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presence of chaos in the considered fractional model and its integer-order counterpart, which means
that the coexistence of both susceptible and infected populations is highly unpredictable because of
the multidrug resistance. Furthermore, the consistency between the fractional system and its integer-
order counterpart is evident for a wide time scale, despite the use of two different numerical algorithms.
The new numerical algorithm for integrating the fractional model is presented, along with proofs of its
conditional stability and convergence. In addition, the study used advanced software tools, such as
bifurcation diagrams based on the local maxima algorithm and Lyapunov spectrum, that confirm the
regions of chaos and their distribution in these systems when the growth rate of the susceptible
population changes within a certain range.
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1. Introduction

Fractional calculus offers precise and effective tools for describing natural phenomena [1-3],
especially those arising from economic models [4], physical models [5—7], engineering models [7-9],
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epidemic models [10-12], and some interdisciplinary models that rely on the memory and the
hereditary effects of fractional derivatives such as the tuberculosis disease model [13], the SEIR
epidemic model [14], the COVID-19 model with vaccination efficacy [15], the Influenza model [16],
the spatio-temporal SEIR epidemic model [17], the tumor model [18], and the vector-borne disease
model [19]. The Caputo—Fabrizio operator (CFO) is one of the most important fractional derivatives
because it contains a non-singular kernel, making it suitable for describing multiple models of interest
to researchers in physics and engineering [20-22]. For example, Alqahtani et al. presented a circuit
realization of a 4D dynamical system based on the CFO [23]. In addition, [24], Matouk et al. showed
the existence of hidden attractors in two engineering systems using the CFO. Moreover, the CFO has
appeared in several important research papers in the field of mathematical biology. For example, Khan
et al. [25] investigated the dynamics of hepatitis E using the CFO. Moore et al. [26] applied the CFO
to model a system for HIV with a treatment compartment. Baleanu et al. [27] examined a mathematical
model for the human liver using the CFO. Peter [28] studied the transmission dynamics of the
Brucellosis model using the CFO. Bonyah et al. [29] applied the CFO to model a system for
coronavirus with comorbidity. In [30], the authors investigated the vector-borne disease model using
the CFO. In [31], Shafgat and Alsaadi studied the bifurcation in an SIR model with normalized CFO.
In [32], Shafqat et al. applied the normalized CFO to model the SVIR system.

The appearance of chaotic behaviors in an n-dimensional dynamical model is associated with
high unpredictability of future behaviors of the corresponding state variables and high sensitivity to
the initial conditions. To verify the existence of such interesting behaviors, the system’s Lyapunov
exponents (LEsor p,, m=1,...,n) can be calculated, so that they refer to the chaotic state when their
maximal (or dominant) values become positive. Hence, p, >0 indicates that the distances between

the nearby trajectories are exponentially expanded over the course of time. One of the most effective
algorithms that can be used to estimate the system’s LEs was developed by Wolf et al. [33]. Chaos has
recently emerged in many models with the CFO, such as the Newton—Leipnik model [34], financial
models [35,36], the fractional-order Buck converter [37], the cancer model [38], the novel 4D system [39],
and the new chaotic model given by Wang et al. [40].

Recently, global health organizations have recorded the emergence of some diseases that had
previously disappeared [41]. The reasons lie in the existence of new medical factors previously
unknown, such as waning vaccination, antimicrobial resistance (AMR), and multidrug resistance
(MDR) [42]. One of the main explanations for these new medical factors is the excessive use of
antibiotics, which over time leads to the growth of antibiotic-resistant bacteria. Therefore, many
scientists and researchers have been interested in studying the AMR and MDR models; For example,
Arepyeva et al. presented a model for predicting the growth of bacterial resistance [43]. Elettreby and
Ahmed introduced a model of ODEs representing multi-drug AMR [44]. In [45], Ahmed et al.
investigated the dynamics of a simple AMR model. In [46], Olesen studied the impact of mass drug
administration of antibiotics on AMR. In [47], Durazzi et al. presented a pilot study on AMR modeling.
In [48], Ahmed et al. discussed the impacts, future prospects, and challenges regarding the study of
AMR. On another level, linking the memory property of fractional operators to plausible biological
mechanisms in AMR has become a focal topic. It has been found that AMR modeling using fractional
derivatives allows for a deeper understanding of some current observations, such as the persistence of
drug resistance traits and delayed response to treatment. In [49], a simple one-drug AMR model was
studied based on the Caputo fractional operator with a singular kernel. Thus, the CFO with a non-
singular kernel is expected to provide better insights into the mathematics associated with AMR.

