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1. Introduction

In this paper, we consider the large-scale matrix equation
AX = B, (1.1)

where A € R™P, B € R™4, and the unknown X € R”*4,

The matrix Eq (1.1) has important applications in several fields including structural dynamics,
automatic control, parameter identification, quantum chromodynamics, and so on [1-5]. Many
scholars have investigated the matrix Eq (1.1) over different constrained conditions by means of the
singular value decomposition or the generalized inverse of matrices [6] driven by their plentiful
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practical applications in engineering, see; e.g., [7-16]. However, the above direct methods entail
intensive computations of the singular value decomposition and generalized inverse, rendering them
non-trivial to implement in practice. Alternatively, iterative approaches have become the preferred
choice, and various iterative methods have been proposed for it. In fact, the design of iterative solvers
for this problem has been an active research topic since the early 1980s. When the coefficient matrix
A is symmetric and positive definite, the block conjugate gradient method proposed by O’Leary [17],
as well as its variants [18, 19] is efficient. After that, Simoncini and Gallopoulos [20] developed the
iterative method for nonsymmetric cases, which combines the advantages of Krylov subspace
iteration and Richardson acceleration technique. Furthermore, a flexible and adaptive block
generalized minimal residual (GMRES) algorithm with the deflated restarting method was provided
in [21], which is more stable than the GMRES method. For more information, one can also refer
to [22-28].

While effective for solving the matrix Eq (1.1) under specific conditions, the aforementioned
iterative methods exhibit critical limitations when applied to large-scale problems. Specifically, block
conjugate gradient methods are only applicable to symmetric positive definite matrices A; Krylov
subspace-based methods suffer from exorbitant computational complexity owing to repeated
orthogonalization operations; and deflated restarting block GMRES entails substantial storage
overhead and high computational costs for local subproblem solving. Such drawbacks drive the
design of new dedicated methods for large-scale instances of (1.1).

Given the aforementioned limitations of iterative methods for the matrix Eq (1.1), and the practical
difficulty in verifying the consistency of that for large-scale cases, we focus on investigating the
corresponding least-squares (LS) problem:

min |AX — B[, (1.2)

in which the coeflicient matrix A is assumed to be of full column rank; here and in the sequel, the
symbol || - ||z stands for the Frobenius norm of a matrix. One way to address this LS problem is to
reformulate it as the least-squares problem for the linear system

(I, ® A)vec(X) = vec(B),

where vec is the vectorization operator, which flattens a matrix into a column vector by stacking its
columns sequentially, and the symbol ® denotes the Kronecker product between two matrices.
Nevertheless, the Kronecker product inevitably leads to a dramatic dimensional explosion of the
problem, which brings about heavy computational and memory burdens for large-scale cases. The
other way is to find the solution X* by means of the normal equation ATAX = AT B. Unfortunately, in
large-scale scenarios, iterative algorithms applied directly to a normal equation may be typically
impractical owing to prohibitive storage and computational demands.

Recently, several elegant randomized iterative methods were proposed for solving large-scale
linear systems or their least-square problems; see, e.g., [29-33]. Notably, combining the k-means
clustering [34] and the randomized Kaczmarz methods [29], the authors in [35] put forward an
efficient algorithm for solving large linear systems, which inherits the advantages of those two
methods, and contains the classical randomized Kaczmarz method as the special case. Moreover,
taking advantage of the coordinate descent (CD) method [36], the randomized CD method was
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proposed for solving linear least-squares problems [37]. For the most recent studies on this topic, one
can refer to, e.g., [38—40] and therein.

