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1. Introduction

The Douglas curvature, introduced by J. Douglas [4] in 1927, is an important projective invariant
in Finsler geometry. That is, if two Finsler metrics F and F̄ are projectively equivalent, then F
and F̄ have the same Douglas curvature. A Finsler metric is called Douglas metric if their Douglas
curvature vanishes. Douglas metrics are rich in the sense that all Riemman metrics and projectively
flat metrics are also Douglas metrics. Besides, there are a lot of examples of Douglas metrics that are
not Riemannian nor projectively flat. For instance, a Randers metric F = α + β is a Douglas metric if
and only if β is closed ( [1]). Other important contributions to the theory of Douglas metrics can be
found in Li, Shen, and Shen [8], where a special class of Douglas metrics was studied.

On the other hand, there exist important Finsler metrics in the literature that satisfy

F
(
(x0,Ox), (y0,Oy)

)
= F

(
(x0, x), (y0, y)

)
, for every O ∈ O(n), (1.1)
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where x = (x0, x) = (x0, x1, . . . , xn) ∈ M = I × Rn and y = (y0, y) = (y0, y1, . . . , yn) ∈ TxM, like Shen’s
fish tank metric on Ω = B2 × R ⊂ R3:

F =

√
(−x2y1 + x1y2)2 + ((y1)2 + (y2)2 + (y3)2)(1 − (x1)2 − (x2)2)

1 − (x1)2 − (x2)2 −
x2y1 − x1y2

1 − (x1)2 − (x2)2 ,

where x = (x1, x2, x3) ∈ B2 × R and y = (y1, y2, y3) ∈ TxO, or the spherically symmetric (or orthogonal
invariance) Finsler metric [6, 14] :

F = |y|φ
(
|x|,
〈x, y〉
|y|

)
,

where x ∈ M = Rn+1 and y ∈ TxM, or the warped metrics [3, 7, 9, 12] defined on I × Rn of the form

F = |y|φ
(
x0,

y0

|y|

)
, F = |y|φ

(
y0

|y|
, |x|

)
.

A Finsler metric F is called weakly orthogonally invariant ([11]) (or cylindrically symmetric in an
alternative terminology in [13]) if F satisfies (1.1). In [11], Liu, Mo, and Zhu showed that weakly
orthogonally invariant metrics are non-trivial in the sense that this type of metric is not of orthogonal
invariance (see Proposition 2.2 in [11]).

In [2], Chávez showed that every weakly orthogonally invariant Finsler metric can be written as

F(x, y) = |y|φ
(
x0, |x|,

〈x, y〉
|y|

,
y0

|y|

)
,

where |· | and 〈·, ·〉 are, respectively, the standard Euclidean norm and inner product on Rn. Furthermore,
Solórzano and León [13] provided necessary and sufficient conditions for F = |y|φ to be a Finsler metric
(Theorem 1 in [13]).

In [10], Liu and Mo obtained trough partial differential equations (PDEs), a characterization of
weakly orthogonally invariant Finsler metrics that are Douglas type (Theorem 1.1 in [10]), and gave
Douglas-Randers-type metrics as examples. In contrast to the work in [10], in this paper, we give the
explicit Douglas curvature (Theorem 3) using the operator Ψ in (3.13) and its derivatives. This notation
considerably reduces the expression of the Douglas curvature. Additionally, we give an equivalence of
Theorem 1.1 in [10], which could be more manageable, using an alternative technique (see the proof
of Lemma 2 in Section 3).

We set M = I × Bn(ρ) ⊂ R × Rn, with coordinates on T M:

x = (x0, x), x = (x1, . . . , xn), (1.2)
y = (y0, y), y = (y1, . . . , yn). (1.3)

Throughout our work, the following convention for indices is adopted:

0 ≤A, B, . . . ≤ n,

1 ≤i, j, . . . ≤ n.

We introduce the notations

r := |x|, s :=
〈x, y〉
|y|

, z :=
y0

|y|
, (1.4)

where | · | and 〈·, ·〉 are, respectively, the standard Euclidean norm and inner product on Rn. In Section 3,
we prove the following:
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Theorem 1. Let F(x, y) = |y|φ(x0, r, s, z), be a Finsler metric defined on M = I × Bn(ρ), n ≥ 3, where
z =

y0

|y| , r = |x|, and s =
〈x,y〉
|y| , and T M defined with coordinates (1.2)–(1.3). Then F has vanishing

Douglas curvature if and only if the positive function φ satisfies

zφx0 s −
1
r
φr +

s
r
φrs + φss = 2

[(
φ − sφs − zφz + (r2 − s2)φss

)
U + φszL

]
, (1.5)

zφx0z − φx0 +
s
r
φrz + φsz = 2

[
φzzL + (r2 − s2)φszU

]
, (1.6)

where

U = f1
s2

2
+ f2sz + f3

z2

2
+ f4,

L = f5
s2

2
+ f6sz + f7

z2

2
+ f8 − sz

(
f1

s2

2
+ f2sz + f3

z2

2

)
,

and fi (i = 1, . . . , 8) are arbitrary differentiable functions of (x0, r). Furthermore, F is projectively flat
if and only if L = U = 0.

