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Abstract: For a given holomorphic function g on the open unit ball in CN , we consider the following
integral operators

Tg f (z) =
∫ 1

0
f (tz)Rg(tz)

dt
t

and Ig f (z) =
∫ 1

0
R f (tz)g(tz)

dt
t

on a Hilbert-Bergman space of logarithmic weights. By using an estimate for the norm of the Hilbert-
Bergman space in terms of the radial derivative, we describe necessary and sufficient conditions for the
boundedness of the operators. We also estimate the essential norm of these operators via the boundary
behavior of some quantities that involve a symbol function g.
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1. Introduction

Let N be the set of positive integers, N0 = N∪ {0}, C be the set of complex numbers, CN , N ∈ N, be
the N-dimensional complex vector space with the standard Hermitian inner product

⟨z,w⟩ =
N∑

j=1

z jw j,
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where z = (z1, . . . , zN) and w = (w1, . . . ,wN), and the norm |z| =
√
⟨z, z⟩, BN = B be the open unit ball

in CN , that is, B = {z ∈ CN : |z| < 1}, B1 = D (the open unit disk in C), S be the unit sphere in CN , that
is, the set {z ∈ CN : |z| = 1}, dσ(ζ) be the normalized surface measure on S (i.e., σ(S) = 1), and dV(z)
be the normalized Lebesgue volume measure on B (i.e., V(B) = 1). Positive and continuous functions
on domains in CN are called weight functions or weights [3], and frequently occur in definitions of
various spaces of functions [1, 5, 17].

We denote multi-indices by α, that is, α = (α1, . . . , αN) ∈ NN
0 . If α is a multi-index, then |α| :=

α1 + · · · + αN and α! := α1! · · ·αN!.
Let H(B) be the space of all holomorphic functions in the ball B. It is known that such functions are

analytic on B and that f ∈ H(B) can be written in the form f (z) =
∑
α aαzα, where α are multi-indices,

aα ∈ C, and zα = zα1
1 · · · z

αN
N . For more information on the functions see, for instance, [8, 15].

Since the 1980s, composition operators on spaces of holomorphic functions over the unit ball, such
as Hardy and Bergman spaces [11,15], have been extensively studied. Subsequently, as a generalization
of these studies, weighted composition operators have been investigated by many authors. In parallel
with the study of composition and weighted composition operators, integral-type operators on various
domains have also attracted considerable attention (for instance, see [4, 18] for the operators on the
unit polydisk, [6, 13] for the operators on the unit ball, [20, 23] for some of their extensions, as well
as the related references therein). A central theme in these studies is the characterization of operator-
theoretic properties of operators acting on function spaces in terms of function-theoretic properties of
the symbols defining the operators. This research direction originated from the natural question of
whether phenomena observed in spaces of analytic functions of one complex variable persist or are
closely related in the several-variable setting. However, when passing to several complex variables,
new difficulties arise that are absent in the one-variable theory. For example, there is no a unique
natural way to generalize the one-dimensional differentiation operator D f = f ′ in the several-variable
setting because it is sometimes replaced by the radial derivative operator [10, 22, 26], or some other
operators that contain partial derivatives. Consequently, it has been necessary to further develop the
theory of holomorphic function spaces on the domains in CN alongside the study of operators acting
on them. Within this context, the analysis of linear operators on spaces of holomorphic functions in
several variables has led to important insights into the structural properties of the underlying function
spaces themselves. From this perspective, this line of research acquires intrinsic significance.

In the spirit of earlier work by many authors, in this paper, we focus on the study of integral-type
operators defined as follows [9, 11]. For a given g ∈ H(B), we put

Tg f (z) =
∫ 1

0
f (tz)Rg(tz)

dt
t

and Ig f (z) =
∫ 1

0
R f (tz)g(tz)

dt
t

for z ∈ B and f ∈ H(B). Here, the radial derivative R f of f ∈ H(B) is defined by

R f (z) =
N∑

j=1

z jD j f (z),

where D j =
∂
∂z j

(1 ≤ j ≤ N). The purpose of this paper is to study these integral-type operators. These
operators naturally arise as higher dimensional analogues of classical integral operators (e.g., of the
Volterra operator or Cesàro operator, on analytic function spaces over the open unit disk D; see [14]).
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Let γ ∈ (−1,+∞) and δ be a non-positive number. We put

ωγ,δ(z) =
(
ln

1
|z|

)γ [
ln

(
1 −

1
ln |z|

)]δ
.

We consider the following weighted Bergman space with respect to the weight function ωγ,δ:

A2
γ,δ(B) =

{
f ∈ H(B) :

∫
B

| f (z)|2ωγ,δ(z)dV(z) < +∞
}
.

For f , g ∈ A2
γ,δ(B), the scalar-valued function

⟨ f , g⟩γ,δ =
∫
B

f (z)g(z)ωγ,δ(z)dV(z)

is a Hermitian inner product on A2
γ,δ(B), and

∥ f ∥γ,δ =
√
⟨ f , f ⟩γ,δ

defines the associated norm. It is not difficult to see that A2
γ,δ(B) is a complete space, that is, a Hilbert

space. When δ = 0, the space A2
γ,0(B) is equivalent with the classical weighted Bergman space. For

the operator Tg that acts on the classical weighted Bergman space, a complete characterization for
the boundedness and compactness of the operator was given in [25]. For some generalizations of the
results, see [12, 28]. For some generalizations of the operators Tg and Ig, see [19, 29, 30]. Therefore,
our interest is in the case when δ < 0.

