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Abstract: In this paper, we proposed and analyzed a novel chaotic monetary model by extending
Lazureanu’s three-dimensional economic system through the introduction of a fourth state variable,
the Expectation Index (E:), which captures psychological and behavioral dynamics in financial
decision-making. The modified system exhibits rich dynamical features such as chaos, multistability,
coexisting attractors, and complex bifurcation behavior. Key parameters influencing chaotic regimes
were investigated through bifurcation diagrams and Lyapunov exponent spectra. Furthermore, the
model’s behavior was controlled using amplitude scaling and DC offset boosting techniques without
altering its chaotic structure. To suppress chaos and achieve stabilization, a Supervised Radial Basis
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Function Neural Network (SRBFNN) controller was designed. The SRBFNN was trained using
system error signals, achieving extremely low mean squared error (MSE) values: 1.14543x1072!,
1.7698x1072!, 2.38218x107"°, and 6.16987x1072° across the four networks. Simulation results
demonstrated that the SRBFNN effectively eliminates chaotic behavior and drives the system toward
desired equilibrium states with high accuracy and stability.

Keywords: chaotic monetary model; expectation index; SRBFNN; nonlinear control; economic

sustainability
Mathematics Subject Classification: 37D45, 37M 10, 68T07, 91B62, 93C10

1. Introduction

In recent decades, the global economy has experienced persistent instability characterized by
unpredictable market fluctuations, rapid changes in interest rates, inflation volatility, and heightened
sensitivity to investor expectations [1,2]. These phenomena are often triggered or amplified by
complex feedback loops between macroeconomic variables and policy interventions [3]. Traditional
linear economic models, while effective in stable environments, often fall short in capturing the
intricate, nonlinear behavior observed during economic crises or speculative bubbles [4]. The 2008
global financial crisis, the COVID-19-induced recession, and recent inflationary pressures are
examples where standard monetary tools failed to fully anticipate or mitigate systemic shocks [5].

This growing complexity highlights the need for mathematical models capable of capturing
chaotic dynamics inherent in modern monetary systems [6]. Central banks and policymakers
increasingly acknowledge that behavioral expectations, cyclical price patterns, and nonlinear
interactions among variables such as interest rate, investment, and price levels play a critical role in
shaping macroeconomic outcomes [7]. Modeling these factors using tools from nonlinear dynamics
and chaos theory enables deeper insights into how minor changes can lead to disproportionate
outcomes, especially under uncertainty [8]. Therefore, developing robust, adaptive models that
integrate economic structure and psychological feedback has become essential for effective monetary
analysis, prediction, and policy design [9].

In the economic context, controlling a monetary model is essential to ensure stability,
predictability, and effective policy implementation within financial systems [10]. Monetary variables
such as interest rates, investment demand, and price levels often interact in nonlinear ways,
potentially leading to unpredictable and chaotic behavior that can destabilize markets and undermine
economic confidence [11]. Without appropriate control mechanisms, such chaotic dynamics may
trigger inflationary spirals, credit crises, or investment collapses [12]. By applying intelligent control
methods to chaotic monetary models, policymakers and financial institutions can regulate
fluctuations, maintain macroeconomic equilibrium, and design more resilient strategies to respond to
external shocks [13].

The proposed research aligns with the United Nations Sustainable Development Goals (SDGs),
particularly SDG 8 (Decent Work and Economic Growth) and SDG 9 (Industry, Innovation, and
Infrastructure) [14-16]. By developing a robust chaotic monetary model integrated with
psychological expectation dynamics and controlled through intelligent algorithms such as SRBFNN,
this study offers a novel framework for enhancing the predictability and resilience of economic
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systems. The ability to model and stabilize complex monetary behavior contributes to more informed
financial policy-making, risk mitigation, and economic sustainability, ensuring that monetary
environments support stable growth, innovation, and long-term socio-economic well-being [17].