Considering U = 0 and a nonzero constant L = L0 in Theorem 1, in Section 3, we prove

Theorem 2. Let L0 , 0 be a real constant. The family of functions given by

φ =C1 + sg1(r) + zg2

(
x0

)
+ g3(z + 2L0s)+ (1.7)

+ I(x0, z) + J (r, s) −
1
2

∫ 4L0 x0

0
g4(u)du +

1
2

∫ r2

0
g5(u)du,

where

I(x0, z) =

∫ z

0

∫ z̄

0
g4

(
ζ2 + 4L0x0

)
dζdz̄, (1.8)

J (r, s) =

∫ s

0

∫ s̄

0
g5

(
r2 − σ2

)
dσds̄, (1.9)

gi, i = 1, .., 5 are arbitrary real differentiable functions, and C1 is a constants real number, are solutions
of the system (1.5)–(1.6) considering U = 0 and L = L0. Moreover, any Finsler metric on M = I×Bn(ρ)
defined by

F(x, y) = |y|φ̄
(
x0, |x|,

〈x, y〉
|y|

,
y0

|y|

)
,

where the positive function φ is given by (1.7) with gi, i = 3, 4, 5 satisfying

Λ = Ω
(
g′′3 (Z) + g4(Z2)

)
+ (r2 − s2)

[
g′′3 (Z)

(
4L2

0g4(Z2) + g5(r2 − s2)
)

+ g4(Z2) g5(r2 − s2)
]
> 0

when n = 2, with additional inequality

Ω = C1 +
(
g3(Z) − (Z)g′3(Z)

)
−

1
2

∫ Z2

0
g4(u) du +

1
2

∫ r2−s2

0
g5(u) du > 0

when n ≥ 3, is a non-locally projectively flat Douglas-type metric. Here, Z = z + 2L0s and Z2 =

z2 + 4L0x0.
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Remark 1. The conditions Ω > 0 and Λ > 0 ensure that the Hessian matrix (gAB) is positive definite,
which guarantees that F defines a Finsler metric. In particular, Ω > 0 and Λ > 0 are related to the
strong convexity of F.

In Section 2, we give some preliminaries and recall some recent results about weakly orthogonally
invariant Finsler metrics. In Section 3, we obtain their Douglas curvature (see Theorem 3) and
demonstrate Theorems 1 and 2. Finally, in Section 4, we give some corollaries and examples.

2. Preliminaries

In this section, we give some notations, definitions, and lemmas that will be used in the proof of our
main results. Let M be a manifold, and let T M = ∪x∈MTxM be the tangent bundle of M, where TxM is
the tangent space at x ∈ M. We set T Mo := T M \ {0}, where {0} stands for {(x, 0)| x ∈ M, 0 ∈ TxM}. A
Finsler metric on M is a function F : T M → [0, ∞) with the following properties:

(a) F is C∞ on T Mo.
(b) At each point x ∈ M, the restriction Fx := F|Tx M is a Minkowski norm on TxM.

Let Bn(ρ) ⊂ Rn be the n-dimensional open ball of radius ρ and centered at the origin (n ≥ 2).
In [2], Chávez proved that if the Finsler metric F satisfies (1.1), then there exists a positive function

φ : R4 → R such that

F(x, y) = |y|φ(x0, r, s, z). (2.1)

On the other hand, defining Ω and Λ as,

Ω :=φ − sφs − zφz, (2.2)
Λ :=Ωφzz + (r2 − s2)(φssφzz − φ

2
sz), (2.3)

where the sub-indexes s, z are the partial derivatives with respect to s and z, respectively, the Hessian

matrix (gAB) = 1
2 [F2]yAyB =

(
g00 g0 j

gi0 gi j

)
is given by

g00 =φ2
z + φφzz,

gi0 =g0i = (φΩ)zui + (φsφz + φφsz)xi,

gi j =φΩδi j + Xi j,

where Xi j = (ui, xi)
(
−(s(φΩ)s + z(φΩ)z) (φΩ)s

(φΩ)s (φ2
s + φφss)

) (
u j

x j

)
, with u j =

y j

|y|
.

Note that the determinant of gAB is given by

det(gAB) = φn+2Ωn−2Λ.

With this, we recall the next result about the necessary and sufficiency condition for the function
F = |y|φ(x0, r, s, z) to be a Finsler metric [13].

AIMS Mathematics Volume 11, Issue 4, 9146–9165.



9150

Proposition 1. Let F = |y|φ(x0, r, s, z) be a Finsler metric defined on M, where z =
y0

|y| , r = |x|, and

s =
〈x,y〉
|y| , and T M defined with coordinates (1.2)–(1.3). Then F is a Finsler metric if and only if the

positive function φ satisfies Λ > 0 for n = 2 with the additional inequality Ω > 0 for n ≥ 3.

Remark 2. Note that through the paper, we are supposing φz , 0.

The next proposition gives us one the most important quantities in Finsler geometry: The geodesic
coefficients

GA = PyA + QA,

where

P :=
FxC yC

2F
, QA :=

F
2

gAB
{
FxCyByC − FxB

}
,

where gAB is the inverse of the matrix gAB (see details in [13]) and has adopted the Einstein summation
convention.