Motivated by the aforementioned limitations of existing solvers for the large-scale matrix Eq (1.1),
we propose a k-means clustering-based coordinate descent method (MCCD(k)) for the LS
problem (1.2) in this paper. It will be proved that the iteration sequence generated by our method
converges to the unique least-norm solution X* = A'B to the problem (1.2) under the hypothesis that
the involved coeflicient matrix A is of full column rank. For the rank deficiency situation, it can be
addressed similarly by adding a regularization item. Our MCCD(k) method addresses these
limitations by fusing k-means clustering with the coordinate descent framework, and it exhibits two
core advantages for the large-scale case.  First, we cluster the columns of A by cosine
distance (angular similarity), which enables block-wise coordinate updates instead of
single-coordinate updates and avoids the expensive AA” multiplication required by classical iterative
methods such as steepest descent and conjugate gradient, thus significantly reducing the per-iteration
computational complexity for large n. Second, we incorporate a greedy maximum-residual selection
strategy within each k-means cluster, which prioritizes the most impactful directions for residual
reduction and accelerates the convergence of the iteration sequence. Additionally, MCCD(k)
circumvents the dimensionality explosion issue of the Kronecker product vectorization approach and
is free from the strict structural constraints (e.g., symmetric positive definiteness of A) of traditional
block iterative methods, making it more flexible for general large-scale matrix equation problems. To
the best of our knowledge, we have not yet found similar approaches that combine the k-means
clustering method with the coordinate descent method for solving the matrix Eq (1.1).

The remaining of this paper is organized as follows: In Section 2, we will briefly review the k-
means clustering method and the classical CD method. In Section 3, the k-means clustering-based
coordinate descent method will be established, and then its convergence will be analyzed. In Section 4,
several numerical experiments will be conducted to demonstrate the feasibility and effectiveness of the
proposed method. Finally, we will conclude this paper with some remarks.

2. Preliminary knowledge

For ease of expression, throughout this paper, scalars are represented by lowercase letters, e.g., a;
vectors are denoted by boldface lowercase letters, e.g., a; and matrices are indicated by capital letters,
e.g., I, identity matrix with appropriate size. The set comprising all m X n real matrices is symbolized
by R™". For a matrix A € R™", the symbols A”, A", |A|l2, 0"max(A), Tmin(A), and A(;, represent the
transpose, the Moore-Penrose inverse, the 2-norm, the maximum singular value, the minimum singular
value, and the jth column of the matrix A, respectively. In addition, the cardinality of a set S is denoted
by |S].

Now, we first present a brief review of the k-means clustering method and the coordinate
descent (CD) method. In the context of data mining, k-means clustering is one of the most popular
learning algorithms for dividing data into different groups [34]. The main idea of this method is
outlined in Algorithm 1.
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Algorithm 1: The k-means clustering method
Step 1: Input a data set D = {Dy, D», ..., D,}, the number of clusters k.
Step 2: Randomly select k samples from D as initial cluster centers Cs,, Cs,, . .., Cs,.
Step 3: Fori=1:n,
Compute the distance d;; between sample D; and initial cluster center Cs,,j = 1 : k;
Assign D; to the class associated with the nearest centroid C(;j;

1
Compute the new cluster centers C;, = m > d.
Jj d€(5/‘

Step 4: Repeat Steps 2-3 until the cluster centers do not change.
Step 5: Output cluster partition A = {6y, 2, ..., Ox}.

Additionally, the history of the CD method dates back to the early development of the discipline of
optimization [41]; one can refer to the recent surveys [42,43] and references therein for details. The
basic CD framework for solving the unconstrained optimization problem min f(x) with continuous and

X

differential function f(x) defined from R” to R, is shown in Algorithm 2, in which [V f(x)]; represents
the ith component of the gradient V f(x) at the current point.

Algorithm 2: The CD method
Step 1: Input £(x), x¥ and the tolerance .
Step 2: Fork=0,1,2,...,
Choose the index i, € {1,2,...,n}, and compute
x*D = x0 — @, [V f(x)]; e, with @, > 0.
Step 3: Until x“*V satisfies the tolerance €.

For the linear systems Ax = b, the CD method can be described as follows:

AT (b - Ax)

XD = O __
1A 13

eji,t: 1,2,...,

where j; = (i mod p) + 1, and the symbol e;, denotes the j;th column of the identity matrix with
appropriate size.