In this study, we investigate the dynamics of the two-drug AMR model using the CFO. According
to the fractional Routh-Hurwitz (FRH) theory of the differential systems described by the CFO, the
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stability analyses are demonstrated for the system’s equilibrium solutions. For this reason, four proven
lemmas are presented to analyze the local stability of the drug-free, healthy, and multidrug resistance
equilibrium points. Some numerical results are obtained via the fourth-order Runge—Kutta (fourth-
order RK) scheme that integrates the integer-order system, and a novel method that integrates the
fractional-order models in the CFO sense. The conditional stability and convergence of the proposed
numerical scheme are proved. The consistency of these numerical results is evident because the chaotic
attractors are similar and almost coincide over a large time, in both the fractional system and its integer-
order counterpart, despite the use of two different numerical algorithms. In addition, the study used
the bifurcation diagrams and Lyapunov spectrum to examine the regions of chaos and their distribution
in these systems when the growth rate of the susceptible population changes within a certain range.
Therefore, this study provides useful tools to model, predict, estimate, and control the complex
dynamics of some viral diseases, especially when their recurrences are associated with MDR.

2. Fractional calculus

The CFO is defined as
M(q)jd“(f) —10' (t-7)dr, 0<q<l,
dr
“ Diu(t) = du(t) (D
] =l1
dt f

where 0 and M(Q) represent the fractional-order and the normalization function, respectively. The

normalization function must equal one when the fractional-order is vanished or equals one. The
corresponding fractional integral is given by

t
“12u(t) = @-q)u(®) +q[u(r)dr. 2
The CFO is also subject to the following characteristics [50,51]:
1) If ueC* ([e, A]), k =1,2,3,..., then

a — o Dlu(t) = Z( )" '( C:)_Ik Ul (O+(-D)" g q)kcéthU(t)-

d k O
2) If ueC'([a, A1), then ¢ Diu(t) e C*([ex, B)).
3) The CFO D! :C'([«,8]) = C' ([, B]) is a bounded operator, which satisfies

1 q(f-a)
u <Z|1-e %1
C'((a.B)) q

4) If u(t) e H'(e, B), then ¢ Dju(t) e L*(a, B).

Consider the general system

Cf q
0™t

C'(a.p)) "

“DIX(t) = IX(t) + f (t,X), qe(0.)),

X(O) = Xo’ ®
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where 0<q<1 X(t)eR*, f:[0,0)xR* >R*, and J is a 4x4 scalar matrix. Then, the
matrix J(X) can be defined as the Jacobian of the linearized form of Eq (3), where X represents
the related equilibrium solution. So, the following results hold:

Lemma 1. [52] Assume that the matrix M=(I,+(q—1)J) is a non-singular, 4, i=21234
represents an arbitrary eigenvalue of J,and #(qQMJ) represents an eigenvalue of the matrix qMJ .
The equilibrium solution X is locally asymptotically stable (LAS) if and only if

q 1 .
4, (gMJ) = [ — j forall 1=12,34.
1-9\1+ 4 (a-1)

Lemma 2. [52] Assume that the eigenvalues of J(X) havethe form 4 ,=a*jB, j= J-1, Uy <0
and g, <0.If M isnon-singular, then X is LAS ifand only if g ¢ C(q)Vi=12, where

1 1
C(q>={(a,ﬁ)eR2 (@) 4 :—}. @
‘ 2(1-q) 4(1-q)?
1 .
87 a, =——Vi=1234

Lemma 3. [53] Assume that M is non-singular and a, € J(X) such that 2—2q
If

. 1

Z|aim >,

m=1,m=i 1_ C]

then X is LAS. Otherwise, if

4
Z|aim <7

1
m=1,m=i 1_q
then X is unstable.

Theorem 1. Suppose that g, e R forall i=12,34. The equilibrium state X of system (3)is LAS
if and only if g >1i or u; <0.
—q

Proof. According to Lemma 1, the general system (3) has the following eigenvalue:

_q 1 B
”mMn_i—q@+um—D q'

Obviously, the quantity ;—l is negative if and only if ( <0 ) or
1+pu(q-1)
(#>0,1+ u(q—-1) <0). Then, we have two cases; the first case, <0, provides a sufficient

condition for X to be LAS according to Lemma 1. The second case, u>0,1+ 1(q-1)<0, is

. 1 . . . .. = )
equivalentto u > L which provides a sufficient condition for X to be LAS according to Lemma 1.