Proposition 2. Let F = |y|φ(x0, r, s, z) be a Finsler metric defined on M, where z =
y0

|y| , r = |x|, and

s =
〈x,y〉
|y| , and T M defined with coordinates (1.2)–(1.3). Then the geodesic spray coefficients GA are

given by

G0 = u2 {z(W + sU) + L} , (2.4)
Gi = u2Wui + u2Uxi, (2.5)

where u = |y|, ui =
yi

u , and Ω,Λ are given in (2.2)–(2.3), respectively, and

W :=
1
φ

{
ϕ

2
− sφU − φzL − (r2 − s2)φsU

}
,

with

ϕ := zφx0 +
s
r
φr + φs,

U :=
1

2Λ

{(
ϕs −

2
r
φr

)
φzz − (ϕz − 2φx0) φsz

}
, (2.6)

V :=
1

2Λ

{(
ϕs −

2
r
φr

)
φsz − (ϕz − 2φx0) φss

}
,

L :=
Ω

2Λ
(ϕz − 2φx0) − (r2 − s2)V. (2.7)

3. Douglas curvature

A Finsler metric on an n-dimensional manifold N is called a Douglas metric if its geodesic
coefficients Gi = Gi(x, y) are given in the following form:

Gi =
1
2

Γi
jk(x)y jyk + P(x, y)yi,
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where Γi
jk(x) are functions on N in local coordinates and P(x, y) is a local positively y-homogeneous

function of degree 1.
In [4], Douglas introduced the local functions D j

i
kl on T Nn defined by

D j
i
kl :=

∂3

∂y j∂yk∂yl

Gi −
1

n + 1

∑
m

∂Gm

∂ym yi


in local coordinates x1, . . . , xn and y =

∑
i yi∂/∂xi. These functions are called Douglas curvature [4],

and a Finsler metric F with D j
i
kl = 0 is called Douglas metric.

Before we obtain the Douglas curvature for a weakly orthogonally invariant Finsler metric F =

|y|φ(x0, r, s, z), we claim the next.

Lemma 1. Under the assumptions of Proposition 2, we have the following equalities:

G0 −
y0

n + 2
∂GA

∂yA =u2R,

Gi −
yi

n + 2
∂GA

∂yA =u2Uxi − u2Tui,

where

R =L −
z

n + 2

[
Lz − (n − 1)sU + (r2 − s2)Us

]
, (3.1)

T =
1

n + 2

{
3sU + Lz + (r2 − s2)Us

}
. (3.2)

Proof. From (1.4), we have the partial derivatives of u = |y|, s, and z, with respect to yi:

u j =
y j

u
, (3.3)

u jk =
1
u

(
δ jk − u juk

)
,

s j =
1
u

(
x j − su j

)
, (3.4)

zl = −
z
u

ul. (3.5)

For consistency with the Einstein summation convention, we adopt the identifications ui = ui and
si = si. From (3.3)–(3.5),

uiui = 1, uixi = s, (3.6)

sixi =
r2 − s2

u
, siui = 0, (3.7)

uzixi = −sz, ziui = −
z
u
, (3.8)

sisi =
r2 − s2

u2 .
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Additionally, deriving G0 given by (2.4), in relation to y0, we have

∂G0

∂y0 = u {(W + sU) + z(Wz + sUz) + Lz} . (3.9)

Note that uW (in (2.5)) is positive homogeneous of degree 1 on y = (y0, y). From Euler’s theorem for
homogeneous functions,

∂(uW)
∂y0 y0 +

∂(uW)
∂yi yi = uW,

then

∂(uW)
∂yi yi = u(W − zWz). (3.10)

From the definition of Gi in (2.5),∑ ∂Gi

∂yi =
∂(uW)
∂yi yi + nuW + 2Uuuixi + u2(Ussi + Uzzi)xi.

By using the identities (3.6)–(3.8) and (3.10), we obtain∑ ∂Gi

∂yi = u
{
(n + 1)W − zWz + 2sU − szUz + (r2 − s2)Us

}
, (3.11)

and consequently from (3.9) and (3.11), we have∑ ∂GA

∂yA =
∂G0

∂y0 +
∑ ∂Gi

∂yi

= u
{
(n + 2)W + 3sU + Lz + (r2 − s2)Us

}
. (3.12)

Finally, using (2.4), (2.5), and (3.12), we obtain the result. �

To obtain the Douglas curvature of the weakly orthogonally invariant Finsler metric (2.1), for any
differentiable function Θ = Θ(s, z), we adopt the notation

Ψ(Θ) = −sΘs − zΘz. (3.13)

Remark 3. The operator Ψ arises in the computation of derivatives with respect to y0 or yi and provides
an efficient way to reduce and organize the expressions associated with the variables s =

〈x, y〉
|y| and

z =
y0

|y| . The following identities for the operator Ψ will be frequently used in the computations of the
Douglas curvature. They follow by direct differentiation and the definition of Ψ:

Ψ(Ψ(Θ)) = −Ψ(Θ) − sΨ(Θs) − zΨ(Θz),
Ψ (zmΘ)

zm = Ψ(Θ) − mΘ, m ∈ Z∗,
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Ψ (zmΘ)
zm =

Ψ
(
zm−1Θ

)
zm−1 − Θ, m ∈ Z∗,

Ψ

(
z2Ψ

(
Θ

z2

))
= −szΨ

(
Θs

z

)
− z2Ψ

(
Θz

z

)
, (3.14)

1
z
Ψ

(
z2Ψ

(
Θ

z

))
= −sΨ(Θs) − zΨ(Θz) − zΨ

(
Θ

z

)
,

Ψ (Θz) = Ψz(Θ) + Θz, (3.15)
zΨz(Θ) = Ψ (zΘz) , (3.16)
Ψs(Θ) = Ψ(Θs) − Θs,

zΨs

(
Θ

z

)
= Ψ(Θs), (3.17)(

zΨ
(
Θ

z

))
z

= Ψ(Θz), (3.18)

Ψ

(
z2Ψ

(
Θs

z

))
= zΨs

(
z2Ψ

(
Θ

z2

))
,

Ψs

(
z2Ψ

(
Θ

z2

))
= Ψ

(
zΨ

(
Θs

z

))
− zΨ

(
Θs

z

)
.