3. The k-means clustering-based CD method for the LS problem (1.2)

In this section, we shall establish the algorithm to solve the large-scale LS problem (1.2), which
originates from the fusion of the k-means clustering method and the CD method. To do this, we regard
all columns A¢j (j = 1,2,..., p) of the coeflicient matrix A as a set of vectors and then employ the k-
means clustering method (i.e., Algorithm 1) to partition them such that columns with small angles are
allocated into one block, in which the distance d;; between the column vectors A(; and A(;, is chosen as
the cosine distance, 1.e., d;; = 1 —cos(Ag;), A¢j) = 1 - Mif&—ﬁi;uz. Moreover, as proposed in [31], we also
use the greedy strategy, which prioritizes selecting components with maximal residuals in each step.
We formulate the k-means clustering-based CD method for solving the matrix Eq (1.1) (shortened by

MCCD(k)) as follows, i.e., Algorithm 3.
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Algorithm 3: The MCCD(k) method

Step 1: Input A € R™? is of full column rank, B € R™, X e RPX4 the positive integer k, and
the tolerance €.

Step 2: Apply Algorithm 1 to divide the columns of A = (A1), A, . .., A(p)) into k-parts
As,, Ag,, ..., As,.

Step 3: Fort =0,1,2,..., compute

2

ji=arg 1}16251)( HA(T].)(B - AX(’))HZ, i=1,2,....k
S = Jz s kb As 1= (AGgy Ay -+ Adgo)s
I :=(ej ej, ---ej) € RP¥ ¢ ; denotes the j;-th standard basis vector of R?;
XD = XO 4 [((ATAg) AT (B — AXD).

Step 4: If ||B — AX"*V||r < € (consistent) or [|AL(B — AX“*V)||r < € (inconsistent), stop.

We have some comments on this algorithm:

e In this algorithm, after selecting indices ji, js,..., jx, we construct the block matrix Ag, where
each column A, is the representative of cluster §;. The matrix Is is a selection matrix, where e;,
denotes the j;-th standard basis vector of R”. The role of Iy is to map the block update vector (of size
kx q) to the full-dimensional X (of size pXq), ensuring that only the columns corresponding to selected
indices ji, j2, . . ., jx are updated. This retains the efficiency of block updates while avoiding redundant
computations on less impactful columns.

e Since the least-squares problem (1.2) is equivalent to the solution of the normal equation
ATAX = ATB, applying the k-means clustering method to the row vectors of the coefficient matrix
AT A transforms into directly clustering the column ones of the matrix A.

e In each cluster, the angle between any two column vectors of the matrix A is as small as possible.
In each iteration, we select the column vector within each cluster that contributes the most to reducing
the residual, i.e., the column maximizing IIA(Tj)(B—AX(I))llg. This greedy selection of the most impactful
columns for residual reduction helps accelerate the convergence of the iterative sequence.

o If the column index j; obtained in Algorithm 3 is not unique, we choose j; as follows:

ji = min {“"g max [[Af;,(B - AXU))HE} ‘

This is numerically stable and does not affect convergence (as proven in Theorem 4.1).
e For the update rule in the Step 3, it is derived from minimizing the residual within the block
subspace spanned by columns of Is. For the block update direction, we solve the local least-squares

problem ~ min ASAXS—(B—AX(’))”, whose solution is AXs = (ALAs)'AL(B — AX®).
AXs €Rbxa

Multiplying by I maps AX; to the full-dimensional space, yielding the update for X“*D. This block
update strategy balances convergence speed (by leveraging multiple impactful directions) and
computational cost (by limiting the block size to k), outperforming single-coordinate updates in
large-scale scenarios. Particularly, the inversion of A{Ag is numerically stable. In practice, one can
avoid direct inversion and instead solve the linear system ALAgY = AL(B — AX"”) using Cholesky
decomposition, which is backward stable and robust to moderate conditioning.

e The computational cost of the MCCD(k) method consists of two parts: the initial k-means
clustering and the iterative update. Let T,,. be the number of k-means iterations; this phase costs
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O(T,.npk), which is a one-time overhead. Each iteration of this algorithm primarily involves:
computing the residual B — AX® (computational amounts O(npq)); selecting the index
set S (computational amounts O(npq)) and solving the least-squares subproblems (O(nk? + nkg + k?)).
Thus, the per-iteration cost is O(npg + nk? + nkg + k*). Compared to the SD method [44] and the CG
method [45], whose per-iteration cost is dominated by O(npg + n’p), the MCCD(k) method avoids
the expensive n’p term related to the multiplication by AAT. Moreover, the choice of k represents a
trade-off: a larger k may improve the convergence rate but also increases the O(k?) cost per iteration.

