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1. Introduction

The Douglas curvature, introduced by J. Douglas [4] in 1927, is an important projective invariant
in Finsler geometry. That is, if two Finsler metrics F and F are projectively equivalent, then F
and F have the same Douglas curvature. A Finsler metric is called Douglas metric if their Douglas
curvature vanishes. Douglas metrics are rich in the sense that all Riemman metrics and projectively
flat metrics are also Douglas metrics. Besides, there are a lot of examples of Douglas metrics that are
not Riemannian nor projectively flat. For instance, a Randers metric ' = a + £ is a Douglas metric if
and only if g is closed ( [1]). Other important contributions to the theory of Douglas metrics can be
found in Li, Shen, and Shen [8], where a special class of Douglas metrics was studied.

On the other hand, there exist important Finsler metrics in the literature that satisfy

F((x°,09,0°,09) = F((".%.(".). for every O € O(n), (1.1)
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where x = (X%, %) = (X%, x',...,x) e M =IxR"and y = (,°,y) = O°,y',...,y") € T M, like Shen’s
fish tank metric on Q = B> xR c R?:

B V=22 + x1y2)2 + (D2 + 022 + )DL = (x1)? = (x2)?) 2yt — xly?

- 1 _(xl)z_(x2)2 1 _(x1)2_(x2)2’

where x = (x!, x2, x*) e B2x R and y = (', y?,¥*) € T, 0, or the spherically symmetric (or orthogonal
invariance) Finsler metric [6, 14] :

F

x,y)
F= |y|¢(|x|, ah
Iyl
where x € M = R""! and y € T M, or the warped metrics [3,7,9, 12] defined on I x R" of the form
0 0
F= |§|¢(x°, yf), F= W(yf, |7c|).
[yl Iyl

A Finsler metric F is called weakly orthogonally invariant ([11]) (or cylindrically symmetric in an
alternative terminology in [13]) if F satisfies (1.1). In [11], Liu, Mo, and Zhu showed that weakly
orthogonally invariant metrics are non-trivial in the sense that this type of metric is not of orthogonal
invariance (see Proposition 2.2 in [11]).

In [2], Chédvez showed that every weakly orthogonally invariant Finsler metric can be written as

— 5y (0
Flx.y) = g (xO, g, o2, yf),
bl
where |-| and (-, -) are, respectively, the standard Euclidean norm and inner product on R". Furthermore,
Solérzano and Ledn [13] provided necessary and sufficient conditions for F' = |y|¢ to be a Finsler metric
(Theorem 1 in [13]).

In [10], Liu and Mo obtained trough partial differential equations (PDEs), a characterization of
weakly orthogonally invariant Finsler metrics that are Douglas type (Theorem 1.1 in [10]), and gave
Douglas-Randers-type metrics as examples. In contrast to the work in [10], in this paper, we give the
explicit Douglas curvature (Theorem 3) using the operator ¥ in (3.13) and its derivatives. This notation
considerably reduces the expression of the Douglas curvature. Additionally, we give an equivalence of
Theorem 1.1 in [10], which could be more manageable, using an alternative technique (see the proof
of Lemma 2 in Section 3).

We set M = I X B"(p) € R X R", with coordinates on 7 M:

x=%%, x=0 .00, (1.2)
y=0%9. ¥=0"." (1.3)
Throughout our work, the following convention for indices is adopted:
0<A,B,...<n,

1<i,j,...<n.

We introduce the notations

gz B W =2 (1.4)
vl

where |-| and (:, -) are, respectively, the standard Euclidean norm and inner product on R”. In Section 3,
we prove the following:

re= I3
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Theorem 1. Let F(x,y) = [yl¢(x°, r, 5, z), be a Finsler metric defined on M = I x B"(p), n > 3, where

= |y)|, r=|x|, and s = <T |y> , and TM defined with coordinates (1.2)—(1.3). Then F has vanishing

Douglas curvature if and only if the positive function ¢ satisfies

1
Z¢x0x - ;(br + £¢rs + ¢ss = 2 [(¢ - S¢s - Z¢z + (r2 - s2)¢ss) U + ¢SZL] ) (15)
s
Z¢x°z - ¢x0 + ;(ﬁrz + ¢sz =2 [¢ZZL + (’2 - Sz)(pszU] 5 (16)
where
§2 2
U :flg +f2SZ+‘]%E +ﬂ,
2 2 2 2
L:‘fSE +f6SZ+f75 +fé—SZ f1§+f2sz+f35 ,
and f; (i = 1,...,8) are arbitrary differentiable functions of (x°, ). Furthermore, F is projectively flat

ifandonlyif L=U =0.
Considering U = 0 and a nonzero constant L = L in Theorem 1, in Section 3, we prove