Chaotic behavior in financial and monetary systems has drawn significant attention due to its
ability to model unpredictable market phenomena. Bouali [18] pioneered the use of nonlinear
dynamics in financial systems, demonstrating how simple models could yield complex chaotic
behavior. Lazureanu [19] further developed a three-dimensional quadratic monetary model capturing
essential interactions between interest rates, investment, and prices, where chaos emerged under
specific parameter conditions. Johansyah et al. [20] extended this idea by introducing
fractional-order derivatives into a financial model with profit margins, showing that fractional
dynamics increase realism and model complexity. Qayyum et al. [21] proposed an optimal control
approach using the He-Laplace algorithm for a four-dimensional fractional chaotic finance system,
enhancing stabilization. Asadollahi et al. [22] designed fixed-time terminal sliding mode controllers
to ensure fast convergence in chaotic economic models. Cheng et al. [23] employed deep
reinforcement learning for chaos synchronization, demonstrating Al’s potential in controlling
nonlinear systems. Liu et al. [24] utilized spiking neural networks to predict chaotic time series,
while Syed et al. [25] proposed neuro-stochastic Bayesian networks for financial chaos modeling.
Despite these advances, few models integrate psychological expectations and intelligent machine
learning control simultaneously. In this study, we address that gap by proposing a four-dimensional
chaotic monetary model with an Expectation Index and stabilization via SRBFNN, aiming for
enhanced economic predictability and sustainability.

The main contribution and novelty of this paper are as follows:

a. We propose a new four-dimensional chaotic monetary system by extending Lazureanu’s
model with the inclusion of an E; to capture behavioral and psychological feedback in financial
dynamics.

b. The proposed system is analyzed using bifurcation diagrams and Lyapunov exponent
spectra, revealing complex phenomena such as chaos, multistability, coexisting attractors, offset
boosting, and amplitude control, which provide deeper insight into the sensitivity and stability of
monetary systems.

c. The SRBFNN controller is designed and trained to suppress chaotic behavior in the
proposed system. The controller demonstrates high accuracy with extremely low mean squared error
values, showcasing its effectiveness in stabilization.

The remainder of this paper is structured as follows: In Section 2, we present the formulation of
the proposed chaotic monetary model by extending Lazureanu’s three-dimensional system with the
inclusion of the Ei, along with the mathematical description of its nonlinear dynamics. In Section 3, a
detailed dynamical analysis is conducted through bifurcation diagrams and Lyapunov exponent
spectra to identify chaotic regimes and parameter sensitivities. In Section 4, we explore multistability
and the coexistence of attractors under varying initial conditions, while in Section 5, we discuss
offset boosting and amplitude control techniques to manipulate the system’s behavior without
altering its chaotic nature. In Section 6, we introduce the design and implementation of a SRBFNN
controller for chaos suppression, including training performance and stability results. Finally, in
Section 7, we conclude the paper with a summary of key findings, implications for economic
modeling, and directions for future research.
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2. Mathematical model of monetary model

Lazureanu [19] described an autonomous system of quadratic ordinary differential equations
model with monetary system

I =—al +P +11,+bl,P
I,=—cl,+1-TI" (1)

Pe = _Ir - Pe _b]rld

where the state variables /., [,,P, € R are interest rate, investment demand, and price exponent,

respectively. With a = 0.5; b = -2; ¢ = 0.1; and system (1) observed a chaotic attractor for the
monetary system (1) with the initial values I,.(0) = 0.1,1;(0) = 0.1, and P,(0) = 0.1.

To represent the psychological effects and expectations of economic factors that influence the
dynamics of the monetary system, the system is modified by adding a fourth variable.

I, =—al +P +11,+bI,P +dFE,

I,=—cl,+1-I"+d,E, @
P =-1 —P —blI,+d,E,

e

E =—-d,E +d;F,I,—dgsin(F))

where Ei denotes the Expectation Index. Parameters di, d2, and ds are Ei sensitivity to interest rate,
investment, and price dynamics, d4 is Ei decay rate (self-regulation), dsis the effect of interaction
between interest rates and investment on Ei, and ds is contribution of the cyclical component of
prices to Ei.