¢ In implementation, we choose the initial iterative matrix X® = O. In the full column rank case,
it does not affect the uniqueness of the solution. However, in the rank deficient case, initializing from
zero helps guide the iterative process towards the unique least-norm solution A"B, which is often the
desired solution in practical applications due to its stability [6,29].

4. Convergence analysis

In this section, we discuss the convergence of the algorithms proposed in this paper.
We begin with the following lemma. For the sake of completeness, we present its proof, which is
slightly different from the original [46].

Lemma 4.1. Let H € R G € R™". Then, 0 max(HD||GllF > |HG||F > Tmin(EDIGl|F.

Proof. Suppose that r = rank(H), and the singular value decomposition (SVD) of the matrix H is H =

UZVT, where U € RP*? and V € R™™ are unitary matrices, & = , I' = diag(oy,03,...,0,)

(0]
with oy > 03 > --- > 0, > 0. Partition the matrix G into blocks by columns as G = (G| G, --- G),),
then we have

IHGIl; = IUSV'GIl7 = IEVI(G Gy -+ Gl = ZIIEVTGAI%-
j=1

Let C = ZVT; using the Rayleigh-Ritz Theorem, we know that

2(ONIGIE < IZVTG I = GTCTCG; < 02, (O)lIG I,

min max

. 2 . .
together with the fact that C*C = V( 0 ) VT, which yields

n

n
2 2 2 2 2 2 2 2 2
F2IGIE = > 2G| < IHGIE < Y atIGIB = o3IGIE,
j=1

=1
which implies that the conclusions hold. O

Remark 1. Let o . () represent the minimum positive singular value of a matrix. By Lemma 4.1, we
obtain that |[HG||r > o, (H)IGllr when the matrix H is of full column rank. Otherwise, |HG||p >

o (H)||G||r if all the columns of G belong to the range of H' .

min

The following well-known inequalities are indispensable for proving the main results.
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Lemma 4.2. Leta;, >0,k=1,2,...,n Then

IA

n k=1
[T
n

S5 \L
k=1 Ak

Making use of the Algorithm 3 and the lemmas above, we can prove the following main results.

Theorem 4.1. Suppose that X* is the least-squares solution to the problem (1.2) with full column rank
A, then the sequence {X"} generated by Algorithm 3 converges to the point X*, that is,

k "
JAXY = XIIE < (1 - g—p)llA(X(’) - X"z, (4.1)

where y = }nn}ccr (Ag,), 0 = max ||A(j)||2
<i<

min

Proof. Noticing that AT B = ATAX*, from Algorithm 3, we obtain that

A(x(t+l) _ X(f)) = Ag (AgAS)_lAg(B — AX(t))
= As(AfAs) ' ITAT (B — AX®)
= —As(A5As) " AFAKXY - X°)
= —AsALAXY - X7)

4.2)

and
AX™D - X*) = AXY - X*) + As(ATAs) AL (B - AX™)
= (I - AsADAXY - X7).