In [21], Stević and Jiang investigated the following integral operator

f 7→
∫ z

0
f (ζ)g(ζ)dζ, z ∈ D,

on the space A2
γ,δ(D), that is, on the unit disk D. They obtained characterizations for the boundedness

and compactness of this operator, as well as estimates for its essential norm. In the setting of the unit
ball, the boundedness and compactness of a sum of product-type operators acting from the logarithmic
weighted Bergman space into the weighted-type space were studied in [26].

Motivated by these studies, we aim to carry out an analysis of integral-type operators Tg and Ig on
the space A2

γ,δ(B). Our first goal is to give a characterization for the boundedness of Tg on A2
γ,δ(B).

We show that the boundedness of Tg is completely determined by a growth condition of the radial
derivative function Rg. The second result is to establish an estimation for the essential norm of Tg. In
general, the essential norm ∥T∥e of a bounded operator T on a Hilbert space H is defined by

∥T∥e = inf{∥T − K∥op : K is compact on H}.

Here, ∥T∥op denotes the operator norm of the bounded operator T . Since T is compact on H if and only
if ∥T∥e = 0, it plays an important role in the study of the compactness of operators. By using suitable
test functions and approximation arguments based on the homogeneous expansion of holomorphic
functions, we have an estimation of the essential norm in terms of a boundary behavior of Rg. As
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a consequence, we also obtain necessary and sufficient conditions for the compactness of Tg. These
arguments crucially rely on estimating the norm of A2

γ,δ(B) via integral expressions involving the radial
derivative. Finally, we investigate the boundedness and the essential norm estimate of the operator Ig.

Throughout the paper, we denote A ≲ B if there is a positive constant C such that A ≤ CB. If both
A ≲ B and B ≲ A hold, then one says that A ≍ B. We fix the parameters γ ∈ (−1,+∞) and δ ∈ (−∞, 0)
that define the space A2

γ,δ(B).

2. The space A2
γ,δ(B)

Since the operator Tg satisfiesR[Tg f ](z) = f (z)Rg(z), it is useful to estimate the norm ∥ f ∥γ,δ in terms
of the integral of the radial derivative R f . First, we establish this norm estimate. As an application of
it, we characterize the boundedness of Tg and estimate the essential norm of the operator in the next
section.

Lemma 1. For a fixed r ∈ (0, 1), if z ∈ B satisfies r ≤ |z| < 1, then∫ 1

|z|
ωγ,δ(t)t2N−1 ln

t
|z|

dt ≍ ωγ+2,δ(z). (2.1)

Proof. The relation (2.1) is verified by the asymptotic relation ln 1/x ≍ 1 − x as x→ 1. □

The following lemma was proven in [21].

Lemma 2. Let g be a nondecreasing and nonnegative function on [0, 1) and h be a positive function
on (0, 1) which is continuous on [0, 1). Then, for each fixed r0 ∈ (0, 1),∫ 1

0
g(r)h(r)dr ≍

∫ 1

r0

g(r)h(r)dr.

Corollary 1. For each f ∈ H(B),∫ 1

0
ωγ,δ(r)r2N−1dr

∫
S

| f (rζ)|2dσ(ζ) ≍
∫ 1

r0

ωγ,δ(r)r2N−1dr
∫
S

| f (rζ)|2dσ(ζ).

Proof. It is well known that theM-subharmonicity of | f |2 on B implies that the square integral mean

M2( f , r)2 :=
∫
S

| f (rζ)|2dσ(ζ)

is an increasing function on r. Hence, this result is an immediate consequence of Lemma 2. □

The following lemma is a special case of Theorem 3.3 in [2] (see also Lemma 4 in [24]).

Lemma 3. For any f ∈ H(B) which is continuous on B,∫
S

| f (ζ)|2dσ(ζ) = | f (0)|2 +
2
N

∫
B

|R f (z)|2

|z|2N ln
1
|z|

dV(z). (2.2)
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Theorem 1. For f ∈ H(B) and r0 ∈ (0, 1), the following relations hold:

∥ f ∥2γ,δ ≲
4

r2(N−1)
0

∫
B\r0B

|R f (z)|2

|z|2
ωγ+2,δ(z)dV(z)

+

2Nωγ+2,δ(r0)

ln 1+r0
2r0

+

∫
B\r0B

ωγ,δ(z)dV(z)

 ∫
S

| f (r′ζ)|2dσ(ζ), (2.3)

where r′ = 1+r0
2 , and

∥ f ∥2γ,δ ≳ | f (0)|2
∫
B\r0B

ωγ,δ(z)dV(z) + 4
∫
B\r0B

|R f (z)|2

|z|2
ωγ+2,δ(z)dV(z). (2.4)

Proof. Let f ∈ H(B) and r0 ∈ (0, 1). By using the polar coordinates (see [15, p.13]) and (2.2), we
obtain ∫

rB

|R f (z)|2

|z|2N ln
r
|z|

dV(z) =
N
2

(∫
S

| f (rζ)|2dσ(ζ) − | f (0)|2
)

(2.5)

for each r ∈ (0, 1).
Hence, from Corollary 1, it follows that

∥ f ∥2γ,δ ≍ | f (0)|2
∫
B\r0B

ωγ,δ(w)dV(w) + 4
∫ 1

r0

ωγ,δ(r)r2N−1dr
∫

rB

|R f (w)|2

|w|2N ln
r
|w|

dV(w). (2.6)

