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Abstract: This study explores a two-dimensional model for transient heat and moisture transfer in
a rectangular domain subject to convective boundary conditions. The governing equations consist
of parabolic partial differential equations, which are derived from Fourier’s law of heat conduction
and Fick’s law of mass diffusion. The model equations are discretized using central finite-difference
approximations in space and a Crank—Nicolson (CN) scheme in time. To efficiently handle the
multidimensional diffusion operators, an operator splitting strategy based on the Peaceman—Rachford
alternating direction implicit (ADI) method is employed. This approach decomposes the two-
dimensional diffusion operator into a sequence of one-dimensional subproblems, each associated
with a single spatial direction, which significantly reduces the computational complexity of the fully
implicit scheme while retaining second-order accuracy in time and space and unconditional stability
for linear diffusion operators. The numerical scheme is shown to be unconditionally stable for the
diffusion operators and computationally efficient for long-time simulations. The numerical results
for the temperature and moisture fields are validated through comparison with available analytical
solutions and experimental data from the literature, demonstrating very good agreement in all cases.
In addition, a structure-preserving iteration method (SPIM) applied to the unsplit CN formulation is
used as a benchmark reference, confirming that the proposed ADI-CN splitting achieves accuracy
comparable to the unsplit CN scheme while maintaining competitive computational efficiency.
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1. Introduction

Drying is one of the oldest and most widely used techniques for food preservation and material
stabilization, and it is extensively applied in biotechnology, ceramics, wood processing, and
agriculture. In developed countries, drying accounts for approximately 10%—-25% of total industrial
energy consumption [1]. Optimizing drying operations is essential for both economic efficiency and
environmental sustainability, as drying processes are widely employed across multiple industries and
account for substantial energy consumption. Drying is the process of removing moisture from wet
materials through evaporation. It also involves simultaneous heat and mass transfer. The drying
kinetics and the ultimate quality of food and biomaterials are governed by the simultaneous inward
conduction of heat and outward diffusion of moisture. One of the main challenges in drying food
materials is that they often shrink during the drying process. This is particularly important when
optimizing drying systems, since heat and moisture transport interact strongly within the material. In
convective drying, the hot air moves heat from the wet product to the solid matrix, which increases the
temperature of both the solid matrix and the surrounding air. The water moves toward the surface,
evaporates, and then spreads out into the air as vapor. The air velocity and temperature strongly
influence the rates of heat and mass transfer. Moisture migrates toward the surface, where it evaporates
and diffuses into the surrounding air as vapor. The vapor pressure in the air around it goes down when
the temperature rises, but the vapor pressure inside the wet solid goes up. This facilitates the movement
of water from regions of elevated vapor pressure to regions of diminished vapor pressure [2].

The drying process in porous materials can be described mathematically using a set of coupled
partial differential equations that control the flow of heat and moisture. The temperature and moisture
fields are strongly coupled because heat conduction and moisture diffusion occur simultaneously.
The temperature and humidity of the area can also change the material’s properties, such as thermal
conductivity and diffusivity. This significantly increases the complexity of the mathematical model.
While using two-dimensional representations, one has to think about spatial gradients in more than
one direction because real things are three-dimensional. The removal of moisture from dense products
does not occur uniformly throughout the material. Accurate prediction of moisture distribution
within the product, therefore, requires two- or three-dimensional models rather than surface-based
approximations. In the initial stages of numerical study, researchers frequently employed explicit
finite-difference approaches. These approaches required minimal temporal increments to maintain
stability, analogous to the CFL requirement [3].

A comprehensive experimental and theoretical investigation has been undertaken to clarify these
issues. Chiang and Petersen investigated how the moisture and temperature changed over time during
the drying process of apples to support their theoretical models [4]. In theory, analytical solutions can
only be found for simple configurations. Consequently, numerical methods are essential for solving
such problems and for accurately predicting the evolution of temperature and moisture fields during
the drying process. Many studies have created models for drying processes that use Fourier’s equation
of heat conduction and Fick’s rule of moisture diffusion [5]. With the advancement of computational
resources and numerical methods, more sophisticated drying models have been developed. Hussain
and Dincer employed a precise finite-difference method to create a two-dimensional simulation of the
movement of heat and moisture during the drying process of rectangular objects [6,7]. These studies
showed how important it is to deal with differences in the product area, even though strict stability
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standards make things harder. Drying simulations have come a long way in the last 20 years. Advanced
models consider how internal pressure changes, how materials shrink, how diffusion is directed, and
how things change shape when they are under stress. Ruiz-Cabrera and his team studied how moisture
diffusion changed the way carrots dried. This shows how important it is to get exact measurements
of how moisture spreads [8]. Akiyama et al. created a model for heat and moisture that shows how
too much moisture stress can cause cracks to form [9]. Rogers and Kaviany examined the transport
of heat and mass through beds of fine particles [10]. Perré et al. examined the drying processes of
concrete and softwood at elevated temperatures via convection, employing one- and two-dimensional
models [11]. Sun and Marrero conducted experiments to determine the convective transfer coeflicients
for the drying of porous cylinders [12]. Dincer and Dost created analytical models to determine the
rate at which moisture disseminates through various geometries [13].

Villa-Corrales et al. used both two-dimensional numerical modeling and real-world testing to
investigate mango drying [14]. A recent study utilized multiphysics coupling to investigate the
interaction between stress and strain, along with the morphological changes of the material during the
drying process [15]. The finite difference and finite volume methods are widely used to model heat and
mass transfer in drying processes [16—18]. Advanced numerical and computational fluid dynamics-
based algorithms have been applied to simulate coupled heat and mass circulation during drying
processes, such as microwave and freeze-drying applications [19-21]. Numerical and experimental
studies have extensively investigated time-dependent and nonlinear heat and mass transfer in drying of
porous materials [22-24]. Jayapragasam et al. added complex eigenvalues to Luikov-type analytical
frameworks [25]. Sychevskii studied how heat and mass move in systems that are used to dry
wood [26]. Yang et al. developed a numerical solution with a very accurate way to solve two-
dimensional mass transport problems in food engineering [27]. Numerous modeling approaches have
been developed to estimate effective moisture diffusivity from drying data [28].