Since ASAE is an orthogonal projector onto the range of Ag, then it follows from the Pythagorean
theorem that

IAX? = X7 = IAXTD = X + JAX ™Y = X7
F F F

Then, together with the equalities (4.2) and (4.3), using Lemma 4.1, yields

JAXD = XHIIF = JAXP = X7 - JAXTD = XO)I7
= JAXY = XII} - 1AsATAXY = X1}
= IAXY - X} - ||<A*)TATA(X“> - X7
< AX® = XN} - oo ADIATAX® - X3

4.4)

mm

1
= A" = X = ——— = IAFAKX? = X
F O'IZHaX(As) S F
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Furthermore, utilizing the iterate scheme of Algorithm 3 again, we have
IATAGX® - XM)II2 = Z IAT AKX — X2
i=1

k
=) max A7 AKX = X))
i=1

R 4.5
> Z‘ IS AKY = Xl
S
> Zj 57 (As A = X
Connecting with the inequalities (4.4) and (4.5), it follows that
S
A = X < JAX® - X - max( ™ Z 5 A A = XDl
)12 1 : 1 () 112
< IAGKY =Xl - o Zl 5 As A = X we

1 yk?
< (1= =I)NAXY = X7
SO ) A i

k .
=(1- g—pnm(x(” ~ X,

in which we use the result of Lemma 4.2 and the fact that 0 ,,x(As) < ||As]||F, as well as Zle IS/ =p
The proof is completed. O

Remark 2. It should be emphasized that the conditions o min(As) > 0 and o win(As,) > 0 are essential in
the proof procedures of inequalities (4.3) and (4.4). These conditions are automatically satisfied when
the coefficient matrix A in problem (1.2) is of full column rank. Under these circumstances, the least-
squares solution to problem (1.2) is unique, specifically given by X* = ATB. Moreover, Algorithm 3 is
guaranteed to converge to this unique least-squares solution regardless of the choice of initial iterative
values.

Remark 3. If the coefficient matrix A is not of full column rank, the least-squares problem (1.2)
admits multiple solutions. It is well-known that the general solution can be expressed as
X = A'B+ (I, — ATA)Y where Y € R, is an arbitrary matrix. Among these solutions, A'B is the
unique least-norm solution. To handle the case when A is rank-deficient, one may employ a
regularization approach. Specifically, the problem (1.2) is reformulated as ng{in |[AX — B||12F + AIX|1%,

where A > 0 is the regularization parameter. Accordingly, the iterative scheme in Algorithm 3 can be
modified as
XD = X0+ Ig(AfAg + L)' AL(B - AXY).

As A — 0, the solution of this regularized problem converges to the least-norm solution.
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From Theorem 4.1, we can obtain the following conclusion:

Corollary 4.1. Under the conditions of Theorem 4.1, it holds that

JAXED = XMIIE < (1 - —)IIA( X0 = X, 4.7)

Z(A) 2
where k(A) = ||AlLlIAT]l,.
Proof. In fact, by (4.6), we have

k

1 1
IAXTY = X7 < crfnmms,.)] IAX? = X7
AR & 1S
k2
< > ffmmm))llA(X“) X
AL
o2
mln( ) k2 *
= 1—1,—2(14) IA(X x® X)II%
o2
(A) k*
< mm A X(t) X* 2
<(1- 2% 2)|| ( I
1 K
=(1- AXD - X[z
24 72 )II( Iz
The proof is completed. O

The inequality (4.7) reveals that the size of the condition number k(A) is inversely proportional
to the convergence speed of the algorithm given in present paper. Moreover, noting that o2, (A) <

ming ;< O'mm(AS,.), then we have

Corollary 4.2. Under the conditions of Theorem 4.1 with k = p, it holds that

Tpin(A)
JAX™D — X2 < (1 - T)IIA(X(’) - X[z

5. Numerical experiments

In this section, several numerical experiments will be given to illustrate the efficiency of the
Algorithm 3. All codes here were implemented in MATLAB software (version R2016a) on a personal
computer with Intel(R) Core(TM) i7-10510U @ 1.80GHz and 8.00G memory. The numerical results
to be shown later contain the number of iterations (denoted by ‘IT’), the elapsed CPU time in
seconds (denoted by ‘CPU’), and the residual (denoted by ‘RES’) of the least-squares problem (1.2).
tmax denotes the maximum number of iterations.