By applying the polar coordinates to the inner integral in the second integral in relation (2.6), it follows
that ∫ 1

r0

ωγ,δ(r)r2N−1dr
∫

rB

|R f (w)|2

|w|2N ln
r
|w|

dV(w)

= 2N
∫ 1

r0

ωγ,δ(r)r2N−1dr
∫ r

0
ρ2N−1dρ

∫
S

|R f (ρη)|2

ρ2N ln
r
ρ

dσ(η)

= 2N
∫ r0

0

∫
S

|R f (ρη)|2

ρ2N dσ(η)ρ2N−1dρ
∫ 1

r0

ωγ,δ(r) ln
r
ρ

r2N−1dr

+ 2N
∫ 1

r0

∫
S

|R f (ρη)|2

ρ2N dσ(η)ρ2N−1dρ
∫ 1

ρ

ωγ,δ(r) ln
r
ρ

r2N−1dr. (2.7)

By Fubini’s theorem, we have

2N
∫ r0

0

∫
S

|R f (ρη)|2

ρ2N dσ(η)ρ2N−1dρ
∫ 1

r0

ωγ,δ(r) ln
r
ρ

r2N−1dr

=

∫ 1

r0

ωγ,δ(r)r2N−1dr
∫

r0B

|R f (z)|2

|z|2N ln
r
|z|

dV(z)

=

∫
r0B

|R f (z)|2

|z|2N dV(z)
∫ 1

r0

ωγ,δ(r)r2N−1 ln
r
|z|

dr. (2.8)
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Lemma 1 gives ∫ 1

r0

ωγ,δ(r)r2N−1 ln
r
|z|

dr =
∫ 1

r0

ωγ,δ(r)r2N−1
(
ln

r
r0
+ ln

r0

|z|

)
dr

≍ ωγ+2,δ(r0) +
∫ 1

r0

ωγ,δ(r)r2N−1 ln
r0

|z|
dr. (2.9)

Lemma 3 shows

ωγ+2,δ(r0)
∫

r0B

|R f (z)|2

|z|2N dV(z) = ωγ+2,δ(r0)
∫

r0B

|R f (z)|2

|z|2N

ln r′
r0

ln r′
r0

dV(z)

≤
ωγ+2,δ(r0)

ln r′
r0

∫
r0B

|R f (z)|2

|z|2N ln
r′

|z|
dV(z)

≤
ωγ+2,δ(r0)

ln r′
r0

∫
r′B

|R f (z)|2

|z|2N ln
r′

|z|
dV(z)

=
Nωγ+2,δ(r0)

2 ln 1+r0
2r0

(∫
S

| f (r′ζ)|2dσ(ζ) − | f (0)|2
)
. (2.10)

The polar coordinates, Lemma 3, and the monotonicity of the integral means show∫
r0B

|R f (z)|2

|z|2N dV(z)
∫ 1

r0

ωγ,δ(r)r2N−1 ln
r0

|z|
dr

=

∫
B\r0B
ωγ,δ(z)dV(z)

4

(∫
S

| f (r0ζ)|2dσ(ζ) − | f (0)|2
)

≤

∫
B\r0B
ωγ,δ(z)dV(z)

4

(∫
S

| f (r′ζ)|2dσ(ζ) − | f (0)|2
)
. (2.11)

Thus, from (2.8)–(2.11), it follows that

2N
∫ r0

0

∫
S

|R f (ρη)|2

ρ2N dσ(η)ρ2N−1dρ
∫ 1

r0

ωγ,δ(r) ln
r
ρ

r2N−1dr

≲

Nωγ,δ+2(r0)

2 ln 1+r0
2r0

+

∫
B\r0B
ωγ,δ(z)dV(z)

4

 (∫
S

| f (r′ζ)|2dσ(ζ) − | f (0)|2
)
. (2.12)

By employing Lemma 1, we have

2N
∫ 1

r0

∫
S

|R f (ρη)|2

ρ2N dσ(η)ρ2N−1dρ
∫ 1

ρ

ωγ,δ(r) ln
r
ρ

r2N−1dr

≍ 2N
∫ 1

r0

ρ2N−1ωγ+2,δ(ρ)dρ
∫
S

|R f (ρη)|2

ρ2N dσ(η)

=

∫
B\r0B

|R f (z)|2

|z|2N ωγ+2,δ(z)dV(z) ≤
1

r0
2(N−1)

∫
B\r0B

|R f (z)|2

|z|2
ωγ+2,δ(z)dV(z). (2.13)

AIMS Mathematics Volume 11, Issue 4, 8926–8944.



8932

By (2.6), (2.7), (2.12) and (2.13), we obtain the desired upper estimate (2.3) for ∥ f ∥2γ,δ.
Lemma 1, Fubini’s theorem, and equations (2.6) and (2.7), also imply that

∥ f ∥2γ,δ ≳| f (0)|2
∫
B\r0B

ωγ,δ(w)dV(w)

+ 8N
∫ 1

r0

ρ2N−1ωγ+2,δ(ρ)dρ
∫
S

|R f (ρη)|2

ρ2N dσ(η)

≥| f (0)|2
∫
B\r0B

ωγ,δ(w)dV(w) + 4
∫
B\r0B

|R f (z)|2

|z|2
ωγ+2,δ(z)dV(z),

thus completing the proof. □

As an immediate consequence, we also obtain the following characterization for A2
γ,δ(B).

Corollary 2. For each f ∈ H(B), f belongs to A2
γ,δ(B) if and only if∫

B

|R f (z)|2ωγ+2,δ(z)dV(z) < +∞.