This study improves previous research on two-dimensional coupled heat and mass transfer
models for rectangular geometries by incorporating several methodological advancements. We
employ the Peaceman—Rachford alternating direction implicit (ADI) approach in conjunction with
Crank—Nicolson (CN) time discretization. This approach is efficient and accurate to the second order in
both spatial and temporal dimensions. A temporally updated coupling mechanism is employed within
the ADI framework to address the variations in moisture diffusivity with temperature. This maintains
the linear subproblem framework and computational efficiency. Analytical solutions exist for simple
instances with constant coefficients; however, the present model incorporates temperature-dependent
diffusivity and heat-mass interaction, which lack a closed-form solution. Analytical solutions are
mostly employed to verify the accuracy of benchmark solutions. We verify the precision of the
numerical framework by comparing it with analytical solutions and experimental data available in the
literature. The methodology for simulating the two-dimensional heat and moisture movement during
convective drying has shown good agreement with both analytical and experimental results.

The remainder of this paper is organized as follows. Section 2 presents the governing equations,
nondimensional formulation, and detailed description of the numerical schemes. Section 3 discusses
the numerical results. Section 4 concludes the paper.
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2. Mathematical modeling of heat and moisture transfer

The mathematical analysis of the convective drying process is based on Fourier’s law of heat
conduction and Fick’s law of mass diffusion. Owing to the strong analogy between heat and mass
transfer, the governing Fickian diffusion equation for moisture transport takes the same mathematical
form as the Fourier heat conduction equation, with temperature and thermal diffusivity replaced by
moisture content and moisture diffusivity, respectively. Throughout the analysis, we consider several
assumptions. First, we assume that the thermophysical properties of the solid are constant. Second, we
assume that the object does not shrink or deform significantly during drying. Third, we assume that
the material does not generate heat internally. Fourth, we assume the drying-air temperature remains
constant throughout the process. Finally, we assume that heat and moisture move in two dimensions
within a rectangular solid. In the present model, we assume a fixed geometry and neglect volumetric
shrinkage during drying. This approximation is appropriate for relatively rigid porous materials or
drying conditions in which geometric modifications are not significant in terms of the characteristic
dimensions.

The computational domain is a two-dimensional rectangular region defined as

Q:{(u,v)|0§u££,0§v§7{},

where £ and ‘H denote the length and height of the object, respectively. The transient temperature
distribution 7 (u, v, t) inside the solid is governed by the two-dimensional heat conduction equation,

2.1

o _ (OT L OT
o \our  ov?)’

where a = k/(pc,) denotes the thermal diffusivity of the material, with k being the thermal conductivity,
p the density, and ¢, the specific heat. The initial temperature of the object is assumed uniform:
7 (u,v,0) =7, (u,v) € Q. (2.2)

Convective (Robin-type) boundary conditions are imposed on all external surfaces. At the vertical
boundaries,

oT

—k— = h(7(0,v,t) — Ty), (2.3)
ou u=0
o7
~k—| =T (LV,0)=Ta), (2.4)
Ou u=L
and at the horizontal boundaries,
0
—k—7~ = (T (u,0,t) — Ty), (2.5)
(9V v=0
J
—kI =T (u,H,t)—Ty), (2.6)
ov v=H

where £ is the convective heat transfer coefficient and 7, denotes the drying-air temperature.
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Similarly, for the moisture transfer model, the transient moisture distribution M(u, v, t) inside the
solid is described by the two-dimensional diffusion equation,

oM M FPM
— = D(t + , 2.7
ot ()( o’ ov? ) 7
where D(t) denotes the effective moisture diffusivity.
The initial moisture content is assumed spatially uniform:
M(u,v,0) = M,, (u,v) € Q. (2.8)

Convective mass transfer boundary conditions are prescribed on all boundaries. Atu = 0andu = £,

—D(t)% = h,,(M(,v,t) — My), (2.9)
311 u=0

—D(t)% = h,(M(L,v,t) = M,), (2.10)
ou |y—r

andatv=0andv = H,

—D(t)% = hm(M(u, 0,t) — Md), (2.11)
aV v=0

oM M.y - M), 2.12)
OV |ly=p¢

where £, is the convective mass transfer coefficient and M, denotes the equilibrium moisture content
at the drying surface.

The moisture diffusivity is assumed to depend on temperature according to an Arrhenius-type
relation:

E,
D(u, v, t) = Z)() exp(—m) , (213)

where 9D, is the pre-exponential factor, £, denotes the activation energy, and R is the universal gas
constant. Such an Arrhenius-type temperature dependence of effective moisture diffusivity is widely
adopted in drying literature to describe thermally activated moisture transport in food materials [28].
In the present study, the ratio E,/R is taken as 1119 K, which lies within the range of reported
activation parameters for food materials. In the numerical implementation, in order to preserve the
linear ADI structure and computational efficiency, the diffusivity is evaluated using the spatially
averaged temperature at each time level. Consequently, the coefficient is treated as time-dependent

only, i.e.,
D(t) = Dy exp(—g),
T (1)
and is held constant within each time step. This averaging strategy avoids introducing a strongly
space-dependent coefficient into the moisture equation at each time level, which would otherwise
destroy the standard ADI line-solver structure. Consequently, within each time step the coefficient is
updated sequentially from the computed temperature field, keeping the moisture subproblem linear at

each time level and enabling an efficient ADI-CN implementation. Moreover, although the Arrhenius
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law is inherently space—time dependent through 7 (u,v,t), the use of 7_'(‘[) yields a time-dependent
coeflicient D(t), which preserves the ADI line-solver structure and enables a fair comparison with
constant-coefficient analytical solutions.

