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Abstract: In this article, we study the existence of weak solutions to two-dimensional incompressible
magnetohydrodynamics (MHD) equations. For the case with only magnetic diffusion, the global
existence of solutions in L∞(0,∞; H1) was established by Kozono, whereas the existence of
L∞(0,∞; H1) solutions for the case with only dissipation is totally unknown. The purpose here is
to consider the mixed case, that is, a system with partial dissipation and partial magnetic diffusion. We
show that there exists a unique local solution with initial data in H1 space.
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1. Introduction

In this article, we study the Cauchy problem of two-dimensional incompressible
magnetohydrodynamics (MHD) equations:

ut + u · ∇u − ν1∂xxu − ν2∂yyu + ∇p = B · ∇B, (1.1a)
Bt + u · ∇B − µ1∂xxB − µ2∂yyB = B · ∇u, (1.1b)
∇ · u = ∇ · B = 0, (1.1c)
(u, B)|t=0 = (u0, B0), (1.1d)

where u = (u1, u2) denotes the velocity field, B = (B1, B2) is the magnetic field, and p stands for the
scalar pressure. The nonnegative parameters ν1, ν2 are the dissipation coefficients, and µ1, µ2 are the
magnetic diffusion coefficients.

Over past years, the existence, uniqueness, and regularity of incompressible MHD equations have
been extensively studied by many mathematicians. For the case ν1 = ν2 > 0 and µ1 = µ2 > 0, Duvaut
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and Lions [1] proved that system (1.1) has a local and unique solution with u0 and B0 in H s(R2)(s ≥ 2),
and the solution is global provided that u0 and B0 are small enough. Later on, the smallness condition
on the initial data was eliminated by Sermange and Teman in [2]. When ν1 = ν2 = 0 and µ1 = µ2 > 0,
Kozono [3] proved the global existence of solutions in bounded domains with initial data in H1, and
recently this result was extended to the whole of R2 by Lei and Zhou in [4]; see also [5,6]. By contrast,
for ν1 = ν2 > 0 and µ1 = µ2 = 0, Jiu and Niu [7] established the local existence of classical solutions
for initial data in H s(R2)(s ≥ 3). For the existence and uniqueness of weak solutions, we refer to [8–10]
and references therein. For the case that ν1 = µ2 = 0, ν2 > 0, and µ1 > 0, Cao and Wu in [5] obtained
the global existence and uniqueness of solutions with (u0, B0) in H2(R2)×H2(R2). If all four parameters
are zero, the existence of classic solutions was proved by Schmidt [11] and Secchi [12]. Very recently,
Zhai [13] considered the 3D case with fractional dissipation and established global-in-time existence
of solutions for small initial data.

In the present paper, we focus on the existence and uniqueness of weak solutions of system
(1.1), especially in the case of H1 initial data. As we have mentioned, for the case with magnetic
diffusion but not dissipation, system (1.1) has a global weak solution when the initial data belongs to
H1(R2), whereas the uniqueness remains an open question. For the case with only dissipation, it is
noteworthy that the problem of existence and uniqueness with H1 initial data is completely unresolved.
Consequently, a natural question arises: does an H1 solution exists for the case with mixed partial
dissipation and magnetic diffusion? The answer is affirmative: By means of a precise analysis of the
structure of Eq (1.1), some new estimates of the convection terms are established, based on which the
existence and uniqueness of solutions are derived. In fact, we have the following result:

Theorem 1.1. Consider the Cauchy problem (1.1) with ν1 > 0, µ1 > 0, and ν2 = µ2 = 0. Suppose that
u0, B0 ∈ H1(R2) are divergence-free. Then, there exists a unique solution u, B ∈ L∞(0,T∗; H1(R2)) for
some T∗ > 0.

As a direct consequence, we can obtain similar results for the system (1.1) with only vertical
dissipation and vertical magnetic diffusion.

Corollary 1.1. Consider the Cauchy problem (1.1) with ν2 > 0, µ2 > 0, and ν1 = µ1 = 0. Suppose that
u0, B0 ∈ H1(R2) are divergence-free. Then, there exists a unique solution u, B ∈ L∞(0,T∗; H1(R2)) for
some T∗ > 0.