Theorem 2. Let L, # 0 be a real constant. The family of functions given by

¢ =Ci + 5g1(r) + 282 (x°) + g3(z + 2Los)+ (1.7)

2

1 Lox0 1 7
+ I(xo’ )+ J(r,s)— 3 f g4(u)du + 3 f gs(u)du,
0 0

where

1(x°,2) = f Z f Z 24 ({2+4L0x0)d§dz, (1.8)
0 0

J(r,s) = fs fs gs (r2 - 0'2) dods, (1.9)
0o Jo

gi, i = 1,..,5 are arbitrary real differentiable functions, and C; is a constants real number, are solutions
of the system (1.5)—(1.6) considering U = 0 and L = L,. Moreover, any Finsler metricon M = IxXB"(p)
defined by

F(x,y>:|y|<2>( %, |y> |y|)

where the positive function ¢ is given by (1.7) with g;,i = 3,4, 5 satisfying
A = Q(g5(Z) + g4(Z%))
+ (7 = )| & (Z)AL3A(Z?) + g5 = §7)) + ga(Z) g5(r* = 5)| > 0

when n = 2, with additional inequality

2og?

1 % 1
Q=Ci+ (0@ -@g@)-5 [ swdiss [ gstodu>0

0

when n > 3, is a non-locally projectively flat Douglas-type metric. Here, Z = z + 2Lys and Z*> =

Zz + 4L0XO.
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Remark 1. The conditions 2 > 0 and A > 0O ensure that the Hessian matrix (g4p) is positive definite,
which guarantees that F defines a Finsler metric. In particular, Q > 0 and A > 0 are related to the
strong convexity of F.

In Section 2, we give some preliminaries and recall some recent results about weakly orthogonally
invariant Finsler metrics. In Section 3, we obtain their Douglas curvature (see Theorem 3) and
demonstrate Theorems 1 and 2. Finally, in Section 4, we give some corollaries and examples.

2. Preliminaries

In this section, we give some notations, definitions, and lemmas that will be used in the proof of our
main results. Let M be a manifold, and let TM = U, T, M be the tangent bundle of M, where T, M is
the tangent space at x € M. We set TM,, := T M \ {0}, where {0} stands for {(x, 0)]x € M, 0 € T.M}. A
Finsler metric on M is a function F: TM — [0, oo) with the following properties:

(a) FisC®onTM,.
(b) At each point x € M, the restriction F, := F|r_j is a Minkowski norm on 7', M.

Let B"(p) c R" be the n-dimensional open ball of radius p and centered at the origin (n > 2).
In [2], Chavez proved that if the Finsler metric F satisfies (1.1), then there exists a positive function
¢: R* — R such that

F(x,y) = [Flgp(x’, 7, 5,2). 2.1

On the other hand, defining Q and A as,

Q :=¢ — s¢, — 2¢., (2.2)
A =Qp,, + (1 = 5*)(bssbr — D), (2.3)

where the sub-indexes s, z are the partial derivatives with respect to s and z, respectively, the Hessian
8oo | 80;

is given by
8io | 8ij )

matrix (gag) = S[F*ays = (

800 :¢§ + ¢d,
gio =8oi = (YU’ + (P50, + ),

8ij =pQ0;; + Xij,
i [ GO, Q) @, (W)
where X; ww( 69, (@ + 6s,) )( X/ )’W“h R

Note that the determinant of g4 is given by
det(gap) = ¢"Q"A.

With this, we recall the next result about the necessary and sufficiency condition for the function
F = [yl¢(x°, r, 5, z) to be a Finsler metric [13].
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Proposition 1. Let F = [y|¢(x°, r, 5,z) be a Finsler metric defined on M, where z = Iy?ol, r = |x|, and

s = % and TM defined with coordinates (1.2)—(1.3). Then F is a Finsler metric if and only if the
positive function ¢ satisfies A > 0 for n = 2 with the additional inequality Q > O for n > 3.

Remark 2. Note that through the paper, we are supposing ¢, # 0.

The next proposition gives us one the most important quantities in Finsler geometry: The geodesic
coefficients

G = PyA + QA,
where

Fcy©
2F °

QA = EgAB {FnyByC - Fxs} ,

P =
2

where g2 is the inverse of the matrix g4 (see details in [13]) and has adopted the Einstein summation
convention.