The governing equations are nondimensionalized to reduce the number of governing parameters
and to obtain a formulation suitable for systematic numerical analysis. For this purpose, we introduce
the dimensionless relation.

u v - at L
i=—, V=—, t=—, A=—. 2.14
=7 YTH z H (214)
Thenu = L4, v = HYV, and
(4,v) € [0,1] x [0, 1].
Moreover, from T = a t/ £, we have
t = L_zf 2 — 1 2
Ca ot L2t
Define the dimensionless temperature and moisture fields by
c fm - T T(u,V,t)—(]Hi - - = M(u,V,t)_Md
7@, v, ) = ————, M@, v,t) = . 2.15
@90 =—2" 0.9,0 =" (2.15)

Equivalently,
T=Ti+Ta=T)T", M= M+ M = MM

Using u = L and v = HV, the chain rule gives

9_19 0 _13d
ou  Low o HOV
and hence
0? 1 & 0? 1 & A2 02

o L2002 92 HEov:  L2ov?
As A = L/H implies 1/H? = 22/ L.
Substitute 7 = 7; + (74 — 7:)7 * and the above derivative relations into (2.1):
T+ T=-TIT) = a a—z('r,- +(Ty=THT") + ‘9—2(%- +(Ta = THT”)).
ot ou? ov?
Since 7; is constant, it vanishes under derivatives, and the factor (7, — 7;) cancels from both sides.
Using 4/0t = (a/ L?*) /6t and the second-derivative relations yields

@ (1 PT LT
L2 0t \L£2oaz  L£2ovr )

Multiplying by £?/a gives the dimensionless heat equation

o PT LT i
:9];:81:; +/128\Z;, 0<i<1,0<v<1,t>0. (2.16)
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From (2.2), 7 (u,v,0) = 7; implies

T =T
T0,v,0)= ——— =0,
@.%.0) Ta—Ti
hence
771, ¥v,0)=0. (2.17)

Consider the boundary at u = 0 (the same steps apply at u = £). From (2.3),

497
u

= W(T(0,v,0) — T2).

u=0

Using 7 =7;+ (T4 —T)7 *and d/0u = (1/ L) d/d1, we obtain

Ta—T:0T" .
Byt B WT:+ (Ta=THT* = Ta)-
Cancelling (7, — 7;) gives
k oT™
=h(T" -1),
L ou T )
or equivalently

oT” h

— B
0t |g=o

Defining the Biot number in the G-direction by ﬁm hL/k yields

h
L F BT -1, 8= TL (2.18)

oT™
ou

Similarly, applying the same steps to (2.5)—(2.6) and using d/dv = (1/H) d/0v give

- ‘W_ =BT -1), BT = M{ (2.19)
0V le=0,1 k

Using the same strategy as for the heat equation, we substitute the scalings in (2.14)—(2.15) into
the dimensional moisture model (2.7). In particular, 8/6t = (a/L?) /8, 8*/6u® = (1/L?) §*/6u?, and
0?/0v? = (1/H?) 0?/0v? = (A2]L?) 3% /0v?. Moreover, from M = My + (M; — MHOM*, the factor
(M; — M,) cancels out after differentiation. Therefore, (2.7) reduces to the dimensionless form

(9 * 02 * 62 * _
ﬂ_:g@ /_\/(”2 M , 0<ii<1,0<v<I,t>0, (2.20)
ou? 0v?
where the dimensionless diffusivity ratio is defined by
Z)(t)
G = S (2.21)

From the initial condition M(u, v,0) = M; in (2.8), we directly obtain

M@, 9,0) = 1. (2.22)
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Next, consider the convective (Robin) moisture boundary condition in the normal direction,
-D(t)oM/on = h, (M- M,). Using d/0u = (1/L)d/da and M- M, = (M; — MHM*, the common
factor (M; — M,) cancels, which yields

oM oM

“a = BMO M, “e | = BMO M, (2.23)
oM _ . oM , .
v |, = BOM, ~v | = Er oM, (2.24)
where the directional mass Biot numbers are
hy L hw H
Mo ===, aMy=-"-2—. 2.25
a () DO v DO (2.25)
Finally, expressing the averaged Arrhenius-type law in terms of 7" via 7 = 7;+ (7, —7:)7 " yields
1119
D(t) = Dy exp(— —, (2.26)
Ti+Ta=TDT*O
where the dimensionless spatial average is defined by
L 1l
T=(t) = f f 71, v,t)dadv. (2.27)
0 Jo

For completeness, the corresponding dimensionally averaged temperature used in the Arrhenius update
satisfies . L
TO=Ti+Ta=THT*O.

Consequently, within each time step, the coefficient G(t) = D(t)/a in (2.20) is treated as constant and
is updated sequentially from the computed temperature field, keeping the moisture subproblem linear
at each time level and enabling an efficient ADI-CN implementation.

2.1. Description of numerical scheme

Let the dimensionless domain be
Q =10,1] x [0, 1], i=u/L, V=v/H, t=at/L%
We introduce the uniform spatial grids

ﬁi:iAl_l, i=0,1,...,Nu, \_/j:]A\_/, j:0,1,...,NV,

with

and the time levels

t" = nAt, n=0,1,2,....