The fourth equation governing the Ei captures the dynamic influence of economic and
psychological factors on market sentiment. The term —d4 Ei represents the natural decay of
expectations over time, reflecting how optimism or pessimism fades in the absence of reinforcing
stimuli. The nonlinear term +d5-IdPe models the reinforcement of expectations through the
interaction of interest rates and investment demand; when both are active, market participants
perceive a strengthening economy, boosting confidence. Moreover, the —d6-sin(Pe) term introduces
cyclical volatility, simulating the destabilizing effects of fluctuating price levels (inflation or
deflation) on expectations.

The incorporation of the Expectation Index (Ei) in the proposed model is also motivated by the
growing literature in behavioral finance and behavioral macroeconomics, which emphasizes the role
of psychological expectations and investor sentiment in shaping macroeconomic dynamics. In real
financial systems, economic agents often form expectations based not only on objective information
but also on subjective perceptions, market sentiment, and feedback from economic fluctuations. Such
expectation-driven dynamics can amplify nonlinear interactions between interest rates, investment,
and price levels, potentially leading to instability and chaotic behavior. By integrating the Ei variable
into the monetary model, the proposed framework aims to capture these behavioral feedback
mechanisms, enabling the system to better reflect the complex interaction between economic
fundamentals and expectation-driven market responses.

For the simulation of the Novel 4D Chaotic Monetary System with Expectation Index
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(N4DCMS-E)), the parameters are chosen as follows to ensure the system exhibits chaotic behavior:
a=0.5, b=—2, and c=0.1 are retained from the original Lazureanu model, while the newly introduced
parameters are set to di= 0.2, d2= 0.1, d3=—0.15, d4= 0.3, d5s = 0.4, and d¢ = 0.25. These values are
selected to balance the influence of the Expectation Index on the system's dynamics and maintain the
nonlinearity and sensitivity to initial conditions. The initial state of the system is set as I (0) = 0.1, Ia
(0)=0.1, Pc (0) = 0.1, and Ei (0) = 0.05, representing a low but positive starting level for all variables
to simulate the emergence and evolution of chaotic economic dynamics. The Lyapunov exponent
(LE) values of the proposed N4ADCMS-Ei (2) are calculated using the Wolf algorithm, as given
below:

(LE1, LE2, LE3, LE4) = (0.016845, 0, -0.228031, -1.212518)

Since the N4DCMS-Ei (2) has only one positive exponent value (LE1 = 0.01685), it is
classified as a chaotic model. Figure 1 shows the phase portraits of the proposed N4DCMS-Ei (2).

i i

-4 4 0

I)
e

(c) P.—E;plane (d) L,—Is—E;

Figure 1. Phase portrait of NADCMS-Ei (2).
3. Dynamical analysis

In this section, we investigate the complex dynamics of the newly proposed chaotic finance
model using bifurcation and LE spectra diagrams. A bifurcation plot uncovers the critical points
where the system behaviors changes dramatically when the system parameter varies [26,27]. The
bifurcation illustrates the transition between stable and unstable behavior, as well as periodic and
chaotic regimes. These provide deep understanding of sensitivity and predictability of the chaotic
finance system. The Lyapunov exponent analysis is another powerful technique that not only helps to
identify the chaotic regimes but also plays an important role to understand the structural complexity
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of dynamical systems. A positive value of LE in the LE spectrum confirms the presence of chaos in
the finance system. In this section, all the bifurcation diagram and LE spectrum are plotted by using
the initial conditions (0.1, 0.1, 0.1, 0.05) while varying the specific bifurcation parameters against the
state Ir.

The bifurcation plot of the new system is shown in Figure 2(a), where the state variable Ir is
plotted for continuously increasing parameter a. Figure 2(a) reveals that the system has strange
attractors from a = 0 to a = 0.95 as indicated by the dense and cloud of points within this interval. As
the parameter a increases beyond a = 0.95, a noticeable change in the system response is observed.
The system transitions to periodic nature as evidenced by the appearance of separated branches and a
single line. The corresponding Lyapunov spectrum, as shown in Figure 2(b) further supports the
findings in the bifurcation plot. The positive LE1 (shown in Blue) in the interval a =0 to a = 0.95 is
a defining feature of chaos. For @ > 0.95, LE drops to zero and stabilizes at zero aligning with the
visual evidence of periodic nature in the bifurcation plot.