2. Proof of Theorem 1.1

For the sake of convenience, we rewrite system (1.1) with horizontal dissipation and horizontal
magnetic diffusion as:

ut + u · ∇u − ν∂xxu + ∇p = B · ∇B, (2.1a)
Bt + u · ∇B − µ∂xxB = B · ∇u, (2.1b)
∇ · u = ∇ · B = 0, (2.1c)
(u, B)|t=0 = (u0, B0). (2.1d)

Here, ν and µ are positive constants.
We begin by introducing some well-known results. The following result can be found in [5].
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Lemma 2.1. Suppose that f , g, h ∈ L2(R2), and ∂xg, ∂yh ∈ L2(R2). Then,∫
R2
| f gh| ≤ C‖ f ‖L2‖g‖

1
2
L2‖∂xg‖

1
2
L2‖h‖

1
2
L2‖∂yh‖

1
2
L2 . (2.2)

In the next subsection, we will construct an approximate sequence (uR, BR) for (u, B). For
convenience, we also denote uR and BR as the velocity field and the magnetic field, respectively, and
define wR := curl uR(denoting the vorticity) and jR := curl BR( denoting the current density). It follows
that (uR, BR) satisfies the following system.

Lemma 2.2. Suppose that vectors uR, BR are divergence-free. Then, for α ∈ N2,

‖Dα∇uR‖L2 ≤ C‖DαwR‖L2 ,

‖Dα∇BR‖L2 ≤ C‖Dα jR‖L2 ,
(2.3)

and as a result, we have

‖∂xxuR‖L2 + ‖∂yyuR
2‖L2 ≤ C‖∂xwR‖L2 ,

‖∂xxBR‖L2 + ‖∂yyBR
2‖L2 ≤ C‖∂x jR‖L2 .

(2.4)

Proof. The inequality (2.3) follows immediately from the Biot-Savart law and the Calderón-Zygmund
theorem. To see (2.4), we first apply (2.3) to deduce that

‖∂xxuR‖L2 ≤ C‖∂x∇uR‖L2 ≤ C‖∂xwR‖L2 ,

‖∂xxBR‖L2 ≤ C‖∂x∇BR‖L2 ≤ C‖∂x jR‖L2 .
(2.5)

On the other hand, we observe that uR, BR are divergence-free; therefore,

∂yyuR
2 = ∂xyuR

1 and ∂yyBR
2 = ∂xyBR

1 . (2.6)

We then use again the inequality (2.3) to get

‖∂yyuR
2‖L2 = ‖∂xyuR

1‖L2 ≤ C‖∂xwR‖L2 ,

‖∂yyBR
2‖L2 = ‖∂xyBR

1‖L2 ≤ C‖∂x jR‖L2 .
(2.7)

Collecting the above results gives (2.4), and this completes the proof of Lemma 2.2. �

In the following section, we prove the existence of weak solutions, and then show that the solution
is unique.

2.1. Proof of existence

The general strategy of the proof is similar to that for proving existence of solutions to the Navier-
Stokes and Euler equations, which can be found in Chapter 3 of [14]. First, we construct a family of
approximate equations of (2.1) with smooth solutions (uR, BR). We then show that these solutions are
uniformly bounded, and the limit vector field (u, B) solves the original equations.

To proceed the proof, we begin by defining a Fourier truncation SR:

ŜR f (ξ) := 1BR(ξ) f̂ (ξ), f ∈ L2(R2), (2.8)
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where BR denotes the ball of radius R centered at the origin. With the Fourier truncation SR, we may
construct the approximate MHD equations as follows:

uR
t + SR[uR · ∇uR] − ν∂xxuR + ∇pR = SR[BR · ∇BR], (2.9a)

BR
t + SR[uR · ∇BR] − µ∂xxBR = SR[BR · ∇uR], (2.9b)
∇ · uR = ∇ · BR = 0, (2.9c)
(uR, BR)|t=0 = (SRu0,SRB0). (2.9d)

It can be checked that uR and BR lie in the space

VR := { f ∈ L2(R2), f̂ is supported in BR}, (2.10)

whence the initial data SRu0,SRB0 lies in VR. Observing that the operator SR acts as a mollifier
that smooths the equations, we may apply Picard’s theorem to deduce that (2.9) has a global smooth
solution (uR, BR).