The grid approximations are denoted by
7-:]’,1 ~ T*(ﬁi, \_]j,fn)7 M:?]n ~ M*(ﬁi7 vj’f”)’
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and we write

L
/l_ﬁ'

The Robin boundary conditions in (2.18)—(2.19) and (2.23)—(2.24) are enforced by ghost-point
elimination. For the heat equation, define

Cra = B7) AQ, Cr., =BT AV. (2.28)

Then the boundary nodal values satisfy

. _TatCr
Ty = m, Cr € {Cru, Cryls (2.29)

since the surrounding air corresponds to the dimensionless equilibrium state 7 = 1.
At time level t”, define the moisture boundary parameters

Chiw = BN Aq, Chiy = B AV (2.30)

Then the moisture boundary nodal values satisty

M;kn n n n
b= 7 +C/r\l4’ Ch € {Chws Chr)- (2.31)
Since Me M
M=
M, = M,
The equilibrium boundary state for the moisture variable is: M* = 0, even when M; # O in
dimensional form.
For the heat equation (2.16), define
At A% AT
D= — o, VD =——. 2.32
4 2(An)? v 2(AV)? 2.32)

For the moisture equation (2.20), the diffusivity ratio

D(t)

a

G =

depends on the temperature field and is therefore time-dependent. To preserve the linear structure
of the ADI-CN scheme, we adopt a frozen-coefficient approach. After computing 7", we form the

spatial average
1 1
ﬁ(f”):ff(r*(ﬁ,v,f”)dﬁdv,
0 Jo

and update the dimensional diffusivity.

1119 D"
D= Dy exp(— ) ,

Ti+ (Tq—T)T (@
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The coefficient G(t) is then approximated as piecewise constant over the interval.
te[ ], GOH~G"

Accordingly, we set

" At " A2 AT
vM(n) = g__ VM) = g e
2(An)? 2(AV)?
For simplicity within the n-th time step, we write

(2.33)

VM — V(M)(n), VM — V(M)(n),

and treat these quantities as constants during the two moisture half-steps.
We now describe the ADI-CN discretization. Given 7 ", the temperature field is advanced through

two half-steps. For each fixed j = 1,2,..., N, — 1, solve for {T }N“ ! from
(1+297) 77 s -V ”*2 _ YD (1=29D) 77 + VO (T8 + T50), (234)

i+1,j i,j—1 i,j+1

fori =1,..., N, — 1, together with the boundary values obtained from (2.29). Because Eq (2.29) is
nonhomogeneous, its substitution into the first and last interior equations introduces additional constant
contributions. Therefore, the reduced line system for the heat half-step must be written as

(D) "™3 Z pTD 4 (T
AT =b; 4 (2.35)
1
where T'.H2 € RM~1 is the interior temperature vector along the j-th horizontal line, b;T’l) collects

the standard right-hand-side terms from (2.34), and r(T ) collects the constant boundary contributions

induced by the nonhomogeneous Robin condition (2. 29). More precisely,

.
o _ Vi 'Cra

1,0,....0,1]".
J 1+Cfru[ ]

Equivalently, the first and last diagonal entries of A’ are modified by the ghost-point elimination,
while the constant vector r(T ) is added to the right-hand side.

After solving each horlzontal line system, the boundary nodes are updated by (2.29). Next, for each
fixedi=1,2,...,N, — 1, solve for {‘7”"’”1}’\/v ! from

(1+297) ! - VTl oyt - (12 a9 D)7 4 v (T’j”*hfr*’”*?), (2.36)

i,j i,j—1 i,j+1 i,j i-1,j i+1,j

for j = 1,..., N, — 1. Again, because of the nonhomogeneous Robin elimination in Eq (2.29), the
corresponding reduced line system becomes

ADTH = T2 4 p72) 2.37
v l ]
(7.2)

where Ti"+1 € RN~ is the interior temperature vector along the i-th vertical line, c;
right-hand side from (2.36), and

is the standard

(7)
(7,2) _ Vv C’T,v

(7.2 _ 1,0,....0, 1]
! 1+C7"V[’ ’ ]
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contains the constant contributions from the top and bottom boundaries. After solving each vertical
line system, the heat boundary nodes are again updated by (2.29).

We now advance the moisture field. At time level n, the coefficient G(t) is frozen as G", and the
solution is advanced from M*" to M*"*! through two ADI half-steps. For each fixed j = 1,2,..., N, —

1, solve for {Ml }fV ] ! from

o

(1+2VgM>)M*”+2 VML V<M)M*"+2:(l—2V(VM))M + VM (M

i-1,j i+1,j

LML), (2.38)
where V(M) V(M)(n) and V(M) V(M)(n) remain fixed during the time step.

Define
Mn+2 _ [M*n+2 /\/[*n+2 o M*,n+% .]T c RNu—l.

J T NG-L

Let b&M’l) € RM~! be defined by

B, = (1= 29M)M+ VO M+ M), p=1 Ny -1 (2.39)
LetC} = C/’(,Lu, so that
*JH'% *,n+%
M*,n+% _ Ml,j *,n+% _ Nu—1,j
0.j 1+C}’ N 1+C}°
Then the reduced line system is
1
AMmM " =pMY, (2.40)

where A (n) € RM=DxN=D) g tridiagonal with

fovo - T p=qe{lLN,— 1}
R oL Nu = 1
AM (), =41 +297, p=q 2<p<Ny-2,
v, lp—ql=1,
0, otherwise.

Here, no additive constant appears on the right-hand side because the moisture boundary
elimination (2.31) is homogeneous and the equilibrium state is M* =0

For each fixedi = 1,2, ..., N, — 1, solve for {MZ’}Z”};VI ! from

(1+290) Mt - VPONLE AN = (1 2VM) M 4 T (M’."’“% + M’."”*%).

i,j—1 i,j+1 i,j i—1,j i+1,j
2.41)
Define
Min+l _ [M;kln+l M*n+1 L ,Mi,):l/-:il]-r c RNV_I
and let c(M 2 e RM be
*,1 s+t St A
(€MD), = (1 =2V ML VIO (MT L M), =1 N - L (2.42)
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1 n __ n
Using C; = C), , we have

#,n+1 #,n+1
s+l i1 s+l iNy—1
i,0 - n’ iNy n "

1+C} v 1+C}

Hence the second moisture half-step is written as
AMEM = M, (2.43)

where AY(n) € RM-DXM= s tridiagonal with

o WY
1 +2Vy _TQ{“ p=q€{l,N, -1},
AM@m)),, =41+ pAvs p=q, 2<p<N,-2,
~vM, p-ql=1,
0, otherwise.