As a consequence of the above identities, we derive the following expressions for the derivatives
of Θ:

∂Θ

∂y0 =
Θz

u
, (3.19)

u
∂Θ

∂yl = Θsxl + Ψ(Θ)ul, (3.20)

u
∂

∂yk
(Θul) = Θδkl + Θsxkul +

1
z
Ψ (zΘ) ukul, (3.21)

u
∂

∂y j
(Θukul) = Θ

(
δ jkul

)
−→
kl

+ Θsx jukul +
1
z2 Ψ

(
z2Θ

)
u jukul, (3.22)

u
∂

∂y j
(Θukului) = Θ(δ jkului)−→kli

+ Θsx jukului +
1
z3 Ψ

(
z3Θ

)
u jukului, (3.23)

where (.) jkl denotes the cyclic permutation (ex.: (δ jkului)−→kli
= δ jkului + δ jluiuk + δ jiukul).

Theorem 3. Let F = |y|φ(x0, r, s, z) be a Finsler metric defined on M, where z =
y0

|y| , r = |x|, and

s =
〈x,y〉
|y| , and T M defined with coordinates (1.2)–(1.3). Then the Douglas curvature of F is given by

D0
000 =

1
u

Rzzz,

D0
00l =

1
u

{
Rszzxl + Ψ(Rzz)ul

}
,

D0
0kl =

1
u

{
Rsszxkxl + Ψ (Rsz) (xluk)−→lk + zΨ

(Rz

z

)
δkl +

1
z
Ψ

(
z2Ψ

(Rz

z

))
ukul

}
,
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D0
jkl =

1
u

{Rsss

3
x jxkxl + Ψ(Rss)x jxkul + zΨ

(Rs

z

)
x jδkl + Ψ

(
z2Ψ

( R
z2

))
u jδkl

+
1
z
Ψ

(
z2Ψ

(Rs

z

))
x jukul +

1
3z2 Ψ

(
z2Ψ

(
z2Ψ

( R
z2

)))
u jukul

}
−→
jkl
,

Di
000 =

1
u

{
Uzzzxi − Tzzzui

}
,

Di
00l =

1
u

{
Uszzxlxi + Ψ (Uzz) xiul − Tzzδil − Tszzxlui − Ψz (Tz) ului

}
,

Di
0kl =

1
u

{
Usszxkxlxi + zΨ

(Uz

z

)
δklxi +

1
z
Ψ

(
z2Ψ

(Uz

z

))
ukulxi

−Tsszxkxlui −
1
z2 Ψ

(
z2Ψ (Tz)

)
ukului

}
+

1
u

{
Ψ(Usz)ukxlxi − Tszxkδli −

1
z
Ψ (zTsz) xlukui

}
−→
kl
−

1
u

Ψ(Tz)(δiluk)−→ikl
,

Di
jkl =

1
u

{
Usssx jxkxl +

1
z2 Ψ

(
z2Ψ

(
z2Ψ

(U
z2

)))
u jukul

+

[
Ψ(Uss)u jxkxl + zΨ

(Us

z

)
δ jkxl + Ψs

(
z2Ψ

(U
z2

))
u jukxl + Ψ

(
z2Ψ

(U
z2

))
δ jkul

]
−→
jkl

}
xi

−
1
u


[
Tssδi jxkxl + Ψs(Ts)uiu jxkxl +

1
z2 Ψ

(
z2Ψ (Ts)

)
x jukului

]
−→
jkl

+ zΨ
(T

z

)
(δ jiδkl)−→ikl

+ Ψ (Ts)
(
x j(uiδkl)−→ikl

+ xk(u jδil)−→i jl
+ xl(uiδ jk)−→i jk

)
+

1
z
Ψ

(
z2Ψ

(T
z

))
(δ jiukul + δikulu j)−→ikl

+ Tsssx jxkxlui +
1
z3 Ψ

(
z2Ψ

(
z2Ψ

(T
z

)))
u jukului

}
,

where Ψ(Θ) = −sΘs − zΘz, u = |y|, ui = ∂u
∂yi =

yi

u , and (·)−→
jkl

denotes cyclic permutation.

Proof. By Lemma 1 and from (3.19)–(3.22), we have,

D0
0

00 =
∂3

∂y0∂y0∂y0 (u2R) =
∂2

∂y0∂y0 (u2 Rz

u
) =

∂

∂y0 (Rzz) =
Rzzz

u
,

D0
0

0l =
∂3

∂y0∂y0∂yl (u
2R) =

∂

∂yl (Rzz) =
1
u

[
Rszzxl + Ψ(Rzz)ul

]
,

and using the identity Ψ(Rsz) = zΨs

(
Rz
z

)
, where the sub-index s represents the partial derivative in s,

we obtain

D0
0

kl =
∂2

∂yk∂yl
(uRz) = y0 ∂2

∂yk∂yl

(Rz

z

)
=

∂

∂yk

(
Rszxl + zΨ

(Rz

z

)
ul

)
=

1
u

{
Rsszxkxl + Ψ (Rsz) (xluk)−→lk + zΨ

(Rz

z

)
δkl +

1
z
Ψ

(
z2Ψ

(Rz

z

))
ukul

}
,
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D j
0

kl = (y0)2 ∂3

∂y j∂yk∂yl

( R
z2

)
= y0 ∂2

∂y j∂yk

(Rs

z
xl + zΨ

( R
z2

)
ul

)
=

∂

∂y j

[
Rssxkxl + zΨ

(Rs

z

)
(xluk)−→kl

+ z2Ψ

( R
z2

)
δkl + Ψ

(
z2Ψ

( R
z2

))
ukul

]
.

