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1. Introduction

Fixed-point theory represents a central and well-established domain in mathematical analysis,
owing to its fundamental role in the study of the existence, uniqueness, and stability of solutions
to a wide class of mathematical models. In particular, fixed-point techniques have proved to be an
indispensable analytical tool for transforming differential and integral equations into operator equations
whose solvability can be addressed within appropriate functional frameworks.

This approach has been successfully applied to various classes of problems, including impulsive
differential equations and boundary value problems, where contraction-type fixed-point principles
are frequently used to guarantee the solvability and convergence of iterative schemes [1,2]. Such
applications have reinforced the relevance of fixed-point methods in nonlinear analysis and motivated
the development of increasingly general fixed-point results. Moreover, recent advances have extended
fixed-point theory to more general metric frameworks, highlighting the significance of generalized
contractive conditions and completeness assumptions in ensuring uniqueness and convergence of fixed-
points in b-metric and related spaces [3,4].

In recent years, considerable attention has been directed toward extending classical fixed-point
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theory beyond standard metric spaces (see, €.g., [5]. In this context, generalized metric structures and
weakened contractive conditions have emerged as effective tools for broadening the applicability of
fixed-point techniques. In particular, b-metric spaces have attracted interest as a natural generalization
of metric spaces, allowing greater flexibility in the underlying distance structure while preserving the
essential convergence properties. Moreover, related structures such as a b-metric spaces endowed with
additional relations have also been considered in this direction (see [6]).

Within this framework, Koleva and Zlatanov [7] investigated fixed-point problems for Chatterjea-
type contractions in complete b-metric spaces. They established existence and uniqueness results for
the fixed-points of single-valued mappings and analyzed the convergence behavior of the associated
iterative sequences. More recently, Hong [8] studied generalized non-expansive mappings of the
Hardy—Rogers type in complete b-metric spaces and proved common fixed-point theorems for pairs
of mappings, thereby extending and unifying several classical fixed-point principles.

In addition, recent studies have addressed both single-valued and multi-valued mappings under
generalized contractive conditions and related approaches (see [9—12]), further enriching the theory.

Consider a mapping I" acting on a set V. A point y in V is termed a fixed-point of I'if ['y = . In
1922, Banach [13] established the Banach’s contraction principle, a renowned theorem that pertains to
mappings that contract in a complete metric space. Later, in 1968, Kannan [14] presented an existence
and uniqueness result for fixed points of Kannan contractions defined on metric spaces (V, 9) satisfying
the inequality

517, T€) < p [y, Ty) + 5E T or 0 < p < 3.
foreachy,& € V.

Similarly, in 1972, Chatterjea [15] proved the existence and uniqueness of fixed-points for

Chatterjea contractions, characterized by the inequality

5T7.T8) < pl6y,T&) + 6&, T, with 0 < p < 3.

for each y,& € V. Since then, many mathematicians have explored fixed-point theorems in various
metric spaces.

As part of this ongoing generalization, Bakhtin introduced the notion of a b-metric space as an
extension of the classical metric space concept [16]. This structure relaxes the triangular inequality
through the introduction of a control parameter, thereby providing a broader setting for fixed-point
analysis.

Definition 1. [16] Let V be a nonempty set and let s > 1 be a real number. A functiond : VXV —
[0, 00) is called a b-metric if, for all y,&,{ € V, the following conditions are satisfied:

(i) 6(y.€) = 0 if and only if y = &;
(i) 6(y, &) = 6(&,7);
(iii) 6(y, &) < s(6(y, ) + 6({, €))-

The pair (V,0) is called a b-metric space.

The following example, which appears in the literature on generalized distance functions and is
reported in Bourbaki’s treatise on general topology, also illustrates the concept of a b-metric space.
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Example 1. [16] Let V = L,[0,1] be the space of all real functions y(t),t € [0,1] such that
I Iy () Pdt < oo with 0 < p < 1. Define § : V x V — [0, o] as:

! ,
5(%§)=(f |7(f)—§(t)|pdt) :
0

Then ¢ is b-metric space with s = 25,

Remark 1. In contrast to the case 0 < p < 1, when p > 1 the distance defined in the example above
satisfies the classical triangle inequality as a consequence of Minkowski’s inequality. Consequently,
the associated space is a metric space in the usual sense, and the generalized b-metric framework is
no longer applicable.

In 1993, Czerwik [17] presented Banach’s fixed-point theorem adapted for b-metric spaces.
Furthermore, in 2013, Kir and Kiziltunc [18] demonstrated Kannan’s fixed-point theorem within the
framework of b-metric spaces and also established the Chatterjea fixed-point theorem in b-metric
spaces.

In 2017, Kamran et al., [19] introduced the concept of an extended b-metric space as follows:

Definition 2. [19] Let V be a non-empty set and 6 : VXV — [1,00). A mapping 6y : VXV — [0, 00)
is an extended b-metric if for, all v, &, € V, it satisfies:

(6p1) 66(y,&) =0 iff y = &

(662) 64y, &) = 66(&,7);

(063) 66(7, &) < 0(y, ) [06(y, &) + 60(£, O)]-

The pair (V, 6y) is called an extended b-metric space.

Remark 2. If 1 < 0(y,¢&) = s for y,& € V, then the extended b-metric space reduces to a b-metric
space. Therefore, a b-metric space is a generalization of metric space, and an extended b-metric space
extends the concept of a b-metric space.

The following example is adapted from Huang [20] and is presented here to illustrate the concept
of an extended b-metric space.

Example 2. Let V = R. Define two functions g : VXV — [0,+00)and 8 : VXV — [1,+00) as
Jfollows:

b+l
g VEEVY#E
0, y=§

and 0(y, &) = 1 + |y| + |€], for all y,& € V. Then (V, 6y) is an extended b-metric space.
Indeed, (041) and (642) in Definition (2) are satisfied. To prove (643) in Definition (2), let y, &, € V.

59(% é:) = {

(i) It is clear that if y = &, then (643) holds.
(ii) If y # £ and y = {, then

121 + l¢] )

0y, &) [60(y, ) + 60(£, )] = (1 + Iyl + €D) (0 T i+

AIMS Mathematics Volume 11, Issue 4, 8988—9007.



