a feedback controller was adopted to investigate the FTS
of a category of fractional-order delayed fuzzy cellular NNs subject to parameter uncertainties.

In addition, practical neural network systems do not exist in isolation, and there exists interaction
information between subnetworks [37]. These inter-network interactions, which may arise from
signal transmission, distributed sensing, or coordinated control architectures, substantially influence
system dynamics and must be carefully accounted for in both modeling and controller design.
Recent studies have increasingly focused on incorporating such interaction effects into synchronization
analysis. In [38], the global asymptotic synchronization of FOFNNs with interactions was investigated
by designing a hybrid controller. An investigation of fixed-time synchronization was presented
in [39], focusing on fractional-order fuzzy cellular NNs with interactions. However, regarding the
complete synchronization problem of FOFNNS, existing studies have basically neglected the factor of
interactions among systems.

As a crucial dynamic behavior, CS is an important phenomenon in which all neurons eventually
converge to a consistent state. In practical scenarios such as multiagent coordination, power network
scheduling, and sensor network data fusion, CS ensures the synchronous completion of given tasks
by each subsystem, while avoiding task failures caused by asynchronous node operations. However,
research on the adaptive CS of FOFNNs with simultaneous consideration of parameter uncertainties
and system interactions remains scarce, and this challenging yet novel issue further highlights the
significance of the present work. Motivated by the aforementioned discussions, we devote our efforts to
investigating the CS of the fractional-order fuzzy neural networks that involve parameter uncertainties
and interactions (FOFNNUIs) via adaptive feedback control strategies. The comparison of different
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features with existing synchronization results can be seen in Table 1.

Table 1. Comparison of different features with existing synchronization results.

Contents [171 [24] [35] [39] Current article
Uncertainties X v v X N4
Information interactions X X X v v
Fuzzy operators v X v v v
Bounded controller v X X N4 V4

The main highlights of the paper are outlined below:

(1) Given that practical systems are susceptible to uncertainties as well as interactions among
systems, this paper addresses the CS issues of fractional-order fuzzy neural networks subject to
uncertain parameters and interactions, making the systems more generalized.

(i1) A novel adaptive nonlinear controller, which embeds a sign function and a monotonically
decreasing function, is first proposed to address the CS issue for FOFNNUIs. The designed control
strategy is capable of guaranteeing controller boundedness as the error tends to zero while properly
mitigating the conservatism associated with the control parameters.

(111) Drawing on the fractional Lyapunov theory and inequality scaling laws, the new CS criteria of
FOFNNUISs are obtained.

The remainder of the paper is structured as follows. Section 2 introduces preliminaries and a
description of FOFNNUIs. Section 3 presents synchronization criteria of FOFNNUIs. Section 4
provides three illustrative examples together with comparative analyses. Finally, Section 5 concludes
the paper.

2. Preliminaries and FOFNNUIs

In this section, some fundamental definitions, helpful lemmas, and a detailed model description of
FOFNNUISs are provided.

Definition 1. ([7]) With order 4, the fractional integral of () is defined as:
A 1 ' -1
I'o(t) = — t—q)"” dg, A>0, 1
ol e (1) m)fm< 9" p(g)dg ()

where I'(1) = f0+°o g e dyg.
Definition 2. ([7]) With order A, the Caputo fractional derivative of function ¢(¢) is defined as:

A ()
ra-aJ, (¢-g?

Definition 3. ([40]) With order 4, the Mittag-Leffler function is defined as:

¢ Dio(t) = dg, 0<aA<1. (2)

Eq(0) = n; i+ ) 3)
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Lemma 1. ([41]) Supposing function ¢(¢) : [ty, +o0) — R, is differentiable, one has

¢ D} (t) < v" (D)% D), (4)
where0 < A< 1,andv > 1.

Lemma 2. ([42]) Supposing function ¢(%) : [ty, +00) — R is continuous, one has

o D (0| < sign (o), D}e(2), (5)
where 0 < A < 1.

Lemma 3. ([43]) Let function ¢(t) : [#, +o0) — R, be differentiable and nondecreasing; then, there is

¢ D} (@) — 0% < 2((t) = V5, De(0), (6)
where 1 € [y, +00), 0 < A < 1, and ¢ is a constant.