Proposition 2. Let F = [y|¢(x°, r, 5,z) be a Finsler metric defined on M, where z = Iy?ol, r = |x|, and

s = <7|c§|§>’ and TM defined with coordinates (1.2)—(1.3). Then the geodesic spray coeflicients G are
given by
G’ = u* (z(W + sU) + L}, (2.4)
G = u*Wu; + u*UX', (2.5

where u = |y|, u; = y;i, and Q, A are given in (2.2)—(2.3), respectively, and

__l f_ _ 22
W.—¢{2 s9U - ¢.L - - )4,V

with

S
Y= Z¢x0 + ;(pr + ¢s,

1 2
U := ﬁ {(905 - ;‘ﬁr) ¢zz - (()Oz - 2¢x0) ¢sz} ’ (26)
Voo 1 2 ( 260)
= ﬂ Ps — ;(br ¢sz —\p; — ¢x0 ¢ss s
e 22
L:= 2A(Soz 2¢0) = (r" = sT)V. (2.7)

3. Douglas curvature

A Finsler metric on an n-dimensional manifold N is called a Douglas metric if its geodesic
coeflicients G' = G'(x, y) are given in the following form:

. 1 . . .
G' = STy + Px, y)y',
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where l"j.k(x) are functions on N in local coordinates and P(x, y) is a local positively y-homogeneous
function of degree 1.
In [4], Douglas introduced the local functions D jikl on TN" defined by

, 0’ , 1 oG" .
D/'y:i=———|G - —)
jH Oyloykoy! n+1 Z oy™ Y

in local coordinates x',...,x" and y = 3,y'9/0x'. These functions are called Douglas curvature [4],
and a Finsler metric F with D jikl = 0 is called Douglas metric.

Before we obtain the Douglas curvature for a weakly orthogonally invariant Finsler metric F' =
(22, r, s, 7), we claim the next.

Lemma 1. Under the assumptions of Proposition 2, we have the following equalities:

0 aGA
0 Y —12R

_n+2W_u ’
i Y (9GA_2 i 2
—n+2W—qu—uTui,
where
Z
R:L—n+2PQ—M—1nU+OJ—fﬂq, (3.1)
— 2 2
T—n+2@ﬂ]+gﬁ%r—s)UJ. (3.2)

Proof. From (1.4), we have the partial derivatives of u = [y|, s, and z, with respect to y':

J
W =2, (3.3)
u
1
I/tjk = ; (6jk - ujuk),
1, .
5= = (0 = swy), (3.4)
Z
= ——U (35)
u
For consistency with the Einstein summation convention, we adopt the identifications #; = u’ and
s; = s'. From (3.3)-(3.5),
wu' =1, wix' = s, (3.6)
2_ 2 .
six = i , siu' =0, 3.7
u
uz;x' = —sz, zu = —E, (3.8)
u
R
§i§ = u2
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Additionally, deriving G° given by (2.4), in relation to y°, we have

dG°
a0 = (W + sU) + z(W, + sU,) + L} . (3.9)

Note that uW (in (2.5)) is positive homogeneous of degree 1 on y = (y°,y). From Euler’s theorem for
homogeneous functions,

8(LtW)y0 N B(MW)yi

; = uW,
o0 0y !
then
o(uWw
CLON Y (3.10)
(9y’
From the definition of G’ in (2.5),
(9G' (9 w
Z (u )y + nuW + 2Uuu;x' + v (U, s,+UZz,)x

By using the identities (3.6)—(3.8) and (3.10), we obtain

dG'

o " u{(n+ DW = W, + 25U — szU, + (* — sz)Us}, (3.11)

and consequently from (3.9) and (3.11), we have

aG* (9G0 0G’
25 = o T 2y

= u{(n+2)W+3sU+LZ+(r2 - YU} (3.12)

Finally, using (2.4), (2.5), and (3.12), we obtain the result. O

To obtain the Douglas curvature of the weakly orthogonally invariant Finsler metric (2.1), for any
differentiable function ® = O(s, z), we adopt the notation

Y(0) = —sO, — z0.. (3.13)

Remark 3. The operator P arises in the computation of derivatives with respect to y° or y' and provides

an efficient way to reduce and organize the expressions associated with the variables s = OT&I} > and
0

Z= % The following identities for the operator ¥ will be frequently used in the computations of the

Douglas curvature. They follow by direct differentiation and the definition of ¥:

Y(P(0)) = -¥(0) - s¥(0,) - 2¥(0,),
Y (7"0)

