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Abstract: In this paper, we propose a novel efficient key conditional quotient filter (KCQF) for the
estimation of state in the nonlinear system, which can be either Gaussian or non-Gaussian, and either
Markovian or non-Markovian. The core idea of the proposed KCQF is that only the key measurement
conditions, rather than all measurement conditions, should be used to estimate the state. Based on
key measurement conditions, the quotient-form analytical integral expressions for the conditional
probability density function, mean, and variance of state were derived using the principle of probability
conservation, and were calculated using the Monte Carlo method, which thereby constructed the
KCQF. Three numerical examples were given to demonstrate the superior estimation accuracy of
KCQF, compared to ten filters. The experimental results demonstrated that the KCQF algorithm not
only accurately addresses nonlinear problems with high precision but also directly handles navigation
issues under time-varying noise conditions.
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1. Introduction

Estimating the true state of a system in the presence of random noise is a common problem,
particularly prevalent in fields such as control [1], signal processing [2], position estimation [3–5],
and mechanics [6–8]. Filtering algorithms are among the commonly employed methods to address
this issue. Moreover, filtering problems can be categorized into linear filtering problems and nonlinear
filtering problems depending on the models of the system state and the types of noise. A multitude of
theories and algorithms for filtering have been developed to date.

The Kalman filter (KF), proposed by Kalman [9], was designed for linear systems driven by
Gaussian noise, which can obtain a minimum mean-squared error estimate of the system state [10].
However, most models encountered in the real world are nonlinear. Therefore, to extend the KF to
nonlinear systems, the extended Kalman filter (EKF) has gradually been proposed by
researchers [11]. The EKF uses the Taylor series expansion to linearize nonlinear functions and then
applies the KF for estimation; hence, it requires the system noises to follow Gaussian distributions. It
performs well in estimating systems with insignificant nonlinear effects, but can encounter significant
errors or divergence when dealing with systems where nonlinear effects are strong. Researchers have
proposed various enhanced algorithms based on EKF, such as [12–14]. Nevertheless, the inherent
shortcomings of EKF are difficult to overcome. To avoid the estimation error caused by linearization
of a nonlinear system, Julier and Uhlman [15] proposed the unscented Kalman filter (UKF) algorithm.
The UKF uses a series of discrete points to approximate the posterior probability density function
(PDF), offering higher estimation accuracy. However, the UKF also requires that the noises follow
Gaussian distributions. Since the proposal of the UKF, a variety of optimization methods for UKF
have also emerged, such as [16–18]. The cubature Kalman filter, proposed by Arasaratnam et al. [19],
is also a nonlinear filter. This filter uses a third-order spherical-radial rule to approximate the posterior
mean and covariance matrix, making it a more suitable nonlinear filter for high-dimensional systems.

The particle filter (PF) [20] originated from the idea of sequential important sampling based on
Bayesian sampling estimation. The PF is a Monte Carlo (MC)-based method that uses a set of
weighted particles to approximate the posterior PDF of state. MC is a computational approach that
solves mathematical problems by generating random samples and performing statistical
simulations [21, 22]. The PF is a filter that is well-suited for the systems with strong nonlinearity and
non-Gaussian noise. However, the PF suffers from the widely-known problem of particle depletion,
wherein a significant fraction of particles loses their weights during update. Although there are some
methods to alleviate the particle depletion, such as selecting appropriate importance probability
density [23–25] and resampling [26–28], the problem of particle depletion cannot be completely
solved.

Apart from particle filter, researchers have proposed a series of robust filtering algorithms to
address the state estimation problem for nonlinear non-Gaussian systems with outlier-contaminated
measurement noise. The variational Bayesian method (VB) achieves adaptive estimation of noise
covariance by approximating the posterior distribution, which can effectively handle the problem of
inaccurate measurement noise covariance but has limited performance in dealing with non-Gaussian
noise [29–31]. The maximum correntropy Kalman filter adopts the robust maximum correntropy
criterion as the optimality criterion instead of the mean square error, which significantly improves the
robustness against non-Gaussian heavy-tailed noise and outliers [32, 33]. However, the maximum
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correntropy criterion relies on the selection of the kernel bandwidth and is prone to numerical
problems under large outliers [31]. In addition, Wei et al. [34] proposed an extended H∞ filtering
method based on reproducing kernel Hilbert space (RKHS), which can guarantee the accuracy and
robustness of estimation in non-Gaussian noise environments. Tseng et al. [35] presented a robust
Huber-based cubature Kalman filter, which integrates the merits of Huber M-estimation and the
cubature Kalman filter and provides robustness against deviations from Gaussian behavior. Tan et
al. [36] proposed a PI-type exponential-based filter to improve the dynamic performance of the
filtering error system.

Each filter has its own characteristics, which implies that different application scenarios might
necessitate different filters to achieve optimal outcomes. These filters mostly assume that the state
process is a Markovian process; therefore, when dealing with filtering problems where
non-Markovian effects are significant, the accuracy will decrease. Constructing an appropriate filter
for nonlinear, non-Gaussian, and non-Markovian systems remains an important topic worthy of
research. In this paper, we are committed to developing a filter suitable for nonlinear systems by using
the conditional probability density function (CPDF) of the system state. We first theoretically
observe, without assumptions such as Gaussian distributions and Markov processes, that calculating
the CPDF of the state when considering all measurement conditions may suffer from numerical
computation instability. Numerical instability arises from the PDF of measurement noise, which is
included in the numerator and denominator of the CPDF expression, and tends to approach zero as the
iterations proceed. Therefore, when multiple iterative steps are involved, a situation may arise where a
small numerator is divided by a small denominator, leading to significant rounding errors. This
observation motivated us to come up with a new idea: The system state should be estimated using key
measurement conditions instead of all measurement conditions. Centered around this idea, we use the
principle of probability conservation to derive quotient-form analytical expressions for the CPDF,
mean, and variance of the state based on key measurement conditions. These analytical expressions,
based on key conditions, are in integral form and contain only the PDF of a finite number of key
measurement noises in the numerator and denominator, which avoids a small numerator divided by a
small denominator, thus making numerical computation more stable. We have also defined the
reference value based on the correlation coefficient to help extract key measurement conditions, and
employed the MC method to numerically solve the integral terms in the expressions.