We are now in the position to show that uR, BR are uniformly bounded. We begin with a simple
energy estimate of (uR, BR).

Proposition 2.1. Assume initial data u0, B0 ∈ L2(R2). Then,

‖uR(t)‖2L2 + ‖BR(t)‖2L2 + 2ν
∫ t

0
‖∂xuR(s)‖2L2 ds + 2µ

∫ t

0
‖∂xBR(s)‖2L2 ds = ‖SRu0‖

2
L2 + ‖SRB0‖

2
L2 . (2.11)

Proof. Taking the inner product of (2.9a) with uR and integrating over R2 × [0, t] for t > 0, we find that

‖uR(t)‖2L2 + 2ν
∫ t

0
(‖∂xuR(s)‖2L2 ds = ‖SRu0‖

2
L2 + 2

∫ t

0
(BR · ∇BR,uR), (2.12)

where we have used integration by parts and the property that uR is divergence-free. Then, we inner
product (2.9b) with BR and integrate over [0, t] to obtain

‖BR(t)‖2L2 + 2µ
∫ t

0
(‖∂xBR(s)‖2L2 ds = ‖SRB0‖

2
L2 + 2

∫ t

0
(BR · ∇uR, BR). (2.13)

Summing up the above two equations and using integration by parts, we obtain (2.11) immediately.
�

To obtain bounds of high-order derivatives, we turn to the evolution equations of the vorticity wR

and the current density jR.

Proposition 2.2. Let (uR, BR) be the solution to (2.9). There is a time T∗ = T∗(ν, µ,u0, B0) > 0 such
that, for t ∈ [0,T∗],

‖wR(t)‖2L2 + ‖ jR(t)‖2L2 + ν

∫ t

0
‖∂xwR‖2L2 + µ

∫ t

0
‖∂x jR‖2L2 ≤ C(ν, µ, ‖u0‖

2
H1 + ‖B0‖

2
H1), (2.14)

where C(ν, µ, ‖u0‖
2
H1 + ‖B0‖

2
H1) is a constant that depends on ν, µ, and ‖u0‖

2
H1 + ‖B0‖

2
H1 .
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Proof. It is easy to see that the vorticity wR satisfies

wR
t + uR · ∇wR − BR · ∇ jR = ν∂xxwR, (2.15)

and the current density jR obeys

jR
t + u · ∇ jR − BR · ∇wR = µ∂xx jR + 2∂xBR

1 (∂xuR
2 + ∂yuR

1 ) − 2∂xuR
1 (∂xBR

2 + ∂yBR
1 ). (2.16)

We multiply (2.15) by wR and (2.16) by jR, then sum up the two resulting equations and integrate
them in R2 to obtain

1
2

d
dt

(‖wR(t)‖2L2 + ‖ jR(t)‖2L2) + ν‖∂xwR‖2L2 + µ‖∂x jR‖2L2 =:
4∑

k=1

Ik, (2.17)

where

I1 := 2
∫
R2
∂xBR

1∂xuR
2 jR,

I2 := 2
∫
R2
∂xBR

1∂yuR
1 jR,

I3 := 2
∫
R2
∂xuR

1∂xBR
2 jR,

I4 := 2
∫
R2
∂xuR

1∂yBR
1 jR.