(a) Bifurcation diagram (b) Lyapunov exponent plot

Figure 2. (a) Bifurcation diagram and (b) LEs as the function of a.

The bifurcation plot and its corresponding LE spectrum for the function of parameter b are
given in Figure 3(a) and Figure 3(b), respectively. As observed from Figure (3a), the system has
chaotic regime for the region b = 0 to b = 3.5, except for few smaller regions where periodic
behavior emerges. The existence of chaotic region is evidenced by the dense and scattered
distribution of state variable points. However, there exist several narrow intervals where the system
changes into periodic regimes. The corresponding LE spectrum, as given in Figure 3(b), further
supports the observation made from the bifurcation plot. A positive LE1 over most of the parameter
region confirms the presence of chaos in the system. Conversely, the system momentarily its chaotic
behavior in the small regions where the LE1 approaches zero and LE2 (shown in Red) becomes
negative, aligning with the periodic regions observed in the bifurcation plot.

AIMS Mathematics Volume 11, Issue 4, 8903-8925.
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(a) Bifurcation diagram (b) Lyapunov exponent plot

Figure 3. (a) Bifurcation diagram and (b) LEs as the function of 5.

Figure 4 depicts the bifurcation plot and its corresponding LE spectrum of the system as
bifurcation parameter ¢ varies gradually in the range 0<c <0.4. Figure 4(a), the bifurcation plot of
the system, shows that the system has chaotic dynamics when the parameter lies in the interval ¢ = 0
to ¢ = 0.15. As parameter ¢ increases beyond ¢ =0.15, the system changes from chaos to periodic, and
settles into stable fixed points. Figure 4(b) provides further validation of the observed behavior
through the LE spectrum. The LE1 remains positive within the interval ¢ = 0 to ¢ = 0.15, confirming
the presence of chaotic behavior in the system. As ¢ increases beyond ¢ = 0.15, the LE1 gradually
decreases and stabilizes in to zero, indicating the loss of chaotic behavior and onset of periodic
behavior in the system.

0 0.1 0.2 0.3 0.4 0 0.1 0.2 03 0.4

= e
(a) Bifurcation diagram (b) Lyapunov exponent plot

Figure 4. (a) Bifurcation diagram and (b) LE spectrum as the function of c.

Figure 5 depicts the bifurcation plot and LE spectrum with respect to parameter d; against the
state variable /. Figure 5(a) shows the bifurcation plot, while Figure 5(b) shows the variation of LEs
over the same parameter interval. It can be observed from Figure 5a that the system exhibits chaotic
behavior in the parameter interval d; = 0 to d; = 1.5, identified by the existence of dense and cloud of
scattered points. The absence of regular and repeating patterns in this region reveals that the system
does not settle in to fixed stable points. Beyond d; = 1.5, the system transitions into successive
periodic and stable points, as evidenced by the repetitive structure and single lines. The

AIMS Mathematics Volume 11, Issue 4, 8903-8925.



8910

corresponding LE spectrum serves as the quantitative verification of the chaotic region noted in the
bifurcation plot. A positive LE1 in the interval d; = 0 to d; = 1.5 confirms the existence of chaos in
the system. As the parameter increases beyond d; = 1.5, the LEI stabilizes at zero, indicating the
transition into periodic behavior.

(a) Bifurcation diagram (b) Lyapunov exponent plot

Figure 5. (a) Bifurcation diagram and (b) LE spectrum as the function of di.

Figure 6(a) shows the bifurcation plot of the system as the function of the bifurcation parameter
ds, where the state variable Ir is plotted in vertical axis. It is evident from Figure 6(a) that the system
exhibits successive chaotic and periodic behavior as parameter ds gradually increases from ds= 0 to
ds = 3. Particularly, the state variable /, displays the irregular and densely populated points within the
parameter range ds = 0 to ds = 1.5, which is the indicator of chaotic attractors in the system. Beyond
d5=1.5, the system has sparsely populated points and branches of a single line, indicating the
periodic regions where the system settles into stable fixed points. The LE spectrum for parameter ds
is shown in Figure 6(b), where the presence of positive LE1 within the interval ds= 0 to ds = 1.5
holds the chaotic nature, whereas the zero LE1 in the interval ds = 1.6 to ds = 3 indicates the periodic
and stable behavior of the system.

dS . ‘Is'

(a) Bifurcation diagram (b) Lyapunov exponent plot

Figure 6. (a) Bifurcation diagram and (b) LE spectrum as the function of ds.