Remark 1. If all the coefficients of the characteristic equation of system (3) satisfy the classic Routh—
Hurwitz criterion, then X is LAS.
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3. Describing the two-drug AMR systems

The dynamics of four types of susceptible and infected populations that resist two kinds of
antimicrobial drugs A and B can be investigated via the following two-drug AMR model [44]:

dx

E: (rl=X) =71y = 7,2 — yW)X,

d

d_)t/ = (—o, + 1 X=y,W)y,

q 5
YA

az (=0, + 7, X = ysW)Z,

dw

E:(_O_s + X+ 7Y + V)W,

where the susceptible population is represented by X and the infected population that only responds
to drug A is represented by Y . The infected population that only responds to drug B is

represented by z. Finally, we use the variable W to represent the infected population that resists
both of these vaccines. The parameter r >0 indicates the rate of growth of X . The positive
parameters o,,0,,0, represent the natural death rate of Yy,Z, and W, respectively. The positive

parameters y,,7,,7, represent the encounter rate of X with y, X with z, and X with w for
each unit time, respectively. The encounter rate of Yy with W per unit time is denoted by y,, and
the encounter rate of z with W per unit time is denoted by .. Throughout this work, all
parameters of the system are arranged in the set Q={r,y,,7,,75.74.75,0,,0,,05}.
The corresponding model governed by the CFO can be suggested as

“Dgx(t) = (M A—-x)—71"y =73 2 = "W)X,

“Dgy(M) = (-oi + 7'x - 7wy,

“DY2(t) = (~0} + 7y X - 1MW)z,

IDIW() = (o5 +yx+ 5ty + ' z)w,
where 0<q<1. Theoperator D, has the dimension of 1/t%, where t refers to the time. Therefore,

all the parameters in this fractional-order model have exponents of Q. Essentially, all the parameters

of this fractional model have dimensions of 1/t% and can be rewritten as
r=r'y =y"(=12345),0, =0\, (k=123).
So, the fractional-order two-drug AMR system governed by the CFO becomes

“DX(t) = (rL—X) = 11y = 7,2 = 75W)X,
“ D(? y(t) = (=0, + X =7, W)Y,
“ Dz(t) = (-0, + 7,X = 7sW)z,

(6)

“ DgW(t) = (=05 + X+ ¥, Y + Vs Z)W.

Here, the fractional parameter ( is said to be the memory parameter because it illustrates the impact
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of prior experiences on the current populations’ behaviors, which makes the fractional system have
better accuracy to the actual data than the integer-order counterpart.
The system (6) has the equilibrium states:

Xo =(0,0,0,0), il =(1,0,0,0), )_(2 =(n,,6,,0,0), ig =(1n,,0,6,,0), ™
)_(4 = (175,0,0,6;), )_(5 = (v1,v5,0,v3), >_<6 = (‘71,0,‘72,‘73), >_<7 = (4,4, A5, 44),
where
o, o, o, r o, r o, r o,
m=—m=——=,=—,0=—01-—),0,=—(1-—2),0,=—(1-—),
71 V2 73 7 71 V2 V2 V3 V3
V1:1_7’1°'3_7’3O'11]71:1_720'3_730'21V220'3_73‘/1"72:0'3_7/3‘/1,
7, rys Va Vs
A _72‘71_0-2 _ V5017740, 1 _72(7/3/11_0-3)4‘75("(1_/11)_7314)
V3— |V3_ 1A’l_ ’ 2 1
Va Vs Y1iVs = V2Va Y1iVs = V2Va
1 __71(731'1_03)+74(r(1_/11)_7324) 1 _ Y201 =710,
3= C '
V1Vs =72V 4 Y1Vs = V2Va

where 7,,6.,v;,v,>0,i=123 and A, >0,k=1234.
4. Stability conditions

In the following, the stability of the equilibrium states (7) will be examined. Throughout this
section, we assume that Det(M) =0, where M = (I . +(@-1)J (}_()) for any arbitrary equilibrium

point X, which implies that the matrix M is non-singular. First, we examine the stability of the
trivial (drug-free) equilibrium state X, which has the eigenvalues , =r, u, =—0,, 1, =—0, and

U, =—05. According to Theorem 1, X, is LAS when g <1—£. In addition, the healthy (axial)
r

state X, has the eigenvalues 4 =—r,pu, =y, —0y, 143 =y, —0, and p, =y, —oc,. So, according

to Theorem 1, the healthy state X, is LAS if and only if (o, >p,i=123) or

1+0,(1-0q)

(>
1-q

Second, to maintain the physical meaning of the model, we will focus on studying the stability of

equilibrium states in which the fourth component does not vanish, so that the effect of MDR remains

present.
The stability conditions of X, are presented below.