Zm

=¥Y@®)—-mO®, meZ,

AIMS Mathematics Volume 11, Issue 4, 9146-9165.
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¥ (o) _Y('0)

m m—1 - ®’ m & Z*’
< <
¥ (ZZ‘P (92)) = —sz‘P(%) -7V (%), (3.14)
Z Z Z
1\1! (ﬁ\{f (9)) = —s¥(9,) - 72¥(0,) — z¥ (9) ,
Z <z Z
¥ (0, = ¥.(0) +0,, (3.15)
2¥.(0) = ¥ (z0,), (3.16)
\IJS(@) = \P(®s) - ®s’
7Y, (%) = ¥(0,), (3.17)
(z‘P (%)) = ¥(0,), (3.18)

oo (2]l
o)l o)

As a consequence of the above identities, we derive the following expressions for the derivatives
of O:

/0 0,
— == 3.19
- u (3.19)
Q)
u— = 0,x' + ¥(O)u, (3.20)
oy!
] 1
Uu—- (@Ml) = ®6k1 + @S.X u; + —‘P(Z@) Uiy, (321)
oyk Z
] . 1
uw (@ukul) =0 (5.,-ku1)ﬁ + G)sx-’uku, + Z—Z\P (226) U Uiy, (322)
] . 1
sy @t = O uiun)g; + O x it + Z—3‘P(z3®) g, (3.23)

where (.) ji; denotes the cyclic permutation (ex.: (6 jkului)m = O jrugut; + O Uity + O jilly).

Theorem 3. Let F = [y|¢(x°, 7, 5,z) be a Finsler metric defined on M, where z = lyyro‘, r = |x|, and
s = <7|‘y+|y>, and T M defined with coordinates (1.2)—(1.3). Then the Douglas curvature of F is given by
p = LR
000 = o fzzz
1
Dy, = M {RSzle + ‘P(Rzz)ul} )
1 R 1 R
Dy, = — { Ry XX + ¥ (Ry,) (xluk)ﬁ; +z¥ (—Z) O + =¥ (ZZ‘P (—Z)) ukuz} ,
u Z Z Z

AIMS Mathematics Volume 11, Issue 4, 9146-9165.
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1 (Ryss R, R
DY, = u{ S PR +z‘I’( )x’&kl + ‘I’( ZlP(Z_Z)) e

1 R, - 1 R
+-¥ (ZZ‘P(—)) x gy + —7 (ZZ‘I’ (ZZ‘P(—2))) ujukul} ,
z Z 3z Z w

Df)oo = l Uzzzxi - Tzzzui b
u
- 1
Dy, = u {Uszzx X +¥(U,) x'uy — T.6i - Tszzx u — V. (T) wu; }
; 1 U, 1 U .
Dy, == {Usszx X+ Z‘P( )5kzx + ‘I’( ZT(—Z)) u X'
u Z

1
_Tsszxkxlui - _Z\P (Zz\P (Tz)) ukului}
<

:I*—*

1 1
{‘P(Usz)ukx X = Tod'6) - E‘P (zTs2) xlukui}_) - ;‘P(Tz)(@‘zuk)@,
Kl

U, U v /
V(U )uxx' + 2P ( ) Spx + (ZZ\P (z_z)) wjux + (ZZ‘P (Z—z)) 5jkul]71} x
J

. 1 U
{ U,/ X! + Z—Z‘P (ZZ‘I’ (ZZ‘P (Z_z))) U Uil
1
u

{[Tﬂéux x + YWY (Tyu; u]xkx + ! ‘I’( 2y (T, ))x ukulu,]

jkl

+27¥ (Z) (60 + P (T) (¥ (i) + ¥ (uy0 g+ X ‘5ﬂ<)_>)

1 i (T 1 ) (T
+-¥ (z ‘I’(—)) (0 iy + 6ku1uj)—> + T/ X xtu; + ‘I’( b4 (z ‘P(—))) WUyl ¢
z z z

where ¥(®) = —sO, — z0,, u = y|, u; = gy” = y ,and (- )—> denotes cyclic permutation.

Proof. By Lemma 1 and from (3.19)—(3.22), we have,

D 28—3@,213) = ’ (MZ& = i(R )= =<
0907 5y09y08y0 000y u oo = u’
63

Do’y = 2R—8R—1R"I’R
ooz—W(u )_6_)/’( zz)—;[ szzX T (zz)uz],

and using the identity W(R,,) = z'¥; ( ) where the sub-index s represents the partial derivative in s,
we obtain

i & (R 0 R
Dy’ = ——— (uR.) = 0—(—Z):—(RY ! ‘P(—Z) )
0 ki 5y oy (uR)) =y Byt \ 2 P seX T2 Z u