In summary, here, we abandon the dual assumptions of Gaussian distribution and Markov property.
Based on the principle of probability conservation, analytical expressions for the quotient-form
conditional probability density function, mean value, and variance are derived, which are theoretically
applicable to non-Markovian systems. Moreover, to address the problem of numerical instability
when calculating the state conditional probability density function using all measurement conditions,
a correlation coefficient is introduced to screen key measurement conditions. Finally, we employ the
MC method to numerically solve the integral terms in the expressions, thus developing an effective
key conditional quotient filter suitable for nonlinear systems, which can be Gaussian/non-Gaussian
and Markovian/non-Markovian.

The remainder of this article is organized as follows: In Section 2, we elaborate on the mathematical
model of nonlinear systems; In Section 3, we provide a detailed introduction to the KCQF proposed in
this paper; In Section 4, we present three test cases, comparing the proposed KCQF with ten existing
excellent filters to demonstrate its superiority in estimation accuracy; and in Section 5,we conclude
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with a summary and outlook.

2. Mathematical models

Consider the problem of estimating the state of a nonlinear system taking the form

xk+1 = φk (xk, wk)

yk+1 = γk+1 (xk+1) + vk+1
, (2.1)

where xk is the system state at time k, yk+1 is the measurement at time k + 1, φk is the nonlinear state
transition function, γk+1 is the nonlinear measurement function, and wk and vk+1 represent zero mean
process noise and measurement noise. The joint PDFs of w0:k = (w0, w1, · · · , wk), and v1:k+1 =

(v1, v2, · · · , vk+1) are denoted by pw1:k (w1:k) and pv1:k+1 (v1:k+1), respectively. Here, noise is no longer
assumed to be Gaussian white noise. At the initial moment, the initial state x0 is assumed to follow
the distribution px0 (x0). The current question is: How do we estimate xk+1 if a measurement matrix
y1:k+1 = (y1, y2, · · · , yk+1) composed of measurement vectors at different k has been obtained? For the
estimation of xk+1, the commonly used method is to solve the CPDF pxk+1 |y1:k+1 (xk+1|y1:k+1). According
to the Bayesian method [20], pxk+1 |y1:k+1 (xk+1|y1:k+1) can be written as:

pxk+1 |y1:k+1 (xk+1|y1:k+1) =
pyk+1 |xk+1 (yk+1|xk+1) pxk+1 |y1:k (xk+1|y1:k)

pyk+1 |y1:k (yk+1|y1:k)
. (2.2)

If pxk+1 |y1:k+1 (xk+1|y1:k+1) is known, then the mean and variance of xk+1 can be expressed as:

x̂k+1 = E (xk+1|y1:k+1) =
∫ +∞

−∞

pxk+1 |y1:k+1 (xk+1|y1:k+1) xk+1dxk+1, (2.3)

and

Pk+1 =

∫ +∞

−∞

pxk+1 |y1:k+1 (xk+1|y1:k+1)

× (xk+1 − x̂k+1) (xk+1 − x̂k+1)T

dxk+1. (2.4)

The x̂k+1 can be used as an estimate of xk+1 when y1:k+1 is known. Calculating (2.3) and (2.4)
is challenging because it is often difficult to explicitly express the pxk+1 |y1:k+1 (xk+1|y1:k+1). In existing
research, KF, EKF, UKF, CKF, and PF can be employed for estimation. However, these methods
assume that the state xk+1 is Markovian, and the computational accuracy will decrease when dealing
with non-Markovian situations.

In the following section, we have precisely derived expressions for the CPDF pxk+1 |y1:k+1 (xk+1|y1:k+1),
x̂k+1 , and Pk+1 without assumptions such as Gaussian distributions and Markov processes, and
analyzed that calculating these expressions will lead to numerical instability. To overcome the
instability, new quotient-form expressions for the estimation of state based on key measurement
conditions have derived, proposing the key conditional quotient filter.
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3. Key conditional quotient filter

3.1. A quotient-form expression for conditional probability density function

In this section, we propose a new filter named the key conditional quotient filter (KCQF). To derive
this filter, we first present another equivalent form of pxk+1 |y1:k+1 (xk+1|y1:k+1) (equivalent to (2.2),

pxk+1 |y1:k+1 (xk+1|y1:k+1) =
pxk+1,y1:k+1 (xk+1, y1:k+1)

py1:k+1 (y1:k+1)
. (3.1)

Equation (3.1) can be directly given using the CPDF formula. Using (3.1), a new quotient-form
expression for the estimation of xk+1 can be provided. To derive this expression, we first introduce the
principle of probability conservation. The principle of probability conservation was initially proposed
for the study of random dynamical systems [37]. Taking a random dynamical system u = g (ε, t) as an

example, a random interval D (t) :=
[
u
−

, ū
]

at time t, within a short enough time interval [t, t + ∆t],

changes to D (t + ∆t) :=
[
u
−

(t + ∆t) , ū (t + ∆t)
]

as the dynamical system u (t + ∆t) = g (ε, t + ∆t)
evolves. If, during [t, t + ∆t], no new random information is added to this system, and no random
information is lost, then probability is conserved, which can be expressed as:

P (φ (ε, t) ∈ D (t)) = P (φ (ε, t + ∆t) ∈ D (t + ∆t)). (3.2)

The aforementioned principle of probability conservation essentially states that: A nonlinear
mapping g (ε, t) → g (ε, t + ∆t) that is time-dependent and does not contain additional random
information is probability-preserving. From this perspective, any mapping (not necessarily
time-dependent), as long as it does not obtain or loss new random information, is also
probability-preserving. Based on this idea, we can derive the following more general theorem of
principle of probability conservation.
Lemma 1 (Principle of probability conservation). There exist two random real vectors z and θ, where
the PDF of θ is pθ (θ), and z can be expressed in terms of θ as follows:

z = (z1, z2, · · · , zn)T = (h1 (θ) , h2 (θ) , · · · , hn (θ))T = h (θ) , (3.3)

where h (θ) is a function that depends only on θ and does not include any other random parameters.
Then the joint PDF of z and θ is:

pz,θ (z, θ) = pθ (θ) δ (z − h (θ)) , (3.4)

where δ (z − h (θ)) =
n∏

i=1
δ (zi − hi (θ)), and δ (�) is Dirac function.