From (2.5), (3.20), (3.21), and (3.16), D0
i
00 and D0

i
0l are directly obtained. Using the properties of Ψ,

we have

D0
i
kl = y0 ∂2

∂yk∂yl

(Uz

z
xi −

Tz

z
ui

)
=

∂

∂yk

(
Uszxlxi + zΨ

(Uz

z

)
ulxi − Tzδli − Tszxlui − Ψ(Tz)ului

)
.

Analogous to the previous cases, using (3.23), we have

D j
i
kl =

∂2

∂y j∂yk

(
2Uuulxi + uUsxlxi + uΨ(U)ulxi − 2uTului − uTδli − uTsxlui −

Ψ(zT )
z

uului

)
=

∂

∂y j

{
Ψ

(
z2Ψ

(U
z2

))
ukulxi + z2Ψ

(U
z2

)
δklxi + zΨ

(Us

z

)
(xkul)−→kl

xi

−
1
z
Ψ

(
z2Ψ

(T
z

))
ukului − zΨ

(T
z

)
(δklui)−→kli

− Ψ(Ts)(xkul)−→kl
ui + Ussxlxkxi

−Tssuixkxl − Ts(xkδli)−→kl

}
.

�

Lemma 2. Let F = |y|φ(x0, r, s, z) be a Finsler metric defined on I ×Bn(ρ), n ≥ 3, where z =
y0

|y| , r = |x|,

and s =
〈x,y〉
|y| , and T M defined with coordinates (1.2)–(1.3). Then F has vanishing Douglas curvature if

and only if φ satisfies

(a) zΨ
(Us

z

)
= 0, (b) zΨ

(Uz

z

)
= 0, (c) Uzzz = 0, (3.24)

(a) zΨ
(Rs

z

)
= 0, (b) zΨ

(Rz

z

)
= 0, (c) Rzzz = 0, (3.25)

(a) zΨ
(T

z

)
= 0, (b) Tzz = 0, (3.26)

where Ψ(Θ) = −sΘs − zΘz, and U,R, and T are given in (2.6), (3.1), and (3.2), respectively.

Proof. Suppose F has vanishing Douglas curvature. Consider the orthonormal matrix O ∈ O(n) (see
the proof of Proposition 1.3.1 in [5] or the proof of Lemma 1 in [2]) such that

x̃ = Ox = (|x|, 0, . . . , 0) ,

ỹ = Oy =

〈x, y〉
|x|

,

√
|x|2|y|2 − 〈x, y〉2

|x|
, 0, . . . , 0

 .
For the invariance of r, s, and z under the action O, from D0

0
00 = 0, we obtain Rzzz = 0. From D0

0
33 = 0,

we get

zΨ
(Rz

z

)
= 0. (3.27)
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Using property (3.14) and (3.27), we have

Ψ

(
z2Ψ

( R
z2

))
= −szΨ

(Rs

z

)
. (3.28)

Due to the condition D1
0

33 = 0 and after performing a change of variables induced by an orthonormal
matrix O, we may assume, without loss of generality, that the new coordinates (still denoted by x and
y to simplify notation) satisfy x3 = 0 and u3 =

y3

u = 0. Consequently, in the expression of D1
0

33, the
only non-vanishing terms are those corresponding to the coefficients of x1δ33 and u1δ33. Hence,

rzΨ
(Rs

z

)
+

s
r
Ψ

(
z2Ψ

( R
z2

))
= 0. (3.29)

Substituting (3.28) into (3.29), we get (
r2 − s2

r

) (
zΨ

(Rs

z

))
= 0.

Hence,

zΨ
(Rs

z

)
= 0.

Thus, (3.25) is satisfied.

From D0
3

03 = 0 and D3
3

33 = 0, we have Tzz = 0 and zΨ
(T

z

)
= 0. Thus, (3.26) is satisfied.

From D0
1

00 = 0 and Tzz = 0, we get Uzzz = 0. From D0
1

33 = 0, we have

zΨ
(Uz

z

)
= 0.

From D3
1

31 = 0, we obtain

rzΨ
(Us

z

)
+

s
r
Ψ

(
z2Ψ

(U
z2

))
= 0.

Similarly, as in the case of R, we conclude(
r2 − s2

r

) (
zΨ

(Us

z

))
= 0.

Therefore,

zΨ
(Us

z

)
= 0,

and thus (3.24) is satisfied.
Conversely, assume that φ satisfies (3.24)–(3.26). From (3.25) (c), we get D0

0
00 = 0.

Using property (3.17) and (3.25) (a), (b), we obtain

Ψ(Rss) = zΨs

(Rs

z

)
= 0 (3.30)

and
Ψ(Rsz) = zΨs

(Rz

z

)
= 0. (3.31)
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By property (3.18) and (3.25) (b), we have

Ψ(Rzz) =

(
zΨ

(Rz

z

))
z

= 0. (3.32)

From (3.32) and (3.25) (c), we get
Rzzs = 0. (3.33)

Therefore, by (3.32) and (3.33), we obtain D0
0

0l = 0.
From (3.31) and (3.33), we also have

Rzss = 0. (3.34)

Consequently, by (3.34), (3.31), and (3.25) (b), we have D0
0

kl = 0.
From (3.30) and (3.34), we obtain

Rsss = 0. (3.35)

Also, by property (3.14) and (3.25) (a), (b), we have

Ψ

(
z2Ψ

( R
z2

))
= −szΨ

(Rs

z

)
− z2Ψ

(Rz

z

)
= 0. (3.36)

Thus, by (3.35), (3.30), (3.25) (a), and (3.36), we conclude that D j
0

kl = 0.
From (3.24) (c) and (3.26) (b), we have D0

i
00 = 0.