8991

171+ 1€
=(1 LR L
(L + |yl + &) T+ i+ @
L e+
L4+ e
= 0¢(¢, &).

(iii) Similarly to (ii), we can prove if y # € and & = (.

(iv) If y # £,€ # {,and y # {, by the fact that f(r) = {= is nondecreasing on [0, +00) and |y| + |£| <
Iyl + || + |€], it then follows that

0(y, &) [06(y.0) + 60(£, 6)] = (1 + [yl + [€]) 1 I:/||;| |fl|§| 7 lfllg:rl lfllfl ’
bl _
T+l el 00y, €)-

It follows that (643) holds. Hence, (V, dy) is an extended b-metric space.
Definition 3. [19] Let (V, 6g) be an extended b-metric space. Then we have the following:

1) A sequence {y,} in V is said to converge to y € V if, for every € > 0, N € N exists such that
00 (Yn,y) < €foralln > N..

2) A sequence {y,} in 'V is said to be Cauchy if, for every € > 0, N € N exists such that 59 (Y, Ym) < €
foralln,m > N..

3) An extended b-metric space (V, dy) is complete if every Cauchy sequence in 'V is convergent.

In addition, Kamran et al., [19] proved the Banach’s contraction principle in complete extended
b-metric spaces. In Section 2, we will prove the existence and uniqueness of a fixed-point on extended
b-metric spaces for the Kannan and Chatterijea contractions.

Before entering into the study of multi-valued mappings, let us revisit the concept of distance
between two sets. In 1905, Pompeiu [21] introduced the distance between two closed and bounded sets,
A and B, in the complex plane as A (A, B) = max{d (a,B) : @ € A} where 6 (o, B) = min{d (a,p) :
B € B} and 6 (a,B), which represents the Euclidean distance between points @ and 8. However, this
definition fails to satisfy the metric condition due to its lack of symmetry. Consequently, Pompeiu [21]
proposed a metric distance between two closed and bounded sets, A and B, in the complex plane as
PA,B) = A(A,B) + A(B,A). In 1914, Hausdorff [22] formalized this concept in a more general
metric space setting as shown below.

Definition 4. [22] Let (V, 6) be a metric space. Let CB(V) enote the family of all nonempty closed and
bounded subsets of V.
For A, B € CB(V) and a € A, define

Ala, B) = inf{dé(a,B) : B € B}.
The Hausdorff metric H : CB(V) X CB(V) — R is given by
H(A, B) = max {sup Ala, B), sup A(B, ﬂ)} .
a€A peB

If (V,0) is complete, then (CB(V), H) is also complete and is called the Hausdorff metric space.
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Multi-valued mappings extend the concept of single-valued mappings by associating each point in
the domain with a set of values rather than a single value. This concept has found wide application
across various mathematical fields, including optimization, control theory, and differential equations,
as well as in the analysis of dynamic systems and partial differential equations. Classical contributions
by renowned mathematicians such as N. Bourbaki, S. Banach, and S. Mazur [16,23,24] significantly
advanced the understanding of multi-valued mappings through their work on fixed-point theorems and
set-valued analysis. The original and systematic formulation of the definition adopted in this work is
attributed to Nadler (in 1969) [25], which leads to the following definition.

Definition 5. [25] Let V be a nonempty set. T is said to be a multi-valued mapping on V if U is a
mapping from 'V to the power set of V denoted by I : V — 2V. Furthermore, an element y € V is said
to be a fixed-point of a multi-valued mapping T : V — 2V if y e T(V).

In 1969, Nadler extended the Banach contraction principle and proved the existence of fixed-point
for the multi-valued mapping I' : V. — CB(V) which satisfies

HTy,Té) <ad(y,é), ael0,1).

In [26], Khine remarked that every multi-valued mapping is a continuous mapping.
In Section 3, we will prove the existence of fixed points for multi-valued mappings in extended
b-metric spaces which satisfy Nadler and Kannan type contractions.

2. Kannan and Chatterjea contractions in complete extended »-metric spaces

In this section, we establish some fixed-point theorems on extended b-metric spaces with Kannan
and Chatterijea contractions.

Theorem 1. Let (V, dy) be a complete extended b-metric space where 64 is a continuous function. Let

I': V—V, satisfying

1
69(r77 ré:) < P [59(7’ Fy) + 56(‘;:’ rg)] » 0< p< E’ (21)

such that for each yy € V,  1im, 00 0 (Y, Vi) < 11;)" where vy, = I"yy, neN, and0(y,&) < [l) for
eachy,& € V. Then T has a unique fixed point.

Proof. Let y, € V. Define an iteration sequence by y; = I'yg, 72 = Ty = yg, ... ¥, = Dy,y = I,
By applying Inequality (2.1), then for n € N, we get the following:

60 (Vn, 7n+1) = (56 (Fyll—l s ryn)
< P59 (7}1—1’ F')/n—l) + P59 (Yn’ Fyn)
= P69 (Yn-15Yn) + P06 (Vs Yn+1) -

Therefore,

66 (ym yn+1) < 59 (7/”—1 ) 7n) . (22)

l-p
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By using Inequality (2.2) we get the following:

1” ) 8o (vouy1) 2.3)
-p

69 (Yn, yn+1) < (

By using the extended b-metric condition (643) and Inequality (2.3), for each n,m € Nand m > n
we then have:

80 V> Ym) < 0 Vs Yi) [60 Vs Yis1) + 8 Vns1> V)]
< OV Yin) 60 Vs Yus1) + 0 Vs V) O Vst> Yin) [0 V1> Yns2) + 06 Viszs Vi)
< O Vs Ym) 60 Vs Y1) + 0 Vs Yin) O (Vs15 Yim) 60 (Yns15 Yar2)
+ 60 V> Yim) O V1> Ym) 06 Vns2> Vi)