L i=123).

Lemma 4. Assume that Det(M) =0, the equilibrium solution X, = (77,,0,0,6,) is LAS if and only

if at least one of the following statements is true:

2,2
- - r
(1) 93 > max(yIUS Gl ’ 7/2773 62) When 03 < 773 .
Va Vs 47305

2,2
Gi) 6, <@-q)min(ZB=% 7ols=%y yhen g < B
Va Vs 4y404
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2,2

-~ -~ r
(iii) @, > max(2B =% Vs~ %2y ywhen g, > 10
Va Vs 4y,0,

Proof. The eigenvalues of X, = (77,,0,0,8,) that correspond to the matrix J satisfy the equation

P(u) =(u—ym; + o, +7/403)(/U3 + 51/"2 +8,4+8;5) =0,
S, = 7505 + 0, +115(r —7,),

) ®)
S, =1m3(rysby = 17,15 + 10, + 7365),
Sy = 7204715 (0, = 73715 + 7565)-
Equation (8) has the following roots:
-n ri\/nzr2 —4y,0,0
= ViTly — Oy = V403, ty = Y5113 — 0, — 50, and iy, = > 32 ===, ©)
n2r? _
The condition 6, < 2 : implies that x,, <0. Then, according to Theorem 1, X, is LAS iff
V303

93>max(71773_‘71’72773_62) or 03<(1—q)min(7/1773_o-1,}/2773_0-2).

Va4 Vs Va Vs

2.2
3

4y504
Then, according to Lemma 2, X, is LAS iff

However, the condition 6, > implies that the eigenvalues ,, are two complex conjugates.

0, >max(71773_(71,72773_0-2).

Va Vs

Lemma 5. Assume that Det(M) # 0, the equilibrium solution X, = (v,,v,,0,v;) exists when

r(l-n,) <2279 pq -1, (10)

Va 71

. : 1
ItisLASif y,v, —yv,—0, <0 or y,v, —yv;—0, > ﬂ .

Proof. When the inequality (10) holds, the eigenvalues of X, that correspond to the matrix J satisfy
the equation
PL(u)(e+ysvs + 0, =7,1) =0, (11)
where
Po(p) = p° + S| +Sypu+8h, Sl =V,I, Sy = ViV 1l +VV,p + Vvl Sh =TV, VLpL.

It is clear that s/ >0Vi=1,2,3 and fulfills the classic Routh—Hurwitz criterion,

s, >0,s;>0,s/s,—s; >0,

AIMS Mathematics Volume 11, Issue 3, 8655-8676.
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which implies that all the roots of P (x) have negative real parts. According to Theorem 1 and
Remark 1, X, is LAS if the fourth eigenvalue of X, u, =y,v, — 7.V, —0, isnegative or satisfies

. . 1
the inequality y,v, —ysv, —0, > ——.

1-q
Lemma 6. Assume that Det(M) =0, the multidrug resistance solution X, =(1,,0,v,,v;) exists
when
r(1—773)<M< r(l—ﬁ). (12)
Vs V2

The following statements are obtained:
(i) When D(P,(x))>0 , and one of the conditions yv,—0o,—y,v,<0 or

~ ~ 1 = . r .\
YVi— 01— V4V > 1o holds, then X is LAS if either the conditions (&> 0, c,>0, y;,>0)or
—-q
(%>0 ¢, >0, cc,—c,>0)hold true;
(i) When D(P,(x))<0 , and one of the conditions yv,—o,—y,v,<0 or

YV — O, = VaVs > % holds, then X, is LAS if either the conditions (% >0, c,>0, y,>0,
—q

Prig 1 p 0
c,C, =C,) or ( 9 P()P,(-—)<0, c;<——F—, 9P ¢,>0, c,<0)hold true;
1-q (1-q)
(iii) When D(P,(u)) <0,then X, isunstable if either the conditions (&< 0 , ¢,>0, ¢;<0,
P
10y or (>0, ¢, >0, cc,<c, <Lz) hold true;
(1-0a)
(iv) When D(P,(w)) >0, G < 0, c,>0, ¢c;<0,and |CS| <1,then X, is unstable,
where D(P,(x)) represents the discriminant of the polynomial
Pz(/u)=/u3+c1/u2 +C 1+ Gy, (13)
C=r— V205 ~ 730, '
Vs