Again, no constant term appears on the right-hand side because the equilibrium moisture state is M* =
0.

At each time level n, the average temperature 7T*(f”) is first used to evaluate 9" and hence G".
The heat equation is then solved to obtain 7*"*! from (2.35) and (2.37). Subsequently, the moisture
equation is advanced from M*" to M*"*! by (2.38)—(2.43), using the frozen coeflicient G" over the
interval [t", t"*!].

Each ADI line system is tridiagonal and can therefore be solved efficiently by the Thomas algorithm,
leading to an overall computational complexity of O(N,N,) per time step. The time increment At is
chosen mainly according to accuracy requirements, since the ADI-CN discretization is unconditionally
stable for linear diffusion problems. In the present coupled problem, freezing the coefficient G
piecewise in time preserves the ADI line-solver structure and yields an efficient sequential coupling
strategy. The resulting ADI-CN framework is applicable to a broad class of two-dimensional parabolic
diffusion problems whose operators admit directional splitting.

2.2. Structure-preserving iteration method

To further assess the efficiency and accuracy of the proposed ADI-CN scheme, we include a
comparison against a SPIM that solves, at each time level, the unsplit Crank—Nicolson discretization
of the same two-dimensional diffusion operators. It is important to emphasize that the SPIM employed
in the present work is not a new discretization scheme for the governing partial differential equations.
Instead, it serves solely as a stationary matrix-splitting solver for the linear system generated by the
unsplit CN discretization.

The term structure-preserving signifies that the iteration does not modify the underlying CN
discretization itself. Rather, it provides a directional stationary solver for the corresponding two-
dimensional midpoint system. Since the iteration converges to the exact solution of the unsplit
CN linear system, all intrinsic properties of the CNn method remain unchanged, including second-
order temporal accuracy, time-reversal symmetry of the midpoint rule, unconditional stability for
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linear diffusion operators, and preservation of the dissipative structure of the parabolic problem.
Consequently, the SPIM iteration preserves the algebraic structure of the unsplit CN formulation, while
providing an efficient directional solver for the associated linear system.

The SPIM benchmark applies to both the heat subproblem (2.16)—(2.19) and the moisture
subproblem (2.20)—(2.25). It may be interpreted as a Douglas—Rachford-type directional matrix-
splitting iteration applied at the linear solver level rather than at the discretization level. Such
line-iterative schemes originate from the classical ADI methods of Peaceman—Rachford [29] and
Douglas [30]. Their convergence properties have been extensively analyzed within matrix-splitting
theory [31] and modern operator-splitting frameworks [32]. Recent developments in diffusion—
reaction splitting and matrix-splitting iteration methods further highlight the importance of stability
preservation, error control, and efficient preconditioning strategies in diffusion-type partial differential
equations and related multiphysics transport systems [33, 34]. In addition, modern structure-
preserving operator-splitting schemes have been developed for reaction—diffusion systems to maintain
the thermodynamic dissipation structure of the underlying equations; see, for example, Liu et al. [35].
Although the present heat and moisture diffusion model is linear and already exhibits dissipative
behavior under the CN discretization, such structure-preserving approaches provide an important
theoretical framework for constructing stable numerical methods for general diffusion systems.

Let U" denote either T*" or M*" on the interior grid

- V,—1 - V-1
{ui}i:u] X{Vj}j;l >

after enforcing the Robin boundary conditions by the ghost-point eliminations (2.29)—(2.31). Thus,
the unknown vector contains only interior nodes, while the boundary contributions are embedded in
the first and last rows of the reduced difference operators. Therefore, the matrix representation is
constructed only on the interior unknowns. The boundary nodes are not excluded from the model;
rather, their effect is incorporated through the modified first and last rows of the reduced difference
matrices obtained after the Robin elimination. Consequently, the resulting linear system still represents
the complete boundary-value problem but is written in reduced form with interior unknowns only.
Introduce the discrete directional Laplacians

Uin1j—2U;j + Uiy 6.U). = Uijs1 —2U;;j + U; j
(A[Z)z 9 vy 1] (A\_})z 9

(612L'4U)i,j =

and define
L:(U) = 67U, L;(U) = /125va, L=Ly+ L.

For the heat equation (2.16), because the Robin elimination (2.29) is nonhomogeneous, the reduced
unsplit CN update takes the form

(1- A;L)T*’”” =(1+ A;L)T*’” + 17, (2.44)

where rs collects the constant contributions generated by the nonhomogeneous heat boundary
condition 7" = 1.

For the moisture equation (2.20), freezing the diffusivity coefficient G(f) during the time interval
[, 1] yields
G'At

(1 _gar 5 L)M (2.45)

2

L)M*JHI — (I+
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Both formulations can be written compactly as

AU =D+

where
JAT WAT I, U=T,
A =1-22r =1+ u, =
2 2 g, U=M,
and
Iy, U= T*a
r' =
0, U=M".

For the moisture problem, G" is frozen within each time step, so A, remains fixed while solving for
U"*!. Hence, although the coefficient G" may vary from one time level to another, the matrix A, and
therefore the iteration matrix B, remain fixed during the iterative solution process at each prescribed
time level n.

Instead of solving the full two-dimensional sparse system directly, the SPIM computes U"*! through
the stationary iteration

AT _ HAPAT © _ yom . AT N
ry = 5’ rﬁ—T, " =U", R—(I+ 2.£)U +r,
and, fork =0,1,2,...,
(I = ra6a)USD = R” + 1365, U, (2.46)
(I - rv(sw)U(kH) =R"+ ru(SWU(kJr%)- (2.47)

This symmetric splitting corresponds to a line Gauss—Seidel (Douglas—Rachford-type) iteration.