In the tests, we chose the zero matrix as the initial iteration matrix X®, and the procedure
corresponding to the MCCD(k) method terminates when the residual RES:=||B — AX®¥)||z < 1.0e — 03
for consistent matrix equations and ERR::llAg(B — AXW)||r < 1.0e — 03 for inconsistent ones, or the
number of iterations exceeds the maximum 7, = 10000, where X® denotes the kth iteration matrix.
In order to illustrate and compare the convergence of the proposed method, we recall the following
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two methods, which are very efficient for solving the matrix equation as shown in the literature. The
first one is the steepest descent method (denoted by SD for short) proposed in [44], that is,

Algorithm 4: The SD method
Step 1: Input A € R™?, B e R™4, X© ¢ R4 RO = B,
Step 2: Fort =0,1,2,..., compute
_ AR
| AATR® |2

AX, = ,ATR?, ,

XD = X0 + AX,;
Step 3: If AX; = O, stop. Otherwise, R"*D = B — AX"*D),

The second one is a slight variant of the CG-type method (denoted by CG for short) proposed
in [45], that is,

Algorithm 5: The CG method
Step 1: Input A € R™?, B e R™4, X© ¢ R4 RO = B,
Step 2: Compute R? = B— AX©, pO = ATRO),
Step 3: Fort =0,1,2,..., compute

(t+1) ® (t) ” RY ”129
X = XY+ a,P" a = —
I PO I
R#D — p® _ A P(t);
IR“ VI
P(t+l) — ATR(t+]) +ﬁtP(l)’ﬁt — > :
IROII

Step 4: If RV = 0, or RV £ 0, PV = 0, stop.

Example 1. Let the matrices A = randn(n, p) € R™?, and B € R™1 be chosen such that AX* = B,
where X* = ones(p, q) * 8 € RP*Y, where the function ones(-) generates the matrix with all elements
being 1, and the function randn(-) generates the matrix with the entries obeying normal distribution.

First, we validated the impact of clustering number k£ on the MCCD(k) method numerically.
Let [n, p] = [5000, 500], and the results are shown in Figure 1, reflecting that the convergence of this
method varies as varies k. The larger the k, the better the convergence effect of the algorithm. As
analyzed in Section 3, a larger kK may improve the convergence rate but also increases the cost.
However, considering the storage space and complexity of algorithm operations, for large-scale
matrix equations, it is not possible to choose a particularly large value of k. In the following
numerical experiments, we let kK = 50, 100, 200 in our method.

AIMS Mathematics Volume 11, Issue 4, 8859-8878.
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Figure 1. The impact of clustering k on the proposed method for the matrix equation with
[n, p] = [5000, 500] in Example 1.

For the initial iteration matrix X = O, we ran the MCCD(k) method (i.e., Algorithm 3), the CG
method [45], and the SD method [44], and the results are reported in Table 1 for different sizes of the
known matrices A and B. From this table, one can observe that all the methods are feasible; the number
of iteration steps of the MCCD(k) method is almost equivalent to the other methods, but the running
time is longer, which may be related to the time spent on clustering. In addition, the computational
accuracy of the MCCD(k) and SD methods is significantly higher than that of the CG method.

Furthermore, the convergence curves of the three methods are plotted in Figure 2. From these
figures, it can be seen that our algorithm is more stable. If a better value of k is chosen, the convergence

effect will be better.
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Table 1. Numerical results for the matrix equations from Example 1.

Algorithms [n,p] [1000,500] [5000,500] [10000,500] [10000,1000] [10000,2000]
IT 261 38 26 41 76
CG CPU 2.9803 0.5534 0.3713 4.3437 57.0365
RES 3.0685e-02 2.3166e-02 3.0151e-02 2.6054e-02 2.7109e-02
IT 169 24 16 25 45
SD CPU 6.5062 2.9889 2.9902 20.5921 212.3252
RES 9.1815e-04 6.2310e-04 8.3894e-04 8.9310e-04 9.1693e-04
IT 626 139 114 292 841
MCCD(50) CPU 48.4509 86.0094 151.5575 1916.7744 5253.1784
RES 9.7927e-04 9.7829¢e-04 8.7995e-04 9.6407e-04 9.8309e-04
IT 350 79 64 160 437
MCCD(100) CPU 26.7420 50.2468 85.9783 1004.1155 3256.7706
RES 9.5797e-04 9.2189%-04 9.4044e-04 9.6946¢-04 9.9299¢-04
IT 168 45 40 115 235
MCCD(200) CPU 14.4301 30.1226 57.1737 730.9638 2155.7868
RES 9.8355e-04 7.3107e-04 9.6597e-04 9.7280e-04 9.7003e-04
0 [n.p}=[1000,500] i __Inpl={5000,500]
N el N T,
Er X |

log(res)
log(res)