12 r
C, :_7/_[(0'2 _72)(73? + 0375 _7/573)+722(73_63)]_?[_2727573(7/220-3 +7/3ZO-2)
g 5
+(7; +75)(7220'§75 +272757320-2)+(73_75)(0-2275732 +2722737503)_020-3727573(72 +73)]

1
3 [(7, = 7:) (737205 —27503750,) + V37203 (Vo + Vs — V) + Vs03¥ 2 V3 (1205 — 2750,)],
5
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2

r
G = r3(0_2 =775 —03) +— (037, — 0,73)[030, + 37,75 — 2(037, + 0,75)]
5

=3y, 1 V(Y305 +7503) = 1,730,050 (037, +0,73) + 671 75040,1 + 73051 + y305¢

b
+37/227320-203(0273_037/2)"'7273(73033 _73623)
3 ]
Vs

and p =max(—c;,—C,,—C,)+1.

Proof. When the inequality (12) holds, the eigenvalues of X, that correspond to the matrix J satisfy

the equation

1P, (1) =0, (14)

where p, =y,v, — 0, —7,V, — g . According to Theorem 1, the conditions x, <0 or u, > ﬁ
imply that the eigenvalue g, lies in the stable region.

Assuming that g, satisfies the previous stability inequalities, and recalling the local stability
statement in condition (I) of Theorem 1 [53], when D(P,(x«)) >0, the equilibrium point is LAS if
(c, >0, i1=12.3) or if the classic Routh-Hurwitz conditions hold. So, part (i) is proved.

Assumethat g, satisfies the previous stability inequalities. Recalling condition (II) of Theorem 1 [53],
when D(P,(u)) <0, the equilibrium point is LAS if ¢; >0,i=12,3 and c,c, =c,. In addition,
recalling the local stability statement in condition (III) of Theorem 1 [53], when D(P,(x)) <0, the

1
0 P71 1
equilibrium point is LAS if %<V | ¢,>0, ¢, <0, —4 ., P (u)P, (1—) <0, and
-q
C, < —ﬁ . This completes the proof of part (ii).
-q
Recalling the unstability statement in condition (III) of Theorem 1 [53], when D(P,(x)) <0,
1
P<—

the equilibrium point is unstable if ¢, <0 , ¢,>0, ¢;<0, and 1-q . Recalling the condition

(IV) of Theorem 1 [53], when D(P,(x)) >0, the equilibrium point is unstable if ¢,>0 , ¢,>0,and
G
(1-q)?
Recalling the unstability statement in condition (I) of Theorem 1 [53], when D(P,(u«)) >0, the
c, <0

C,C, <Cy <

. Part (ii1) 1s now proved.

equilibrium point is unstable if , ¢,>0, ¢c;<0,and |C3| <1. This completes the proof of part

(1v).
Lemma 7. Assume that Det(M)=#0 and y,7 >y,7, ; the multidrug resistance solution
X, = (A4, Ay, 45, 4,) satisfies the following statements:

’ !

@ 1f PEUI<0 g G g S% yen X, isLAS;
ClCZ C2C3
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Gy 1t PR)>0 b yp 0)<0,and 12 <0 then X, isLAS;

| >i
(i) If D(P3(,u))>0, P3(|2)P3(i)<0,and 1-q ,then X, is LAS;
(iv) If c/c,>c}, and c/cic, _c’c’2+c3 ,then X, is LAS,

where D(P;(u)) represents the discriminant of
D(R, (1) = ot +C1,u +C2/u +Cyu+c, =0, (15)
c,=r4 >0,

c; 212754'13752+/11(ﬂz712+/137/22+/147§)>01
Cy =i, (127/5+ﬂ“3752)>0

Cy =M A (Va7s + 7175 =17 a7a¥s) >0,

c, c'
l,=—F—— C ——+—
=-2-2 e 2.2 e
Proof. Recalling the condition (III) of Theorem 2 [53], when D(P,(x)) <0, the equilibrium point is
LAS if % =1- % and c/,i=1,2,3,4. Part (i) is now proved.
ClCZ C2C3

Recalling the first statement in condition (VI) of Theorem 2 [53], when D(P,(u«)) >0, the

equilibrium point is LAS if P,(I,)P,(0) <0 and l, <0 This proves part (ii).
Recalling the second statement in condition (VI) of Theorem 2 [53], when D(P;(x)) >0, the

|>L

equilibrium point is LAS if P,(1,)P, ( ) <0 and 1-9 his completes the proof of part (iii).