Proof. Take any two random vectors a and b, whose vector lengths are the same as those of z and θ,
respectively, and we analyze the probability of z ≤ a

⋂
θ ≤ b. On the one hand, the probability can

be represented by pz,θ (z, θ) as

P
(
z ≤ a

⋂
θ ≤ b

)
=

∫ a

−∞

∫ b

−∞

pz,θ (z, θ)dθdz =
∫ b

−∞

[∫ a

−∞

pz,θ (z, θ)dz
]

dθ. (3.5)

AIMS Mathematics Volume 11, Issue 4, 8879–8902.



8884

On the other hand, consider that z = h (θ) is a function that maps θ to z. In this mapping, no other
random factors are introduced. Therefore, the probability of z ≤ a

⋂
θ ≤ b should be the same as the

probability of h (θ) ≤ a
⋂
θ ≤ b, which means probability conservation, so there is:

P
(
z ≤ a

⋂
θ ≤ b

)
=

∫ +∞

−∞

I (h (θ) ≤ a) I (θ ≤ b) pθ (θ)dθ, (3.6)

where, I (�) is the characteristic function. By combining (3.5) and (3.6), we have

P
(
z ≤ a

⋂
θ ≤ b

)
=

∫ b

−∞

[∫ a

−∞

pz,θ (z, θ)dz
]

dθ =
∫ +∞

−∞

I (h (θ) ≤ a) I (θ ≤ b) pθ (θ)dθ. (3.7)

Taking the derivative of a and b on both sides of (3.7), there is

pz,θ (a,b) = δ (a − h (b)) pθ (b) . (3.8)

At this point, a and b can be replaced by any vector, so letting a = z and b = θ yields (3.4). □
Using Lemma 1, the following theorem can be derived:

Theorem 2. For (2.1), when y1:k+1 is known, pxk+1 |y1:k+1 (xk+1|y1:k+1) can be expressed as:

pxk+1 |y1:k+1 (xk+1|y1:k+1) =

∫ +∞
−∞


px0 (x0) pw0:k (w0:k)

× pv1:k+1 (y1:k+1 − γ1:k+1 (x1:k+1))

× δ (xk+1 − φk (xk, wk))

dx0dw0:k

∫ +∞
−∞

px0 (x0) pw0:k (w0:k)

× pv1:k+1 (y1:k+1 − γ1:k+1 (x1:k+1))

dx0dw0:k

,
(3.9)

where pw0:k (w0:k) =
k∏

i=0
pwi (wi), pv1:k+1 (y1:k+1 − γ1:k+1 (x1:k+1)) =

k+1∏
i=1

pvi (yi − γi (xi)), γ1:k+1 (x1:k+1) =

(γ1 (x1) , γ2 (x2) , · · · , γk+1 (xk+1)).
Proof. According to (2.1):

xk+1 = φk (xk, wk) = φk (φk−1 (xk−1, wk−1) , wk)

= · · · = φk (φk−1 (· · ·φ0 (x0, w0)) , wk)

= φ̃k (x0,w0:k)

yk+1 = γk+1 (xk+1) + vk+1

. (3.10)

According to Lemma 1, there is a joint PDF as follows:

p (xk+1, y1:k+1, x0, v1:k+1,w0:k) =


px0 (x0) pw0:k (w0:k) pv1:k+1 (v1:k+1)

× δ (xk+1 − φ̃k (x0,w0:k))
k+1∏
i=1

δ (yi − γi (xi) − vi)

. (3.11)

Based on (3.11), the marginal PDF can be calculated as:

pxk+1,y1:k+1 (xk+1, y1:k+1) =
∫ +∞

−∞

p (xk+1, y1:k+1, x0, v1:k+1,w0:k)dx0dw0:kdv1:k+1

=

∫ +∞

−∞

px0 (x0) pw0:k (w0:k) pv1:k+1 (y1:k+1 − γ1:k+1)

× δ (xk+1 − φ̃k (x0,w0:k))

dx0dw0:k

, (3.12)
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and

py1:k+1 (y1:k+1) =
∫ +∞

−∞

pxk+1,y1:k+1 (xk+1, y1:k+1)dx0dw0:kdxk+1

=

∫ +∞

−∞

[
px0 (x0) pw0:k (w0:k) pv1:k+1 (y1:k+1 − γ1:k+1)

]
dx0dw0:k

. (3.13)

Substituting (3.12) and (3.13) into (3.1) yields (3.9). □
Using the conditional probability density function obtained from Theorem 2, the mean and variance

of the state can be calculated, leading to the following corollary:
Corollary 3. For (2.1), when y1:k+1 is known, the mean and variance of xk+1 are

x̂k+1 =

∫ +∞
−∞

[
px0 (x0) pw0:k (w0:k)φk (xk, wk) pv1:k+1 (y1:k+1 − γ1:k+1)

]
dx0dw0:k∫ +∞

−∞

[
px0 (x0) pw0:k (w0:k) pv1:k+1 (y1:k+1 − γ1:k+1)

]
dx0dw0:k

, (3.14)

and

Pk+1 =

∫ +∞
−∞

px0 (x0) pw0:k (w0:k) pv1:k+1 (y1:k+1 − γ1:k+1)

× (φk (xk, wk) − x̂k+1) (φk (xk, wk) − x̂k+1)T

dx0dw0:k∫ +∞
−∞

[
px0 (x0) pw0:k (w0:k) × pv1:k+1 (y1:k+1 − γ1:k+1)

]
dx0dw0:k

. (3.15)

The quotient-form mean and variance of xk+1 can be calculated using (3.14) and (3.15). However,
it must be pointed out that calculating the mean and variance of xk+1 based on (3.14) and (3.15) may
result in a very small denominator and numerator, leading to numerical calculation failure. To explain
this point, we use the example where the measurement noise is white noise. At this point,

pv1:k+1 (y1:k+1 − γ1:k+1) =
k+1∏
i=1

pvi

(
yi − γi

(
xi

))
, where the PDF pvi

(
yi − γi

(
x( j)

i

))
represents the likelihood

of yi − γi

(
xi

)
occurring. Since vi represents zero mean noise, pvi

(
yi − γi

(
x( j)

i

))
essentially represents

the likelihood of γi

(
xi

)
being close to yi, and the closer γi

(
xi

)
and yi are, the greater the likelihood is.

k+1∏
i=1

pvi

(
yi − γi

(
xi

))
represents the likelihood that the measurement yi is also very close to γi

(
xi

)
at all

moments. Thus, as k increases, this likelihood will gradually decrease; i.e.,

lim
k→∞

k+1∏
i=1

pvi

(
yi − γi

(
xi

))
= 0. Even if the measurement noise is not white noise, pv1:k+1 (y1:k+1 − γ1:k+1)

still represents the likelihood that the measurement yi is very close to γi

(
xi

)
at all times. Therefore, as

k increases, this likelihood will gradually decrease, indicating that pv1:k+1 (y1:k+1 − γ1:k+1) approaches 0,
which will result in serious rounding errors and numerical instability.