< 0 ()’n’ ym) 69 ()’n, 7n+l) +0 (7na Ym) 0 (yn+1’ ym) 59 (7n+l’ 7n+2)
+-ot H(Yn’ ym) 0 (7n+19 ym) -0 (Ym—Zv ’)/m) 69 (7m—2, ym—l)
+ 9(711’ 7m) 0 (7n+1’ ym) e 9(7?71—2, ym) 66 (’ym—la ’Ym)

n n+l
< O Vns Ym) (f%p) 00 (Y0, Y1) + 0 (Vs Yim) @ (V1> Ym) (lp%p) 09 (Y0, Y1)
m—2
+--+ 6(7n’ Ym) 0 (7n+19 ym) -0 (Ym—Z’ Ym) (1’+p) 59 (70, 71)

m—1
o
+ 60 Vs Y) O Vet V) ==+ 0 Yin2s V) (T) 96 (Y0, Y1)

n n+l n+1

]—[9(%,%")( ) HH(%,ym)( )
o\ | L’”‘l}
+--+];19(%,7m)(1_p) +];[9(%,7m)(1_p) :

< 09 (Yo, Y1)

In this case

09 (Yn> Ym) <60 (¥0, Y1)

S 1( ) ]_[9(%,%11) Z( )]_[9(%,%")

j=1 i=1

By taking S, = 3}, (lp )J H{:] 0 (v, Y») and using the ratio test, we get

) j J
Z (1’+p) l_[ 0 (yi, Ym) 1s convergent.

=1 i=1

Therefore,
89 V> Ym) — 0 as n,m — oo,

It is follows that (y,),y 1s @ Cauchy sequence. By the completeness of V, (y,),y 1S convergent, so
v € V exists such that y, converge to vy, i.e., lim, . 8y (¥,,y) =0
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8994

We now prove v is the fixed point of I' by using the extended b-metric condition (643) and Inequality
(2.1), we have

8o (v, Ty) <Oy, Ty) [00 (¥, ¥u) + Yo (¥n. TY)]
<O, Iy) 60 (v, y0) + 0 (v, Ty) 69 Ty, I'y)
<Oy, Ty) 60 (v, ) + O (¥, Ty) [66 Va1, TYu1) + 80 (v, Ty)]
[1 =00, TY)]| 6 (7, Ty) <Oy, Ty) (66 (v, ¥) + pS6 Yn-1, Yn)] -
Therefore
80 (7, Ty) S ——————0 (., Ty) [60 (v, va) + 0S9 Y1, Yn)] -
1 —pO(y,Ty)

For n — oo, we get:
09 (0,10) =0 y=TY.

This implies that y is a fixed point of the mapping I'.
To prove the uniqueness, let & be another fixed point, i.e., & = T'¢

09(y, &) = 6¢(I'y, T€)
< pog(y, Ly) + pde(&,TE)
< A6(y, y) + poy(€, E).

Thus,
0o(y,€) < 0, which implies dy(y, &) = 0.

Therefore
y=¢&

O

The following example is designed to verify that the assumptions of Theorem 1 are satisfied. and to
highlight the feasibility of the proposed conditions.

Example 3. Let V = Z. Define a mapping 6y : VXV — [0, +0) as
59(75»)’) = |§—/.l|, for all é:’/-l eV.

Moreover, define the control function 0 : VXV — Z* as

&, w) = E|+ ul+1, forallé,ueV.

We now verify that (V, 64) satisfies the conditions of an extended b-metric space. Clearly, 64(&, 1) =0
if and only if & = u, and 69(&,u) = 09(u, &) for all £,u € V. Hence, Conditions (6g1) and (5¢2) of
Definition 2 are satisfied.

It remains to verify Condition (643). Let &, u,{ € V. Since

0p(&s ) = |6 = pl <16 =1+ 14 = pl,

AIMS Mathematics Volume 11, Issue 4, 8988-9007.
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and 6(&, 1) = €] + |ul + 1 > 1, it follows that

06(&, 1) < 0(&, 1)(06(£, ) + 66(L, ).

Therefore, (V, 0y) is an extended b-metric space.
Next, define a mapping ' : V — V as

0, f&e€{0,1,-1},
I =11, féecA=2Z"\{-1},
~1 ifeeB=7\{1).

We now verify that the contractive condition stated in Theorem 1 is satisfied.  Clearly,
Inequality (2.1) holds when & = u. Hence, we consider the case & # .

We distinguish the proof into the following cases:

Case 1. If £,u € Z*, then Inequality (2.1) can be verified directly.

Case 2. If ¢, u € Z7, a similar argument shows that Inequality (2.1) holds.

Case 3. If ¢, u € {0, —1, 1}, Inequality (2.1) is satisfied by direct computation.

Case 4. Let ¢ = 0 and u € B. Then Inequality (2.1) holds, since

1 1
1 = 64(0, 1) = 6,(T&,T) < E[59(5, TE) + 8o, )| = S0+11+ ],

which is true for all u € Z* \ {1}.
The next case can be treated analogously.
Case 5. Let ¢ = 0 and u € A. Then Inequality (2.1) holds, since

1 1
2 = 64(1,~1) = 6,(T€,T) < E[59(5, T€) + 8o, Tp) | = S =11+ o+ 1),

which is true for all u € 2~ \ {—1}.
Case 6. Let ¢ € A and u € B or vice versa. Then Inequality (2.1) holds, since

1 1
1= 80(0,~1) = 6)(T&.Tr) < 5[06(6.T8) + 651, T | = 5[0+ 11+ ],

which is true for allp € Z* \ {1} and u € Z~ \ {—1}.

Combining all the cases above, we conclude that Inequality (2.1) is satisfied throughout the
complete extended b-metric space (Z,06q). Hence, the mapping admits a uniqUe fixed point, which
is given by ¢ = 0.

In 2013, Kir and Kiziltunc proved the existence and uniqueness of a fixed point for Kannan
contractions in b-metric spaces [18]. This result appears as a special case of our previous theorem,
which provides a more general setting. Specifically, by taking 6(y,&) = s, where s > 1, our

result reduces to that of Kir and Kiziltunc. We therefore obtain the following corollary as a direct
consequence.
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Corollary 1. Let (V,06) be a complete b-metric space with a constant s > 1, where 6 is a continuous
function. Let T : V — V satisfy the following condition:
l-p

1
6Ty, TE) < plo(y,Ty) + 8(&,TE)], where0 < p < > and s < T

Then " has a unique fixed point in V, and for any initial point vy, € V, the iterative sequence
Ynur1 = L'(y,) converges to this fixed point.