Lemma 4. ([16]) Suppose functions ¢, (¢) and ¢,(¢) are non-negative and continuous, which satisfy the
following inequality:

D} (o1(1) + (D) € 1)+, 0<A<1, >0, pp > 0. (7)

Then, one has

T\ ™
()) . )

@1(1) < («al (10) + 2 (10) - ‘3) Ei(-m-1))+22 120+ (—
M1 H i

Lemma 5. ([44]) When ¢ > ¢, function E (,ul (r- to)ﬁ) is monotonically nonincreasing and satisfies
the inequality 0 < E, (,u] (t— to)ﬂ) < 1foru; <0.

We consider a fractional-order fuzzy neural network in the presence of uncertainties and interactions
described by

¢ Dl2(t) =(~&¢ + AE0)ze®) + Y [age + Aag0)] 8uct) + \ ecgau(e)
k=1 k=1

+ \/ Becta®) + L)) + [\ WeVie+ \/ QuVie+ € Y 0achulrid0)), ©)
k=1 k=1 k=1 k=1
where { € N* = {1,2,--- ,@}, 0 < A < 1, z,(?) signifies the state variable corresponding to the

{th node. ¢, is positive and denotes the self-feedback coefficient. a,, denotes the feedback template
values. The uncertainty parts of ¢, and a,, are respectively denoted by Ac,(7) and Aay,, (1), which satisfy
|AZ‘§(t)| < C; and |Aa§K(t)| < Ay with G, >0, Ay > 0. A and \/ stand for the fuzzy AND and fuzzy
OR operators, respectively. ay and B, respectively, denote the fuzzy MIN feedback pattern and fuzzy
MAX feedback pattern. /,(¢) signifies the external input associated with the {th neuron. W, and Qy,
stand for fuzzy feed-forward MIN and MAX patterns, respectively. V, describes the bias of neuron «. &
denotes the positive strength of the outer interaction. The structure of the outer interaction is depicted
by o« The interaction function h,(¢) is bounded; namely, there exists a positive constant H,, which
makes |h.(7)| < H, for k € N*. g.(t) denotes the nonlinear activation function. Functions g,(¢) and A,(t)
satisfy Assumption 1 below.

AIMS Mathematics Volume 11, Issue 4, 9166-9190.



9170

Assumption 1. For any real number X, and X,, there exist positive constants G, > 0 and H, > 0, which
makes the following inequality hold, namely,

|8x(X1) = 8e(X2)| < G |X1 = Fol , [hi(F1) = hi(F2)] < Hi|X) = %ol (10)
Consider the FOFNNUTIs described by Formula (11) as the drive network. The response network is

constructed as

© Dridt) =(=; + A0 + 3 [age + Aag(®)] gur(e) + /\ azegu(r0)
k=1 k=1

+ \/ Bagrd) + 1)) + [\ WaVe+ \/ QuVie+ Us)) + € Y philzde), (1)
k=1 k=1 k=1 k=1

where U,(t) represents the controller employed to realize synchronization between the drive-response
FOFNNUISs. The structure of the outer interaction is depicted by ©,.

In addition, the following definitions and lemmas are introduced to analyze the synchronization
conditions of the drive and response network.

Definition 4. FOFNNUIs (9) and (11) are said to achieve complete synchronization (CS) if the
following condition is satisfied for all / € N*, namely,

Tim [ire(1) = 20l = 0. (12)

Lemma 6. ([13]) For z,, 7, € R, {, x, and @ € Z., the following inequalities hold true, namely,

/w\ A8 (ZK) - /w\ A8 (rK) < i |a’§’<
k=1 k=1 k=1

|8« (z) = gi (1l (13)

and

18« (z) = 8« (- (14)

\w/ﬁgkgk (z0) — \w/ﬁgkgk (re)
k=1 k=1

w
= Z 1B
k=1

Based on the drive FOFNNUISs (9) and the response FOFNNUTIs (11), the error network is defined
as

¢ Dler(t) =(=2; + AGDecD) + Y [aze + Aaced)] gulee) + \ acegilen®)
k=1 k=1

+\/ Bagule0) + Un(D) + £ ) helad) =€ ) 0achi(rl0), (15)
k=1 k=1 k=1

where g,(e.(1)) = g(r (1)) — g(z.(1)).

Remark 1. The CS problem for FOFNNs was explored in [16] using an adaptive control strategy.
Different from the models in [16], the FOFNNUIs model presented in this paper takes both the effects
of parameter uncertainties and intersystem interactions into account, which are unavoidable in practical
applications. Hence, our model exhibits higher generality.
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3. Synchronization criteria of FOFNNUIs

This section presents the sufficient conditions that enable FOFNNUIs (9) and (11) to realize
complete synchronization. Additionally, the corresponding design scheme for nonlinear controllers
is introduced.