1 1 1 1 1 1 1 1 1 1 1
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Figure 2. Comparison of the three methods for the matrix equations with different sizes in
Example 1.
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Next, we apply our method to the inconsistent matrix equations.
Example 2. Let the matrices A = randn(n, p) € R™?, and B = randn(n, g) € R™.

In this case, the matrix Eq (1.1) is possibly inconsistent. We ran the MCCD(k) method, the CG
method [45], and the SD method [44], and the results are displayed in Table 2 for different sizes of
the known matrices A and B. This table reveals that the CPU time of our method is less than that of
the CG method, although its number is higher. This phenomenon may derive from the analysis on the
complexity of Algorithm 3 as given in Section 3; the MCCD(k) method avoids the expensive n?p term
related to the multiplication by AAT contained in the SD method and the CG method.

Furthermore, the convergence curves corresponding to the three methods are shown in Figure 3.
These figures reflect similar phenomena as observed in Table 2.
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Figure 3. Comparison of the three methods for the matrix equations with different sizes in

Example 2.
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Table 2. Numerical results for the matrix equations from Example 2.

Algorithms [n,p] [500,1000] [500,5000] [500,10000] [1000,5000] [1000,10000]
IT 205 29 21 53 36

CG CPU 6.8858 103.9580 544.0866 181.3354 495.1660
ERR 3.0392e-02 2.7814e-02  1.9419e-02 3.0561e-02 2.6500e-02
IT 98 14 10 24 16

SD CPU 5.7671 57.1660 67696.1249  103.5517 214.2680
ERR 9.4106e-04 7.2235e-04 4.7447e-04 8.9957e-04  9.0989e-04
IT 114 43 42 112 103

MCCD(50) CPU  6.7077 31.4229 139.9928 213.7561 1081.9577
ERR  9.4375e-04 9.1518e-04 9.8397e-04 9.2232e-04  9.2540e-04
IT 118 43 42 112 103

MCCD(100) CPU 6.9729 31.4949 149.1594 215.8909 1706.7477
ERR 9.5361e-04 9.2900e-04 9.9473e-04 9.3919e-04  9.8161e-04
IT 116 43 43 112 103

MCCD(200) CPU 6.7860 31.2526 149.7246 2128.1543 973.9959
ERR  9.3236e-04 9.3358e-04 7.1454e-04 8.7161e-04  9.3619e-04

To this end, we apply the proposed MCCD(k) method to matrix equations with sparsely structured
coefficient matrices.

Example 3. Let the matrix A = sprand(n, p,0.6) € R™?, and the matrix B € R"™? be given by
AX* = B, where X* = ones(p, q) * 8§ € RP*4,

In this setting, the function sprand(n, p, 0.6) generates an nX p random matrix with sparsity 0.6. For
the initial iteration matrix X® = O, we ran the MCCD(k) method, the CG method and the SD method,
and the results are listed in Table 3 for different sizes of the matrices A and B. This table demonstrates
the feasibility of all three methods, with the SD method yielding the fewest iterations across all test
cases. While the CG method involves fewer iterations than the proposed MCCD(k) method, the latter
achieves markedly superior solution accuracy. Notably, the number of iterations of MCCD(k) declines
substantially as the clustering number k increases, which shows that a suitably selected k directly
accelerates the iterative convergence of MCCD(k). Moreover, the convergence curves of the three
methods are plotted in Figure 4, from which it can be clearly observed that the proposed MCCD(k)
algorithm exhibits more stable convergence behavior. Also, a more optimal choice of k leads to further
improved convergence performance. Moreover, the observed trends in Figure 4 are highly consistent
with the numerical results presented in Table 3.
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Table 3. Numerical results for the matrix equations from Example 3.