Proof. By choosing 6(y, &) = s, forevery y,& € V, where s is a consistent function, the space (V, dy)
reduces to a b-metric space. Moreover, we have

. . 1-p

lim 6(y,,y,) = lim s < ,

n,m— oo n,m— oo

where the sequence (y,) is defined as y,, = I"*(y,) for some y, € V.
Since

0p(y,6) = 5 <

1
P2 forall y,£ €V,
p

it follows that the contractive inequality required in Theorem 1 is satisfied. Consequently, by
Theorem 1, the mapping I" admits a unique fixed point in V. O

From the previously proven theorem, if we substitute 6(y, &) = 1 for every y,& € V , we obtain the
following result, which was originally established by Kannan in 1968 in [14]. This result is as follows.

Corollary 2. Let (V,06) be a complete metric space, and let I : V. — V satisfy the following condition:

6Ty, TE) <pl6(y,Ty) +6(&£,T¢)], forally, €V,

where 0 < p < % Then T has a unique fixed point in 'V, and for any initial point y, € V, the iterative
sequence v,.1 = I'(y,) converges to this fixed point.

This result is a special case of the previously stated corollary, where s = 1, and b-metric spaces
reduce to standard metric spaces.

In the next theorem, we will prove the fixed points in extended b-metric spaces for a mapping
I' : V — V which satisfies Chatterijea contraction inequality.

Theorem 2. Let (V,dy) be a complete extended b-metric space where 64 is a continuous function. Let
I': V— V satisfying

1
0oy, T&) < p[06(y.T) + 66(£, Ty)], 0<p< 3 (2.4)

such that for each yo € V. limymoe 0 (Vs Ym) < ]%O, lim, 00 0 (Y, Vus2) < 1%0, where vy, =
IMyy, neNandf(y,&) < /l)for eachy,£€V.

Then T has a unique fixed point.
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Proof. Let yy € V be arbitrary. Define y; = Iy, 72 = Dy1 = [0, ... %0 = Dyoy = T,
For n € N, we have

00 (Vs Y1) = 09 (Tyn1, Tyy)
< P66 (Yn-1,Tyn) + 66 (Y, Lyn-1)
< PO (Vu-15 Y1) + PO V> V)
< P69 (Yn-15Vn+1)
< PO Vu-1> Yne 1) [66 Vi1, Vi) + 06 (Vs V)] »

50, [1 = 00 (¥Vn-1, Vs )] 6 Vuir Ynr1) < O V15 Yur1) 89 (Yno1, V) -
Therefore
PO (V=15 Vns1)

00 (Yn—1,Yn) - (2.5)
1 =00 (Yn-1, Yn+1) oY

69 ()/n’ 7n+l) <

By using (2.5), we get

"9 —1>Vn gn_,n...H s
P00t Yue) O o ) -0 (0. 72) 600y, (26)

6 ns /n+ =
PO S 8 Gt ywe) - (1= P8 Gz v - (1= pB (70, 72)

To prove that (y,), o 1s Cauchy, letn,m e N, m > n.

< 0 (ym ym) 60 (Vn, 7n+1) +6 (’)/n’ Ym) 66 (7n+1 ’ ’)/m)
< 0 (’Yn’ ')/m) 69 (’}/n’ 7n+1) +0 (')/na 7m) 0 (’}/n+1’ 7m) [69 (7n+1’ 7n+2) + 59 (7n+2’ ’}’m)]
< 0 ('Yna ')/m) 69 (Yna yn+1) +6 ()’n’ 7m) 0 (7n+1’ 7m) 60 (7n+l’ 7n+2) + 6 (Vn, ')/m) 0 (7n+1’ ')/m) 69 (7n+2a Ym) .

60 (’)/m Ym)

After the nth time and by using inequality (2.6), we get:

66 (’)/n’ ym) < 0 (’Yna )/m) 66) ()/n, 7n+1) +6 (7na ym) 0 (7n+1 ’ ym) 60 (yn+1 B 7n+2) +
et 0 (’}/m 7m) 6(7n+1’ ')/m) -0 (7m72, 7m) 59 ('}/m72’ ')/mfl) +
0 ()/n’ Ym) 0 (7n+1’ ’)/m) -0 (7m—2’ Ym) 69 (7m—1a ’Ym) .

L Q(Yi—layi+l)
< 9 ns /m !
Vo> Ym) P 1;[ 1 —p0 (yie1,Yis1)

n+l

0 (yn’ ym) 0 (7n+1, )’m)p"+1 1—[ 1
i=1

09 (Y0, Y1) +

0 (Yi-1, Vis1)
— PO (Viz1, Vis1)

m—2

09 (Y0, Y1) +

0 (Yi-1, Vis1)
izl 1 = pO (Yiz1, Vis1)

ot O YY) O Vs V) P2 8o (Y0, Y1) +

m—1

0 (i1, Vis1)
i1 1 =6 (¥i-1,Yis1)

O Vs Yim) =+ 0 Vs Vi) P 8o (Y0, Y1)

n . 0( i—1s )i )
<SOVLY 02, Ym) 0 Vs Yim) P YL Vil s (o, yn) +

L1 —pb Vi1, Vi+1)

n+l

0 (Yi-1, Vi+1)
L 1= p0(Yio1,6i41)

Y1, Ym) O (Y2, Vi) =+ - O Vi1, Ym) P 09 (Y0, v1) +
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m-2

e 0 (Vi-1,Yi+1)

0L Y 02 V) O Y Ym) P I Z L Yir! 00 (Y0, Y1) +
i L TP (Yi-15Yi+1)

m—1

m— 0( i—1s )i )
0 (V15 ¥m) 0 (V2 ¥) = 0 Yot Ym) A7 Yirl, Virl

i1 1 = p0 (¥i-1,¥is1)

n -1

0 (Vis Ym) O (Yiz1,Yis1) ~1 0 (Yis Ym) 0 (Yiz1, Vir1)
< 0 (0, Y1) |P" + e+ .
R 1:1[ 1= p0 (yi-1,Yi+1) p U 1 =0 (yi-1,¥is1)

59 (70a ’)/1)

i

n J
0 (Yis Ym) 0 (Yi1, Vie1)
Take S, = E /ll | .
= 1=y

Since lim, o0 6 (7 yn) < =2 and  limy, e 0 (v, us2) < =2, and by the Ratio test, 5 (Y, Yn)
converges to zero as n,m — .