(2.18)

We begin with estimating I1. Indeed, by applying the inequality (2.2) to I1, we arrive at∣∣∣∣∣2 ∫
R2
∂xBR

1∂xuR
2 jR

∣∣∣∣∣ ≤ C‖∂xBR
1‖

1
2
L2‖∂xxBR

1‖
1
2
L2‖∂xuR

2‖
1
2
L2‖∂xyuR

2‖
1
2
L2‖ j

R‖L2 . (2.19)

Observing that ∂xyuR
2 = ∂xxuR

1 , it follows from Lemma 2.2 that∣∣∣∣∣2 ∫
R2
∂xBR

1∂xuR
2 jR

∣∣∣∣∣ ≤ C‖∂xBR
1‖

1
2
L2‖∂xxBR

1‖
1
2
L2‖∂xuR

2‖
1
2
L2‖∂xxuR

1‖
1
2
L2‖ j

R‖L2

≤ C‖∂xBR‖
1
2
L2‖∂x jR‖

1
2
L2‖∂xuR‖

1
2
L2‖∂xwR‖

1
2
L2‖ j

R‖L2

≤ C‖∂x jR‖
1
2
L2‖∂xwR‖

1
2
L2‖w

R‖
1
2
L2‖ j

R‖
3
2
L2 . (2.20)

Therefore, by Young’s inequality,

|I1| ≤
ν

8
‖∂xwR‖2L2 +

µ

8
‖∂x jR‖2L2 + C(ν, µ)(‖wR‖2L2 + ‖ jR‖2L2)‖ jR‖2L2 . (2.21)

The second term I2 can be handled similarly. Indeed, using the inequality (2.2), we have that∣∣∣∣∣2 ∫
R2
∂xBR

1∂yuR
1 jR

∣∣∣∣∣ ≤ C‖∂xBR
1‖

1
2
L2‖∂xyBR

1‖
1
2
L2‖∂yuR

1‖
1
2
L2‖∂xyuR

1‖
1
2
L2‖ j

R‖L2 . (2.22)

As u and B are divergence-free, we have ∂xyuR
1 = ∂yyuR

2 , and we get that∣∣∣∣∣2 ∫
R2
∂xBR

1∂yuR
1 jR

∣∣∣∣∣ ≤ C‖∂xBR
1‖

1
2
L2‖∂yyBR

2‖
1
2
L2‖∂yuR

1‖
1
2
L2‖∂yyuR

2‖
1
2
L2‖ j

R‖L2 . (2.23)
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From Lemma 2.2, we find that∣∣∣∣∣2 ∫
R2
∂xBR

1∂yuR
1 jR

∣∣∣∣∣ ≤ C‖∂x jR‖
1
2
L2‖w

R‖
1
2
L2‖∂xwR‖

1
2
L2‖ j

R‖
3
2
L2 . (2.24)

Therefore,

|I2| ≤ C‖∂x jR‖
1
2
L2‖∂xwR‖

1
2
L2‖w

R‖
1
2
L2‖ j

R‖
3
2
L2 ≤

ν

8
‖∂xwR‖2L2 +

µ

8
‖∂x j‖2L2 + C(ν, µ)(‖wR‖2L2 + ‖ jR‖2L2)‖ jR‖2L2 .

I3 and I4 can be handled similarly; it can be checked that

|I3| + |I4| ≤
ν

4
‖∂xwR‖2L2 +

µ

4
‖∂x j‖2L2 + C(ν, µ)(‖wR‖2L2 + ‖ jR‖2L2)‖ jR‖2L2 . (2.25)

Substituting the estimates about Ik(k=1,...,4) into (2.17) and integrating over [0, t), we find that

‖wR(t)‖2L2 +‖ jR(t)‖2L2+ν

∫ t

0
‖∂xwR‖2L2+µ

∫ t

0
‖∂x jR‖2L2 ≤‖wR

0‖
2
L2+‖ jR

0‖
2
L2+C(ν, µ)

∫ t

0
(‖wR‖2L2+‖ jR‖2L2)2, (2.26)

where C(ν, µ) is a constant independent of R. We set MR := ‖wR
0‖

2
L2 + ‖ jR

0‖
2
L2 and then define T (R) by

T (R) := sup{T ≥ 0 : sup
t∈[0,T ]

‖wR‖2L2 + ‖ jR‖2L2 ≤ 2MR}. (2.27)