AIMS Mathematics Volume 11, Issue 4, 8903-8925.
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4. Multistability and coexisting attractors analysis

Multistability is the nonlinear phenomenon where multiple attractors coexist under a different
set of initial conditions and the same set of parameters. In such a multistable system, the state of the
system is highly dependent on the initial conditions of state variables. This behavior leads to diverse
dynamical responses such as chaotic trajectories, periodic motion, and stable points. To observe the
multistability in the proposed system, a detailed numerical analysis is carried out by plotting the
bifurcation diagram. For each initial condition, the trajectory of the system is plotted with sufficient
transient time, and the corresponding attractor is plotted in the phase space. The results show the
presence of multistability and coexisting attractors for the same set of parameters.

For example, the bifurcations for the parameter di are plotted with the two sets of initial
conditions as given in Figure 7. In Figure 7, the branches in blue and red color correspond to the
initial condition (0.1, 0.1, 0.1, 0.05), and (-0.1, -0.1, -0.1, 0.05), respectively. The non-overlapping
regions in Figure 8 confirm the presence of multiple attractors for the same parameter value,
indicating multistability. In contrast, the overlapped regions suggest the existence of the single
attractors at those parameter values.

Figure 7. Bifurcation plots under the initial conditions (0.1, 0.1, 0.1, 0.05) (Blue), and
(-0.1, -0.1, -0.1, 0.05) (red).

AIMS Mathematics Volume 11, Issue 4, 8903-8925.
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(a)d;=15 (b)d;=1.8

-0.5¢ ;

Figure 8. Various coexisting attractors of the proposed system under different initial
conditions. (a) Periodic coexisting attractor d; = 1.5, (b) and (c) Mixed periodic and
chaotic coexisting attractors at d; = 1.8 and d; = 2, respectively.

5. Offset boosting analysis and amplitude control

Dc offset boosting in a chaotic system refers to a method to shift its attractor’s position in phase
space without altering its chaos and bifurcation structure [28]. This can be achieved by the
intentional addition of a constant booster parameter to the state variables of the system. It is an
important technique often used for signal control and transformation. For example, it changes the
negative chaotic signal to positive to meet the input range of Analog to Digital converter or Digital to
Analog Converter, and is used in chaotic modulation where the specific voltage levels are required.
The offset boosting can be analyzed by plotting an attractor diagram, bifurcation diagram and LE
spectrum for various booster parameters. The attractor boostable system is given in the Eq (3), where
B is the booster parameter. Since the system has multiple E; signals on the right side of the equation,
booster parameter B is added to each Ei, which shifts the location of the state signal E; in phase space
without disturbing the location of the remaining state signals.

AIMS Mathematics Volume 11, Issue 4, 8903—-8925.
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I =—al +P +11,-bl,P+d (E +B)
I,=—cl, +1-I" +d,(E, + B)
I'De :_Ir_lje—i—blrld _dS(E1+B)

E,=d,I,P,~d,sin(P)~d,(E, + B)

3)

Figure 9 shows the offset transformation of the system with the different booster values B = 0,
(blue), B =2 (red), and B = -2 (black). For B = 0, the Ei signal retains its original positive, and is
considered as a reference. As the booster parameter is set as B = 2, the signal is shifted on downward
direction along the state signal Ei. When B = -2, the signal moves upward, showing a negative offset
in the system.