By completeness, (y,),qy 1S convergent, say to 7.

We noe show that x is a fixed point.

v, Ty) [6 (v, ¥n) + 60 (v, TY)]
v, Ty) 69 (¥, vn) + 0 (7, 1Y) 69 (¥, T'y)
7. ITy) 69 (v, vn) + 0 (3, 1Y) 69 Ty -1, Ty)

6 (v, Iy) <6
0
0
0 (y.Ty) 8 (¥, vn) + PO (¥, TY) [66 (Yu-1.TY) + 64 (7. Tyu1)]
0
0
9

N ININN

(7. Ty) 8¢ (¥, ¥a) + 00 (7, 1Y) [89 (Y1, TY) + 86 (¥, 70)]

(7, TY) 60 (v, ¥n) + 00 (¥, TY) [60 (¥, Ya) + 66 (Yu1,TY)]

(v:Ty) 66 (75 v) + 00 (7, Ty) 66 (v, va) + 08 (7, Ty) [0 T2, )]
[1+p]160 . Ty) 86 (¥ ¥a) + P70 (7. T¥) [66 (2. TY) + 66 (. Tyu2)]
[1+p]0 (. Ty) 86 (¥, ¥a) + P70 (7, TY) [66 (2. T) + 84 (xy, Yu1)]
[1+p]0.Ty) 80 (v, ¥a) + P70 ¥, TY) 8 (¥, Y1) + 070 (7. T) [0 (Yu2, TY)]

N OINCININN

< [1+p] 0¥, Ty) 8 (v, ¥n) + *0 (¥, TY) 89 (7, Yn1) +
o+ 0" 0 (. TY) 66 (v, ¥2) + 00 (7, Ty) 86 (v, 71) + "0y, TY)84 (70, Ty)

1
as n — oo and because A < 7 we get, 0y (y,I'y) =01,y =TY.

For the purpose of proving uniqueness, suppose that ¢ is another fixed point, i.e., & = T'€.

06(y, &) = 6p(Iy, I'E)
< poo(y,TE) + pd(&,Ty)
< poe(y, &) + poa(€, y)s
then(1 — 2p)dg(y, &) < 0.

Accordingly, 6(y, &) = 0, which means that y = £. O
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The aim of the next example is to illustrate the applicability of Theorem 2 by showing that the
contraction condition is satisfied in the underlying extended metric space. As a result, Theorem 2
guarantees the existence of a unique fixed point.

Example 4. Let V = Z. Define a mapping 6o : VXV — [0, +00) as

50(?@)’) = |€:—,U|, fOr all f,/,l eV.

Moreover, define the control function 0 : VXV — Z* as

O, ) =€l +ul+1, forallé,ueV.

In Example 3, we considered the same subset and showed that the defined distance satisfies all the
conditions of an extended b-metric space.

Now, we define a mappingI' -V — VbyT'é =2 forallé € Z

For any &, u € Z, it holds that

0 = 64 (T&,Tw) < p 84 (€,Tw) + 60, TE)].

Hence, the Inequality (2.4) holds, and, therefore, the mapping possesses a unique fixed point, which
isé=2.

In 2013, Kir and Kiziltunc proved the existence and uniqueness of a fixed point for hatterijea
contractions on b-metric spaces [18]. This result appears as a special case of our previous theorem,
which provides a more general setting. Specifically, by taking 6(y,&) = s, where s > 1, our
result reduces to that of Kir and Kiziltunc. We therefore obtain the following corollary as a direct
consequence.

Corollary 3. Let (V,0) be a complete b-metric space with s > 1, where ¢ is a continuous mapping. Let

I': V— V satisfying

1

such that for each s < %, T has a unique fixed point.

Proof. By choosing 6(y, &) = s, for every y,& € V, where s is a consistent function, the space (V, dyg)
reduces to a b-metric space. Moreover, we have
. . 1-p
lim 6(y,,yn) = lim s< ,
n,m— oo n,m— oo p

where the sequence (y,,) is defined as vy, = I""(y,) for some yy € V.
Since

0p(y,6) = 5 <

1
P < — forally,ée€V,
0

it follows that the contractive inequality required in Theorem 2 is satisfied. Consequently, by
Theorem 2, the mapping I" admits a unique fixed point in V. m|
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From the previously proven theorem, if we substitute 6(y, &) = 1 for every y, & € V , we obtain the
following result, which was originally established by Chatterjea in 1972 [15]. This result is as follows.

Corollary 4. Let (V,06) be a complete metric space. Let " : V — V satisfying

1

Then, I" has a unique fixed point.

By choosing s = 1, the b-metric framework reduces to the classical metric setting. Hence, the result
follows immediately from the previously stated corollary, since all the imposed conditions are fulfilled
by the corresponding constant control function.

3. Nadlar and Kannan type contractions in complete extended »-metric spaces for multi-valued
mappings

In this section, we will prove the existence of fixed points for multi-valued mapping in extended
b-metric spaces which satisfy Nadler- and Kannan-type contractions.
The following lemma has an important role in the proof of the main theorem.

Lemma 1. [25] Let (V,6) be a metric space, and A, B € CB(V). Then for each « € A and € > 0,
B € B exists such that
o(a,B) < HA,B) + €.

In the next theorem, we will prove the existence of a fixed point in extended b-metric spaces for a
mapping I' : V — CB(V), which satisfies the Nadler contraction.

Theorem 3. Let (V,6qy) be a complete extension b-metric space and let I" : V. — CB(V) be multi-
valued mapping from 'V into the set of all closed bounded subsets of V, CB(V), satisfying the following:

H (Ty,T¢) < k8o(y,&), k€ (0,1). 3.1)

Such that for each yy € V. lim, ;00 0 (Y, Vi) < % where v, = I"yp,n € N and 6(y,§&) < %for
eachy,& € V. Then T has a fixed point.