Theorem 1. Under Assumption 1, FOFNNUIs (9) and (11) can achieve complete synchronization
through the nonlinear adaptive controller

m(1)e (1)
n(t)ez(t) + x (1)
where y () decreases monotonically with the evolution of time satisfying y(#y) = 7 > 0 and y(+00) — 0,
t>0,0,>0,7,)>0,6>37, g‘(@,{ - Q{K) H, for £ € N*.

Proof. Construct the following Lyapunov function
vi(®) = vii () + via (1), (17)

where vy (1) = 3 X7, eé(t), vip(t) = 3 37, gi((ﬂg(f) — r]z)z. 1; is a constant and satisfies the following
condition: ’

Uct) = -

— dsign(e (1), 1, Din1) = 6,¢5(0), (16)

NPT -
M >Co= e+ 5 ) | Gullaad + Ace + 1ol + Baad + Gellanel + A + el + Bic)
k=1

+ £03H, +fQj:gH§]a (18)

where ¢;, = min { |Q_(K O }
Based on Lemma 3, one can get

b

@ @ 1 .
EDMVI(1) < ) el Diedn) + ) g, (160 = 1), et
7=1 ’=1

w w

= ) et Dien) + Y () = np)ed(o)
=1 ¢=1

w w

=) eg(f)[(—ég + AZ(D)er(D) + ) [z + Aag0)]giledd) + [\ aaguled)
(=1 k=1 k=1

¥ L R S
+ K\z/lﬁfkgk(ek( )) ﬂg(t)eé%(t) +X(t) Slgfl(eg( )) + f ; Osk K(ZK( ))
—£ ) 0uh )| + D10 = n)el) o
k=1 =1

In light of the boundedness of the parameter uncertainties, it follows that

i eg(z)[ — & + AGD)

ec(t) < ) (=& + Cen). (20)
g=1 ’=1
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Given Assumption 1 and the boundedness of uncertainties, it can be deduced that

M

eg(t)[agx + Aa{K(I)]gK(eK(t)

RN
[ 3

|Uacd + 1AagdD)DlgedD)lle )]

1

i
n

K

|G lec®lles (D] + ) Z IAa, (DG deDlle(?)]

=1 k=1

A3 S a6 + €0+ . i AgGA(e (D) + (1)
=1 « =1 k=1

1 &
i3

=1 «

Nt
M

Il
—

=1 «

I\)IP—‘U\
| —

l
—_

g

M

1 w
Gllagd + Ap)ex(t) + 3 Z G(la] + Ax)ef (1), 2D
=1

k=1

By Lemma 6 and Assumption 1, we derive that

i e{(t) /w\ Q{ng(ek(t)) + \W/ﬁgkgk(ek(t))

=1

<> lec(o) Z oz giedD)] + Z le:(1) Z Bedllge(ect)
=1 k=1
Z lec(0) Z @il Gle.(n)] + Z lec(0) Z 1BilG e (1)l

Z D laadGledn) + eX(n) +

1

BedG(eX(t) + ex(1)

NI"U\
| =

K

DR NE
Ma ie 1

Gellal + Bchef (). (22)

11

N =
o~
I

e T
M

1
3 Gullagd + Badex(t) +

1l
—_

1 « 1 «

o~
I

In addition, utilizing the inequality 0 < (x1x3)/(x; + x2) < x, for any x;>0 and x,>0, it can be
obtained that

= (e () _ = ,
; |~ 3 ~ O+ ;(ng(t) — mped(n)

200\ 4 @ -
__ Z o Z ec(Ddsign (1)) + > (1:(5) = n)eX(r)
= (=1

4 (D) + x(1)
S 2 77?(1‘)62(1)
- ;&e((t)l Zneg(t)+2n((t)e((t) ;ng(t)ez(t)+/\/(t)
N ne(t)ez(t)x (1)
oles(1)| — p
; les (1) ;n{e(o KZWWWM
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Z Slec(t)] - Z niedn + ) x(®
=1
Z Slec(n)] - Z 1e(0) + wx (). (23)

By virtue of the scaling of inequalities, Assumption 1, and |h,(¢)] < H,, the cross-term from the
information interaction is treated as

D Brchel@l®) = 000

{=1 k=1

D @) = B )] + Bh(r®) = 00 )]

k=1

H,]. (24)

M

[0, /Hi lex(t)] + [0y — 0c

TR

o~
1]

—
x
1]

_

Alternatively, one can get

> e z0) = 0achilr(0)|

k=1

Zwl“ ng Q(K K(Zk(t))‘ |ng (he(z (D) — hk(rk(t)))|]