To address the numerical instability issue analyzed above, in the following subsection, we propose
a new key conditional quotient filter.

3.2. Key conditional quotient filter

The reason for the instability of the model calculation in the previous subsection is essentially due
to too many measurement conditions. Note that (3.14) and (3.15) are quotient-form analytical
expressions for the estimation of xk+1 when y1:k+1 = (y1, y2, · · · , yk+1) is known. As k increases,
pvi:k+1 (yi:k+1 − γi:k+1) will decrease, resulting in smaller numerators and denominators in (3.14) and
(3.15), leading to significant errors in numerical calculations. In fact, it seems that not all
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measurement conditions are necessary to estimate xk+1. For instance, when estimating xk+1, although
measurements y1:k+1 = (y1, y2, · · · , yk+1) have been taken, it is not always necessary to utilize all the
measurements. Take the estimation problem of a satellite’s trajectory as an example. Take the state
equation of the satellite around the Earth, with the state includes four variables: the radius of the
satellite trajectory, the rate of change of the radius, the angle of the satellite trajectory, and the rate of
change of the angle. Measurements of the satellite’s radius and angle of motion are taken daily to
obtain (y1, y2, · · · , y30). Now, it is necessary to estimate the state x30 at the end of the month. The
state x30 at the end of the month is different from x1 at the beginning of the month. Moreover, the
impact of the initial measurement y1 on x30 is not as critical as the impact of the measurement y30 on
x30. Alternatively, when estimating the radius dynamics, the measurement radius is a more important
measurement condition compared to the measurement angle. Thus, the fundamental premise of the
KCQF is that, despite having obtained a great number of measurements y1:k+1 = (y1, y2, · · · , yk+1), to
accurately estimate xk+1, one should focus on selecting the measurement conditions that are key for
xk+1 and disregard measurements with weaker correlations.

Assuming that within the obtained measurements, only a portion of the measurements is key for
estimating xk+1, it follows that an estimation of the state should be based solely on the key
measurement conditions. To concretely illustrate this concept, let us denote the key measurements as
zk+1 := y1:k+1Ak+1. Here, Ak+1 represents the operational operator for extracting the measurement
conditions that are key for the estimation of xk+1 from the measurement matrix y1:k+1. For instance, if

(yk, yk+1) is very important for the estimation of xk+1, we can set Ak+1 =

[
0 · · · 1 0
0 · · · 0 1

]T
, thus

zk+1 = y1:k+1Ak+1 = (yk, yk+1). The measurement error of zk+1 is denoted as βk+1 := v1:k+1Ak+1.
To estimate the xk+1 based on key measurement conditions, it is necessary to know the CPDF

pxk+1 |zk+1 (xk+1|zk+1).
Using Lemma 1 and introducing the idea of key conditions on the basis of Theorem 2, the following

theorem can be established:
Theorem 4. For (2.1), when y1:k+1, Ak+1 and the PDF pβk+1 (βk+1) of βk+1 is known, and let
γ1:k+1 (x1:k+1) = (γ1 (x1) , γ2 (x2) , · · · , γk+1 (xk+1)), and zk+1 = y1:k+1Ak+1, then the CPDF
pxk+1 |zk+1 (xk+1|zk+1) can be expressed as:

pxk+1 |zk+1 (xk+1|zk+1) =

∫ +∞
−∞


px0 (x0) pw0:k (w0:k)

× pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

× δ (xk+1 − φk (xk, wk))

dx0dw0:k

∫ +∞
−∞

px0 (x0) pw0:k (w0:k)

× pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

dx0dw0:k

. (3.16)

Proof. According to (2.1)
xk+1 = φk(xk,wk) = φ̃k(x0,w0:k)
zk+1 = γ1:k+1(x1:k+1)Ak+1 + βk+1.

(3.17)

According to Lemma 1, there is a joint PDF as follows:

p (xk+1, zk+1, x0, βk+1,w0:k) = px0 (x0) pw0:k (w0:k) pβk+1 (βk+1)

× δ (xk+1 − φ̃k (x0,w0:k)) δ (zk+1 − γ1:k+1 (x1:k+1) Ak+1 − βk+1) .
(3.18)
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According to (3.18), and analogous to the derivations of (3.12) and (3.13), the marginal PDF can be
calculated as:

pxk+1,zk+1 (xk+1, zk+1) =
∫ +∞

−∞


px0 (x0) pw0:k (w0:k)

× pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

× δ (xk+1 − φ̃k (x0,w0:k))

dx0dw0:k, (3.19)

and

pzk+1 (zk+1) =
∫ +∞

−∞

[
px0 (x0) pw0:k (w0:k) pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

]
dx0dw0:k. (3.20)

Substituting (3.19) and (3.20) into pxk+1 |zk+1 (xk+1|zk+1) =
pxk+1 ,zk+1 (xk+1, zk+1)

pzk+1 (zk+1) yields (3.16). □

Using the conditional probability density function with key measurement conditions obtained from
Theorem 4, the mean and variance of the state can be calculated, yielding the following corollary:
Corollary 5. For (2.1), when zk+1 = y1:k+1Ak+1, βk+1 = v1:k+1Ak+1 and pβk+1 (βk+1) is known, the mean
and variance of xk+1 can be expressed as:

x̂k+1|zk+1 =

∫ +∞
−∞

px0 (x0) pw0:k (w0:k)φk (xk, wk)

× pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

dx0dw0:k∫ +∞
−∞

[
px0 (x0) pw0:k (w0:k) pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

]
dx0dw0:k

, (3.21)

and

Pk+1|zk+1 =

∫ +∞
−∞

px0 (x0) pw0:k (w0:k) pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

×
(
φk (xk, wk) − x̂k+1|z1+k

) (
φk (xk, wk) − x̂k+1|z1+k

)T
dx0dw0:k∫ +∞

−∞

[
px0 (x0) pw0:k (w0:k) pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

]
dx0dw0:k

. (3.22)