As (uR, BR) are smooth solutions to (2.9), we therefore have T (R) > 0 for all R > 0. Moreover, for all
t < T (R), it follows from (2.26) that

‖wR(t)‖2L2 + ‖ jR(t)‖2L2 ≤ MR(1 + C(ν, µ)MRt). (2.28)

On the other hand, from the definition of MR, we find that MR is uniformly bounded with respect to
R. Indeed,

‖wR
0‖L2 = ‖ŜRw0‖L2 = ‖1Rw0‖L2 ≤ ‖u0‖H1 ,

‖ jR
0‖L2 = ‖ŜR j0‖L2 = ‖1R j0‖L2 ≤ ‖B0‖H1 ,

(2.29)

which implies that there exists a constant M independent of R such that MR ≤ M. Let us set T∗ :=
1

C(ν,µ)M , and then we may assert that T (R) ≥ T∗ for all R > 0. To see this, we suppose that T (R) < T∗; it
then follows from (2.28) that

sup
t∈[0,T (R)]

‖wR(t)‖2L2 + ‖ jR(t)‖2L2 < MR(1 + C(ν, µ)MRT∗) ≤ 2MR, (2.30)

which contradicts with the definition of T (R). Therefore, the inequality (2.14) holds, and this completes
the proof of Proposition 2.2. �

With uniform bounds of uR,wR, we next establish uniform bounds on the time derivatives ∂tuR and
∂tBR. By applying the Leray projector P to (2.9a), we obtain the following equations:

uR
t = −PSR[uR · ∇uR] + ν∂xxuR + PSR[BR · ∇BR], (2.31a)

BR
t = −SR[uR · ∇BR] + µ∂xxBR + SR[BR · ∇uR]. (2.31b)
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We assert that uR
t and BR

t are uniformly bounded in L∞(0,T∗; H−1(R2)). Indeed, for arbitrary function
ϕ ∈ H1(R2), we have〈

uR
t , ϕ

〉
= (−PSR[uR · ∇uR] + ν∂xxuR + PSR[BR · ∇BR], ϕ)

= (uR · ∇[PSRϕ],uR) − ν(∂xuR, ∂xϕ) − (BR · ∇[PSRϕ], BR), (2.32)

where we used the fact that the projector P and the Fourier multiplier SR commute, because the
approximate solution (uR, BR) lies in Schwartz space. We use a 2D Ladyzhenskaya inequality to deduce
that

|
〈
uR

t , ϕ
〉
| ≤ C(‖uR‖H1 + ‖BR‖H1)(‖uR‖H1 + ‖BR‖H1 + 1)‖ϕ‖H1 . (2.33)

Observing that uR and BR are uniformly bounded in L∞(0,T∗; H1(R2)), we obtain that

uR
t is uniformly bounded in L∞(0,T∗; H−1(R2)). (2.34)

Similarly, we have that

BR
t is uniformly bounded in L∞(0,T∗; H−1(R2)). (2.35)

We then apply the Banach-Alaoglu theorem to extract a weakly-* convergent subsequence such that

uRm
t

∗
⇀ u in L∞(0,T∗; H−1(R2)),

BRm
t

∗
⇀ B in L∞(0,T∗; H−1(R2)),

uRm
∗
⇀ u in L∞(0,T∗; H1(R2)),

BRm
∗
⇀ B in L∞(0,T∗; H1(R2)).

(2.36)

It is time to verify that (u, B) is a weak solution of the equations. Indeed, by the Aubin-Lions
compactness lemma, we find that there exists a subsequence of (uRm , BRm) such that

uRm → u in L2(0,T∗; L2(K)),
BRm → B in L2(0,T∗; L2(K))

(2.37)

for any compact subset K ⊂ R2. This local convergence allows us to pass the limit in nonlinear terms.
Thus, (u, B) is a weak solution of (1.1).

2.2. Proof of uniqueness

We first state and prove a new estimate for the nonlinear terms, which is important for proving
uniqueness of solutions.