Proposition 1. For each f ∈ A2
γ,δ(B), it holds that

| f (z)|2 ≲
1

(1 − |z|)N+1ωγ,δ(z)
∥ f ∥2γ,δ

for z ∈ B \ {0}.

Proof. Fix z ∈ B \ {0} and 0 < r < 1, and put B(z, r) = φz(rB) where φz is the ball automorphism that
interchanges z and 0. By the subharmonicity of | f |2, we have

| f (0)|2 ≤
1

V(rB)

∫
rB
| f (w)|2dV(w).

Since f (z) = f (φz(0)), a change of variables shows

| f (z)|2 ≤
1

V(rB)

∫
B(z,r)
| f (w)|2

(1 − |z|2)N+1

|1 − ⟨z,w⟩|2(N+1) dV(w)

≤
2N+1

V(rB)(1 − |z|)N+1

∫
B(z,r)
| f (w)|2dV(w).

Thus, if we take r = 1/2, then we obtain

| f (z)|2 ≤
23N+1

(1 − |z|)N+1

∫
B(z,1/2)

| f (w)|2dV(w). (2.14)

For each w ∈ B(z, 1/2), put ζ = φz(w). Since φz is an involution, we see that w = φz(ζ) and |ζ | < 1/2.
Hence, we have

1 − |w|2 =
(1 − |z|2)(1 − |ζ |2)
|1 − ⟨ζ, z⟩|2

≤
1 + |ζ |
1 − |ζ |

(1 − |z|2) ≤ 3(1 − |z|2).
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Since w ∈ B(z, 1/2) if and only if z ∈ B(w, 1/2), we also have

1 − |z|2 ≤ 3(1 − |w|2),

and so
1
3

(1 − |z|2) ≤ 1 − |w|2 ≤ 3(1 − |z|2).

This estimate shows that ωγ,δ(z) ≍ ωγ,δ(w) for w ∈ B(z, 1/2). Hence, we obtain

ωγ,δ(z)
∫

B(z,1/2)
| f (w)|2dV(w) ≍

∫
B(z,1/2)

| f (w)|2ωγ,δ(w)dV(w) ≤ ∥ f ∥2γ,δ. (2.15)

By (2.14) and (2.15), we have

| f (z)|2 ≲
1

(1 − |z|)N+1ωγ,δ(z)
∥ f ∥2γ,δ,

which finishes the proof. □

For the case when z = 0, the maximum modulus principle for f and Proposition 1, show that

| f (0)| ≤ max
|z|= 1

2

| f (z)| ≲ max
|z|= 1

2

(
1

(1 − |z|)N+1ωγ,δ(z)

)1/2

∥ f ∥γ,δ.

For a fixed z ∈ B, Proposition 1 shows that the point evaluation Λz : f 7→ f (z) at z is a bounded linear
functional on A2

γ,δ(B). Hence, by the Riesz representation theorem [7], there is a unique kernel function
Kγ,δ,z ∈ A2

γ,δ(B) \ {0} such that

f (z) = Λz( f ) =
∫
B

f (w)Kγ,δ,z(w)ωγ,δ(w)dV(w), (2.16)

for f ∈ A2
γ,δ(B) (see also [15, 16] for related representations).

Applying this reproducing formula to the kernel function Kγ,δ,z implies that

Kγ,δ,z(z) = ∥Kγ,δ,z∥2γ,δ > 0. (2.17)

From (2.17), and using Proposition 1, we obtain

∥Kγ,δ,z∥γ,δ ≲
(

1
(1 − |z|)N+1ωγ,δ(z)

)1/2

for each z ∈ B.

Lemma 4. Kγ,δ,z has the expansion:

Kγ,δ,z(w) =
+∞∑
k=0

(N + k − 1)!
2N!k!

⟨z,w⟩
k∫ 1

0
r2(k+N)−1ωγ,δ(r)dr

, w ∈ B.
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Proof. For each multi-index α ∈ NN
0 , a straightforward calculation with the polar coordinates shows

that

∥zα∥2γ,δ =
2N!α!

(N + |α| − 1)!

∫ 1

0
r2(|α|+N)−1ωγ,δ(r)dr

and {zα/∥zα∥γ,δ} forms a complete orthonormal set of A2
γ,δ(B). Thus, we have

Kγ,δ,z(w) =
∞∑

k=0

∑
|α|=k

⟨Kγ,δ,z,wα⟩γ,δ
∥wα∥2γ,δ

wα

=

∞∑
k=0

∑
|α|=k

(N + |α| − 1)!
2N!α!

zαwα∫ 1

0
r2(|α|+N)−1ωγ,δ(r)dr

=

∞∑
k=0

(N + k − 1)!

2N!k!
∫ 1

0
r2(k+N)−1ωγ,δ(r)dr

∑
|α|=k

k!
α!

zαwα

=

∞∑
k=0

(N + k − 1)!
2N!k!

⟨z,w⟩
k∫ 1

0
r2(k+N)−1ωγ,δ(r)dr

.

This is a desired expansion formula for the kernel function Kγ,δ,z. □

Lemma 5. For each a ∈ B \ {0}, put

fa(z) =
(1 − |a|2)−

δ
2

(1 − ⟨z, a⟩)
γ−δ+N+1

2

[
ln

(
1 −

1
ln |a|

)]− δ2
, z ∈ B. (2.18)

Then, ∥ fa∥γ,δ ≍ 1 for a ∈ B \ {0} which is sufficiently close to S, and fa → 0 uniformly on compact
subsets of B as |a| → 1−.