3r
|

bl
K0 Q[*-ﬁ'ﬁ“\wﬂWM«& | My—q\xﬁ

b |
G ‘ Y { MY H i

i -2 0 2 4 0 50 100 150 200
L Time
(a) Offset boosted attractors (b) Time series of E;

Figure 9. Influence of the offset booster parameter. (a) Offset boosted attractors along
the Ei state signals, and (b) the time variation of the signal Ei with booster parameters

Figure 10(a) displays the corresponding bifurcation plots against the state variable Ei with the
same booster values. This indicates that the positive value of B moves the bifurcation branch in a
downward direction, whereas the negative value of B moves the branches in upward direction. These
results confirm that the booster parameter effectively controls the location of state signals without
affecting its chaotic dynamics and bifurcation structure. The offset boosting directly affects the
average (mean) value of the state signal Ei. This effect is illustrated in Figure 10(b), which displays
the plot of average values of the state variables against the booster parameter B. As shown in the
Figure 10(b), the mean value of Ei gradually decreases as the booster parameter increases, while the
remaining states variables are unchanged.

AIMS Mathematics Volume 11, Issue 4, 8903-8925.
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Figure 10. (a) The bifurcation plots against Ei state signals with different booster values,
and (b) the variation of the mean value for the state signals with respect to booster value.

In many physical systems, the chaotic oscillations increase its magnitude in uncontrolled
manner and lead to system instability. The amplitude control mechanism keeps the chaotic
trajectories within bounded limits [29-31]. It enables their practical use in a wide range of practical
applications such as a chaotic communication system [32—-34]. Rescaling the state variables is one of
the easiest and efficient methods to achieve the amplitude control. The original state variables of the
system can be transformed into new variables by multiplying them by a constant parameter. Now, let
us take I —>al I, >al,,P ->aP,E, - aF, and the proposed N4DCMS-Ei (2) becomes

amplitude controllable system, as given in Eq (4), where « is the amplitude control parameter.

I =—al +P +all,—abl,P +dE,

I,=—cl,+a ' —al’+d,E, @)
P =-I —P +ablI,—dE,

e

E =adJ,P —a'd,sin(aP)—d,E,

Figure 11 displays the amplitude-controlled attractor of the new system under the control
parameters « =1(blue),a =0.7(red), and o =1.4(green), As evident from Figure 11, that the

controller adjusts the amplitude of the chaotic signal by the factor ! . This means that the amplitude

a
of the signal is amplified when « <1 and attenuated when « -1, without affecting its chaotic

dynamics. In conclusion, the proposed control method effectively regulates the amplitude of the
chaotic signal without modifying its dynamics.

AIMS Mathematics Volume 11, Issue 4, 8903-8925.
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Figure 11. The amplitude regulated attractors of the new system under the control

parameters o = I(blue), @ = 0.7(red), and  =1.4(green).

6. Supervised radial basis function neural network

In this section, the design method of a supervised radial descending function neural network
controller is presented. In this method, the radial descending function neural network is first trained
with data. This data is obtained using a nonlinear design method.

I.=—al +P +I11,+bl,P.+dE +U,_,,
j :—Cld +1—I,,2+d2E,‘+U2—NL (5)
P =_Ir _Pe _blr]d +d3Ei +U3_NL

d
=—d,E; +dsI,F, —d sin(R)+U,

E

1

In the Eq (5), U, .U, \;,-U; . »and U, ,, are controllers that need to be designed.

In other words, the error data and the error derivative are used as the input of the network, and
the controller data are used as the correct response of the network. This means that the radial descent
function neural network can learn the inherent behavior of the nonlinear controller.

AIMS Mathematics Volume 11, Issue 4, 8903—-8925.



8916

e, =1 -1,
e, =1,-1,
oo (6)
eP :Pe_ e
eEz_Ei_Ei*

Taking the time derivative of the error variables yields

é[r :jr_[:
é[d :I.d_].:i; 7
éPe =P -r
éE,. =Ei_Ei*

. * * * * g . . . .
Since /,,1,,P ,and E; are constant equilibrium values, their derivatives are zero. Therefore,

the error derivatives are given as above.

é],‘ = r
€ _jd
d ) (8)
e, =F,
e'EI =L

Theorem 1. The system (8) with free initial conditions moves exponentially toward the desired
points if the nonlinear controllers are as follows:

UlfNL -

al, —P,—-11,-bI,F,—d\|E, +ﬂ’lelr

U, =cl,—1+1’—d,E, + e,

U, =1 +P+bl1,-d,FE, +Agepp

)

U, =d,E—-dJd,P+d, Sin(&)"'&ea

where 4,4,,4,, and A, are the control gains of Eq (9). These parameters are positive constants

that determine the convergence rate of the error dynamics. According to the Lyapunov stability
condition, choosing A1 > 0 ensures that the derivative of the Lyapunov function is negative definite,
which guarantees the asymptotic stability of the controlled system.