1 R. | R
. {Rmxkxl £ (R (L), + z‘P( )5,d + ‘P( 2p (—Z )) ukul} ,
u Z
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0 R o 0 (R, R
P
D= 0" ayfaykay ( ) Byfay ( Tz ( ) )
0 s (R R
:—.[R”xx +z‘1’( )(xuk)—>+z ‘I’( )5k1+‘l’(z ‘P( ))ukul].
ay] kl

From (2.5), (3.20), (3.21), and (3.16), D¢y, and Dy'(; are directly obtained. Using the properties of ‘P,
we have

. 0 u, . T
Doy = O ( <% i)
0 kl 8 A kAl 3y p u
0 ; U.
= —(Uszxx +z‘P( )ulx —T.,0, — Tszx u; — (T, )ulu)
oy z
Analogous to the previous cases, using (3.23), we have
. 0> , : : Y(zT
D'y = —=—2Uuu;x' + uU x'x" + u¥(O)ux' — 2uTuu; — uT 6y — uTx'u; — (z )uu,u,-
‘ Oyl dyk Z
0

U U
= a_yl {‘P(Zzl}’(z—z)) ukulx +Z \P(Z )6ka +Z\P( )(x ul)ﬁx

1 T T .
--¥ (ZZ‘I’ (—)) wt; — 2¥ (—) (Suui)g, — PT)F wgu; + Ugex! ¥'x
Z z '

—Toux*x' =T (X (51,)—>}.

O

Lemma 2. Let F = [y|¢(x°, r, 5, z) be a Finsler metric defined on I x B"(p), n > 3, where z = &, r = [x],

| |’
and s = <)|‘—’|’, and T M defined with coordinates (1.2)—(1.3). Then F has vanishing Douglas curvature if

and only if ¢ satisfies

(@) Z‘I’(%) 0, (b) z‘I’(%) 0, © U.=0,  (324)
(a) zw(%) —0, b) z‘I’(%) —0, © R.=0,  (325)
(@) z\P(Z) _0, b) T.=0, (3.26)

where Y(0®) = —sO, — z0_, and U, R, and T are given in (2.6), (3.1), and (3.2), respectively.

Proof. Suppose F has vanishing Douglas curvature. Consider the orthonormal matrix O € O(n) (see
the proof of Proposition 1.3.1 in [5] or the proof of Lemma 1 in [2]) such that

X =0x=([x,0,...,0),
> v Y2V2 — (¥ V)2
5o Oy:(@,y) VIRPDE — (5.5 OO)

X’ x|
For the invariance of 7, s, and z under the action O, from D%y, = 0, we obtain R, = 0. From D33 = 0,
we get

z‘I’(%) = 0. (3.27)

AIMS Mathematics Volume 11, Issue 4, 9146-9165.
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Using property (3.14) and (3.27), we have

\P(zzlp(g)) - —sz‘I’(%). (3.28)

Due to the condition D;%3; = 0 and after performing a change of variables induced by an orthonormal
matrix O, we may assume, without loss of generality, that the new coordinates (still denoted by x and
y to simplify notation) satisfy x* = 0 and u3 = y; = 0. Consequently, in the expression of D33, the
only non-vanishing terms are those corresponding to the coeflicients of x!633 and u,633. Hence,

rz‘P(%) ; ;‘P(ZZ‘P(;)) = 0. (3.29)

Substituting (3.28) into (3.29), we get

Hence,

Thus, (3.25) is satisfied.

T
From Dy>p; = 0 and D3%33 = 0, we have T, = 0 and z‘P(—) = 0. Thus, (3.26) is satisfied.
Z

From Dy'oy = 0 and T, = 0, we get U... = 0. From Dy'33 = 0, we have
U
z‘P(—Z) 0.
z

From D;'5; = 0, we obtain

(%) ofer(Y)-o

Similarly, as in the case of R, we conclude

Therefore,

and thus (3.24) is satisfied.
Conversely, assume that ¢ satisfies (3.24)—(3.26). From (3.25) (c), we get Dy’ = 0.
Using property (3.17) and (3.25) (a), (b), we obtain

W(R,,) = 2P, (R?) ~0 (330)
and
W(R;,) = 2V (%) = 0. (3.31)

AIMS Mathematics Volume 11, Issue 4, 9146-9165.
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By property (3.18) and (3.25) (b), we have

R
Y(R,,) = (Z‘P (?Z)) =0. (3.32)
From (3.32) and (3.25) (c), we get

Rzzs =0. (333)

Therefore, by (3.32) and (3.33), we obtain Dy’ = 0.
From (3.31) and (3.33), we also have
R., = 0. (3.34)

Consequently, by (3.34), (3.31), and (3.25) (b), we have D%, = 0.
From (3.30) and (3.34), we obtain