1

K

IA

e e 2P
M

[|§§K - Q{K ﬁk + |Q{K HK |e/<(t)|]- (25)

Il
—_

1 «

U~
Il

Combining Ineqgs (24) and (25), one can obtain
3 Bl - eacheri®] < >N I8~ 02
k=l =1 x=1

where Q;ik = min{|g(,< , _> }
Hence, one can deduce that

Me

H, + 0} Hy )], (26)

~
Il

w

iem) £ K(ZK(I))—fngKhK(rK(t))

m)Z €1, — 021, +Z|eg<r>|2§ggk Hle ()|

k=1

Ma

£op H(el(t) + (1))

Zw: Zw: 0l Heey(1). (27)

(=1 k=1

| =

> €@ - 00 Hole 0) +

e "Ebl/\ﬂa EMa i
M

N =

M

éop Hee (1) +

N | =

E
11

1 e
=
11

@y — 0c)lHde (1)) +

U~
1l
—_
=
1l
—_
o~
Il
—_
=
1l
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Substituting inequalities (20)—(23) and (27) into (19), it follows that

w _ 1 w w
D0 < ) (2 +COEM + 5 3 ) Gullaad + Ac)ei()
=1 =1 k=1

1 g 1 w @
"2 ; Zl Gellal + A0 + 5 ; Z‘ Grllargel + Bze(r)

1 w W o . *
) ; Zl G|l + 1Bule(r) — 2 Sle (| - ; mel(t) + wy (1)

w w _ 1 w w
+ 2> €@ — 0aHile )] + EOLH D) + 5 ) > €0l H L)

1

x
1]
-
~
1]
_
=
1]
—_

. Fﬂ:‘
M

Il
—_
=

l
—
I~

Il

1 w
=52 [Z (GK(|agK| + Age+lagd + Bod) + Gellage] + A + el + 1Bicl)

=1~ k=1

+ €L Hy + €04, Hi) = 20 + 1 = CO|eX(0) + me(o)

- Z (6 B Z §|(@§K - Q{K)lﬁk] |€§(l)|
EK]

=1 k=1

=—y-vu() + @y (@) — i ((5 - if ‘(Z){K - Q{K)
=1 =1

e/ (1), (28)

where

w

Y = 12'6111\,@ {2(64“ + 772 - C() - Z [GK(|a{k| + A{K + |a'§l<| + |,3§K|) + fgzka

k=1
+ Glla| + A + la| + 1Bel) + f@igﬂg]}- (29)
By virtue of y(+o0) — 0, for any small positive number € > 0, d¢; > 0, when ¢ > ¢, the inequality
x () < (ye)/w holds. Hence, we get
D i) +vio < =y v +y &, 121 (30)
By Lemma 4, one has

() < (to) — &) Ex (—y - (t —10)") + &, (31)
where t > max {to + (@)ﬁ ,tl}.

If vi(to) < &, then vy (1) < &. If vi(tg) > &, due to lim,,e Ey (= - (t = 19)") = 0, It > 0; when
t > t,, there is
&

_. 32
(vi(to) — &) 32)

Ey(-y-(t—10)") <
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From Ineqs (31) and (32), it follows that

1
'\
v11(7) < 2e,t > max {to + (%) L1, tz} , (33)

which indicates lim,, vi1(f) = 0. By virtue of vi(f) = %Z?:l e?(t), it follows further that

lim, 40 ||e¢(t)||2 = (0. Thus, FOFNNUIs (11) and (13) reach complete synchronization under the
nonlinear adaptive controller (16). O

Remark 2. Based on the scaling of inequalities and Assumption 1 with |h,(7)] < H,, two distinct
bounding strategies are employed to handle the cross-term arising from information interaction, as
shown in inequalities (24) and (25).