Proof 1: By the candidate Lyapunov function:

AIMS Mathematics

1
V(e)zz(elzr +e,2d +e1238 +ef,i)>0.

By the derivative from the candidate Lyapunov Eq (10):

V =¢ée +ee, +ee,.

(10)

(11
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By substituting Eq (9) in Eq (11):
V=ﬂ1€i+ﬂqefd+ﬂg€é+/l4€;<0 4 =4=4=1,<0). (12)

It is noted that the desired points are equal to /. =1, =P =E, =0. The proof is now

complete.

In the numerical simulation for the Eq (5), the initial conditions are equal to /- (0) = 0.1, 14 (0) =
0.1, P. (0) = 0.1, and Ei (0) = 0.05, and the system parameters are equal to d1 = 0.2, d> = 0.1, d3 =
—0.15,d4=0.3,d5s=0.4, ds = 0.25, a = 0.5, b = =2, and ¢ = 0.1. Additionally, the controller gain is
equal to 4 =4, =4, =4, =-3. Figure 12 depicts the behavior of the Eq (5) before and after

applying the nonlinear controller. Figure 13 show the time response of nonlinear controller.

“o 10 20 ) 4 50
Time(sec) Time(sec)

—E|

Time(sec) Time(sec)

Figure 12. Time response of a chaotic monetary system before and after applying a
nonlinear controller.

—U,,

—Ya

Figure 13. Time response of nonlinear controller.
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In chaotic systems, there is a complex relationship between variables. The strength of the
proposed method is the use of four error variables for training simultaneously. This means that the
radial descent function neural network controller has four inputs and one output and this design
method helps the neural network to be robust. Therefore, four radial descent function neural
networks are designed (due to four controllers). Figure 14 shows the block diagram of training a

supervised radial basis function neural network.

Supervised
RBF-NN

Initial condition

Desired point Error

( ) Nonlinear
' + » control

Output

Chaotic Monetary >
System

Figure 14. Block diagram of the SRBFNN training system.

In the design of the neural network controller, the supervised radial basis function Eq (5)

changes as follows:

I,
P

”
e

E

1

I, ==al, + P, +1,1,+bI,P.+dE,+U, 4,
=—cl, +1-I' +d,E, + U, 4
=—[,—P -bl I, +d.,E +U, .
=~d,E, +d;I,P,~d sin(P)+U,

(13)

where U, ,p5U, porsUs_pr» and U, . are controllers SRBFNN to be designed.

The way data is selected for training neural networks is very important. In this method, training
data is selected from Time = 30 sec to Time = 32.5 sec. This interval is selected because the chaotic
system has already reached a fully developed chaotic regime after the transient phase. Therefore, the
system trajectories within this period contain representative nonlinear dynamics of the chaotic
attractor, which are sufficient for the SRBFNN to learn the nonlinear characteristics required for the
control design. This structure is given in Table 1. Additionally, Table 2 shows the mean square error
for training. Figure 15 shows the output results of the radial basis function neural network.
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Porformanca is 6.16987e-20, Goal is 0 Performance is 1.769Be.21, Goal is §
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Figure 15. Performance of training the proposed SRBF-NN controller.

Table 1 Description of RBFNN architecture.

RBF parameters Number
Total number of trainings 225
Number of training pairs 113
Number of test pairs 112
Mean squared error goal (P1) 0
Spread of radial basis functions (P2) 0.1
Maximum number of neurons (P3) 200
Number of neurons to add between displays (P4) 30
Epoch (7) 120
Table 2. MSE training.