Ry =0. (3.35)
Also, by property (3.14) and (3.25) (a), (b), we have
R R R
(29 (5)) = —s2(2) - 2%(Z) =0, (336)
Z Z Z

Thus, by (3.35), (3.30), (3.25) (a), and (3.36), we conclude that Djok, =0.
From (3.24) (¢) and (3.26) (b), we have Dyioy = 0.
Now, by (3.24), analogously as in the case of R, we obtain

Y(Uy) = lP(Usz) = \P(Uzz) =0, (3.37)
U

Uys = Ugs = Uy = 0, \P(ZZT (_2)) = 0. (3.38)
<

On the other hand, by property (3.15) and (3.26) (b), we have
Y.(T) =¥(T,) - T, =0. (3.39)

Therefore, by (3.37), (3.38), (3.26) (b), and (3.39), we obtain D'y = 0.
By property (3.18) and (3.26) (a), we get

T
Y(T, = (Z‘P(Z)) =0. (3.40)
From (3.40) and (3.26) (b), we obtain
T,,=0. 3.41)

Consequently, by (3.37), (3.38), (3.24) (b), (3.40), and (3.41), we get Dy'; = 0.
By property (3.17) and (3.26) (a), we obtain

T
T = 2%, () =0. (3.42)
Z
From (3.42) and (3.41), we have
T,, =0. (3.43)
Therefore, by (3.37), (3.38), (3.24) (a), (3.26) (a), (3.42), and (3.43), we obtain D}, = 0. |
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Proof of Theorem 1:

Proof. From (3.24)-(3.26), we have that there are differentiable functions g; = g:(x°, r) such that
s z
U= gl? +82SZ+835 + 84,
2 2

R > . + g1+

= _— S — ,
852 8652 872 88
T = gos + g102-

From (3.1) and (3.2), we have that R + zT' = L + szU, and then

L=R+z7T — szU
2 2 2 2

z s z
=855 T8It 8 8yt 2(gos + g102) — SZ(flE + fosz + f3§ + fa).

From definition of U and L in (2.6) and (2.7), we have

d..p1 — Ps:p2 = 2AU, (3.44)
—(r* = )1 + (Q+ (P = 9)p)pa = 2AL, (3.45)
where

2 1 s
p1 = (‘;03 - _¢r) = Z¢XOS - _¢r + _¢rs + ¢ss’ (346)

r r r

N

P2 = (sz - 2¢x0) = Z¢x°z - ¢x0 + ;¢rz + ¢Sz’ (347)

and Q, A are given in (2.2) and (2.3), respectively. Due to the fact A # 0, the system (3.44)—(3.45) is
equivalent to the system (1.5)—(1.6).
On the other hand, suppose that

2 2
U=f15+f2SZ+f3§+f4,

2 2 2 2
L:J%E+f652+f75+f8—52 f1§+f2SZ+JC35 .

Then, from the definition of R and T in (3.1) and (3.2), we have

T - 3f4+fé+f1r2s N fr+ for?

2

n+2 n+2
1 -1 _ 2 neo o r2
R:fg+]§s2+(”+ Vo + (n—1)fy — fir SZ+2f7 5 2
2 n+2 n+2

O

Remark 4. From (1.5)—(1.6) and due to the fact a weakly orthogonally invariant Finsler metric F =
Y20, 7, 5, 7) is projectively flat (see Theorem 1.1 in [11]) if and only if p; = p, = 0, then F is
projectively flat if and only if L = U = 0.
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Proof of Theorem 2. To construct this family, in Theorem 1, we suppose U = 0 and L = L are real
constants. Then, deriving (1.5) and (1.6) with respect to z and s, respectively, and subtracting them, we
have

by, = 105 (3.48)

Using this identity, Eqs (1.5) and (1.6) become

Q, —ross + 2rLogy, = 0, (3.49)
Qo — ¢, + 2Ly, = 0. (3.50)

Now, note that ¢ given by
¢, 1, 5,2) = £1(x", 1) + £2(x°, 2) + £3(r; 5) + £4(5, 2) (3.51)

satisfies Eq (3.48). Equations (3.49) and (3.50), in this case, become

[gl]r + [83]r - [83]rs —-r [83 + 84]ss + 2}’L0 [84]sz = O’ (352)
[e1]0 + [&2]0 — z[&2] 10, — [E4]5; + 2Lo [&2 + &4],, = O. (3.53)

Notice that, throughout the proof, #;: R — R are some differentiable real functions. Deriving (3.53)
with respect to r,
[e1]w, =0,

therefore,
&= hl(xo) + hy(r).
Now, taking the derivative of (3.53) with respect to x° and z,

—Z ([82]x0zz)x0 + 2L ([82]xozz)z =0,
and by the characteristics method, we have
[&2]502: = 13 (12 +4Lox").