Lemma 2.3. Suppose that u, v,w ∈ H1(R2) are divergence-free vector fields, and ∂yyv2 ∈ L2(R2). Then,

|(u · ∇v,w)| ≤ C‖u‖L2‖∇v‖
1
2
L2‖∂yyv2‖

1
2
L2‖w‖

1
2
L2‖∂xw‖

1
2
L2 + C‖u‖

1
2
L2‖∂xu‖

1
2
L2‖∇v‖L2‖w‖

1
2
L2‖∂xw‖

1
2
L2 . (2.38)

AIMS Mathematics Volume 11, Issue 3, 8832–8841.



8839

Proof. We rewrite (u · ∇v,w) as

(u · ∇v,w) =

∫
R2

u1∂xv1w1 +

∫
R2

u2∂yv1w1 +

∫
R2

(u1∂xv2 + u2∂yv2)w2. (2.39)

We next deal with each term on the right-hand side of the above equation. Let us begin with the
first term. Indeed, from Lemma 2.1, it follows that∣∣∣∣∣∫

R2
u1∂xv1w1

∣∣∣∣∣ =

∣∣∣∣∣∫
R2

u1∂yv2w1

∣∣∣∣∣
≤ C‖u1‖L2‖∂yv2‖

1
2
L2‖∂yyv2‖

1
2
L2‖w1‖

1
2
L2‖∂xw1‖

1
2
L2

≤ C‖u‖L2‖∇v‖
1
2
L2‖∂yyv2‖

1
2
L2‖w‖

1
2
L2‖∂xw‖

1
2
L2 .

We use again Lemma 2.1 to estimate the second term,∣∣∣∣∣∫
R2

u2∂yv1w1

∣∣∣∣∣ ≤ C‖u2‖
1
2
L2‖∂yu2‖

1
2
L2‖∂yv1‖L2‖w1‖

1
2
L2‖∂xw1‖

1
2
L2 . (2.40)

Observing that uR is divergence-free, it follows that∣∣∣∣∣∫
R2

u2∂yv1w1

∣∣∣∣∣ ≤ C‖u2‖
1
2
L2‖∂xu1‖

1
2
L2‖∂yv1‖L2‖w1‖

1
2
L2‖∂xw1‖

1
2
L2

≤ C‖u‖
1
2
L2‖∂xu‖

1
2
L2‖∇v‖L2‖w‖

1
2
L2‖∂xw‖

1
2
L2 . (2.41)

The third term can be handled in the same way, and we have∣∣∣∣∣∫
R2

(u1∂xv2 + u2∂yv2)w2

∣∣∣∣∣ ≤ C‖u‖
1
2
L2‖∂xu‖

1
2
L2‖∇v‖L2‖w2‖

1
2
L2‖∂yw2‖

1
2
L2

≤ C‖u‖
1
2
L2‖∂xu‖

1
2
L2‖∇v‖L2‖w‖

1
2
L2‖∂xw‖

1
2
L2 , (2.42)

where we use the property that ∂yw2 = −∂xw1. Collecting (2.39)–(2.42) yields (2.38) immediately,
which completes the proof of Lemma 2.3. �

We now proceed with the proof of uniqueness. Let (ui, Bi), i=1,2, be two solutions of (1.1) with the
same initial data (u0, B0) ∈ H1(R2) × H1(R2). We recall that, for t ∈ [0,T∗], (ui, Bi) satisfies

‖ui‖2L2 + ‖Bi‖2L2 + ν

∫ t

0
‖∂xui‖2L2 + µ

∫ t

0
‖∂xBi‖2L2 ≤ C,

‖wi(t)‖2L2 + ‖ ji(t)‖2L2 + ν

∫ t

0
‖∂xwi‖2L2 + µ

∫ t

0
‖∂x ji‖2L2 ≤ C.