Remark 3. Figure 1 illustrates the nonlinear adaptive control scheme developed for FOFNNUIs (9)
and (11). By deploying the adaptive controller (16) in the response system, we ensure that the error
between the drive-response FOFNNUIs converges to zero, as defined in Definition 4. The presented

controller incorporates two dedicated modules, with each performing a unique function. The first
(e} (1)

(et +x(1)

ensuring that the controller remains bounded. Even when the system is subjected to unexpected

disturbances, such as interaction effects between systems, the second module —dsign(es(t)) can still
maintain the stability of the system via a control input with amplitude 6. These modules work in
synergy, thereby enabling the whole system to fulfill the objective of complete synchronization.

module — serves to markedly lessen the conservative of the overall control magnitude while

{ Drive FOFNNUIs (9) j—
T

-
—>£ Synchronization } —>[ Error FOFNNUIs (15) ‘
. )

¢ L
—>£ Response FOFNNUIs (11) j— / .
e

— dsign(ez(t))
the nonlinear adaptiva +
( controller (16) /
R ' nz(t)e(t)

(D€ () + x(b)

(1) satisfie;\\x\)\(ei
\\\\ Definition 4?2
~_

Figure 1. The adaptive control framework for drive-response FOFNNUISs (9) and (11).
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Remark 4. The controller in [16], however, has only one module and cannot eliminate the effect
of intersystem interactions. Similarly, the controllers in references [17, 18, 34] cannot solve the
synchronization task of the drive-response networks in this paper, which is also due to the existence of
interaction effects.

Remark S. Unlike the adaptive linear controllers presented in [32,45], the adaptive nonlinear controller
of this study exhibits higher generality, with its control gains n,(f) ({ € N*) being adaptively
adjusted and converging to certain constants as the CS of FOFNNUIs is achieved. Compared to the
corresponding nonlinear controller with fixed feedback gain [46], the adaptive nonlinear controller
proposed in this paper has a lower control cost.

Obviously, if FOFNNUISs (9) and (11) contain no fuzzy logic terms, then a; = 0, B = 0, W, = 0,
Qs = 0 for £,k € N*. Hence, FOFNNUIs (9) and (11) respectively reduce to the following forms,
namely,

D) = (=T + AZ(D)ze(0) + Y [age + Aag (D] 8:@l0) +€ Y o) + 1t)  (34)

k=1 k=1

and
¢ DYr(t) =(=E¢ + NG O)ret) + ) [age + AagD)] gurd0) + € Y 0pchelz0) + 1) + U(n). (35)
k=1 k=1

Corollary 1. Fractional-order neural networks with uncertainties and interactions (34) and (35) can
reach complete synchronization under an adaptive nonlinear controller (16) based on Assumption 1 and
the following conditions; that is, y(f) exhibits a decreasing trend over time satisfying y(z)) = 7 > 0,

and y(+00) = 0,12 0,6, > 0,6 > %7, £|(@, - 0a)| H for £ € N'.

Proof. Construct the following Lyapunov function
va(t) = o1 (1) + vaa(1), (36)

~ 2 ~ . X .
where vy, (1) = 3 X7, €3(1), v (1) = 3 X7, ei{(ng(t) —1;)". 17, is a constant and satisfies the following
condition: ‘ A

+A(,<) + G{(

g ] + Acc) + €0, Hi + 0l He ) &)

%>C¢—Eg+%;(GK(

where o;, = min {|Q§K Oz }
Based on Lemma 3, one can get

b

w w 1 .
CDMI(1) < ) e et + Y g, (160 = ;. Dine(t)
¢=1 =1

= ) et Die) + > (e(5) = m)e}(r)
=1 ¢

=1
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= D" |- + ALD)ecD) + ) lage + A (]gilex(n)
=1 k=1

m(De}(t) . o
- N (D)ex(t) + x(2) B 5”8”(%(0) +& KZ:; Ouchi(z (1))
— &Y ouhnn()| + D010 ~ D). 8
k=1 =1

By replacing n;’i with 772 in Inequality (23) and substituting Inequalities (20), (21), (23), and (27)
into (38), it follows that

 Divi() < 2(—@ +COen) + 5 2 il Gullazd + A1)
n % Z'l KZGN@KH + Ac)eg(t) - Z Sle (| — Z e (1) + @y (1)
; i Z'la@gk e Feol + 2 i g&eékmeﬁ(’) +3 i gfgiﬁge?@
= 2 [ i (Gellazd + Ac) + Gellael + A + EoicH + £, Hi)
= 20+ 7 = C)|€d0) + (o) - ;wl (6 - 2&(@@ - m)ﬁ) lec(0)
=—7'V11(l‘)+w/\((f)—i[5 i}f\ Bpe — 0cx) ] (39)
where
y =min {2(54 b C) - 2 |Gullacdd + Aco) + 07, H, + Gelland + A + @K(H;]} (40)

The remaining proof process is similar to that of Theorem 1, from which it follows that
lim, oo v21 () = 0. Owing to vy (1) = 3 £7, €2(1), there is lim,_, . [[e,(1)||, = 0. Therefore, NNs (34)
and (35) can reach complete synchronization under the nonlinear adaptive controller (16). O

Remark 6. The adaptive nonlinear controller (16), which embeds a sign function and a monotonically
decreasing function, is effective to achieve CS for fractional NNs with uncertainties and interactions.
This control strategy ensures the boundedness even in the case of error approaching zero, and it lessens
the conservatism of the control intensity. The synchronization outcomes obtained in Corollary 1 are
built on fractional NNs involving parametric uncertainties and intersystem coupling effects. Thus, the
outcome of Corollary 1 can be regarded as a generalized form of studies in [16].
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4. Simulation examples

This section provides two examples to verify the effectiveness of the designed controller and derived
synchronization criteria.