Recalling the condition (VII) of Theorem 2 [53], if c¢;>0,c,>0, «cic,>c; , and

c/c,cl =c,c;” +cy’, then the equilibrium point is LAS. The proof of part (iv) is now completed.

5. Numerical simulations
5.1. The integer-order system (5)

Based on the fourth-order RK scheme, system (5) possesses a chaotic attractor when
x(0) =0.15,y(0) =0.15,z(0) =0.4,w(0) =10 and using Q® ={3,17.5,2,75,1,10.3,1,0.1,11.5} as
illustrated in Figure l. In addition, we use the parameter set
Q(rl) ={r,17.5,2,75,1,10.3,1,0.1,11.5},r >0 and the above-mentioned initial conditions to obtain a
bifurcation diagram for system (5). In Figure 2, the bifurcation diagram, based on the local maxima
(LM) algorithm, shows wide regions of chaotic behaviors. This highlights the importance of exploring
these chaotic regions because they mean that the coexistence of both susceptible and infected
populations is highly unpredictable because of the multidrug resistance.

The system’s LEs ( p,,, m=1,2,3,4) are calculated according to [33], and their spectrum is drawn

in Figure 3 as the susceptible population’s growth rate varies between 2 and 3. The calculations show
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that the coexistence of both susceptible and infected populations is highly unpredictable when the
susceptible population’s growth rate is greater than 2.2. When r drops further to 2.2, the

coexistence of both susceptible and infected populations gradually becomes predictable (chaos is
suppressed).

0.09

0.085

0.08

0075

0.055

0.05

0.045
1

Lyapunov Expcnents

Figure 3. Lyapunov spectrum of the two-drug AMR system (5) shown using Q.
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5.2. The fractional-order system (6)

The system (6) is numerically integrated using a new numerical algorithm that reformulates the
system to the following form:

“DIX(t) = f(t, X(t)), X(0)=X,. (16)

In the following, we consider that VX e R*, the norm

4

> X (t)‘

1=1

] = max

is defined in the Banach space B=®x®x®x®, such that ® =CJ[0,T]. In addition, we will use
the following Lipschitz hypotheses:

H1: VX eB, there exists L >0 and a constant x such that |f(t,X(t)| < L|X(t)|+ k, where L

represents the Lipschitz constant.

H2: VX, X' eB, there exists a constant L >0 such that |f (t, X(t) - f(t, X'(t)| < L|X(t) - X'(t)|.

According to Proposition 3 in [54], the solution of system (16) is rewritten as

X(t) = X+ 19 f(X(1), a<t<b<o,

where the operator “'1¢9 :B — B is defined in Eq (2). So, we get
t
X(t) = X, + f (t. X)L - ) +a] f (7, X(r))dr. (17)
Then, a discrete form of Eq (17) is presented as
toa
X(t,,s) = Xo + A=) F(t, X(t)) +a [ f €, X(®)dt, (18)
where s e{0}u Z". The previous equation is represented as
tS
X(t,) =X, + (- ) f (t,y, X(t,0) +af (&, X(O)dt (19)
Utilizing Egs (18) and (19), we get

X(ts+1) = X(ts) + (1_ q)[f (ts ' X(ts )) — f (ts—ll X(ts—l))]+ q Tf (t’ X(t))dt, (20)

s

and

Tf (t, X()dt = (L5 (t,, X,)~ 0.5 (t, ..t ), @1

tS

where h refers to the step size of this algorithm. Finally, we get
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X(t,,) = X(t,) + [L.5gh + L— )] f (t,, X,) —[0.5qh + (L— q) ] (t,_,. X,,). (22)

Equation (22) is rewritten as
X(t,..) =X, +[0.50h + (L-@)]f (1., X,) +ah_ f (¢, X)). (23)
1=0
Comparing Eqgs (18) and (23), the error E of this algorithm can be obtained from