Equations (3.21) and (3.22) can be used to calculate the mean and variance of xk+1 based on the key
conditions. The MC method is utilized to solve the high-dimensional integrals present in (3.21) and
(3.22). Assuming sampling based on distributions px0 (x0) and pw0:k (w0:k), Ns samples x( j)

0 and w( j)
0:k can

be obtained, where j = 1, 2, · · · , Ns. By iteratively calculating in terms of (2.1), Ns samples of state
x( j)

k+1 = φk

(
x( j)

k , w( j)
k

)
can be obtained. According to the MC method,∫ +∞

−∞

[
px0 (x0) pw0:k (w0:k) pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

]
dx0dw0:k

≈
1
Ns

Ns∑
j=1

pβk+1

(
zk+1 − γ1:k+1

(
x( j)

1:k+1

)
Ak+1

) , (3.23)

∫ +∞

−∞

px0 (x0) pw0:k (w0:k)φk (xk, wk)

× pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

dx0dw0:k

≈
1
Ns

Ns∑
j=1

φk

(
x( j)

k , w( j)
k

)
× pβk+1

(
zk+1 − γ1:k+1

(
x( j)

1:k+1

)
Ak+1

)
, (3.24)
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and ∫ +∞

−∞

px0 (x0) pw0:k (w0:k) pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1)

×
(
φk (xk, wk) − x̂k+1|z1+k

) (
φk (xk, wk) − x̂k+1|z1+k

)T
dx0dw0:k

≈
1
Ns

Ns∑
j=1


(
φk

(
x( j)

k , w( j)
k

)
− x̂k+1|z1+k

) (
φk

(
x( j)

k , w( j)
k

)
− x̂k+1|z1+k

)T
× pβk+1

(
zk+1 − γ1:k+1

(
x( j)

1:k+1

)
Ak+1

)

. (3.25)

We substitute (3.23)–(3.25) into (3.21) and (3.22) to calculate x̂k+1|zk+1 and Pk+1|zk+1 . Due to the law
of large numbers [38], the error order of (3.23)–(3.25) is O

(
N−0.5

s

)
. Therefore, as the sample size Ns

increases, the results of (3.23)–(3.25) will gradually converge to the exact integral.
Corollary 5 provides the quotient-form estimation expressions for the state based on key conditions.

What distinguishes these expressions from (3.14) and (3.15), which are based on all measurement
conditions, is that in the estimation expressions for the state based on key conditions, only the PDFs of
some key measurements are used. When calculating using (3.14) and (3.15), the high-dimensional joint
PDF pv1:k+1 (y1:k+1 − γ1:k+1) that appears in the denominator will gradually approach 0 as k increases,
leading to calculation failure. When calculating using (3.23)-(3.25), pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1) is
merely the joint PDF of the errors in the key measurements. If the number of key conditions does not
increase with the increase in k, then pβk+1 (zk+1 − γ1:k+1 (x1:k+1) Ak+1) will not tend toward 0. Therefore,
estimating the state based on key conditions can prevent the issue of dividing a small number by another
small number, which effectively ensures computational stability.

Moreover, the issue of how to extract key measurements requires further discussion. In this paper,
we use correlation coefficients to assess the reference value of different measurements for the
estimation of state xk+1. For instance, when considering whether to utilize the i-th measurement data
in y j (denoted as y j,i) to estimate the m-th state in xk+1 (denoted as xk+1,m), the reference value of y j,i

can be defined as

r
(
yi, j, xk+1,m

)
=

∣∣∣∣∣∣∣∣∣
cov
(
yi, j, xk+1,m

)
√

cov
(
yi, j, yi, j

) √
cov
(
xk+1,m, xk+1,m

)
∣∣∣∣∣∣∣∣∣ , (3.26)

where cov (� , �) represents the covariance of two random variables, which can also be conveniently
calculated through MC integration. When evaluating xk+1, we extrapolate k′ steps forward from the
current k + 1 steps and assume that measurements prior to k′ have little reference value for evaluating
xk+1. Then, using (3.26), we calculate the reference value of the measurement data within the time steps
k′ to k + 1, and select the d measurements with the greatest reference value as the key measurements
zk+1 for evaluating xk+1.

After the key measurement conditions zk+1 are determined, its error is
βk+1 := v1:k+1Ak+1 =

(
βk1 , · · · , βkd

)
, where βk1 , βk2 , · · · , βkd represents the measurement noise of the

key measurement conditions. In fact, βk1 , βk2 , · · · , βkd are composed of d random variables extracted
from the measurement noise v1:k+1. Therefore, pβk+1 (βk+1) is the marginal PDF of pv1:k+1 (v1:k+1) and
can be expressed as:

pβk+1 (βk+1) =
∫ +∞

−∞

pv1:k+1 (v1:k+1)dvi1dvi2 · · · dvik+1−d , (3.27)

where vi1 , vi2 , · · · , vik+1−d represents the measurement noise of the data that have not been selected as
key measurement conditions. When the measurement noise v1:k+1 is a Gaussian process or white noise,
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pβk+1 (βk+1) can be obtained using (3.27). When the situation of pv1:k+1 (v1:k+1) is more complex, MC can
also be used to approximate the integration of (3.27).

This new filter proposed in Section 3.2 is named the key conditional quotient filter (KCQF).
Considering the estimation of the mean and variance of xk+1 when key measurements are known, the
pseudocode of the KCQF is shown in Algorithm 1, in which K is the number of time steps.

In the next section, we will further demonstrate the advantages of KCQF through three numerical
examples.

Algorithm 1. Key Conditional Quotient Filter.
Input: px0 (x0), pw0:k (w0:k), pv1:k+1 (v1:k+1), y0:K , φk, γk+1, d, K
Output x̂k+1|zk+1 , Pk+1|zk+1

Sample according to px0 (x0) and pw0:k (w0:k) to Ns samples x( j)
0 and w( j)

0:k , j =
1, 2, · · · , Ns;

for k = 1 : K
for j = 1 : Ns

Calculate x( j)
k+1 = φk

(
x( j)

k , w( j)
k

)
using (2.1) ;

end
end
for k = 1 : K
Using (3.26) to select d key measurements zk+1, and obtain pβk+1 (βk+1) based on

(3.27);
Calculate three high-dimensional integrals using (3.23)-(3.25);
Calculate x̂k+1|zk+1 and Pk+1|zk+1 using (3.21) and (3.22) ;
end

The main computational overhead of the proposed KCQF algorithm comes from Monte Carlo
sampling and high-dimensional integral solving under key measurements. The theoretical
computational complexity is O(NS · (n + d) · K), where Ns is the number of Monte Carlo samples, n is
the dimension of the system state, d is the dimension of key measurements, and K is the number of
iteration steps.