To rigorously justify convergence of the SPIM iteration, we now pass from the operator form to
the matrix form of the reduced interior problem. After elimination of the Robin boundary nodes
through (2.29)—(2.31), the unknown vector contains only the interior grid values, while the boundary
conditions remain embedded in the first and last rows of the reduced matrices. Therefore, the resulting
matrix system still represents the full boundary-value problem, written on the interior grid after Robin
elimination.

Let D; € RWemDXWNu=D) and D; € RM=D*M=D denote the reduced one-dimensional centered second-
difference matrices in the - and v-directions, respectively, including the modified first and last rows
induced by the Robin boundary relations. More precisely, D; has the form

(—2+7Y 1 0 - 0
| 1 -2 1 :
““wap| Y o0}
1 -2 1
0 0 1 —2+7"]
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and similarly

2+ 1 0 - 0
1 -2 1 :
1
v = (A\_/)2 O 0
: o1 =2 1
0 o 0 1 =2+
For the heat problem, the Robin eliminations (2.29) give
_ 1 U n CT,u U _ 1 U + CT,u
0.~ 1+ CTJ, Lj 1+ CT,u, Nuj = 1+ CT,u Nu=1.j 1+ CT,u’
and
U= — 1, + S Uip, = — Uy + L
T v Cr, M 1+ Cry T rscn, M Ty Cr
Therefore, in the heat case,
1 1
@ _ R _ B _ (1) _ .
W= T e, T T iic,

The additional constant terms generated by the heat boundary elimination are absorbed into the right-
hand-side vector and therefore do not alter the reduced diffusion matrices or the convergence analysis
of the iteration matrix.

For the moisture problem, the Robin eliminations (2.31) give

1 1
Uy, = —U,,, Uy i=——Uy 1,
0,j 1 + CnMu Lj Ny,j 1 + C;z/l’u Ny—1,j
and
U ! U U ! U
i0 = —=—VUir iNg = T Uin-1.
1+ C”M’v 1+ Cﬁlv
Hence, in the moisture case,
1 1
(L) (R) (B) (1)
M =Ma = T n W =1y =37 -
1+ C;‘M 1+ C'Xm

Thus only the first and last diagonal entries differ from the standard centered second-difference
matrix, while the interior stencil remains unchanged.

A real square matrix is called a Z-matrix if its off-diagonal entries are nonpositive, and a nonsingular
M-matrix if it is a Z-matrix and its inverse is entrywise nonnegative. That is, if A is a nonsingular M-
matrix, then A~! > 0 entrywise. This means that every entry of A~! is nonnegative; strict positivity is
not required, so some entries may be equal to zero depending on the sparsity structure of the matrix.

Under the present Robin boundary conditions, D; and Dy are symmetric negative definite matrices;
hence —D; and —Dj; are symmetric positive definite Z-matrices and therefore nonsingular M-matrices.

Using Kronecker products, define the directional matrices

K =Iy,-1 ® Dy, M =D;QIy,-1,
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and define the full reduced two-dimensional diffusion matrix by
L=K+ M.

Here, M denotes the matrix associated with the V-direction. Equivalently, K represents the discrete
second-difference action in the iz-direction applied to all interior v-lines, while M represents the discrete
second-difference action in the v-direction applied to all interior #-lines. Therefore, L is exactly the
full reduced matrix associated with the operator £ = £; + £;. Its block form is given by

(D + 2471 2401 0 - 0
(V) () () :
2P Dy + 22401 22401
L — 0 .. . .. . .. . 0 ,
2 () 2 5 2 7
: 2dy) 51 Dy 4;/1(_)de_2’NV_21 2 szv_(z_,)Nv_ll
0 s 0 2dy) L1 Da+ A2y

where dg.) denote the entries of D; and each I is the identity matrix of order N, — 1.
Accordingly, the matrix form of the unsplit CN system is

U AF
2

AT
2

AU =b' +r", A, =1 L, b'= (1 + L)U”.

In matrix form, ¢z; and 3 correspond to K and M, respectively, so (2.46)—(2.47) become
(I = rKYUSD = b" 40" + MUY, (1 = i M)USD = b7 4 4 5 KUED,

Eliminating U%**2) yields
U =B, UY + ¢,

with
B,=U- ”vM)_l(VﬁK)(I - ”ﬁK)_l(”vM)-

With the above matrix formulation in hand, we are now in a position to state the convergence result
for the SPIM iteration.

Theorem 2.1. For each fixed time level n, the SPIM iteration (2.46)—(2.47) converges to the unique

solution of the unsplit CN system
AU =p" 4+ 1"

Moreover;
p(B,) < 1

for any mesh spacings A > 0, AV > 0, and any time step At > 0.

Proof. Because Dj; and Dy are symmetric, so are K and M. Also,
KM = (In,-1 ® Dy)(D; ® Iy,-1) = D; ® D; = MK,

so K and M commute and are simultaneously diagonalizable.
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Let {¢p}g§1 be an orthonormal eigenbasis of —D; with eigenvalues @, > 0, and {wq}fjgl be an
orthonormal eigenbasis of —D; with eigenvalues 8, > 0, i.e.,

Dupp = —,pp, Dy = =By

Under this ordering, the common eigenvectors are

Dy =Y, ® ¢,
and therefore
KDyy = =@y, M®py = =, pg.
Applying B, to @, gives
ralp Iy
B, Py, = l+ra, 1+nr8,
ultp WPq
Hence, the eigenvalues of B, are
ra r;
0" = p TPy p=1,....N,—1, ¢g=1,...,N,— 1.

M T+, 1+rB,)]

Since
ry >0, ry >0, a, >0, By =0,

each factor lies in [0, 1), so
0<6% <1.

Thus,
— (1)
pB,) = rr;il]x 0,y < 1.