Proof. Since the real valued function

h(x) = (1 − x) ln
(
1 −

1
ln x

)
, (0 < x < 1)

satisfies the relations
lim
x→+0

h(x) = 0 and lim
x→1−

h(x) = 0,

we easily see that fa → 0 uniformly on compact subsets of B as |a| → 1−.
On the other hand, since

ωγ,δ(a) ≍ (1 − |a|)γ
(

ln
(
1 −

1
ln |a|

))δ
,

it follows from Proposition 1 that(
ωγ,δ(a)(1 − |a|)N+1

)−1
≍ | fa(a)|2 ≲

(
ωγ,δ(a)(1 − |a|)N+1

)−1
∥ fa∥

2
γ,δ,

and so 1 ≲ ∥ fa∥γ,δ. The upper estimate ∥ fa∥γ,δ ≲ 1 can be found in [26, Theorem 3.4]. Hence, we finish
the proof. □

Lemma 6. The functions fa defined in (2.18) converge to 0 as |a| → 1 weakly in A2
γ,δ(B).
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Proof. Take h ∈ A2
γ,δ(B) and ε > 0. Since h ∈ L2(ωγ,δdV), we can choose a continuous function g with

compact support such that [∫
B

∣∣∣∣h(z) − g(z)
∣∣∣∣2 ωγ,δ(z)dV(z)

]1/2

< ε.

Hence, we obtain

|⟨ fa, h⟩γ,δ| ≤
∫
B

| fa(z)|
∣∣∣∣h(z) − g(z)

∣∣∣∣ωγ,δ(z)dV(z) +
∫
B

| fa(z)||g(z)|ωγ,δ(z)dV(z)

≤ ε∥ fa∥γ,δ +

∫
B

| fa(z)||g(z)|ωγ,δ(z)dV(z).

Since g has a compact support supp(g), { fa} is a bounded family in A2
γ,δ(B), and fa → 0 as |a| → 1

uniformly on supp(g), it holds that

lim sup
|a|→1

|⟨ fa, h⟩γ,δ| ≲ ε. (2.19)

Since ε is an arbitrary positive number, from (2.19), we get lim|a|→1⟨ fa, h⟩γ,δ = 0, for each h ∈ A2
γ,δ(B),

from which, together with the Riesz representation theorem, we have fa → 0 weakly in A2
γ,δ(B). □

3. Boundedness, essential norm and compactness of Tg

Theorem 2. Let g ∈ H(B). Then, Tg is bounded on A2
γ,δ(B) if and only if g satisfies the condition

sup
z∈B

(1 − |z|)|Rg(z)| < +∞. (3.1)

Proof. First, assume that g satisfies (3.1) and fix r0 ∈ (1/2, 1) arbitrarily. In view of Theorem 1, we
may prove that ∫

B\r0B

|R[Tg f ](z)|2

|z|2
ωγ+2,δ(z)dV(z)

and ∫
S

|Tg f (r′ζ)|2dσ(ζ)

are dominated by ∥ f ∥2γ,δ. Here, r′ denotes 1+r0
2 .

Since R[Tg f ](z) = f (z)Rg(z), Corollary 1 gives∫
B\r0B

|R[Tg f ](z)|2

|z|2
ωγ+2,δ(z)dV(z) ≍

∫
B\r0B

| f (z)Rg(z)|2

|z|2
(1 − |z|)2ωγ,δ(z)dV(z)

≤

(
supz∈B(1 − |z|)|Rg(z)|

r0

)2 ∫
B\r0B

| f (z)|2ωγ,δ(z)dV(z)

≍

(
supz∈B(1 − |z|)|Rg(z)|

r0

)2

∥ f ∥2γ,δ. (3.2)
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On the other hand, since Tg f (0) = 0 and

|g(0)|2 ≤
∫
S

|g(r′ζ)|2dσ(ζ) < +∞,

we can derive from (2.5) that∫
S

|Tg f (r′ζ)|2dσ(ζ) =
2
N

∫
r′B

| f (z)Rg(z)|2

|z|2N ln
r′

|z|
dV(z)

≤ max
w∈r′B
| f (z)|2

(∫
S

|g(r′ζ)|2dσ(ζ) − |g(0)|2
)
.

By combining this estimate with Proposition 1, we have∫
S

|Tg f (r′ζ)|2dσ(ζ) ≲ max
z∈r′B

(
1

(1 − |z|)N+1ωγ,δ(z)

) (∫
S

|g(r′ζ)|2dσ(ζ) − |g(0)|2
)
∥ f ∥2γ,δ. (3.3)

From (2.3), (3.2) and (3.3), we have ∥Tg f ∥2γ,δ ≲ ∥ f ∥
2
γ,δ for f ∈ A2

γ,δ(B), and so Tg : A2
γ,δ(B) → A2

γ,δ(B)
is bounded.