Example 1. Consider the FOFNNUIs modeled by

2 2
£ DYO2(8) =(=C + AZHD0)2(1) + ) [ + A1) gz + )\ aegilad)
k=1 k=1

2 2 2 2
+ \/ Bogua®) + L) + \ WaVe+ \/ QuVe+ €D ouhhr),  (41)
k=1 k=1 k=1 k=1

and

2 2
EDre(t) =(=8; + A (O)re(t) + ) |ag + Aap (0] gr) + )\ asgeril®)

k=1 k=1

2 2 2 2
+ \/ Bagrd) + 1)) + [\ WaVe+ \/ QuVie+ Ur)) + € ) philze),  (42)
k=1 k=1 k=1

k=1

where { = 1,2, 51 = 52 = 1,6111 = 2.0,6112 = —1.2,(121 = 1.2,6122 = 20, a1 = 0.15,&12 = —O.2,cx21
-0.2, a0 = 0.15,ﬁ11 = —0-2,,812 = 0.15,ﬁ21 = 0.2,ﬁ22 = —0.15,A¢1(t) = Aa;,(t) = 0.1sint, Ac,(¢)
Aar(t) = 0.1cost, W;; = 0.2, Wi, =04, Wy =04, Wy =02,01 =04,01, =0.3,0, =0.3,0, =
02,&=10n=1012=2,001=2,00=101=101n=1,01=100n=1

Given g.(-) = h,(-) = tanh(-), it is obvious that the upper bound of the function is 1. It can
be confirmed that Assumption 1 holds under the condition of G, = H, = 1. Assume control
parameters 6 = 2 and y(f) = 0.3exp(—0.27). Simple calculation shows 7 & |(§1K - 014) H, =
LYo, ¢ |(§2K —02)|H¢ = 1, and one can obtain that the condition of Theorem 1 is satisfied. By
virtue of Theorem 1, drive FOFNNUIs (41) and response FOFNNUIs (42) can achieve complete
synchronization under the nonlinear adaptive controller (16), as shown in Figure 2. The corresponding
error norm curve is shown in Figure 3. The temporal evolution trajectories of n;(¢f) and n,(¢) are
depicted in Figures 4 and 5, respectively.

Remark 7. By selecting a series of system parameters, for example, {, Tz, aze, @z Bror AC(D),
Aas(t), Wees Qs &€, Ories Ocis 8x(1), (1), we set their values to satisfy the assumptions of the model.
Then, the values of the control parameters are determined, such as ¢ and x(¢). Finally, we verify
whether the values of the control parameters satisfy sufficient conditions of Theorem 1, for example,
0> Y §|(§§K - Qg,()lﬁ,( for £ € N*. Both theoretical analysis and numerical simulations verify that
the drive FOFNNUIs (41) and response FOFNNUIs (42) can realize CS under the proposed adaptive
controller (16).
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Figure 2. Time evolution of neuron errors e (¢) and e,(¢) between drive—response FOFNNUIs
(41) and (42) in Example 1.
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Figure 3. Time evolution of error norm [le(?)|| between drive-response FOFNNUIs (41)

and (42) in Example 1.
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Figure 4. Time evolution of 7,(¢) between drive-response FOFNNUIs (41) and (42) in

Example 1.
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Figure 5. Time evolution of 7,(¢) between drive—response FOFNNUIs (41) and (42) in

Example 1.
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Example 2. Take into account the subsequent fractional neural networks that involve parametric
uncertainties and information interactions, which are given by

2 2
¢ DY) =(=2 + AZ(D)zD) + Y e+ Aag(0)] 8ueld) + L) + £ Y ouhur0).,  (43)
k=1 k=1
and
2 2
© DY2r(t) =(~2¢ + AZNreD) + Y age + Aage®)] 8er0) + 11) + Ut) + € Y Bphilat)). (44)
k=1 k=1

where { = 1,2, ¢, = 0.2,¢;, = 0.1,a;; = —1.2,a;5 = =2.0,a5; = 0.8,a»n = —1.4,A¢|(t) = Aa,(t) =
0.1|sin(t)], AG>(1) = Aay(r) = 0.1(Isin(D)] + [cos(D]),& = 1,011 = 1,012 = 1,001 = 1,000 = Loy =
1,010 = 2,001 = 2,02 = 1. Letting g,(-) = h(-) = tanh(-), it is clear that that Assumption 1 holds with
G,=H,=1.