E=q , (24)

jb‘ f (t,X(t))dt - (0.5nf (t,, X,) + hZS: f(t,X,))

where h= —a

and t=a-+hl,1=01...,s on [a,b]. Then, in light of Eq (21) and the Taylor
series, the integrand function is expanded about t, as follows:

to+h to+h

j f(t, X(t))dt = ,[ ( f(ty, X(t,)) +(t—t,) f @ (t,, X(ty)) + ('[—2—'['0)2 f@ (t,, é/)Jdti

to
where ¢ €[t,,t]. The previous integral is evaluated as follows:

t[T f(t, X(0)dt = hf (t,, X(5)) + h—; O (t, X(t)) +%3 F9(t,$). (25)

)

Then, we utilize the Taylor series for the non-integrand functions in Eq (24). We briefly write the
highest degree of h as follows:

q—23[0-5f Dty &)+ Ot &) (26)
where ¢, ¢, €[a,b]. Let
@ (t,¢) =max(|f(t.¢))|F 2 t.)).

3
and the above term is written as % f@(t,,£). Thus, according to Eq (24), the integration error has

the form
[E(f) < gKh®, 27

for some constant K = —é fO(t,0).

Theorem 2. Assume that H2 holds. The numerical scheme (23) is conditionally stable.

Proof. For simplicity, we will briefly write f(t,X(t)) as f(X) and X(t,,) as X,. Let 5(0,5(5

be the perturbations of X, and X, , respectively. So, the proposed numerical approach is

S 9

transformed as follows:
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X

s+1

+ isﬂ = XO + 5(0 + [Osqh + (l_ q)]f (Xs+1 + isﬂ) + thf (XI + il) (28)
1=0
From (23) and (28), we get

X, =X, +[0500+ A- q)J(F (Ko +Xo)— F(X0) + DA F X, + %) - F(X)] (29)

1=0

where |qh| <1. Taking the norm for both sides in Eq (29) and utilizing the triangle inequality, we

obtain
X <[ Xo |+ 1500 +1-a] £ (X + Xe) = F (X0 + Iz;qhu F(X,+X) - (X))
<[]+ san+1- g, |+ a3 [ | (30)

The inequality (30) is reduced to _

- @seh +1- LR, | <[] - an Y| | G1)
Setting L < ey ™ get

.., s‘P(q,h)”f(ou+th‘P(q,h)ISZ;H)?lH, (32)
where

(g.h)= S

1-(1.5gh+1-q)L

So, for each h, there exists a constant K, such that 1<¥(q,h) <K,. Thus,

X

s+1

<K [ ek, S5 |

Finally, the Grownwall inequality implies that |X_,,

< KHXOH’ which completes the proof.

Theorem 3. Assume that HI and H2 hold. The numerical scheme (23) is conditionally convergent of
order three, that is,

||X(ts+1) - Xs+1|| < qI<I<hh3 (33)

Proof. Let X(t,,,) and X, represent the actual and approximate solution, respectively. So, we get
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ts+1 S

X(ts+l) - Xs+l = (l_ q)[ f (X(ts+l)) —f (Xs+1)] - Othf (Xs+l) + ql: J. f (X(tl ))dt - Z ht (XI)

0

= (Oth +1- q)[ f (X(ts+l)) —f (Xs+1)] - Osth (X(ts+l))

+q| | f(X(t,))dt—ZS:hf (t,)}

0

+aY AL (X)) - F(X))

According to the triangle inequality and the inequality (27), we get
||X(ts+1) - Xs+l|| < (05hq +1_ q) L||X(ts+1) - Xs+1|| + 05qh ” f (X(ts+l))||

+gKh® + LY h|[X () - X, |
1=0

(34)
= (OShq +1- q) L ||X(ts+1) - Xs+1||
+qKh® +0.5ghL (| X (t,,,)]| + &) + gL h[X(t) - X, |
1=0
Since 0<q<1,0<h<1 and L< ;, then (0.5hg+1-q)L<1 and 0.5hgL <1. Thus,
1.5gh+1-q
the inequality (34) becomes
[X(t.0) = Xl < q¥(a, h)KA® + ghL¥ (0, h) X[ X (4) - X, | (35)
1=0

Hence, the result (33) is directly obtained by applying the Grownwall inequality to (35).
To show the consistency between the fractional system and its integer-order counterpart using the
previous numerical algorithms, we fix the parameter values at the set Q® with step size of 0.01 and

initial conditions X(0) = 0.1487, y(0) = 0.1525, z(0) = 0.4008, w(0) =1.0412x107™. The results are

depicted in Figure 4, which shows the solutions of the integer-order system (red plot) and its fractional-
order counterpart (blue plot) with ( very close to one (q=0.995). The figure shows that the
fractional and integer-order models have consistent solutions for a wide time scale (0 <t <450),
despite the use of two different numerical algorithms.