Proof. Let y, be an arbitrary element in V. Define an iteration sequence by y; = I'yp,y, = I'y; =
X0, ... % = Dynr = Ty

Then y, € I'y, exists such that 64 (y1, y2) < H Ty, 'y1) + &,
and thusy; € Iy, exists such that & (2, y3) < H Ty1,Ty,) + £2,

which implies that y,,; € Iy, exists such that 6y (v, ¥nr1) < HTy,—1, Ty,) + .
For n € N, we have:
59 (7n+l’ 711) < H (ryn—l’ FYn) + l(l
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< kg (Yn-1,Yn) + K"

< «[H@yu0.Tyo) + 677 [+ 4
< |85 (Vua Yot + K| + &
128 (Y2, Yn1) + 2"

N

< K0 (y0, 1) + nk",

Since k < 1, " and nk" convergent to zero as n approaches to infinity. Therefore, we have
Iim & (7, yar1) = 0. (3.2)
For n,m € N where m > n, we have

<O Vs Yim) [60 Vs Vns1) + 06 Vst V)]

< OYn>Ym) * 06 Vs Vi) + 0 (Vs Yin) 69 Vst ¥Yim)

<OV Y 66 V> Yas1) + 0 Vs Yin) O Vst Vi) [06 Vs 1> Yus2) + 66 (Vn2s Y|
< On> Ym) 60 Vs Yur1) + 0 Vs Vi) O V15 Yim) 69 (V1> Yur2)

+ 60 Vs Vi) 0 V15 Ym) 69 Vns2, Vi)

60 (yn ’ ’Ym)

< OYns Y 60 Vs V1) + 0 (Vs Vi) O (Vw15 Yim) 60 (Yns1s Var2) +
OV Vi) 0 Vst Vi) - 0 Yim25 Yim) 00 (Vin—15 Yim)

SOVLYm) 02 Ym) =0 Vs Yin) 6 (V> Yur1) +

01> Ym) 0 Vs Vi) O V1> Yim) 69 V1> Yus2) + - +

O Ym) 0 Vns Vi) -+ - 0 Yin-2, Yim) O Vin-15Ym) 6 (Ym-1> V) -

n+1

S (Y ¥Ym) < [K"09 (y0, ¥1) + k"] l_[ 0 (vir ym) + |80 Gro y0) + (4 D! | [ ] 0t yv)

i=1 i=1

m—1
4o+ [Km_l&(‘yo,’yl) + (m— I)Km_l] : l—[ 0 Yi> Ym)

n+l1

m—1
]_[ 6 (i Ym) + K" n 0 oo y) + -+ + K" [ 10 Gy | +
i=1

n+1 m—1

ne' - ]_[e<yl,ym>+<n+1)/<"” ﬂe(yl,ymn SRR A [l (1077
i=1

< 0g (Y0, 71) |K

m—1 m—1
< 60 (Yo, Y1) - Z K ﬁ 0 (yis ym) | + Z JK! ﬁ 0 (Yi> Yim)
j=n i=1 n i=1

+

j
< 09 (Y0, Y1) jx! l_[ 0 (Yis¥Ym) -

i=1

Mgm

i I ﬁ 0 Yis Ym)
=1

i=1

~.
Il
—_
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Applying the ratio test and using « < 1, lim,, ;0 Oy, Yim) < i, and then for n,m — oo, we get (y,,)
is a Cauchy sequence in V and, by the completeness of V, y in V exists such that lim,,_,, 5y (¥, y) = 0.
Now, we will prove that I" has a fixed point. Assume thaty ¢ I'y.

0g (y,Ty) = J?rfy 0p (v, @) < ;grfy [0 (v, @) 8 (Y, Yus1) + 0 (¥, @) 6y (Ynr1, @)]
< 09 (Vs Yus1) Inf O (y, @) + inf O(y, @)dp (Yn+1, @)
aely aely
< 09 (¥, Yns1) Inf 6 (y, @) + inf O (y, @) - inf 8 (Ypi1, @)
aely acly a€ly
< O (Y, Yps1) Inf O(y, @) + inf 6(y, )H Ty, Ty)
aely aely
< 09 (Vs Yns1) i?rfy 0(y,a) + ;grfy 0 (y, @) kg (Y, ).

Hence
09 (v, Iy) — 0 asn — oo,

which implies that y € I'y. Therefore, 7 is a fixed point of I" |

The following example is motivated by the standard multivalued contraction framework introduced
by Nadler [25] and is constructed to illustrate the applicability of Theorem 3.

Example 5. Let V = [0, 00) and define the function 64 : V X V — [0, 00) by

0p(&, 1) = 1€ — pl,

where the control function 6 : R X R — [0, 00) is given by

0, ) = &1+ |ul + 1.
Define the multi-valued mapping I' : V. — CB(V) by

& ¢
I'¢) = [—, —], evV.
@=175| ¢
It is straightforward to verify that (V,6y) forms an extended b-metric space, particularly since the
control function 6 satisfies (&, 1) > 1 forall é,u € V.

For & € V and u € V, define the distance from & to I'(u) as

0, if&ely,
= —=diE— k1 g “
6u(&.Tw) = inf = ¢ =lE =4l ifé <4,
€ =5l ife> 5.
Similarly, define the distance from u to I'(¢) as
O, l:f/‘l € Fé':’
So(u, T6) = inf |u—¢l=lu—5l, ifu<i,

Lel(©)
& ¢
=51 ifu>s3.
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The Hausdorff distance between I'(€) and I'(w) is then defined as

HIE Ty = maX{ sup d¢(&, ), sup 59(/1,F§)}

ger'§) HET (1)
4 41712 2
1
= §|§—M|-

Thus, Condition (3.1) is satisfied. Consequently, I admits a fixed point, which is & = Q.

The previous theorem is a generalization of the Nadler fixed-point theorem, which was proved
in [17] for metric spaces and b-metric spaces.

Corollary 5. Let (V,0) be a complete b-metric space with s > 1, where § is a continuous function. Let
I': V— CB(V), satisfying

HTy,TE) <k[6(y,8)], 0<k< %

Then T has a fixed point.

Proof. By taking 6(y,&) = s with s > 1, the contractive condition is fulfilled; consequently, all the

hypotheses of Theorem 3 are satisfied, and hence the mapping admits a unique fixed point. O

Furthermore, by taking 6(y, &) = s with s > 1, Theorem (3) reduces to the classical Nadler fixed-
point theorem for multi-valued contractions. Consequently, we obtain the following corollary.