Now, by (3.24), analogously as in the case of R, we obtain

Ψ(Uss) = Ψ(Usz) = Ψ(Uzz) = 0, (3.37)

Uzss = Uzzs = Usss = 0, Ψ

(
z2Ψ

(U
z2

))
= 0. (3.38)

On the other hand, by property (3.15) and (3.26) (b), we have

Ψz(Tz) = Ψ(Tzz) − Tzz = 0. (3.39)

Therefore, by (3.37), (3.38), (3.26) (b), and (3.39), we obtain D0
i
0l = 0.

By property (3.18) and (3.26) (a), we get

Ψ(Tz) =

(
zΨ

(T
z

))
z

= 0. (3.40)

From (3.40) and (3.26) (b), we obtain
Tsz = 0. (3.41)

Consequently, by (3.37), (3.38), (3.24) (b), (3.40), and (3.41), we get D0
i
kl = 0.

By property (3.17) and (3.26) (a), we obtain

Ψ(Ts) = zΨs

(T
z

)
= 0. (3.42)

From (3.42) and (3.41), we have
Tss = 0. (3.43)

Therefore, by (3.37), (3.38), (3.24) (a), (3.26) (a), (3.42), and (3.43), we obtain D j
i
kl = 0. �
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Proof of Theorem 1:

Proof. From (3.24)–(3.26), we have that there are differentiable functions gi = gi(x0, r) such that

U = g1
s2

2
+ g2sz + g3

z2

2
+ g4,

R = g5
s2

2
+ g6sz + g7

z2

2
+ g8,

T = g9s + g10z.

From (3.1) and (3.2), we have that R + zT = L + szU, and then

L = R + zT − szU

= g5
s2

2
+ g6sz + g7

z2

2
+ g8 + z(g9s + g10z) − sz( f1

s2

2
+ f2sz + f3

z2

2
+ f4).

From definition of U and L in (2.6) and (2.7), we have

φzz p1 − φsz p2 = 2ΛU, (3.44)
−(r2 − s2)φsz p1 + (Ω + (r2 − s2)φss)p2 = 2ΛL, (3.45)

where

p1 :=
(
ϕs −

2
r
φr

)
= zφx0 s −

1
r
φr +

s
r
φrs + φss, (3.46)

p2 := (ϕz − 2φx0) = zφx0z − φx0 +
s
r
φrz + φsz, (3.47)

and Ω,Λ are given in (2.2) and (2.3), respectively. Due to the fact Λ , 0, the system (3.44)–(3.45) is
equivalent to the system (1.5)–(1.6).

On the other hand, suppose that

U = f1
s2

2
+ f2sz + f3

z2

2
+ f4,

L = f5
s2

2
+ f6sz + f7

z2

2
+ f8 − sz

(
f1

s2

2
+ f2sz + f3

z2

2

)
.

Then, from the definition of R and T in (3.1) and (3.2), we have

T =
3 f4 + f6 + f1r2

n + 2
s +

f7 + f2r2

n + 2
z,

R = f8 +
f5

2
s2 +

(n + 1) f6 + (n − 1) f4 − f1r2

n + 2
sz +

n
2 f7 − f2r2

n + 2
z2.

�

Remark 4. From (1.5)–(1.6) and due to the fact a weakly orthogonally invariant Finsler metric F =

|y|φ(x0, r, s, z) is projectively flat (see Theorem 1.1 in [11]) if and only if p1 = p2 = 0, then F is
projectively flat if and only if L = U = 0.
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Proof of Theorem 2. To construct this family, in Theorem 1, we suppose U = 0 and L = L0 are real
constants. Then, deriving (1.5) and (1.6) with respect to z and s, respectively, and subtracting them, we
have

φrz = rφx0 s. (3.48)

Using this identity, Eqs (1.5) and (1.6) become

Ωr − rφss + 2rL0φsz = 0, (3.49)
Ωx0 − φsz + 2L0φzz = 0. (3.50)

Now, note that φ given by

φ(x0, r, s, z) = ε1(x0, r) + ε2(x0, z) + ε3(r, s) + ε4(s, z) (3.51)

satisfies Eq (3.48). Equations (3.49) and (3.50), in this case, become

[ε1]r + [ε3]r − s [ε3]rs − r [ε3 + ε4]ss + 2rL0 [ε4]sz = 0, (3.52)
[ε1]x0 + [ε2]x0 − z [ε2]x0z − [ε4]sz + 2L0 [ε2 + ε4]zz = 0. (3.53)

Notice that, throughout the proof, hi : R → R are some differentiable real functions. Deriving (3.53)
with respect to r,

[ε1]x0r = 0,

therefore,

ε1 = h1(x0) + h2(r).

Now, taking the derivative of (3.53) with respect to x0 and z,

−z
(
[ε2]x0zz

)
x0 + 2L0

(
[ε2]x0zz

)
z = 0,

and by the characteristics method, we have

[ε2]x0zz = h3

(
z2 + 4L0x0

)
.

Integrating and using 4L0h′4 = h3, we have

ε2 =

"
h4

(
z2 + 4Lx0

)
dzdz + h5(z) + z · h6

(
x0

)
+ h7

(
x0

)
.

Taking the derivative of (3.53) with respect to s,

([ε4]sz)s − 2L ([ε4]sz)z = 0,

thus we have

ε4 = h8(z + 2Ls) − h9(s) + h10(z).
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Taking the derivative of (3.52) with respect to s,

s ([ε3]ss)r + r ([ε3]ss)s = rh′′′9 (s)

thus we have

ε3 =

"
h11(r2 − s2)dsds + h9(s) + sh12(r) + h13(r).