Set control parameters ¢ = 2.2 and y(¢) = 0.4exp(—0.3¢). By simple calculations, we can obtain that
>7 €@ — 01| He = 1, 52, €@, — 020)| He = 1, and the conditions specified in Corollary 1 are
met. In accordance with Corollary 1, fractional drive NNs (43) and response NNs (44) without fuzzy
terms can achieve complete synchronization under the nonlinear adaptive controller (16). The green
dashed line depicts the error evolution curve of the first node, whereas the blue dashed line depicts
that of the second node, as illustrated in Figure 6. The corresponding error norm curve is presented
in Figure 7, and the time evolution trajectories of 7;(¢) and 7,(¢) are presented in Figures 8 and 9,
respectively.

0.3 T T T T T T T

e,
- - - e,

0.2

== =T

0.1

-

0.1 F 4

|
|

-0.3 L I I I I I I I
0 1 2 3 4 5 6 7 8

t [second]

Figure 6. Time evolution of neuron errors e;(#) and e,(¢) between drive—response networks
(43) and (44) in Example 2.
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Figure 7. Time evolution of error norm ||e(?)|| between drive—response networks (43) and

(44) in Example 2.
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Figure 8. Time evolution of 7(f) between drive-response networks (43) and (44) in

Example 2.
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Figure 9. Time evolution of 7,(f) between drive-response networks (43) and (44) in
Example 2.

Example 3. Consider the FOFNNUIs composed of three nodes presented as follows, which are
modeled by

3 3
£ DY2(8) =(=C + AZHD0)21) + ) [+ A1) gz + )\ @aegilzd)
k=1 k=1

3 3 3 3
+ \/ Bagad) + 10 + [\ WeVie+ \/ QuVie + € D ouhur(0),  (45)
k=1 k=1 k=1 k=1

and

3 3
o DYSri() =(=G + AZL Y1) + ) [ + Aage0)] @) + )\ @aegulrid)
k=1 k=1

3 3 3 3
+\/ Bugure@) + 1ty + [\ WelVie+ \/ QuVie + Ut + € Y Bpehulzdr),  (46)
k=1 k=1 k=1 k=1

where{ = 1,2,3, 5‘1 = 5’2 = 5‘3 = 1,6111 = 2.0,6112 = —1.2,6113 = —1.4,6121 = 1.2,6122 = 2.0,&23 =
1.5,6131 = 2.2,6132 = —1.5,(133 = —1.6,0’11 = 0.15,0’12 = —0.2,0’13 = —0.3,0/21 = —0.2,0/22 =
0.15,a23 = 0.2, 31 = =0.3, a3, = 0.25,a33 = 0.1,B811 = =0.2,81, = 0.15,B813 = 0.18,65 = 02,82 =
—0.15,8y3 = —=0.24,B3; = 0.16,B3, = 0.25,B33 = —0.2, A¢(t) = Aay(t) = 0.1sint, AG>(f) = Aay(t) =
0.1cost, A¢3(t) = Aas(t) = —0.15cost, W1 = 0.2, Wi, = 0.4, W3 = 0.5, W,y = 0.4, Wy = 0.2, Wy3 =
—0.6, W31 = O.l,W32 = 024, W33 = —0.4, Qll = 04, Q12 = 03, Q13 = 035, Q21 = 0.3,Q22 =
0.2, 023 =0.28,03 = 02,03 = 0.25,033 = —0.18,§ = 1,011 = L,012 = 2,013 = 2.2,001 = 2,01 =
1,003 = 24,031 = 1.2,03 = 14,033 = 1.8,011 = 1,010 = 1,013 = 1,001 = 1,002 = 1,003 = 1,031 =
1,032 = 1,033 = 1.

AIMS Mathematics Volume 11, Issue 4, 9166-9190.