Next, we assume that Tg is bounded on A2
γ,δ(B). For a fixed a ∈ B we consider the function fa

in (2.18). Since the boundedness of the operator and Theorem 1 imply that R[Tg fa] ∈ A2
γ+2,δ(B), an

application of Proposition 1 to R[Tg fa] shows that

(1 − |a|)|Rg(a)|| fa(a)| ≲
(

(1 − |a|)2

(1 − |a|)N+1ωγ+2,δ(a)

)1/2

∥R[Tg fa]∥γ+2,δ

≲

(
1

(1 − |a|)N+1ωγ,δ(a)

)1/2

∥R[Tg fa]∥γ+2,δ. (3.4)

From the proof of Lemma 5, we have

| fa(a)| ≍ ((1 − |a|)N+1ωγ,δ(a))−1/2. (3.5)

From Corollary 1 and (2.4), it follows that

∥R[Tg fa]∥2γ+2,δ ≍

∫
B\r0B

|R[Tg fa](w)|2ωγ+2,δ(w)dV(w)

≤

∫
B\r0B

|R[Tg fa](w)|2

|w|2
ωγ+2,δ(w)dV(w)

≲ ∥Tg fa∥
2
γ,δ (3.6)

for a fixed r0 ∈ (1/2, 1). From (3.4)–(3.6), we have

(1 − |a|)|Rg(a)| ≲ ∥R[Tg fa]∥γ+2,δ ≲ ∥Tg fa∥γ,δ ≲ ∥Tg∥op, (3.7)

where ∥Tg∥op denotes the operator norm of Tg : A2
γ,δ(B) → A2

γ,δ(B). Since this estimate is uniform on
a ∈ B \ {0}, and obviously holds for a = 0, we get (3.1), accomplishing the proof. □

AIMS Mathematics Volume 11, Issue 4, 8926–8944.



8937

Next, we will estimate the essential norm ∥Tg∥e of the operator Tg. In order to estimate it, we need
some results on an approximation by the homogeneous polynomial for f ∈ A2

γ,δ(B).
For f ∈ H(B), let

f (z) =
+∞∑
k=0

∑
|α|=k

cαzα,

where α = (α1, . . . , αN) is a multi-index, be its homogeneous expansion.
For each positive integer n, put

Pn f (z) =
n−1∑
k=0

∑
|α|=k

cαzα and Qn f (z) =
+∞∑
k=n

∑
|α|=k

cαzα.

Then, Pn and Qn are bounded operators on A2
γ,δ(B).

Proposition 2. For f ∈ A2
γ,δ(B), it holds that

lim
n→+∞

∥Pn f − f ∥γ,δ = 0.

Proof. For each r ∈ (0, 1) and ζ ∈ S, we denote fr(z) = f (rz) (z ∈ B) and fζ(λ) = f (λζ) (λ ∈ C, |λ| < 1).
Since ( fr)ζ belongs to the disk algebra, and so the Hardy space H2, the boundedness of the Szegö
projection on L2 implies that∫ 2π

0
|Pn[( fr)ζ](eiθ)|2

dθ
2π
≤ C

∫ 2π

0
|( fr)ζ(eiθ)|2

dθ
2π

for some positive constant C which is independent of n (see [27, Proposition 1 and Corollary 3]).
Applying integration by slices in this inequality gives∫

S

|Pn f (rζ)|2dσ(ζ) ≤ C
∫
S

| f (rζ)|2dσ(ζ).

Using polar coordinates, we also obtain that ∥Pn f ∥2γ,δ ≤ C∥ f ∥2γ,δ, that is, ∥Pn∥op ≤ C for any positive
integer n. By [27, Proposition 1], we see that ∥Pn f − f ∥γ,δ → 0 as n→ +∞. □

Corollary 3. supn≥1 ∥Qn∥op < +∞.

Proof. By Proposition 2, Qn f → 0 in A2
γ,δ(B) as n → +∞, for each f ∈ A2

γ,δ(B). Thus, this results can
be verified by the uniform boundedness principle. □

Theorem 3. Let g ∈ H(B). Suppose that Tg : A2
γ,δ(B) → A2

γ,δ(B) is bounded. Then, the following
asymptotic relation holds:

∥Tg∥e ≍ lim sup
|z|→1−

(1 − |z|)|Rg(z)|.

Hence, Tg is compact on A2
γ,δ(B) if and only if

lim
|z|→1−

(1 − |z|)|Rg(z)| = 0.

AIMS Mathematics Volume 11, Issue 4, 8926–8944.



8938

Proof. First, we prove the lower estimate

∥Tg∥e ≳ lim sup
|z|→1−

(1 − |z|)|Rg(z)|. (3.8)

Let K : A2
γ,δ(B) → A2

γ,δ(B) be an arbitrary compact operator. Let fa be the functions in (2.18). Since
fa → 0 weakly as |a| → 1−, we see that ∥K fa∥γ,δ → 0 as |a| → 1− and

∥Tg − K∥op ≥ lim sup
|a|→1−

∥Tg fa∥γ,δ. (3.9)

From (3.7), we have
(1 − |a|)|Rg(a)| ≲ ∥Tg fa∥γ,δ.

By combining this with (3.9), we have

∥Tg − K∥op ≳ lim sup
|a|→1−

(1 − |a|)|Rg(a)|.

Since a compact operator K : A2
γ,δ(B)→ A2

γ,δ(B) is arbitrary, we obtain the lower estimate (3.8).
Next, we prove the upper estimate:

∥Tg∥e ≲ lim sup
|z|→1−

(1 − |z|)|Rg(z)|. (3.10)

Since Tg = Tg(Pn + Qn) and Pn is compact on A2
γ,δ(B), we obtain

∥Tg∥e ≤ lim inf
n→+∞

∥TgQn∥op. (3.11)

Take f ∈ A2
γ,δ(B) with ∥ f ∥γ,δ ≤ 1 and fix r0 ∈ (0, 1). By (2.3), we have that ∥TgQn f ∥2γ,δ is dominated by

the sum of

T1(r0, n, f ) :=
4

r2(N−1)
0

∫
B\r0B

|R[TgQn f ](z)|2

|z|2
ωγ+2,δ(z)dV(z)

and

T2(r0, n, f ) :=

2Nωγ+2,δ(r0)

ln 1+r0
2r0

+

∫
B\r0B

ωγ,δ(z)dV(z)