Integrating and using 4Loh; = h3, we have

& = ff hy (z2 + 4Lx0) dzdz + hs(z) + z - hg (xo) + hy (xo) .
Taking the derivative of (3.53) with respect to s,

([e4]s2)s — 2L ([&4]s2), = O,
thus we have

E4 = I’lg(Z + 2LS) — hg(S) + th(Z)-
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Taking the derivative of (3.52) with respect to s,

s([&3]ss), + 1 ([£3]55)s = ThG" ()

thus we have
& = ffhn(i’z — §9)dsds + ho(s) + shiy(r) + hy3(r).

We use the notations
4 Z
I(XO, Z) = f f /’l4 ({2 + 4L0X0) d{dz,
0 Jo

J(r,s):fA f hll(rz—(rz)dcrdi.
0o Jo

From (3.52) and (3.53),

Ry(r) + hiy(r) + J, — sdps —rdg = 0,
R (x°) + ho(x°) + Lo — zlo, + 2Lol. + 2Lo[hY (2) + K}y(2)] = O.

Note that J, — sJ,; — rJg and 10 — zl 0, + 2Ly1,, do not depend on s and z, respectively. Then,

hy(r) + hys(r) = hya(r),
Iy (x°) + By (x°) = hys(xX%) + Cx°,
2

hs(2) + hio(2) = 04%0 + ezt

for some real constants C, ¢y, ¢z, and c3. With this, from (3.51) and (1.5)—(1.6) and using the integral
representations

I(x*,2) = fo -0l AL ) = fo (- )50 — ) dor
we have the result. O
4. Douglas metric examples
Remark 5. In (1.8) and (1.9), the integrands are compositions of smooth functions, hence continuous.

Therefore, Fubini’s theorem applies and justifies the interchange of the order of integration.
Consequently,

1(x°,2) = f (z— ) ga(* + 4Lox°) d¢,
0

J(r,s) = fs(s — o) gs(r* — o?) do.
0
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Example 1. Let Ly, # 0. Considering g3 = gs = 0 and g4(u)

= ge™ witha > 0 and C; >
Theorem 2, using Remark 5, we have

74
1(x°,2) = ae™"* f (z- e dr.
0
Evaluating the integral

jiz—oé*dé=vaéﬁd§—Jméffd§=1Ezaﬂo—}{1—éfx
0 0 0 2 2

we obtain

¢(x°,1,5,2) = Cy + s g1(r) + 28(x") + %(e_“oxo( Vrzerf(z) + e) - 1)

where erf(z) = o fo  dt is the Gauss error function. With this,

0 _2 2 0
Q=C + %(€—4Lox e % — 1) — (Cl _ %z) + %e—(z +4Lox )'

Since a > 0 and C; > a/2, we have Q > 0. Finally, because ¢, = ¢, = 0

A=Q¢, =Q ae@H?)
Z :

As ¢, > 0and Q > 0, we obtain A > 0. Thus, considering g; = g, = 0, the Finsler metric

- &y
F@W—md lffJ
where ¢ is given by (4.1), is Douglas type.

Corollary 1. Let Ly # 0. Define

b
$(x', 15,0 = Cr+ 507 + ) + §(€‘4L°x°( Vrzerf(z) + ) - 1),

with constants a > 0, b > 0, and C; > a/2. The Finsler metric

=0 = &
mezmdﬁMLlffJ
where ¢ is given by (4.2), is Douglas type.

Proof. In Theorem 2, considering g4(u) = ae™ and gs(u) = b (b > 0 is a positive constant), we have

¢y =bs, ¢y =b, @=§ﬁf%%ma e = ae”CHN g =0,
Then
Q=¢—sp,—2¢, = C1—§+2(r—s)+2_(z+4L°"0)>0
A= Q¢zz + (r2 - sz)(¢ss¢zz - ¢sz) = ae—(zz+4lﬂ"0)(Q + b(r2 - Sz)) > 0.
O
AIMS Mathematics
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Example 2. Choosinga = 1,b =1, and C; = 1 in Corollary 1, we have

I 1 1
0152 =5+ 507+ 5+ Ee_%xo (Vrzerf(x)+e),

and for this ¢, we have

1 1 1
Q= E + 58_(ZZ+4L0x0) + 5(1’2 - S2) > 0,
1 1 3
_ @t _@van®) [ 2.2 2
A—e 0 (2+2e 0 +2(r S))>0.