(2.43)

Furthermore, it follows Lemma 2.2 that

ν

∫ T∗

0

[
‖∂xxui‖2L2 + ‖∂yyui

2‖
2
L2

]
+ µ

∫ T∗

0

[
‖∂xxBi‖2L2 + ‖∂yyBi

2‖
2
L2

]
≤ C. (2.44)
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Let ũ := u1 −u2 and B̃ := B1 −B2. As (ui, Bi)(i=1,2) are solutions of Eq (1.1), by using elementary
energy methods, we may obtain the following inequality:

‖ũ‖2L2 + ‖B̃‖2L2 + ν

∫ t

0
‖∂xũ‖2L2 + µ

∫ t

0
‖∂xB̃‖2L2

≤

∣∣∣∣∣∣
∫ t

0
(ũ · ∇u1, ũ)L2

∣∣∣∣∣∣ +

∣∣∣∣∣∣
∫ t

0
(ũ · ∇B1, B̃)L2

∣∣∣∣∣∣ +

∣∣∣∣∣∣
∫ t

0
(B̃ · ∇B1, ũ)L2

∣∣∣∣∣∣ +

∣∣∣∣∣∣
∫ t

0
(B̃ · ∇u1, B̃)L2

∣∣∣∣∣∣ .
(2.45)

We then deal with each term on the right-hand side of the above inequality. From Lemma 2.3, we know
that the first term satisfies∣∣∣∣∣∣

∫ t

0
(ũ · ∇u1, ũ)L2

∣∣∣∣∣∣ ≤
∫ t

0
‖∇u1‖

1
2
L2‖∂yyu1

2‖
1
2
L2‖ũ‖

3
2
L2‖∂xũ‖

1
2
L2 +

∫ t

0
‖∇u1‖L2‖ũ‖L2‖∂xũ‖L2 . (2.46)

Similarly, we obtain the estimate of the second term,∣∣∣∣∣∣
∫ t

0
(ũ·∇B1, B̃)

∣∣∣∣∣∣≤
∫ t

0
‖ũ‖L2‖∇B1‖

1
2
L2‖∂yyB1

2‖
1
2
L2‖B̃‖

1
2
L2‖∂xB̃‖

1
2
L2+

∫ t

0
‖ũ‖

1
2
L2‖∂xũ‖

1
2
L2‖∇B1‖L2‖B̃‖

1
2
L2‖∂xB̃‖

1
2
L2 . (2.47)

Using (2.43), it follows that (2.46) and (2.47) that∣∣∣∣∣∣
∫ t

0
(ũ · ∇u1, ũ)L2

∣∣∣∣∣∣ +

∣∣∣∣∣∣
∫ t

0
(ũ · ∇B1, B̃)

∣∣∣∣∣∣
≤
ν

2

∫ t

0
‖∂xũ‖2L2 +

µ

2

∫ t

0
‖∂xB̃‖2L2 +

∫ t

0
(‖ũ‖2L2 + ‖B̃‖2L2)(1 + ‖∂yyu1

2‖L2 + ‖∂yyB1
2‖L2).

(2.48)

The third term and the fourth term on the right hand side of (2.45) can be handled in the same way,
and we obtain∣∣∣∣∣∣

∫ t

0
(B̃ · ∇B1, ũ)L2

∣∣∣∣∣∣ +

∣∣∣∣∣∣
∫ t

0
(B̃ · ∇u1, B̃)

∣∣∣∣∣∣
≤
ν

2

∫ t

0
‖∂xũ‖2L2 +

µ

2

∫ t

0
‖∂xB̃‖2L2 +

∫ t

0
(‖ũ‖2L2 + ‖B̃‖2L2)(1 + ‖∂yyu1

2‖L2 + ‖∂yyB1
2‖L2).

(2.49)

We substitute (2.48) and (2.49) into (2.45) to deduce that

‖ũ‖2L2 + ‖B̃‖2L2 ≤ C
∫ t

0
(‖ũ‖2L2 + ‖B̃‖2L2)(1 + ‖∂yyu1

2‖L2 + ‖∂yyB1
2‖L2), (2.50)

so ineq (2.44) and Grönwall’s inequality tell that ũ ≡ B̃ ≡ 0. Thus, the solution is unique, and this
completes the proof of Theorem 1.1.
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