Let
e =y _ gr+!

denote the iteration error. Since U"*! is the fixed point of the iteration, we have
e = B,e®,

Because p(B,,) < 1, it follows that

lim e® =0, ]}im u® =y,

k—o0
Equivalently, since e® = BXe®, the condition p(B,,) < 1 implies

lim Bf =0,

k—oo

and hence the iteration matrix converges to the zero matrix as the iteration count tends to infinity.
Therefore, the SPIM iteration converges to the unique solution of the unsplit CN system for each fixed
time level n. o
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Algorithm 1. ADI-CN scheme for heat-moisture transfer

Input: A, Dy, T;, T4, E./R, h, hy,, My; grid (Ny, Ny); time step Af; final time 7.
Output: 7';“]” and Mf}” for 0 < 7" < fnax-

1: Compute Az = 1/N, and AV = 1/N,.
2: Initialize 77" = 0 and M) = 1.
3: Setn « 0and 7° « 0.
4. while " < ., do
5: Heat step (ADI-CN):
6: Solve (2.34) for Frnts (implicit in &, explicit in V).
7: Update heat Robin boundaries using (2.29).
8: Solve (2.36) for 7*"*! (implicit in ¥, explicit in i).
9: Update heat Robin boundaries using (2.29).
10: Update moisture diffusivity:
11:  Compute 7 *(7") using (2.27).
12: Update D" using (2.26).
13: Set G" — D"/a.
14: Moisture step (ADI-CN):
15: Assemble the tridiagonal line systems with Robin elimination as in (2.40)—(2.43).
16: Solve (2.38) for Mt using G" (implicit in &, explicit in V).
17: Update moisture Robin boundaries using (2.31).
18: Solve (2.41) for M*"*! using G" (implicit in ¥, explicit in i).
19: Update moisture Robin boundaries using (2.31).
20: n<—n+l.
21: " «— nAt.

22: end while

3. Results and discussion

To verify the spatial convergence of the ADI-CN discretization, simulations were performed on
refined grids of 31 x 25, 51 x 41, and 81 x 65. The dimensionless temperature at the geometric
center and the maximum-norm difference between successive grid refinements were evaluated. The
relative difference between the 51 x 41 and 81 X 65 solutions was below 107*, indicating grid-
independent results. This confirms the expected second-order spatial accuracy of the central-difference
discretization. The evolution of the dimensionless temperature field 7 (4, v,t) was analyzed for a
rectangular domain with physical dimensions £ = 0.03 m and H = 0.02 m. The thermophysical
properties were k = 0.576 W/(mK), p = 856 kg/m®, and ¢, = 1929.72 J/(kg K), yielding a thermal
diffusivity @ = 3.487 x 10~ m?/s. Convective boundary conditions were imposed with a heat transfer
coefficient ~ = 250 W/(m?>K), an initial temperature 7; = 298 K, and a drying-air temperature
T4 =323 K.

At the physical time t = 100 s, as shown in Figure 1, the field 7" exhibits pronounced spatial
nonuniformity. 7 approaches unity near the boundaries while remaining significantly lower in the
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interior. The temperature at the geometric center is about 307.4 K, while the temperature near the
surfaces is about 322.0 K. The isotherms are closely spaced near the boundaries, indicating steep
temperature gradients in these regions. This behavior indicates significant convective heating, which
suggests the outermost layer reacts quickly while the heat slowly moves deeper into the material
through conduction.

The temperature inside rises to about 315.3 K at # = 200 s. The difference in temperature between
the center and the border decreases. The isotherms are coming together and moving apart, which means
that the temperature differences are getting smaller. The height H distribution is more even because
thermal fronts that start at the edges almost meet in the middle. Along the length £, there are still
different gradients. This is what Figure 2 shows.

At t = 300 s, the system goes into a late transient phase. The temperature range drops even more,
from about 319.5 K to 322.7 K, so the inside is almost the same temperature. Figure 3 shows that
the differences in internal temperature get smaller as the isotherms move farther apart. The height H
doesn’t change much, but there is still a small longitudinal gradient because £ has a long diffusion
distance. This behavior shows how the shape’s aspect ratio and characteristic length scales change
how heat moves over time.

Figure 4 shows that at t = 500 s, the temperature across the whole solid starts to even out. The
temperature only changes between 322.3 K and 322.9 K, and the difference between the center and
surface temperatures is less than 1 K. The maximum temperature gradient drops to about 8.0510' K/m,
which means that the force that drives internal conduction is almost gone. The solid is almost at
thermal equilibrium with the air that is drying it out at this point. The rate of additional heating is much
lower because the temperature difference is getting smaller. The temperature field exhibits the typical
behavior of transient heat penetration into a solid during the early stage of convective heating. At first,
heat only moves through thin layers near the edges, which are called internal thermal boundary layers.
Over time, these layers become thicker at a rate that is about equal to Vat, where @ = 3.487x1077 m%/s
is the thermal diffusivity. The penetration depth is very small compared to the characteristic dimensions
L and H at first, which keeps the inside core relatively cold. The thermal fronts move toward the center
over time until they meet. This makes the temperature differences inside slowly get smaller.

Due to the rectangular geometry, heat propagates through the height H more rapidly than through
the length £. Because of this, it takes less time for the thickness direction to reach a uniform
temperature, but there are still temperature differences along the extended dimension. The Biot
numbers in the U and ¥ directions are 13.02 and 8.68, respectively. Both are much higher than 1.
Because the Biot numbers are so high, heat transfer through convection at the surfaces is much stronger
than heat transfer through conduction inside the object. The temperature on the surface quickly rises
to the temperature of the drying air, 7,, but the temperature inside rises more slowly. This is why
the temperature differences were so big at first. It also shows that conduction within the solid is what
makes it heat up. The high Biot numbers mean that the behavior is not lumped-capacitance and that
a two-dimensional transient analysis is needed. As time goes on and the inside temperature rises, the
difference in temperature between the solid and the air around it gets smaller. This slows down the rate
of heat transfer, which helps the system reach a steady state.