Corollary 2. Let Ly # 0. Define

b
(1, 5,2) = C; + g(e—“ox(’( Vrzerf(z) + e ) — 1)+ E(e’z( Vaserf(s) + ) - 1), (4.3)
with constants a > 0, b > 0, and C; sufficiently large. Then, the Finsler metric

- 0
F(x,y) = [jl¢ (xO, g, 5 yf),
NIME

where ¢ is given by (4.3), is Douglas type.
Proof. Compute derivatives

b »d*

b
bs = =" (Vmerf(s) + 2s¢™), ¢y = ~¢" —(\rserf(s) + ™),
2 2 ds?

a
¢, = 5e“‘LO)‘O( Vrerf(z) — 2ze™), ¢, = ae 0"~2 ¢s; = 0.

Hence,

a b a _ 0-z2 b 2.2
Q:¢_S¢S_Z¢Z:C1_§_E+534LO : 5

for C, large enough. Then

A= Q¢zz + (rz - Sz)(¢sx¢zz - ¢%z) = Q¢zz > 0.

]
Example 3. Takinga = 1,5 =1, and C; = 2 in Corollary 2, we have
(O, r,5,7) =2 + %(e_“(’xo( Vrzerf(z) + )~ 1) + %(erz( Vrserf(s) + e ) - 1),
and for this ¢,
Q= %(e-“LOX‘)-ZQ +¢")>0,  A>0.
Corollary 3. Suppose that F = [y|¢(x°, r, s, z) has vanishing Douglas curvature, then ¢ satisfies
W+ =y + [1 =207 = U]y, - 2Ly, =0, (4.4)

where y = Vr2 — $2Q = Vr?2 — s2(¢p — s¢ — 26,).
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Proof. From the definition of p; and p, in (3.46) and (3.47), we have, sp; + zpy = —zQ0 — 2Q, — €.
Using (3.44)—(3.45), we obtain

25UQ +2Q0 + -0, + 1 - 27 - HU| Q, - 2L, = 0,
r

which is equivalent to (4.4), using the substitution ¢ = Vr? — s2Q. |
Example 4 ([2]). Consider U = ;gggg and L = é%;(;), where g is a positive arbitrary differentiable
=2
function. The function ¥ = G ( g(r)z , zg(r)) solves Eq (4.4). Then, if G = o \/m the PDE
1
R e
sl sk ™ g ot + 1
gives us
V8?2 +1
p= VIO 00 Y,
g(r) s

where £ is an arbitrary differentiable function of (x°, r, ).
In particular, considering h(x,r, %) = h(xo)f, we obtain the next weakly orthogonally invariant

Douglas metric
V8> (9)* + 1

F(x,y) = h(x")y° +

g(Ix)
where [(x%)] < 1.
Example 5. Similar to the previous example, considering U = %%, [ = % Sfix)’ and G =
VA |
8(r) ( * (g(r)2z2+1)3/2)’ we get

28(N*22 + 1 ]

Vg2 +1)

If h(x°, r, 2)s = h(x")z, we obtain the next weakly orthogonally invariant Douglas metric
g(¥(°)? }

V(200 + [y

6= h(x.r. 5)s 4 — [1+
s g

1
F(x,y) = h(x")’ + — T [|y| + Ve(XD200)2 + [y +

where |h(x°)| < 1 and g(r) > 0.

Example 6. Let |A(x°)] < 1, g(r) > 0, and f(x°) > 0 be differentiable functions. Motivated by
Example 5, the next weakly orthogonally invariant Finsler metric

28(XD*(G°) + P
F(x,y) = h(x*)y" + (| |+ )
g() Ve(F20°7 + FOORP
has vanishing Douglas curvature with
_1gwm
T 28
L= f T2 f

3f 2rg Z_12gz'
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Remark 6. In Examples 4-6, the function % is chosen in such a way that the positivity of F can be
controlled.

5. Conclusions

In this paper, we derived an explicit formula for the Douglas curvature of weakly orthogonally
invariant Finsler metrics, expressed in a compact form via the operator W. This approach significantly
simplifies the computation and reveals the underlying structure.

We proved that the vanishing of the Douglas curvature is equivalent to a system of partial differential
equations for ¢(x°, r, s, z), which can be reduced to a tractable form involving auxiliary functions U and
L, providing a more manageable formulation of existing results.

Furthermore, we constructed explicit families of solutions, including non-locally projectively flat
Douglas metrics, and identified the conditions ensuring the Finslerian character through the positivity
of Q and A.

These results broaden the class of known Douglas-type metrics and contribute to the understanding
of invariant structures in Finsler geometry.
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