4. Numerical example

4.1. Gaussian Markovian nonlinear example

The first example verifies the computational performance of KCQF proposed in Section III through
a widely used Gaussian and Markovian nonlinear numerical example. This example or its variants
have been extensively studied [39, 40], and the model is

xk+1 =
1
2

xk +
25xk

1 + x2
k

+ 8 cos (1.2k) + wk+1

yk+1 =
x2

k+1

20
+ vk+1, k = 1, 2, · · · , K

. (4.1)

AIMS Mathematics Volume 11, Issue 4, 8879–8902.



8890

The process noise wk and measurement noise vk are assumed to be independent zero mean Gaussian
random variables, where wk ∼ N (0, 10) and vk ∼ N (0, 1). The initial value is x0 ∼ N (0, 2), and the
number of iteration steps is K = 52. A MC averaged root mean squared error Erms (k) is considered for
evaluating the accuracy of the estimates. The Erms (k) is computed over a set of MC runs.

Erms (k) =

√√
1
M

M∑
m=1

(xm (k) − x̂m (k))2, (4.2)

where M is the number of MC runs, and in this example, M = 50. xm (k) and x̂m (k) represent the actual
and estimated states at the time instant k during the m-th MC run. The time averaged error Erms can be
calculated by

Erms =
1
K

K∑
k=1

Erms (k), (4.3)

To study the impact of the number of key conditions d, we test the performance of the KCQF with
d = 1, 2, 3 and 4, and plotted the Erms in Figure 1, where the number of samples Ns = 50. For the
convenience of discussion, we denote the KCQF with d key conditions as KCQF-d. From Figure 1,
it shows that the computational results of KCQF-2 and KCQF-3 are better. When d = 2 and 3, the
Erms is superior to that when d = 1, indicating that considering more key measurements yields a more
accurate estimation result than considering only one key measurement. When d = 2 and 3, the Erms is
superior to that when d = 4. This phenomenon corroborates the point made in Section 3.2: If too many
measurement values are considered, pβk+1 (βk+1) will become too small, leading to the numerator and
denominator in (3.14) and (3.15) to become small, thereby increasing numerical errors. Therefore, in
practical applications, we recommend initializing with d = 2 or 3 and further fine-tuning based on the
estimation results of the specific problem.

Figure 1. Performance comparison for different numbers of KCQFs.

Next, we will compare the KCQF with some existing filters. This example calculates the Erms of
five filters, namely PGM-UT (particle Gaussian mixture with unscented transform), PGM (particle
Gaussian mixture) [39], PF-RR (residual resampling) [41], PF-SR (stratified resampling) [42], and
UKF filters. We then compare these with the Erms calculated by the KCQF-2 and KCQF-3 methods.
The results are plotted in Figure 2. To ensure fairness, the number of samples and the number of
particles Ns is uniformly set to 50. Furthermore, this example also compares the CPU times taken by
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different filters during operation. The results are plotted in Figure 3. Thus, we suggest trading off
between estimation accuracy and computational efficiency in practice: Increase Ns for high-precision
requirements, and decrease it for real-time applications.

The results shown in Figure 2 indicate that the proposed KCQF-2 and KCQF-3 filters achieve
superior estimation accuracy with lower Erms than that of other comparative filters. Furthermore, it is
not difficult to see from Figure 2 that for this nonlinear model, KCQF-2 yields the best calculation
result. Figure 3 demonstrates that the KCQF-2 and KCQF-3 filters have excellent computational
efficiency, with CPU times only slightly lower than the UKF filter and significantly less than other
compared filters. We further plot the convergence curves of KCQF-2 and KCQF-3 with different
numbers of samples in Figure 4. It is not difficult to see from Figure 4 that when the number of
samples Ns = 50, the Erms calculated by KCQF-2 is less than 5. As the number of samples gradually
increases, the Erms obtained from KCQF-2 and KCQF-3 gradually decrease in an oscillatory manner
and converge to Erms = 4.5.

Figure 2. Erms comparison for different filters.

Figure 3. CPU times comparison for different filters.
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Figure 4. Convergence curves of KCQF-2 and KCQF-3.

4.2. Non-Gaussian, non-Markovian nonlinear example

The second example continues to employ the state and observation models described by (4.1) in
Subsection 4.1 and retains the initial conditions and observation noise used in that subsection.
However, the difference lies in the process noise, which is no longer Gaussian white noise but is
assumed to be a non-Gaussian with a mean of w̄ = 0 and a variance of 10. Utilizing the
Karhunen-Loeve (K-L) expansion [43] to establish the process noise, wk+1 can be expressed as:

wk+1 = w̄ +
M∑

n=1

ξn
√
λn fn,k+1, (4.4)

where, ξn ∈
[
−
√

30,
√

30
]

is a uniform random variable and M = 6 is the expansion order of the K-L
expansion. fn,k+1 and λn are the n − th eigenfunctions and eigenvalues of the autocorrelation function
rho (i, j), satisfying:

ρ (i, j) fn, j = λn fn, j, 1 ≤ i, j, n ≤ K, λ1 > λ2 > · · · > λ6

K∑
i=1

fm,i fn,i = δm,n,

K∑
i=1

fm,iρ (i, j) fn,i = λnδm,n
, (4.5)

in which δm,n is the Kronecker delta function. In this example, the autocovariance function ρ (i, j) is
defined as:

ρ (i, j) = exp
[
−

( i − j
15

)2]
, (4.6)

To illustrate the non-Gaussian and non-Markovian characteristics of the problem, we conduct
random sampling on ξ 1000000 times , and based on the results, plotted the PDF of w26, as depicted
by the red solid line in Figure 5(a). The blue dashed line in Figure 5(a) represents the Gaussian PDF
plotted based on the mean and variance of w26. From Figure 5(a) , it is shown that w26 does not follow
a Gaussian distribution. To further illustrate that the problem is not a Markov process, we use the
same method to plot the conditional PDF px2 |x1 (x2|x1) and px2 |x1,x0 (x2|x1, x0) under conditions
x0 = −0.5 and x1 = −0.2, respectively. As shown in Figure 5(b), it is evident from Figure 5(b) that
px2 |x1 (x2|x1) , px2 |x1,x0 (x2|x1, x0), indicating that the state xk is a non-Markovian random process.
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Figure 5. Non-Gaussian and non-Markovian characteristics of the problem: (a) PDF curve of
w26; and (b) Conditional PDFs px2 |x1 (x2|x1) and px2 |x1,x0 (x2|x1, x0) under conditions x0 = −0.5
and x1 = −0.2.