Now, the above-mentioned numerical algorithm (23) is coded and executed with diverse values
of the memory parameter (, the set QY and h=0.01 to demonstrate the variety of complex

behaviors that exist in the fractional two-drug AMR system (6). In Figure 5, chaotic attractors appear
when q=0.99 and q=0.98. This indicates that the dynamical behaviors of system (6) become

completely unpredictable when the fractional parameter is close enough to one. In addition, the shape
of the aforementioned types of chaotic attractors resembles the chaotic attractor of the system’s integer-
order counterpart. When (<0.9, the chaotic behaviors are removed because the system’s trajectories

are settled into stable attractors. This shows the effect of the model’s memory on the system’s dynamics
that result in extended transients and delayed reactions with smaller (.

On the other hand, the bifurcation diagram in Figure 6 illustrates that the growth rate r plays an
important role in driving the two-drug AMR system (6) toward nonlinear dynamics and chaos. Figure 6a,

AIMS Mathematics Volume 11, Issue 3, 8655-8676.



8670

illustrates that the coexistence of both susceptible and infected populations is highly unpredictable as
the growth rate of the susceptible population varies between two and three, and q approaches one
(i.e., when past experiences have a weak effect on the current populations’ behaviors). However, when
the memory parameter descends far from one, i.e., when past experiences gradually affect the current
populations’ behaviors, the coexistence of both susceptible and infected populations gradually
becomes predictable (see Figure 6b,c). This means that the memory parameter has a stabilizing effect
on the complex dynamics of the two-drug AMR model.
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Figure 4. Solutions’ components of the integer-order system (5) and the fractional-order
system (6).
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Fractional-order parameter ¢ =0.99 Fractional-order parameter q =0.98

1.2 1.2

Fractional-order parameter q =0.97 Fractional-order parameter q = 0.9

1.2 1.2

Fractional-order parameter q =0.75

0.8 J

0.6 .

Figure 5. Variety of complex attractors of the two-drug AMR system (6), with initial values
x(0) = 0.1487, y(0) = 0.1525, z(0) = 0.4008, w(0) =1.0412x10™ and using different
values of (.
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Figure 6. LM bifurcation diagram of the fractional two-drug AMR model (6) shown using
Q,(rl) and with fractional-order: (a) q=0.999, (b) q=0.9,and (¢c) q=0.8.

6. Conclusions

A two-drug antimicrobial resistance model governed by the CFO has been introduced. Based on
the FRH criterion of differential systems governed by the CFO, the conditions of local stability of the
drug-free, healthy, and multidrug resistance equilibrium states have been proven. The higher level of
unpredictability between susceptible and infected populations has been illustrated via phase plots
based on the numerical simulations, which have been carried out using a novel consistent algorithm
for integrating fractional systems governed by the CFO. The conditional stability and convergence of
the proposed numerical scheme have been proven. In addition, the novel numerical algorithm has been
coded and implemented to obtain advanced software tools for examining complex dynamic behaviors
such as the LM bifurcation diagrams and Lyapunov spectrum.

Using specific values of the indicated parameters, the effect of memory on stabilizing the complex
dynamics in the considered model has been illustrated. It has been shown that when the memory
becomes very weak (q=1), the coexistence of both susceptible and infected populations is highly
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unpredictable as the growth rate of the susceptible population varies between two and three. When
experiences gradually affect the current populations’ behaviors, the coexistence of both susceptible
and infected populations gradually becomes predictable. Thus, linking the memory property of
fractional operators with non-singular kernel to plausible biological mechanisms in AMR makes this
modeling approach a better candidate to apply infection control strategies by limiting the spread or
emergence of the drug-resistant bacteria. Moreover, the memory parameter may affect suitable
treatment strategies because when q drops further to one, experiences gradually affect the current
populations’ behaviors, and so the coexistence of both susceptible and infected populations gradually
becomes predictable. This makes the antimicrobial stewardship more effective by ensuring the
appropriate, timely, and rational use of antibiotics to minimize resistance emergence.

Through such a modeling approach, the complex dynamics of some viral diseases can be
estimated with higher accuracy, can be better understood, and can be successfully controlled, especially
when recurrences of some severe viral diseases associated with MDR are observed.
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