 ∫
S

|TgQn f (r′ζ)|2dσ(ζ),

where r′ = r0+1
2 . Corollary 1 gives

T1(r0, n, f ) ≍
4

r2(N−1)
0

∫
B\r0B

|Rg(z)|2|Qn f (z)|2

|z|2
(1 − |z|2)2ωγ,δ(z)dV(z)

≤
4

r2N
0

sup
|z|>r0

(1 − |z|2)2|Rg(z)|2
∫
B\r0B

|Qn f (z)|2ωγ,δ(z)dV(z)

≍
4

r2N
0

sup
|z|>r0

(1 − |z|2)2|Rg(z)|2∥Qn f ∥2γ,δ. (3.12)

By noting TgQn f (0) = 0, Lemma 3 gives∫
S

|TgQn f (r′ζ)|2dσ(ζ) =
2
N

∫
B

|R[(TgQn f )r′](z)|2

|z|2N ln
1
|z|

dV(z).
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By the change of variables w = r′z, we obtain∫
B

|R[(TgQn f )r′](z)|2

|z|2N ln
1
|z|

dV(z) =
∫

r′B

|Qn f (w)Rg(w)|2

|w|2N ln
r′

|w|
dV(w).

Hence, by an application of Lemma 3 once again, we obtain∫
S

|TgQn f (r′ζ)|2dσ(ζ) ≤ max
|w|≤r′
|Qn f (w)|2

2
N

∫
r′B

|Rg(w)|2

|w|2N ln
r′

|w|
dV(w)

= max
|w|≤r′
|Qn f (w)|2

(∫
S

|g(r′ζ)|2dσ(ζ) − |g(0)|2
)
. (3.13)

Since the orthogonality of {zα : α ∈ NN
0 } with respect to the weighted measure ωγ,δ(·)dV indicates that

Qn is self-adjoint on A2
γ,δ(B), the reproducing formula (2.16) shows

|Qn f (w)| ≤
∫
B

| f (ξ)||QnKγ,δ,w(ξ)|ωγ,δ(ξ)dV(ξ). (3.14)

Put r′′ = r′+1
2 and C(γ, δ, r0) = max{1, (1 − r′′)γ}(log e

1−r′′ )
δ. Then,∫ 1

0
r2(|α|+N)−1ωγ,δ(r)dr ≍

∫ 1

0
r2(|α|+N)−1(1 − r)γ

(
log

e
1 − r

)δ
dr

≥ C(γ, δ, r0)
∫ r′′

0
r2(|α|+N)−1dr

=
C(γ, δ, r0)
2(|α| + N)

r′′2(|α|+N)

=
C(γ, δ, r0)
2(|α| + N)

(
3 + r0

4

)2(|α|+N)

.

Combining this with Lemma 4 gives

|QnKγ,δ,w(ξ)| ≲
+∞∑
k=n

(N + k)!
N!k!

(
4

3 + r0

)2(k+N) (1 + r0

2

)k

(3.15)

for any w ∈ r′B.
From (3.14) and (3.15), we have

|Qn f (w)| ≤
+∞∑
k=n

(N + k)!
N!k!

(
4

3 + r0

)2(k+N) (1 + r0

2

)k ∫
B

| f (ξ)|ωγ,δ(ξ)dV(ξ)

≤

+∞∑
k=n

(N + k)!
N!k!

(
4

3 + r0

)2(k+N) (1 + r0

2

)k

∥ f ∥γ,δ

[∫
B

ωγ,δ(ξ)dV(ξ)
] 1

2

(3.16)

for any w ∈ r′B.
From (3.13), (3.16), and the fact 16(1+r0)

2(3+r0)2 < 1, we obtain

lim
n→+∞

sup
∥ f ∥γ,δ≤1

T2(r0, n, f ) = 0 (3.17)
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for any r0 ∈ (0, 1). Combining (3.11), (3.12), (3.17), and Corollary 3, it follows that

∥Tg∥e ≲ sup
n≥1
∥Qn∥op lim

r0→1−
sup
|z|>r0

(1 − |z|2)|Rg(z)|,

and so the upper estimate (3.10) holds. □

4. The operator Ig

As another application of Theorem 1, we can obtain characterizations for the boundedness and the
compactness of the operator Ig : A2

γ,δ(B) → A2
γ,δ(B). Since we have that R[Ig f ](z) = R f (z)g(z), most

of the arguments in the previous section work for the operator Ig.

Theorem 4. Let g ∈ H(B). Then, Ig is bounded on A2
γ,δ(B) if and only if g is a bounded holomorphic

function on B.

Proof. First, suppose that g is bounded on B. For a fixed r0 ∈ (1/2, 1), put r′ = 1+r0
2 . Then,

inequality (2.3) gives

∥Ig f ∥2γ,δ ≲
4

r2(N−1)
0

∫
B\r0B

|R f (z)|2|g(z)|2

|z|2
ωγ+2,δ(z)dV(z)

+

2Nωγ+2,δ(r0)

ln 1+r0
2r0

+

∫
B\r0B

ωγ,δ(z)dV(z)

 ∫
S

|Ig f (r′ζ)|2dσ(ζ).

From inequality (2.4), it follows that

4
∫
B\r0B

|R f (z)|2|g(z)|2

|z|2
ωγ+2,δ(z)dV(z) ≲ ∥g∥2∞∥ f ∥

2
γ,δ.