In this example, the proposed KCQF is used to analyze the nonlinear problem of the non-Gaussian,
non-Markovian process. Different numbers of key conditions d are selected to compute Erms, with
50 MC runs being conducted, and the results are listed in Table 1. From Table 1, it can be observed
that different d have a certain impact on the accuracy of KCQF. As d increases, Erms shows a trend
of decreasing first and then increasing, and Erms of KCQF-3 is the best among all filters. When d =
2 and 3, Erms is superior to that when d = 1, indicating that considering more key measurements
leads to better estimation accuracy than considering only one key measurement. When d ≥ 4, Erms

starts to increase slightly. This phenomenon again corroborates the point made in Section 3.2: If too
many measurement values are considered, pβk+1 (βk+1) will become too small, leading to the numerator
and the denominator in (3.14) and (3.15) becoming small, thereby increasing the error in numerical
computation.

Some outstanding filters, such as the EKF, UKF, CKF, and the PF, are widely utilized. EKF, UKF,
and CKF typically assume that the process noise is Gaussian; the PF generally presumes that the
system states follow a Markov process. The problem addressed in this example involves a random
process that is neither Gaussian nor Markovian, and neglecting these characteristics will lead to a
significant decrease in prediction accuracy. To illustrate this point, we employ seven types of filters:
EKF, UKF, CKF, PF-LVR, PF-STR, PGM-UT, and PGM, as comparative filters for computation. The
results of these filters are also presented in Table 1. From Table 1, it can be observed that due to
the neglect of the non-Gaussian and non-Markovian characteristics of the problem by EKF, UKF, and
CKF, their estimation results are inaccurate, with very large Erms values. Among the three methods,
UKF has the best accuracy, but its Erms is significantly larger than the Erms of the proposed KCQF.
PF-LVR, PF-STR, PGM-UT, and PGM can take into account the non-Gaussian characteristic of the
problem. However, due to the neglect of the non-Markovian characteristics, the calculated Erms for
these methods is much larger than that of the proposed KCQF. We also compare the computation times
of different filters, as shown in Table 1, where the computation times are the averages obtained from
performing 50 MC runs. It can be observed that the computation times of different filters do not differ
significantly. Summarizing from Figure 6 and Table 1, the proposed KCQF can take into account
the non-Gaussian and non-Markovian characteristics of the filtering problem, achieving more accurate
state estimations.
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Table 1. Comparison of Erms and CPU times calculated by different filters.

Filter KCQF-1 KCQF-2 KCQF-3 KCQF-4 KCQF-5 KCQF-6 KCQF-7
Erms 4.7965 2.1213 1.8797 2.2884 2.3061 2.4685 2.5653
CPU times (s) 8.81E−04 8.92E−04 8.64E−04 8.87E−04 8.74E−04 9.70E−04 1.10E−03
Filter PF-RR PF-SR PGM-UT PGM EKF UKF CKF
Erms 5.1707 5.5060 6.0641 6.2181 22.2849 8.7809 22.83
CPU times (s) 1.50E−03 1.50E−03 3.80E−02 3.49E−02 9.50E−04 8.08E−04 1.10E−03

We further plot the convergence curves of KCQF-2, KCQF-3, and KCQF-4 with different numbers
of samples in Figure 6. It is not difficult to see from Figure 6 that when Ns = 50, Erms calculated by
KCQF-3 is less than 2. As the number of samples gradually increases, Erms obtained from KCQF-2,
KCQF-3, and KCQF-4 gradually decrease in an oscillatory manner and converge to Erms = 1.75.

Figure 6. Convergence curves of KCQF-2, KCQF-3, and KCQF-4.

4.3. Time-varying noise navigation example

In practical applications, noise characteristics often exhibit significant time-varying behavior due
to evolving system dynamics and environmental conditions [44,45]. To investigate time-varying noise
scenarios, we employ the continuous white noise acceleration model in a two-dimensional Cartesian
coordinate system [46, 47] to validate the performance of the KCQF algorithm, where process noise
and observation noise exhibit temporal slow-variation characteristics. The state vector
Xk = [xk yk ẋk ẏk]T represents target position and velocity. The kinematic process is assumed to
be monitored in real-time by the Global Navigation Satellite System (GNSS), with position signals
serving as observations. The state and measurement equations are as follows:Xk = FkXk−1 + ωk

Yk = HkXk + vk
, (4.7)

where Fk and Hk denote the state transition matrix and the observation matrix, respectively, with
complete definitions provided in [46]. The process noise and observation noise obey the following
statistical characteristics: ωk ∼ N(0, Qnominal

k
) and vk ∼ N(0, Rnominal

k
). Considering the slow
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temporal variation of noise characteristics, the time-varying process noise covariance matrix (PNCM)
and measurement noise covariance matrix (MNCM) are defined as:

Qture
k = (3.5 + 0.5 cos(

πk
K

))σ2
ω

∆t2
3 I2

∆t2
2 I2

∆t2
2 I2 ∆tI2


Rture

k = (0.2 + 0.01 cos(
πk
K

))σ2
v

[
1 0.5

0.5 1

] , (4.8)

where the noise parameters are configured as σ2
ω = 3, σ2

v = 64 m2; I with subscript denotes the identity
matrix of specified dimensions; The simulation duration is K = 2000 s with sampling interval ∆t = 1 s.
Furthermore, the nominal PNCM and MNCM are set as Qnominal

k = αI4 and Rnominal
k = βI2, respectively,

during simulation, where α and β represent prior confidence parameters for tuning initial fixed noise
covariance.

To evaluate the precision of the KCQF, we utilize the root mean square error Erms for position and
velocity and the averaged error Erms, as defined in Subsection IV.A.