Netl Net2 Net3 Net4

El, E2, E3 E4 and El, E2, E3 E4 and El, E2, E3 E4 and El, E2, E3 E4 and
Parameter

Ul Ul Ul Ul
MSE 1.14543e-21 2.38218e-19 1.7698e-21 6.16987¢-20

This trained network will be used for online deployment in the chaotic monetary system. This
means solving Eq (13) under the SRBFNN controller. The block diagram of the chaotic monetary
system under the SRBFNN controller can be seen in Figure 16.
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Figure 16. Block diagram of chaotic monetary system under the SRBFNN controller.

Simulation results for the radial basis function neural network controller will be described in
this section. The initial conditions are equal to /- (0) = 0.1, 14 (0) = 0.1, Pe (0) = 0.1, and Ei (0) = 0.05,
and the system parameters are equal to d1 = 0.2, d>2=0.1,d3 =—-0.15,ds=0.3,d5s = 0.4, ds = 0.25, a =
0.5, b =-2, and ¢ = 0.1. Changing the initial conditions in chaotic systems will change their behavior.
This can be a good measure to evaluate the performance of the controller. Additionally, the time of
application of the SRBFNN controller has also changed compared to what was in training.

As can be seen in Figure 17, the SRBFNN controller has been applied to the chaotic monetary
system since time t = 38. The stability time and elimination of chaotic behavior show that the
proposed controller has an acceptable performance. Additionally, Figure 18 depicts the behavior of
the radial basis function neural network controller. This behavior represents the implementation of
the controller structure in the real world.

L & H 4 o =4 9N o w

o 5 10 15 20 25 30 35 40 a5 50 0 5 10 15 20 25 30 35 40 45 50
Time(sec) Time(sec)

o 10 20 30 40 50 ’ 0 5 10 15 20 30 35 40 45 50

25
Time(sec) Time(sec)

Figure 17. Time response of a chaotic monetary system under a SRBFNN controller.
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SRBFNN control

Figure 18. Time response of a SRBFNN controller.

Although the effectiveness of the proposed SRBFNN controller has been demonstrated through
numerical simulations, further investigations can be conducted in future work. In particular, a
comparative analysis with other advanced control strategies, such as sliding mode control and
reinforcement learning-based controllers, would provide deeper insights into the convergence
performance, robustness, and disturbance rejection capability of the proposed method.

From a practical perspective, the proposed chaotic monetary model provides a conceptual
framework for understanding how nonlinear interactions between macroeconomic variables and
expectation dynamics may influence financial stability. In real monetary systems, central banks
frequently adjust policy instruments such as interest rates and liquidity management to stabilize
economic fluctuations. The presence of chaotic dynamics in the model suggests that small parameter
changes may lead to significant variations in economic trajectories, highlighting the importance of
adaptive and intelligent control strategies. The SRBFNN-based control approach demonstrated in
this study illustrates how advanced computational techniques could support decision-making by
stabilizing complex economic dynamics and reducing excessive volatility in macroeconomic
indicators.

7. Conclusions

In this study, we present a comprehensive framework for understanding and regulating chaotic
dynamics in a four-dimensional monetary model enhanced with an E:. Through extensive dynamical
analysis, including bifurcation structures, Lyapunov exponents, and multistability exploration, the
model revealed highly sensitive and diverse behaviors influenced by both economic variables and
behavioral expectations. The introduction of amplitude control and offset boosting provided
additional flexibility for managing the system’s response without altering its inherent chaotic nature.
Furthermore, the deployment of a SRBFNN demonstrated the effectiveness of intelligent control in
driving the system toward equilibrium under varying initial conditions. These findings highlight the
practical value of combining nonlinear modeling with machine learning-based control to improve
economic system resilience and design adaptive responses to instability.
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The proposed framework also contributes to the broader objectives of sustainable development,
particularly SDG 8 (Decent Work and Economic Growth) and SDG 9 (Industry, Innovation, and
Infrastructure). Stable and predictable monetary environments are essential for promoting sustainable
economic growth, encouraging long-term investment, and maintaining financial resilience. By
providing a mathematical and computational approach to analyze and control complex monetary
dynamics, this study supports the development of innovative analytical tools that can enhance the
robustness of economic systems. Such approaches may assist policymakers and financial institutions
in designing strategies that mitigate instability while fostering sustainable economic development.
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