We use the notations

I(x0, z) =

∫ z

0

∫ z̄

0
h4

(
ζ2 + 4L0x0

)
dζdz̄,

J (r, s) =

∫ s

0

∫ s̄

0
h11

(
r2 − σ2

)
dσds̄.

From (3.52) and (3.53),

h′2(r) + h′12(r) + Jr − sJrs − rJss = 0,
h′1(x0) + h′7(x0) + Ix0 − zIx0z + 2L0Izz + 2L0[h′′5 (z) + h′′10(z)] = 0.

Note that Jr − sJrs − rJss and Ix0 − zIx0z + 2L0Izz do not depend on s and z, respectively. Then,

h2(r) + h13(r) = h14(r),
h1(x0) + h7(x0) = h15(x0) + Cx0,

h5(z) + h10(z) = C
z2

4L0
+ c2z + c3,

for some real constants C, c1, c2, and c3. With this, from (3.51) and (1.5)–(1.6) and using the integral
representations

I(x0, z) =

∫ z

0
(z − ζ) g4(ζ2 + 4L0x0) dζ, J(r, s) =

∫ s

0
(s − σ) g5(r2 − σ2) dσ,

we have the result. �

4. Douglas metric examples

Remark 5. In (1.8) and (1.9), the integrands are compositions of smooth functions, hence continuous.
Therefore, Fubini’s theorem applies and justifies the interchange of the order of integration.
Consequently,

I(x0, z) =

∫ z

0
(z − ζ) g4

(
ζ2 + 4L0x0) dζ,

J(r, s) =

∫ s

0
(s − σ) g5

(
r2 − σ2) dσ.
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Example 1. Let L0 , 0. Considering g3 = g5 = 0 and g4(u) = ae−u with a > 0 and C1 > a
2 in

Theorem 2, using Remark 5, we have

I(x0, z) = ae−4L0 x0
∫ z

0
(z − ζ)e−ζ

2
dζ.

Evaluating the integral∫ z

0
(z − ζ)e−ζ

2
dζ = z

∫ z

0
e−ζ

2
dζ −

∫ z

0
ζe−ζ

2
dζ =

√
π

2
z erf(z) −

1
2
(
1 − e−z2)

,

we obtain

φ(x0, r, s, z) = C1 + s g1(r) + z g2(x0) +
a
2

(
e−4L0 x0(√

π z erf(z) + e−z2)
− 1

)
, (4.1)

where erf(z) = 2
√
π

∫ z

0
e−t2 dt is the Gauss error function. With this,

Ω = C1 + a
2

(
e−4L0 x0

e−z2
− 1

)
=

(
C1 −

a
2

)
+ a

2e−(z2+4L0 x0).

Since a > 0 and C1 > a/2, we have Ω > 0. Finally, because φss = φsz = 0,

Λ = Ω φzz = Ω · a e−(z2+4L0 x0).

As φzz > 0 and Ω > 0, we obtain Λ > 0. Thus, considering g1 = g2 = 0, the Finsler metric

F(x, y) = |y|φ̄
(
x0, |x|,

〈x, y〉
|y|

,
y0

|y|

)
,

where φ is given by (4.1), is Douglas type.

Corollary 1. Let L0 , 0. Define

φ(x0, r, s, z) = C1 +
b
2

(r2 + s2) +
a
2

(
e−4L0 x0(√

π z erf(z) + e−z2)
− 1

)
, (4.2)

with constants a > 0, b ≥ 0, and C1 > a/2. The Finsler metric

F(x, y) = |y|φ̄
(
x0, |x|,

〈x, y〉
|y|

,
y0

|y|

)
,

where φ is given by (4.2), is Douglas type.

Proof. In Theorem 2, considering g4(u) = ae−u and g5(u) = b (b > 0 is a positive constant), we have

φs = bs, φss = b, φz =
a
2
√
π e−4L0 x0

erf(z), φzz = ae−(z2+4L0 x0), φsz = 0.

Then
Ω = φ − sφs − zφz = C1 −

a
2

+
b
2

(r2 − s2) +
a
2

e−(z2+4L0 x0) > 0,

Λ = Ωφzz + (r2 − s2)(φssφzz − φ
2
sz) = ae−(z2+4L0 x0)(Ω + b(r2 − s2)

)
> 0.

�
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Example 2. Choosing a = 1, b = 1, and C1 = 1 in Corollary 1, we have

φ(x0, r, s, z) =
1
2

+
1
2

(r2 + s2) +
1
2

e−4L0 x0 (√
π z erf(z) + e−z2)

,

and for this φ, we have

Ω =
1
2

+
1
2

e−(z2+4L0 x0) +
1
2

(r2 − s2) > 0,

Λ = e−(z2+4L0 x0)
(1
2

+
1
2

e−(z2+4L0 x0) +
3
2

(r2 − s2)
)
> 0.

Corollary 2. Let L0 , 0. Define

φ(x0, r, s, z) = C1 +
a
2

(
e−4L0 x0

(
√
πz erf(z) + e−z2

) − 1
)

+
b
2

(
er2

(
√
πs erf(s) + e−s2

) − 1
)
, (4.3)

with constants a > 0, b > 0, and C1 sufficiently large. Then, the Finsler metric

F(x, y) = |y|φ̄
(
x0, |x|,

〈x, y〉
|y|

,
y0

|y|

)
,

where φ is given by (4.3), is Douglas type.