9184

Given g.(-) = h(-) = tanh(-), it is obvious that the upper bound of the function is 1. It
can be confirmed that Assumption 1 holds under the condition of G, = H, = 1. Set control
parameters 6 = 2 and y(f) = 0.3exp(—0.2¢). Simple calculation shows that Y., & |(é_71,< -0l H, =
LYo, & |(§2K —0)|He = 1,37, ¢ |(§3K —o03)|H, = 1, and one can obtain that the condition of
Theorem 1 is satisfied. By virtue of Theorem 1, drive FOFNNUIs (45) and response FOFNNUTIs (46)
can achieve complete synchronization under the nonlinear adaptive controller (16), as shown in
Figure 10. The corresponding error norm curve is shown in Figure 11.

0.2
e,
0.15 ¢ - = =e,(t)| ]
I
1 - - - ey
0.1 b
]
= 3 i
= 0.05 [|I
el # v
= Nl
N 0r
el
o -0.05 .
-0.1 [ B
0.15 ¢ b
[
[
0.2 ) ) ) ) ) ) )
0 1 2 3 4 5 6 7 8

t [second]

Figure 10. Time evolution of neuron errors e(f), e>(t), and e3(#) between drive-response
networks (45) and (46) in Example 3.
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Figure 11. Time evolution of error norm ||e(?)|| between drive—response networks (45) and
(46) in Example 3.
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Investigating the impact of parameter uncertainty on network synchronization is of significant
interest.  This study examines how variations in two types of uncertain parameters affect
synchronization behavior. To verify the robustness of the proposed control strategy, initial values are
randomly selected from the interval [-0.3,0.3]. To begin, the uncertainty parameters Aay,(t) are set
to 0.05cost,0.15cost, and 0.30cost, respectively. Then, the uncertain parameters A¢,(7) are configured
similarly with the same set of coefficients. As shown in Figures 12 and 13, a larger coeflicient in
the uncertainty function leads to a longer time required for the network to achieve synchronization.
Overall, regardless of the form of parameter uncertainty, the neural network considered in this paper
can achieve complete synchronization under appropriately controlled parameters.

.............. A a1k(t)=0.05cost
0.35 ' - - - -Aa,()=0.15c0s t| 7
—_—— A a1k(t):0.30cost

lle(®l

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t [second]

Figure 12. Time evolution of ||e(?)|| between drive—response networks (45) and (46) with
different uncertainties Aa (7).

0.45 T T

.............. AE (t) = 0.05cost

0.4 - = = =A¢(t) =0.15cost| o
@ O A¢ (t) = 0.30cos t

lle(®ll

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
t [second]

Figure 13. Time evolution of ||e(?)|| between drive—response networks (45) and (46) with
different uncertainties Ac;(¢).
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To assess the efficacy of the adaptive control strategy developed in this article, a comparative study
is conducted with the control schemes presented in [9,22,26] regarding average convergence time and
variances. For impartiality, all comparisons are carried out under the same model parameters without
interaction effects. Initial conditions are randomly selected from [-0.5, 0.5], and each control method
is executed five times under identical initial settings. As revealed in Table 2, from the perspective of
average convergence time, the proposed controller ranks second, and its time variance is the smallest,
jointly with that of [26]. The experimental results demonstrate the effectiveness and robustness of the
method proposed in this paper.

Table 2. Comparisons of average convergence time and variance with existing results.

Control Methods Mean Convergence Time Variance
Adaptive feedback control scheme in [9] 0.3246 0.021
Adaptive feedback control scheme in [22] 0.3351 0.022
Nonlinear feedback control scheme in [26] 0.3268 0.019
Our adaptive control scheme 0.3255 0.019

5. Conclusions

This study is dedicated to the investigation of CS for fractional-order fuzzy NNs characterized by
parameter uncertainties and intersystem coupling effects. To tackle the impacts brought by parametric
uncertainties and system interactions, we develop a nonlinear adaptive controller that consists of two
components with distinct functions. Based on the constructed Lyapunov function and inequality scaling
techniques, sufficient criteria for the CS of FOFNNUIs are derived. In addition, with the proposed
control scheme, the boundedness of the controller can be ensured when the error converges to zero,
and the conservatism of the control parameters can be alleviated.

In future research, our goal is to design data-driven event-triggered control strategies. Further, we
hope to design adaptive event-triggered thresholds to dynamically balance communication resource
consumption and control system performance. This method is particularly suitable for scenarios with
uncertain model parameters, complex dynamic characteristics, or frequent external disturbances. It can
effectively avoid resource waste or performance degradation caused by overly conservative triggering
in traditional methods, improve the robustness of control strategies in uncertain environments, and
provide key technical support for the real application of fractional-order NNs.
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