Case1. Gaussian and Markovian system. To validate the accuracy of the KCQF algorithm in
addressing time-varying noise, comparative evaluations are conducted against: (1) The Kalman filter
using true PNCM and MNCM (KFTCM), (2) the Kalman filter using nominal PNCM and MNCM
(KFNCM), and (3) other advanced adaptive filtering algorithms with nominal PNCM and MNCM,
including VBAFK [48], N-VBAFK [46], and ST-VBAFK [49]. KFTCM, which utilizes true PNCM
and MNCM, is generally adopted as the baseline solution. The prior confidence parameters are
configured as α = 4 and β = 36. Considering inherent sensor stochastic errors, 500 Monte Carlo runs
ensure statistical reliability.

Figure 7 illustrates the Erms of position and velocity for different filtering algorithms. Table 2
presents Erms between algorithmic estimates and ground truth values, along with relative errors
compared to the KFTCM baseline. As shown in the figure, compared to VBAFK and KFNCM, the
Erms values of the other three algorithms for position and velocity converge rapidly to levels close to
those of KFTCM. Notably, the KCQF algorithm achieves the smallest positional Erms among all
methods. Overall, the KCQF algorithm demonstrates superior accuracy in handling time-varying
noise. Compared to KFNCM and VBAFK, KCQF improves positional Erms by 14.48% and 6.16%,
and enhances velocity Erms by 14.23% and 8.40%. These results conclusively demonstrate that the
KCQF algorithm exhibits high precision and robust performance in addressing time-varying noise
problems.

Table 2. Erms and relative errors of KFTCM for position and velocity across algorithms.

Filter KFTCM KFNCM VBAFK N-VBAKF ST-VBAKF KCQF
Pos Erms 4.312 5.179/20.1% 4.802/11.4% 4.686/7.9% 4.654/7.9% 4.524/4.9%
Vel Erms 4.735 5.739/21.2% 5.446/15.0% 4.956/4.7% 5.035/6.3% 5.024/6.1%
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Figure 7. Erms of position and velocity for different filtering algorithms.

Case2. Non-Gaussian and non-Markovian system. Conventional navigation filtering algorithms
typically assume that process noise is a Markovian white noise process. This case involves actual
wind field disturbances, which are characterized by significant temporal correlation and spatial
coherence, belonging to a typical non-Markov process [50]. Turbulence, manifested as
three-dimensional random vortex motions embedded within the background wind field, has statistical
properties that serve as key parameters for characterizing the dynamic structure of the wind field. To
more realistically simulate the dynamic behavior of moving vehicles within turbulent environments,
we introduce an atmospheric turbulence model based on the Kaimal spectrum. This model generates
physically realistic non-Markovian and non-Gaussian process noise.

The assumed process noise utilizes the Kaimal spectrum model to simulate non-Markovian noise
induced by wind field disturbances. The Kaimal spectrum model is a statistical model employed to
characterize wind speed time series under meteorological conditions, and its power spectral density
(PSD) expression is given by:

S ( f ) = 4σ2L/U/(1 + 6 f L/U)5/3, (4.9)

where S ( f ) is the longitudinal wind speed power spectral density, f denotes frequency, σ = 2.5 is
the root mean square turbulence intensity of the longitudinal wind speed, L = 80 m represents the
longitudinal turbulence integral scale, and U = 1.2 m/s is the mean wind speed at hub height. The
wind velocity field can be synthesized using the following formula [51]:

Φi j(x, y, t) = cos
[
2π fit −

2π fi

U

(
x cos θ j + y sin θ j

)
+ εi j

]
η (x, y, t) =

n∑
i=1

m∑
j=1

√
2S ( fi)∆ fΦi j(x, y, t)

, (4.10)
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where θ and ε represent directional angle component and a random phase, respectively. Considering the
credibility of the results and the computational time, the Monte Carlo simulation frequency is set to 20
times. Moreover, since most of the filtering algorithms are constrained by the Markovian and Gaussian
assumptions, only KFTCM is selected as the baseline solution to demonstrate the performance of the
KCQF algorithm.

Figure 8 shows the Erms of position and velocity for the KFTCM and KCQF algorithms. It can
be seen that under non Markovian and non-Gaussian process noise, the Erms of position and velocity
for the KCQF algorithm can quickly converge to values close to those of KFTCM, and the results are
similar to those of the KFTCM algorithm with real noise. Table 3 also lists the Erms of position and
velocity for the KFTCM and KCQF algorithms, as well as the relative errors compared to KFTCM.
As can be seen from the table, the KCQF algorithm can maintain high accuracy in dealing with time-
varying noise problems under non-Markovian and non-Gaussian process noise conditions.

Figure 8. Erms of position and velocity for different filtering algorithms.

Table 3. Erms of position and velocity for KFTCM and KCQF algorithms and relative errors
compared to KFTCM.

Filter KFTCM KCQF
Position Erms 4.306 4.634/7.6%
Velocity Erms 4.728 5.128/8.5%

5. Conclusion and outlook

In this paper, we study the estimation of state given measurement conditions. We first theoretically
observe, without involving approximations such as Gaussian distributions or Markov processes, that
when considering all measurement conditions, the numerator and denominator of the state estimation
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quotient-form expression tend to zero simultaneously over time, making numerical calculations
unstable. This observation motivates us to propose the idea of estimating the state based on key
measurement conditions rather than all measurement conditions. According to this idea, using the
principle of probability conservation, we have derived the corresponding integral quotient-form
expressions for the conditional PDF, mean, and variance of states based on key measurement
conditions, and employed the MC method to calculate these expressions, thereby constructing a key
conditional quotient filter (KCQF). KCQF uses key conditions to estimate states, avoiding the
numerical difficulty that the numerator and denominator tend to zero as time increases. Three
numerical examples were given to demonstrate the superior estimation performance of KCQF,
compared to other filters.

In the future, we plan to: 1) Extend the concept of key measurement conditions to other filters that
require sampling, such as particle filter; 2) attempt to apply the proportional-integral filter to the KCQF
framework; 3) and extend our research to address filtering problems involving uncertain noises whose
PDF is unknown and only its interval bounds are known. In some scenarios, the lack of prior statistical
knowledge makes it difficult to accurately determine the probability density information of uncertain
parameters in detection and navigation systems [52, 53]. Therefore, we will extend the KCQF to the
interval framework and investigate multi source navigation filtering algorithms that can effectively
evaluate and handle the above uncertainty factors.
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