Proof. Compute derivatives

φs =
b
2

er2
(
√
π erf(s) + 2se−s2

), φss =
b
2

er2 d2

ds2 (
√
πs erf(s) + e−s2

),

φz =
a
2

e−4L0 x0
(
√
π erf(z) − 2ze−z2

), φzz = ae−4L0 x0−z2
, φsz = 0.

Hence,

Ω = φ − sφs − zφz = C1 −
a
2
−

b
2

+
a
2

e−4L0 x0−z2
+

b
2

er2−s2
> 0

for C1 large enough. Then

Λ = Ωφzz + (r2 − s2)(φssφzz − φ
2
sz) ≥ Ωφzz > 0.

�

Example 3. Taking a = 1, b = 1, and C1 = 2 in Corollary 2, we have

φ(x0, r, s, z) = 2 +
1
2

(
e−4L0 x0

(
√
πz erf(z) + e−z2

) − 1
)

+
1
2

(
er2

(
√
πs erf(s) + e−s2

) − 1
)
,

and for this φ,

Ω =
1
2

(
e−4L0 x0−z2

+ er2−s2)
> 0, Λ > 0.

Corollary 3. Suppose that F = |y|φ(x0, r, s, z) has vanishing Douglas curvature, then φ satisfies

zψx0 +
s
r
ψr +

[
1 − 2(r2 − s2)U

]
ψs − 2Lψz = 0, (4.4)

where ψ =
√

r2 − s2Ω =
√

r2 − s2(φ − sφs − zφz).
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Proof. From the definition of p1 and p2 in (3.46) and (3.47), we have, sp1 + zp2 = −zΩx0 − s
r Ωr − Ωs.

Using (3.44)–(3.45), we obtain

2sUΩ + zΩx0 +
s
r
Ωr +

[
1 − 2(r2 − s2)U

]
Ωs − 2LΩz = 0,

which is equivalent to (4.4), using the substitution ψ =
√

r2 − s2Ω. �

Example 4 ([2]). Consider U = 1
2

g′(r)
rg(r) and L = 1

2
szg′(r)
rg(r) , where g is a positive arbitrary differentiable

function. The function ψ = G
(

r2−s2

g(r)2 , zg(r)
)

solves Eq (4.4). Then, if G =
√

r2−s2

g(r)
√

g(r)2z2+1
, the PDE

Ω = −s2
[
φ

s

]
s
− sz

[
φ

s

]
z

=
1

g(r)
√

g(r)2z2 + 1

gives us

φ =

√
g(r)2z2 + 1

g(r)
+ h(x0, r,

z
s
)s,

where h is an arbitrary differentiable function of (x0, r, z
s ).

In particular, considering h(x, r, z
s ) = h(x0) z

s , we obtain the next weakly orthogonally invariant
Douglas metric

F(x, y) = h(x0)y0 +

√
g(|x|)2(y0)2 + 1

g(|x|)
,

where |h(x0)| < 1.

Example 5. Similar to the previous example, considering U = 1
2

g′(r)
rg(r) , L = 1

2
szg′(r)
rg(r) , and G =

√
r2−s2

g(r)

(
1 + 1

(g(r)2z2+1)3/2

)
, we get

φ = h(x0, r,
z
s
)s +

1
g(r)

1 +
2g(r)2z2 + 1√

g(r)2z2 + 1

 .
If h(x0, r, z

s )s = h(x0)z, we obtain the next weakly orthogonally invariant Douglas metric

F(x, y) = h(x0)y0 +
1

g(|x|)

|y| + √
g(|x|)2(y0)2 + |y|2 +

g(|x|)2(y0)2√
g(|x|)2(y0)2 + |y|2

 ,
where |h(x0)| < 1 and g(r) > 0.

Example 6. Let |h(x0)| < 1, g(r) > 0, and f (x0) > 0 be differentiable functions. Motivated by
Example 5, the next weakly orthogonally invariant Finsler metric

F(x, y) = h(x0)y0 +
1

g(|x|)

|y| + 2g(|x|)2(y0)2 + f (x0)|y|2√
g(|x|)2(y0)2 + f (x0)|y|2


has vanishing Douglas curvature with

U =
1
2

g′(r)
rg(r)

,

L = −
f ′

3 f
z2 +

g′

2rg
sz −

f ′

12 g2 .
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Remark 6. In Examples 4–6, the function h is chosen in such a way that the positivity of F can be
controlled.

5. Conclusions

In this paper, we derived an explicit formula for the Douglas curvature of weakly orthogonally
invariant Finsler metrics, expressed in a compact form via the operator Ψ. This approach significantly
simplifies the computation and reveals the underlying structure.

We proved that the vanishing of the Douglas curvature is equivalent to a system of partial differential
equations for φ(x0, r, s, z), which can be reduced to a tractable form involving auxiliary functions U and
L, providing a more manageable formulation of existing results.

Furthermore, we constructed explicit families of solutions, including non-locally projectively flat
Douglas metrics, and identified the conditions ensuring the Finslerian character through the positivity
of Ω and Λ.

These results broaden the class of known Douglas-type metrics and contribute to the understanding
of invariant structures in Finsler geometry.
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1. S. Bácsó, M. Matsumoto, On Finsler spaces of Douglas type—a generalization
of the notion of Berwald space, Publ. Math. Debrecen, 51 (1997), 385–406.
https://doi.org/10.5486/pmd.1997.1975

AIMS Mathematics Volume 11, Issue 4, 9146–9165.

https://dx.doi.org/https://doi.org/10.5486/pmd.1997.1975


9165
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