The results show that a rectangular solid behaves as expected during transient convective heating:
At first, strong convection quickly raises the surface temperature; then, diffusion warms the inside;
and finally, the temperature distribution becomes more even across the solid. The isotherms change
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smoothly, and the temperature profiles converge steadily, which shows that the proposed ADI-CN
scheme is correct and strong.

The ADI-CN scheme with convective (Robin) boundary conditions on all sides is also used to model
how moisture moves through the rectangular solid over time. The air that is drying has a moisture
content of 0.196 g/g (dry basis), and the convective mass transfer coefficient is 10~ m/s. We run all
of the simulations on a spatial grid that is 51 X 41 and has a time step of 0.1 seconds. We select the
effective moisture diffusivity D(t) and the appropriate ADI coefficients to ensure stability and precision
in time integration.

Figures 5-8 show how the moisture level changes over time as the drying process goes on. At
t = 100 s, Figure 5 shows that the moisture distribution is very uneven. This is because convective
effects cause a lot of moisture to move from the center to the surface. The inside, on the other hand,
stays very moist. The moisture content goes from a steady value to a range of 1.17 to 2.94 g/g. This
shows that the core is much wetter than the surfaces that are drying.

Figure 6 shows that drying for a longer time at t = 200 s lowers the moisture range even more,
bringing it down to about 0.48-1.83 g/g. The moisture contours become more closely spaced, and
the differences between the inside and outside surfaces are less clear than they were at first. This
corresponds to the classical falling-rate drying period, during which internal diffusion becomes the
dominant transport mechanism. Figure 7 shows that by t = 300 s, the moisture distribution becomes
significantly more uniform. Figure 8 shows that at the last stage, t = 500 s, the moisture field is almost
the same all over the object, with values between 0.215 and 0.305 g/g. Overall, Figures 5-8 illustrate
the convective drying behavior of porous rectangular solids.

A comparative study between the ADI-CN scheme and an unsplit CN formulation solved via an
SPIM was conducted for both the two-dimensional heat and moisture diffusion subproblems on a
51 x 41 grid with At = 0.1 and ¢+ = 300, as shown in Figures 9 and 10, respectively. For the heat
equation, the computational time required by the ADI-CN scheme was 0.639 seconds, whereas the
SPIM-CN implementation required 1.560 seconds, yielding a time ratio of 2.44. The discrepancy
between the two numerical solutions remains extremely small: The infinity norm of the difference is
3.05 x 1077 and the relative L, difference is 5.52 x 107!°. These results demonstrate that the ADI
splitting preserves the accuracy of the underlying CN discretization to near-machine precision for the
heat subproblem, while maintaining superior computational efficiency.

For the moisture diffusion equation with Arrhenius-type diffusivity, the ADI-CN scheme required
5.113 seconds, while the SPIM—CN implementation required 1.655 seconds, corresponding to a time
ratio of 0.324. The discrepancy norms are still small in this case: The infinity norm of the difference is
1.65 x 1073 and the relative L, difference is 1.89 x 10>. The moisture problem involves temperature-
dependent diffusivity and Robin boundary conditions. However, the splitting error caused by the ADI
formulation stays under control and does not affect second-order accuracy.

The average number of SPIM iterations per time step is about 2 for both subproblems (about 2.01
for heat and 2.03 for moisture). This shows that the fixed-point method is quickly converging to the
unsplit CN solution. In general, these results show that the suggested ADI-CN scheme is just as
accurate as an unsplit CN discretization and is still fast enough to solve two-dimensional diffusion
problems. The very small discrepancy norms further confirm that the operator splitting does not
make the underlying second-order discretization less stable or consistent. Figures 11 and 12 show
the differences between experimental data, analytical solutions, and the proposed numerical scheme
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for both heat and moisture distributions. The results demonstrate a significant alignment between the
experimental observations and the analytical models. The current formulation accommodates variable
material properties; however, the constant-coefficient scenario was selected to facilitate a coherent and
significant comparison with both analytical and experimental outcomes, where the experimental data
utilized for validation pertain to the convective drying of rectangular apple slabs.

The first stage of drying is characterized by a convection-dominated regime, which means that
heat and mass transfer at the surface are the most important things happening during this stage.
Near the edges, the temperature and humidity change quickly, but the inside stays pretty much the
same. This stage is the same as the normal drying period at a constant rate. The main thing that
happens during drying is that the moisture inside the material moves around. The surface moisture
content decreases progressively, and the gradients slowly move toward the middle. This behavior
starts the falling-rate period, when drying proceeds more slowly due to internal diffusion resistance.
The simulated temperature and moisture fields clearly illustrate the transition from surface-controlled
transport to diffusion-controlled internal transport. All numerical simulations were performed using
MATLAB R2023b.
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Figure 1. Temperature distribution at t = 100 s within a rectangular object using the ADI-CN

scheme.
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4. Conclusions

In this study, a two-dimensional model for transient heat and moisture transfer in a rectangular
domain under convective drying has been developed and analyzed. The governing diffusion equations,
derived from Fourier’s and Fick’s laws, were nondimensionalized and discretized using central finite
differences in space and a CN time scheme combined with a Peaceman—Rachford ADI splitting
strategy. The resulting method is second-order accurate in time and space and unconditionally stable
for linear diffusion operators. Numerical simulations show how things usually dry: The temperature
rises quickly at first, then levels off slowly, and the moisture drops quickly at first, then decreases
slowly. The obtained temperature and moisture fields match exceptionally well with existing analytical
solutions and experimental data. Also, we compare the ADI-CN method to an unsplit CN formulation
solved with an SPIM. The numerical results demonstrate that the proposed ADI-CN scheme maintains
accuracy comparable to the SPIM—CN method while retaining competitive computational efficiency
across the tested scenarios. In general, the proposed framework is a reliable and accurate way to
model how heat and moisture move through rectangular food products. Future work will incorporate
temperature and moisture-sensitive properties and shrinkage effects via moving-boundary and thermo-
mechanical coupling formulations.
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