Algorithms [n,p] [1000,500] [5000,500] [10000,500] [10000,1000] [10000,2000]
IT 361 217 123 138 164
CcG CPU 21.1705 7.9227 7.8969 8.3242 17.5036
RES 3.1220e-02 2.7231e-02 2.7241e-02 3.0649¢-02 2.5976e-02
T 259 153 83 % 107
SD CPU 116701  7.4598 5.0070 7.9793 12,0946
RES 9.7513e-04 9.4064e-04 8.3280e-04 9.1506e-04 0.4862¢-04
IT 2014 2944 2231 1569 2433
MCCD(50) CPU 118.6647 175.4897 171.8974 229.0704 370.6094
RES 09551e-04 09598¢-04 9.9571e-04  9.9463e-04  9.9834e-04
IT 3000 915 834 1615 2239
MCCD(100) CPU 161.0880  58.8761 674942 253.2035 353.4429
RES 2.8254e-04 9.8673e-04 9.9329e-04 9.9603e-04 9.9551e-04
IT 357 327 249 421 408
MCCD(200) CPU 22.2875 24.7928 27.5847 71.2899 70.3762
RES 9.6810e-04 9.8285e-04 9.3602e-04 9.7616e-04 9.6656e-04
» __Inpl={1000,500] _ » __Inpl={5000,500]
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Figure 4. Comparison of the three methods for the matrix equations with different sizes in
Example 3.

AIMS Mathematics

Volume 11, Issue 4, 8859-8878.



8874

In summary, for the predefined accuracy, the proposed MCCD(k) method incurs longer CPU time
than the SD and CG methods, and this is solely attributed to the one-time computational overhead of
the cosine distance-based k-means clustering step for partitioning the columns of A— a fundamental
design step unique to MCCD(k) that is not required by the classic SD and CG algorithms, which lack
any clustering mechanism. Notwithstanding this, the MCCD(k) method demonstrates superior
numerical performance and practical competitiveness in the vast majority of test cases, and its
practical applicability for solving large-scale matrix equations is well validated by three key merits.
First, it achieves a residual/error of 1.0e — 04, meeting the preset accuracy requirement of 1.0e — 03
with a significant margin, whereas the CG method only reaches a residual/error of 1.0e — 04 and thus
fails to satisfy the predefined accuracy criterion. Second, for the most common practical scenario of
inconsistent matrix equations, MCCD(k) consumes much less CPU time than the CG method and is
even comparable to the SD method in CPU time for most cases, while maintaining the same high
accuracy as SD. Third, as elaborated earlier, MCCD(k) completely avoids the expensive AAT matrix
multiplication required by SD and CG. This overcomes the scalability bottleneck of SD and CG for
extremely large n, making MCCD(k) far more suitable for real-world large-scale matrix equation
problems where 7 is sufficiently large. These advantages fully confirm its numerical competitiveness
and practical applicability for solving the least-squares problem of the matrix equation AX = B.

6. Conclusions

In this paper, we have proposed a coordinate descent method integrated with k-means clustering
for solving the least-squares problem of the matrix equation AX = B with known matrices A and B.
The convergence of the proposed method is proven under the condition that the coefficient matrix A is
of full column rank. For the rank deficient case, we further addressed the corresponding least-squares
problem by introducing a regularization strategy. Finally, we provided several numerical experiments
to illustrate the feasibility and effectiveness of the proposed method, which reveal that our method has
better performance if the appropriate clustering number k is chosen. Notably, the proposed method
exhibits high computational efficiency for large-scale problems with a large n owing to its avoidance
of the expensive AAT matrix multiplication, yet its performance is sensitive to the selection of the
clustering number k. Thus, to explore an effective strategy to determine the optimal k£ remains a
promising research direction for future work. In addition, conducting a rigorous convergence analysis
for the regularized version of the MCCD(k) method tailored for rank-deficient A is also an important
topic for subsequent research.
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