Corollary 6. Let (V,0) be a complete metric space. LetI" : V. — CB(V), satisfying
H(Ty,Té) <k[d(y,8)], O0<k<l.

Then T has a fixed point.

Proof. The result follows directly from Theorem 3 by taking 6(y, &) = s with s > 1. O

In the next theorem, we will prove the existence of a fixed point in extended b-metric spaces for a
mapping I' : V — CB(V) which satisfies Kannan-type contraction.

Theorem 4. Let (V, 6) be a complete extended b-metric space and letT" : V — CB(V), be multi-valued
mapping from 'V into the set of all closed bounded subsetS of V, CB(V), such that

1
H(Ty.Ty) < «10g(y.I'y) + 64, TE] 0 <k <3, (3.3)

Foryo € V. limymoe 0 (Vi Ym) < % where y, = I"yg,n,m € Nand 0(y,¢) < ifor eachy,t€V.
Then T has a fixed point.
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Proof. Letyy € V and define p = ;= < 1. Then, y; € I'y, exists.
It follows that we have

Y2 € Iy such that &g (y1,¥2) < HTyo,I'y1) +p,

Hence, y, € I'y,_; exists such that 85 (Yn_1, ¥n) < H TYn2, Typ_1) + p"!

Therefore, , for n € N, we have

< H(ryn—la F7n) +pn

< k09 (Yn—1,T¥u-1) + k09 (¥, T'yy) + 0"
< K09 (Yn-1,Yn) + KO (Vs Yns1) + "

66 (’Yn’ 7n+1)

Therefore

K
69 ('}/n—h 711) +
—K 1

n

69 ()/n’ 7n+l) < 1

< POy (Yu-1,Yn) + 7

i
1 -«

<P |6 (Yn-2s Yu-1) + P
2p"
— K

< 0°6 V-2, Y- 1)+

n
< "0 (xy0, 1) + ] f

Since p < 1, then p" and np" converge to zero as n — oo.
For n,m € N and m > n, we get the following:

<O Vs Yim) [0 Vur Yus1) + 89 Vns1, Y |

<O Vs Ym) 06 Vs Y1) + 0 Vs Vi) 69 V15 Yim)

<O Yns Ym) 06 Vs Yur1) + 0 (Vs Vi) O (Vw1 Yim) 66 (Yne1Ynr2) +
o+ OV Ym) - O Vi1, Ym) 66 (Ym-25 Yim)

69 (7n9 )/m)

np" T
Oisym) + -+
_KH is ¥m)

m—1 m—1

m—1
m— - )
p ‘69(70,71)~n6(%-,7m)+ L l—[ (Yis V) -

i=1

<P o | [0
i=1

By the ratio test and since p < 1, (y,),qy 15 therefore a Cauchy sequence and by the completeness
of V, y in V exists such that lim,_,., § (y,,y) =0
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Now, we prove that y € ['y. Assume that y ¢ I'y.
8 (y,Ty) = J?rfy So(y, @) < ;grfy [0Cy, @) (8o (Vs Vns1) + So(Vnr1, @))]
< 09 (¥s Yar1) - inf O(y, @) + inf 0(y, @) - 69 (Yur1, 1)
ael’y ael’y
< 09 (¥, Yur1) Inf O(y, @) + inf O(y, @) - H (T'y,,y)
aely aely

< 09 (Vs Vns1) é?rfy 0(y,a) + ;?rfy Oy, @)kdg (Y, I'yy) + ;grfy Oy, @) - kg (v, I'y).

Therefore

r .
G0 (1 Ty.) < 37— Inf 607, @) [60 (7. Y1) + K60 a Yur1)]

Consequently, 6(y,I'y) = 0 as n — oo, which means thaty € I’y . ]

The previous theorem extends several known fixed-point results in the literature. In particular, it
generalizes the corresponding result established in [11] for mappings defined on complete H-metric
spaces. As a consequence, we obtain the following corollary.

Corollary 7. Let (V,06) be a complete b-metric space with s > 1, where 8y is a continuous function. Let

I': V— CB(V), satisfying

1
H(Ty,T§) < k[og(y,Ty) + 6(£,TE)], 0<k< >

such that for each s < %, T has a fixed point.

Proof. The result follows directly from Theorem 4 by taking 6(y, &) = s for all v, & € V, where s > 1.
Moreover, since 0 < k < % and s < %, it follows that

1-«

1
lim 6(y,,yn) = s < , and O(y, &) = s < —forally, €V
n,m—oo K

Therefore, the contractive condition given in Eq 3.3 is satisfied. Consequently, by Theorem 4, the
mapping I admits a fixed point. O

In 2015, Ume established the existence of fixed points for multivalued mappings in complete metric
spaces under a Kannan-type contraction [12].

Corollary 8. [12] Let (V, ) be a complete metric space and letT" : V — CB(V), satisfying

1
H(Ty,Ty) < k[65(y,Ty) + 64(£,TE)], 0<k< X

Then, I has a fixed point.

Proof. By choosing s = 1 and because all the assumptions of Theorem 4 are satisfied, hence, I" has a
fixed point. o
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4. Conclusions

In this paper, we established new fixed-point results in the framework of extended b-metric spaces
for both single-valued and multi-valued mappings. For single-valued operators acting from V into V,
generalized contractive conditions were introduced, leading to fixed point results that extend several
classical contraction principles.

Moreover, in the multi-valued setting, suitable generalizations of Nadler-type contractions were
formulated, together with generalized Kannan-type conditions. The obtained results demonstrate
the flexibility of extended H-metric spaces in treating multi-valued operators under weak contractive
assumptions and provide a basis for further developments in generalized fixed-point theory.

Use of Generative-Al tools declaration
The author declares she has not used Artificial Intelligence (Al) tools in the creation of this article.
Conflict of interest

The author declares that there is no conflict of interest in this paper.