By applying Lemma 3 twice, we obtain∫
S

|Ig f (r′ζ)|2dσ(ζ) =
2
N

∫
r′B

|R f (z)g(z)|2

|z|2N ln
r′

|z|
dV(z)

≲ ∥g∥2∞

∫
S

| f (r′ζ)|2dσ(ζ).

By Proposition 1, we have ∫
S

| f (r′ζ)|2dσ(ζ) ≲
1

(1 − r′)N+1ωγ,δ(r′)
∥ f ∥2γ,δ.

These inequalities imply that ∥Ig f ∥γ,δ ≲ ∥g∥∞∥ f ∥γ,δ for all f ∈ A2
γ,δ(B). Thus, Ig is bounded on A2

γ,δ(B).
Conversely, we assume that Ig is bounded on A2

γ,δ(B). By Corollary 2, we see that R[Ig f ] belongs to
A2
γ+2,δ(B) for all f ∈ A2

γ,δ(B). Hence, Proposition 1 shows that

|R f (z)g(z)| = |R[Ig f ](z)| ≤
(

1
(1 − |z|)N+1ωγ+2,δ(z)

)1/2

∥R[Ig f ]∥γ+2,δ (4.1)
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for f ∈ A2
γ,δ(B) and z ∈ B.

As in (3.6) in Theorem 2, we also obtain that

∥R[Ig f ]∥γ+2,δ ≲ ∥Ig f ∥γ,δ ≤ ∥Ig∥op∥ f ∥γ,δ (4.2)

for any f ∈ A2
γ,δ(B). Now, we take r ∈ (0, 1) and consider the functions fa in (2.18) for a ∈ B with

r < |a| < 1. Since ∥ fa∥γ,δ ≲ 1 and

|R fa(a)| ≍
γ − δ + N + 1

2
|a|2

1 − |a|2

(
1

(1 − |a|)N+1ωγ,δ(a)

)1/2

, (4.3)

applying (4.1) and (4.2) to fa, yields

|g(a)| ≲
2

(γ − δ + N + 1)r2 ∥Ig∥op

for any a ∈ B with r < |a| < 1. This implies that g is bounded on B. □

As already suggested, the following theorem can be proven by suitably modifications of the proof
of Theorem 3. Therefore, we only describe the necessary ones.

Theorem 5. Suppose that g ∈ H(B) induces a bounded operator Ig : A2
γ,δ(B)→ A2

γ,δ(B). Then,

∥Ig∥e ≍ lim sup
|z|→1−

|g(z)|.

Thus, Ig is compact on A2
γ,δ(B) if and only if |g(z)| → 0 as |z| → 1−.

Proof. Instead of (3.9), we have

∥Ig − K∥op ≥ lim sup
|a|→1−

∥Ig fa∥γ,δ

for any compact operator K on A2
γ,δ(B) and the test functions fa in Lemma 5. By (4.1)-(4.3), we obtain

∥Ig fa∥γ,δ ≳
γ − δ + N + 1

2
|a||g(a)|

for a ∈ B sufficiently close to S. Hence, we have that ∥Ig∥e ≳ lim sup|z|→1− |g(z)|.
For the upper estimate, we take f ∈ A2

γ,δ(B) with ∥ f ∥γ,δ ≤ 1 and fix r0 ∈ (0, 1). Additionally, we put

I1(r0, n, f ) :=
4

r2(N−1)
0

∫
B\r0B

|R[IgQn f ](z)|2

|z|2
ωγ+2,δ(z)dV(z)

and

I2(r0, n, f ) :=

2Nωγ+2,δ(r0)

ln 1+r0
2r0

+

∫
B\r0B

ωγ,δ(z)dV(z)

 ∫
S

|IgQn f (r′ζ)|2dσ(ζ),

where r′ = r0+1
2 .
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As in (3.12), we have

I1(r0, n, f ) ≲ sup
|z|>r0

|g(z)|2 sup
n≥1
∥Qn∥

2
op. (4.4)

On the one hand, by using the same argument as that used to derive (3.13), we obtain∫
S

|IgQn f (r′ζ)|2dσ(ζ) ≤ max
|w|≤r′
|g(w)|2

2
N

∫
r′B

|R[Qn f ](w)|2

|w|2N ln
r′

|w|
dV(w)

≤ max
|w|≤r′
|g(w)|2

∫
S

|Qn f (r′ζ)|2dσ(ζ)

≤ max
|w|≤r′
|g(w)|2 ·max

|w|=r′
|Qn f (w)|2.

Estimate (3.16) implies that
sup
∥ f ∥γ,δ≤1

max
|w|=r′
|Qn f (w)|2 → 0

as n→ +∞, and so

lim
n→+∞

sup
∥ f ∥γ,δ≤1

I2(r0, n, f ) = 0 (4.5)

for any r0 ∈ (0, 1). From (4.4) and (4.5), we obtain the upper estimate ∥Ig∥e ≤ lim sup|z|→1− |g(z)|,
completing the proof. □

5. Conclusions

Here, we consider two integral operators on a Hilbert-Bergman space of logarithmic type weights
on the open unit ball in the Euclidean complex vector space CN . We give some necessary and sufficient
conditions for the boundedness of the operators, and also estimate the essential norm of these operators
via the boundary behavior of the involving symbol function, considerably improving some results in
the literature. To do this, we use several auxiliary results, estimates and formulas that could be useful
in related studies. The methods, ideas, and results, presented here, as well as their modifications, could
be employed in other investigations on the topic.
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