References

1. B. Hu, Y. Liao, Convergence conditions for extreme solutions of an impulsive differential system,
AIMS Mathematics, 10 (2025), 10591-10604. https://doi.org/10.3934/math.2025481

2. Y. Li, Z. Rui, B. Hu, Monotone iterative and quasilinearization method for a
nonlinear integral impulsive differential equation, AIMS Mathematics, 10 (2025), 21-37.
https://doi.org/10.3934/math.2025002

3. Y. Hao, J. Gou, H. Guan, The uniqueness of fixed points for two new classes of contractive
mappings of integral type in b-metric spaces, J. Nonlinear Funct. Anal., 2024 (2024), 30.
https://doi.org/10.23952/jnfa.2024.30

4. A.J. Zaslavski, Convergence of inexact orbits of nonexpansive mappings in complete metric
spaces, Commun. Optim. Theory, 2024 (2024), 4. https://doi.org/10.23952/cot.2024.4

5. W. Sintunavarat, S. Plubtieng, P. Katchang, Fixed point result and applications on a b-metric
space endowed with an arbitrary binary relation, Fixed Point Theory Appl., 2013 (2013), 296.
https://doi.org/10.1186/1687-1812-2013-296

6. J. M. Joseph, E. Ramganesh, Fixed point theorem on multi-valued mappings, Int. J. Anal. Appl., 1
(2013), 123-127.

7. R. Koleva, B. Zlatanov, On fixed points for Chatterjeas maps in b-metric spaces, Turk. J. Anal.
Number Theory, 4 (2016), 31-34. https://doi.org/10.12691/tjant-4-2-1

8. P. 1. Hong, Existence of common fixed point for some generalized non-expansive mappings in
b-metric space, Int. J. Chem. Math. Phys., 9 (2025), 8-12. https://dx.doi.org/10.22161/ijcmp.9.4.2

9. T. A. Alarfaj, S. M. Alsulami, On a version of Dontchev and Hager’s inverse mapping theorem,
Axioms, 13 (2024), 445. https://doi.org/10.3390/axioms 13070445

AIMS Mathematics Volume 11, Issue 4, 8988—9007.


https://dx.doi.org/https://doi.org/10.3934/math.2025481
https://dx.doi.org/https://doi.org/10.3934/math.2025002
https://dx.doi.org/https://doi.org/10.23952/jnfa.2024.30
https://dx.doi.org/https://doi.org/10.23952/cot.2024.4
https://dx.doi.org/https://doi.org/10.1186/1687-1812-2013-296
https://dx.doi.org/https://doi.org/10.12691/tjant-4-2-1
https://dx.doi.org/https://dx.doi.org/10.22161/ijcmp.9.4.2
https://dx.doi.org/https://doi.org/10.3390/axioms13070445

9007

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.
23.
24.
25.
26.

S. M. Alsulami, T. A. Alarfaj, On a-y-contractive condition for single-valued and
multi-valued operators in strong b-metric spaces, Mathematics, 13 (2025), 3357.
https://doi.org/10.3390/math 13203357

J. M. Joseph, D. D. Roselin, M. Marudai, Fixed point theorems on multi valued mappings in b-
metric spaces, SpringerPlus, 5§ (2016), 217. https://doi.org/10.1186/s40064-016-1870-9

J. S. Ume, Fixed point theorems for Kannan-type maps, Fixed Point Theory Appl., 2015 (2015),
38. https://doi.org/10.1186/s13663-015-0286-5

S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales, Fund. Math., 3 (1922), 133-181. https://doi.org/10.4064/fm-3-1-133-181

R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc., 60 (1968), 71-76.

S. K. Chatterjea, Fixed-point theorems, Comptes Rendus de I’Academie bulgare des Sciences, 25
(1972), 727-730.

N. Bourbaki, Topologie générale, Berlin, Heidelberg: Springer, 1974. https://doi.org/10.1007/978-
3-540-34486-5

S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostraviensis, 1
(1993), 5-11.

M. Kir, H. Kiziltunc, On some well known fixed point theorems in b-metric spaces, Turk. J. Anal.
Number Theory, 1 (2013), 13—16. https://doi.org/10.12691/tjant-1-1-4

T. Kamran, M. Samreen, Q. UL Ain, A generalization of b-metric space and some fixed point
theorems, Mathematics, 5 (2017), 19. https://doi.org/10.3390/math5020019

H. Huang, Y. M. Singh, M. S. Khan, S. Radenovi¢, Rational type contractions in extended b-metric
spaces, Symmetry, 13 (2021), 614. https://doi.org/10.3390/sym 13040614

D. Pompeiu, Sur la continuité des fonctions de variables complexes, Annales de la Faculté des
sciences de Toulouse: Mathématiques, T (1905), 265-315. https://doi.org/10.5802/afst.226

F. Hausdorft, Grundziige der Mengenlehre, 1914.

S. Banach, Théorie des opérations linéaires, 1932.

S. Mazur, Theory of linear operations, Polish scientific publishers, 1963.

S. B. Nadler Jr., Multi-valued contraction mappings, Pacific J. Math., 30 (1969), 475-488.

0. O. Khine, An extension of Nadler’s fixed point theorem, Yangon Univ. Educ. Res. J., 9 (2019),
199-204.

] ©2026 the Author(s), licensee AIMS Press. This
1S an open access article 1stribute under the
== i p icle distributed under th

@s AIMS Press terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 4, 8988—9007.


https://dx.doi.org/https://doi.org/10.3390/math13203357
https://dx.doi.org/https://doi.org/10.1186/s40064-016-1870-9
https://dx.doi.org/https://doi.org/10.1186/s13663-015-0286-5
https://dx.doi.org/https://doi.org/10.4064/fm-3-1-133-181
https://dx.doi.org/
https://dx.doi.org/https://doi.org/10.1007/978-3-540-34486-5
https://dx.doi.org/https://doi.org/10.1007/978-3-540-34486-5
https://dx.doi.org/https://doi.org/10.12691/tjant-1-1-4
https://dx.doi.org/https://doi.org/10.3390/math5020019
https://dx.doi.org/https://doi.org/10.3390/sym13040614
https://dx.doi.org/https://doi.org/10.5802/afst.226
https://dx.doi.org/
https://dx.doi.org/
https://creativecommons.org/licenses/by/4.0

	Introduction
	Kannan and Chatterjea contractions in complete extended b-metric spaces
	Nadlar and Kannan type contractions in complete extended b-metric spaces for multi-valued mappings
	Conclusions

